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Abstract. We present here the homogenization of the equations for the initial
modulational (large scale) perturbations of stationary solutions of the two-dimensional
Navier—Stokes equations with a time-independent periodic rapidly oscillating forcing.
The stationary solutions are cellular flows and they are determined by the stream
function ¢ = sinzy/esinzy/e + dcosxzy/ecosza/e, 0 < 6 < 1. Two results are
given here. For any Reynolds number we prove the homogenization of the linearized
equations. For small Reynolds number we prove the homogenization for the fully
nonlinear problem. These results show that the modulational stability of cellular flows
is determined by the stability of the effective (homogenized) equations.
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1. Introduction

The main physical reason for studying the problem of the modulational stability of
cellular flows is to understand the phenomenon of eddy viscosity: in the presence of
small-scale eddies the transport of large-scale vector quantities, e.g. mean velocity, can
be accompanied by depleted, and, for large Reynolds number, even “negative”, diffusion
(see e.g. [45]). This is different from the transport of scalar quantities, e.g. mean
temperature. In the latter case, the presence of microstructure only enhances diffusion.
The concept of eddy viscosity is used in Oceanography [31, 45, 25] (another application
is in Astrophysics [37, 27, 53]). Using homogenization, in this work we show rigorously
that modulational perturbations of periodic cellular flows converge to the solutions of
the effective equation for a modulational perturbation as the period size ¢ — 0. Due
to negative diffusion, at high Reynolds number the effective equation of large-scale
transport becomes Hadamard ill-posed. In this case, we study linearized equations and
regularize the problem by restricting the initial conditions to trigonometric polynomials.
Depleted eddy viscosity occurs already at small Reynolds number. In this case we study
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the full nonlinear problem and account for nonlinear effects by introducing spaces of
functions of two variables f(x,y), y = x/e which Fourier transform with respect to the
first variable x has rapidly decaying Fourier coefficients.

1. Formulation. Suppose ®(¢,x) satisfies the incompressible Navier—Stokes
equations in the vorticity-stream function form on Q = T? = [0, 27] x [0, 27| driven by
a time-independent 2mwe-periodic force F(x/e), x = (a1, z3)

0,0 + AL, (D, ADS) = VADE + F(z/e),

O(t =0,2) = Do(x,z/e),
where J,,(u,v) = —VouViv+ViuVav. We assume that ®¢(¢, x) and F'(x/€) are periodic
on (2, therefore € = 1/k, k € Z. We also assume that ®°(¢,z) and F(z/€) are mean-
zero. Then A™! in (1.1) is the well-defined inverse of Laplacian on mean-zero periodic

functions. We choose F(z/e) = —vA¢p(x/e), where ¢(z/e€) is the stream function of
cellular flows:

o(x/€) = sin(xy/e€) sin(za/€) + 0 cos(zy/€) cos(xa/€), 0 < § < 1. (1.2)

(1.1)

Cellular flows is a special class of periodic stationary solutions of the incompressible
Euler’s equations (v = 0), that are used to model small-scale eddies - circular patterns
in the fluid. When § = 0, they are also known as Taylor-Green flows (see e.g. [41]).

The analysis presented in this paper applies to any flow, that satisfies
K

A¢ = —50. (1.3)
Condition (1.3) is a two-dimensional analog of the Beltrami property (see e.g. [4]), that
implies that ¢ is a stationary solution of the incompressible Euler’s equations. The
stream function (1.2) satisfies (1.3) with x = 2. For simplicity of presentation, we
concentrate here on cellular flows (1.2) only.

We study ®¢(¢, x), the solution of the Navier-Stokes equations (1.1), when it is given
initially as a perturbation of the cellular flows (1.2): ®<(t = 0,2) = ¢ + ¥o. We are

interested in linear and nonlinear stability of

Ue(t,x) = O(t, x) — o(x/e),
when the initial perturbation is modulational: ¥o(x) is independent of a small parameter
e. W(t, z) satisfies the nonlinear modulation equation

€ € € _ 1 € ENTr€E
O Ue(t, x) + NY(U(t, z)) = EA\P (t,x) + MU(t, x), (1.4)
Ue(t =0,z) = Vy(z),

where the Reynolds number, Re, is determined by the cellular flows: Re = ||¢||L~ /v,
the linear operator of eddy wviscosity M€ and the nonlinear term N¢ are defined as

MU = —A71J,, (gb(%), <A + 632)\11) (1.5)

N (u,v) = A~ Ty (u, Av), NE(U) = NE(U€, ¥©).
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If the nonlinear term in (1.4) can be neglected (e.g. when W¢(¢, x) is sufficiently small),

then W€(¢, x) satisfies the linearized modulation equation
OVe(t,z) = %A\IJ6 + MVE(t, x), (1.6)
Ut =0,2) = Yo(z).

For the analysis of eddy viscosity, the mathematical model (1.1), (1.2) has been
studied for a number of different stream functions ¢. For references see [16], a review
on a related problem for inviscid flows can be found in [19]. Only for Kolmogorov
shear flows ¢ = cos(z;/€), the one-dimensional nature of the problem allowed for a full
modulational stability analysis including nonlinear effects (see [30], [51]).

Using two-scale asymptotic expansion method (see e.g. 7, 8, 21, 39]), it was shown
in [35] that, if U¢(t,z) — U(t,z) as € — 0, then W(¢, x) satisfies the effective equation

00t x) + N(U(t, ) = %Aw, )+ MU(t, z),

(1.7)
U(t=0,2) = Wy(x),
where
N(¥) = N(¥, ¥),
N(u,vz = A" (u, Av) (1.8)
+ R%A-l(vg — V) |§(V1uV1v+VouVav) +(14+62)ViuVav
R
MU(t,z) = —?6((v1 +0V5)2 + (8V, + V3)2) U
(1.9)
R
+ (7‘3(1 +62) + 1/ )ATH(VE — V2)20,

The constant v/ in the equation for the averaged operator of eddy viscosity M satisfies
V' >0, v =V/'(Re,d), and can be computed using the solution of a periodic boundary
value (cell) problem (see equations (A.6) and (A.7) in Appendix A). Asymptotics of
V' as Re — oo is analyzed in [35] by means of new saddle-point variational principles
involving nonlocal operators.

In the linearized case the effective equation is

9, V(t, x) = éA\I’(t,x) + MY(t, z), (1.10)

U(t=0,2) = VYy(x).

The stability of the effective equations (1.7) and (1.10) was also studied in [35]. We
assume their analysis and address the problem of stability of the modulation equations
(1.4) and (1.6) by proving the convergence V¢(t,x) — V(t, z), as € — 0.

2. Main results. We will employ the following notation throughout the paper. For
any periodic mean-zero function (¢, x), its Fourier series representation is

U(t,z) = > U(tk)exp(ik-z), k € Z*.
k
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H? is the Sobolev space of periodic mean-zero functions (H® = L,) with the norm,

defined via the values of their Fourier coefficients:
20|y 2 1/2
() e = | S KB R)F]
Kk

All the norms in this paper are with respect to the spatial variables only, hence they
are functions of time. We will denote by C' any positive constant whose value, which
may change from line to line, is independent of any of the parameters. We write
C = C(M, \y), if C depends on the parameters A; and Ay only. Typically A; and
Ao are fixed, e.g. Reynolds number or a Sobolev norm of the initial conditions. When
we need to track the value of a constant, we use bold face fonts and subscript indexes,
e.g. Cp. Our main results are presented in the following two theorems.

Theorem 1 If Wy(x), the initial condition, is a finite trigonometric polynomial

Uy (z) = Z amexp(im - z),
jml<K
then, for any Re, allt € [0, T] and any B > 0, ||Ve(¢t,z) — Y (¢, z)||g1-s — 0, as e — 0,
where W(t,x) is the solution of the linearized modulation equation (1.6), V(t,x) is the
solution of the effective linearized equation (1.10).

Theorem 2 There exists a sufficiently small Reynolds number Req such that for any
Re < Rey there is a constant Co > 0, Co = Co(Re) so that, if Vo(x), the initial
condition, satisfies

To(m)| < Co/|ml*, (1.11)

then, for any t > 0, Ue(t,x), the solution of the nonlinear modulation equation (1.4),
satisfies

||Ue(t, x) — W(t,2)||g1-s — 0, as € — 0, for any 5 >0,

where V(t, z) is the solution of the effective nonlinear equation (1.7) which for allt > 0
satisfies

U (t, m)| < Co/|m]". (1.12)

Some comments about the conditions in the theorems are in order. Numerical
computation of the eigenvalues of the linearized modulation equation (1.6) shows that if
the effective linearized equation (1.10) is stable, then the linearized modulation equation
(1.6) is also stable not only with respect to modulational perturbations, but with respect
to any initial perturbation. If the linearized modulation equation (1.6) is stable, then,
using the method, presented in this paper, it is fairly straightforward to prove stability
of the nonlinear modulation equation (1.4). Therefore the critical Reynolds number
in theorem 2 should be Rey = 2v/2/(1 + §) (see linear stability analysis in [35]). In
this paper we give a proof for an unspecified sufficiently small Re,. Evaluation of the
constants in our proof gives that Rey > 0.01. When Re > 2v/2/(1 4 §), the nonlinear
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modulation equation (1.4) is unstable (see [52]), but the question of the detailed behavior
of U¢(t,z), as € — 0, remains open.

We show that there is a short time interval [0, to], to = O(€*|loge|) — 0, as ¢ — 0,
where the small-scale part of W¢(¢, z) changes rapidly. After to the changes of the small-
scale part of W(¢, x) are not significant on such short time intervals. This means, loosely
speaking, that in this short time period W¢(¢,x) “adjusts” to the presence of cellular
flows. If initially W¢(¢t = 0,2) is taken to be “well-adjusted”, then we can show that
[|[Ue(t,x) — U(t,2)||m-s < C, C = C(Re,Vy(z)). We do not present this better
convergence estimates here.

The averaged operator of eddy viscosity M contains a negative diffusive term,
which makes the problem (1.10) ill-posed for large Reynolds numbers: an initial
condition with exponentially decaying spectrum is required if solutions are to exist
for nonzero times. Such situations arise when the original (well-posed) problem is
replaced by its leading order asymptotic model (see e.g. [14]). It is of interest to
determine a relevant formulation of the linearized modulation equation (1.6) so that the
corresponding formulation of the effective linearized equation (1.10) makes the latter
a well-posed problem. The proposed approach of assuming that the initial conditions
are a trigonometric polynomial can be explained by the assumption of wide separation
of scales: the starting point of the reduction of the full Navier—Stokes equations to a
two-scale model is, in many cases, the assumption of the initial wide separation of scales
(for our model see [16]). Mathematically, this assumption means that at ¢ = 0 there is
a gap in the Fourier spectrum between the small- and the large-scale Fourier modes. It
implies that Wy (z), the large-scale part of the initial conditions of (1.1), has a compactly
supported Fourier spectrum, or, equivalently for T?, finite number of Fourier coefficients.

The assumptions (1.11), (1.12) are technical, and they arise from bilinear estimates
on N(¥). The assumption (1.11), however, is not restrictive for our problem. Indeed,
if Uy(z) is a modulational perturbation, it is a finite trigonometric polynomial, and
its coefficients can be chosen arbitrarily small. Thus Wo(x) can be chosen to satisfy
(1.11). Condition (1.12) comes from possible non-uniqueness of solutions of the effective
nonlinear equation (1.7). The existence and uniqueness of solutions of the linearized
equations (1.6) and (1.10) can be shown by standard energy methods. The existence
and uniqueness of solutions of the nonlinear modulation equation (1.4) for any fixed e
follows from the existence and uniqueness results for the two-dimensional Navier—Stokes
equations (see [12, 26, 48, 28]). But the existence and uniqueness of solutions of the
effective nonlinear equation (1.7) is proved in this paper (theorem 3 subsection 3.1)
only in the class (1.12). We are not interested in (possible) other solutions, because
Ue(t, x), the solution of the nonlinear modulation equation (1.4), converges to V(t, z),
the solution of the effecitve nonlinear equation (1.7), that satisfies (1.12). The estimates
on N(WU), that lead to (1.12), are similar to classical estimates on the nonlinear term of
the the Navier-Stokes equations. For example, in [29] such estimates lead to a simple
geometrical proof of the regularity the Navier—Stokes equations in two dimensions. As
in the Navier-Stokes equations, the linear part of the nonlinear modulation equation
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(1.4) is diffusive for sufficiently small Reynolds numbers, but, in contrast to the Navier—
Stokes equations, there is no energy-type estimates (e.g. enstrophy decay) to control
the nonlinear term. We control it by choosing Cgq sufficiently small and applying the
contraction map argument.

The convergence results in theorems 1 and 2 basically say that ¥© — W in a Sobolev
space which is slightly smaller than H'. The condition 3 > 0 is optimal: ¥¢ does not
converge to U strongly in H! (3 = 0). We show this for the linearized case (which implies
the nonlinear case) while proving the homogenization (inequality (2.33) in section 2.4).

3. The method of proof. Let W(t, z) be a sequence of solutions of the modulation
equations (1.4) or (1.6). To take the limit ¢ — 0 we need an a priori uniform in ¢ bound
for We(t,x). In fact, provided a uniform bound is derived, the homogenization can
be proved by classical techniques (e.g. the energy method [47, 32], the T'-convergence
method [15], the method of mesoscale characteristics [23, 9], the two-scale convergence
method [1, 33]). Therefore we concentrate here on how we derive this a priori uniform
bound. The key here is to be able to track for all times a certain symmetry condition
of the small-scale part of W¢(¢,z). If this condition is not satisfied, then the dynamics
of the modulation equation is governed by the Anisotropic Kinetic Alpha effect (see
[17, 46]), which is similar to the a-effect in Magnetohydrodynamics (see [36] and
references therein). If the AKA-effect is present, it requires to study, instead of a
diffusive approximation (1.7), hyperbolic approximations as in [40] (see also [5, 6, 22]
and references therein), because the time-scale of the AKA-effect is “much faster” than
that of the eddy viscosity. To track the symmetry condition we use the dynamical
systems approach (see e.g. [13, 38, 49, 50]), that is we view the modulation equations
(1.4) and (1.6) as an infinite-dimensional system of ordinary differential equations for
the Fourier coefficients of solutions.

The detailed asymptotic behavior of U¢(¢, x) can be explained using the eigenvalue-
eigenfunction (Bloch) decomposition [10, 18] (see also [11, 3, 2] and references therein)
for the operator L€ = 1/Re A + M¢. Consider the linearized case. Then it is sufficient
to study the linearized modulation equation (1.6) with initial conditions

Uy(x) =exp(im - x). (1.13)
This leads to the shifted (Bloch) formulation
0

52 = Lim)2, with &(t =0,2) = 1.

where L¢(m) = exp(—imz)L exp(imz). L(m) is an operator with compact resolvent,
therefore (see e.g. [24]) there is a complete set of eigenfunctions and eigenvalues ¢¢(m),
A(m), i =0,1,2,.... The first eigenfunction of L(m) satisfies

¢5(m) = 14 e£(m) + €?0(m) + O(e), as e — 0. (1.14)

The symmetry of the Fourier coefficients of £(m) (this is our symmetry condition)
implies that the first eigenvalue A\j(m) = O(1), as ¢ — 0. All the other eigenvalues
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have negative real parts and they are O(1/¢?), as ¢ — 0. Therefore the solution of the
linearized modulation equation (1.6) satisfies

W = exp(A(m)t +im-2) (14 e§(m) + €0(m) ) +O(e"), as ¢ — 0.(1.15)

However, this last step of the explanation is difficult to justify analytically, because
L¢(m) is a complicated operator, in particular, it is not normal (does not commute with
its adjoint). Moreover, in general, (1.15) is false: the nonnormality L¢(m) may lead to
growth of W(¢, ). Therefore we use (1.14), (1.15) only as intuition, when we construct
the solution of the linearized modulation equation (1.6) as follows.

The Fourier coefficients of We(t,z), the solution of (1.6), satisfy an infinite-
dimensional system of ordinary differential equations with coupling. The coupling comes
from the operator of eddy viscosity M€, and it has a simple form: each Fourier coefficient
W(t,k) is completely determined, if we know four other Fourier coefficients W¢(r, k),
k =k + (£1,+1) /e, for 7 € [0,1], because

A 1 A — A
d e (t, k) = —§|k|2\116(t,k) + > okt k), (1.16)
k=kt(+1,41)/e

where C(k) are some constants, here and in the rest of this paper the notation -+,
means all four pairs (1,1), (=1,—1), (1,—1) and (—1,1). Therefore, if V¢ satisfies
(1.13), then U¢(¢, k) = 0, if k # m + n/e, n € Z%. Then (1.6) can be identified with
a problem on a lattice Z2, where at each vertex n there is a time-dependent function
T¢(t,m+ n/e). Each function U¢(t, m + n/e) satisfies an ordinary differential equation
(1.16) with forcing, which is determined by functions (¢, m + fi/e) at the “nearest
neighbors” of n on the lattice: @ = n + (£1,£1). Assume that the large-scale part of
v denoted by

US(t,z) = U(t, m) exp(im - z), with (¢t = 0,m) = 1,

is given. Since the nearest neighbors of the origin are n = (1, +1), Vs(¢,z) “forces”
only the “middle” small-scale part of U¢(¢,z), denoted by

v (t,z) = Z U¢(t,m + n/e) exp(i (m +n/e) - z).
n=(+1,41)
The forcing of each of the four Fourier coefficients of W¢ (¢,z) is determined by three
“high” small-scale Fourier coefficients of

WS (t,x) = Z Ue(t, m +n/e)exp(i (m+n/e) - z),
n#(0,0),n#(£1,£1)
and by the large-scale Fourier coefficient of W{(¢,z). By matching asymptotics, the
forcing by W§(t, z) is much stronger than that by W5 (¢, x). Therefore we decompose
U (t,x) = E(t, x) + O5,(t, z), (1.17)
where the auxiliary function Z¢(¢, z) satisfies

—e 1 —e €[y €
2t 1) = —AZ(t,x) + MU (¢, ),
Re (1.18)

=(t=0,z)=0.
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The Fourier coefficient of W (¢, x) is forced only by V¢, (¢, x):
. 1 A 1 1
d,Ue(t, m) = ———|m>U(t, m) + - Fy(t) + — Fy(t), (1.19)
Re € €2
where |Fi(t)| < C(m)||¥¢, (¢, z)]||L,, and
B(t)] < C(1(tm o+ (1,1) /) + W¥(t,m + (~1,~1) /)
B m o+ (<1,1)/6) + <t m + (1,-1)/9)]).

Therefore Ws(¢, z) is bounded, as € — 0, if ||V, (¢, 2)||z, = O(¢), as € — 0, and if there
are symmetries
(Ue(t,m + (1,1)/e) + U(t, m + (—1,—1)/e)| = O(?), (120
(Ue(t,m + (—1,1)/e) + ¥ (t,m + (1, 1) /e)| = O(?) ‘
as € — 0. Finally, denote ©°(t,x) = W — W§ — =°. ©%(t, x) satisfies a partial differential
equation with forcing, determined by Z=¢(¢,x) only. It has the high small-scale part
O5 (t,z) = Vs (t, ), and the middle small-scale part ©¢ (¢, x) (cf. (1.17)).

Our Uy, =, O° expansion is motivated by the Bloch decomposition. It is more
complicated than (1.15), but it is more suitable for rigorous justification. We do not
assume a priori that Z¢ = O(e), ©¢ = O(e?), as ¢ — 0. We prove it by bootstrapping:
suppose U§(t, z) and V¢ (¢, ) are some functions, then ©% (¢, x) is small, compared to
ve (t,z); then ©F (¢,x) is small, compared to Z¢(¢, z); then Z(¢, x) is a so-called first
order “corrector” and we need to check (1.20) for =¢(¢, x) only; then U§ must be bounded
uniformly as € — 0; then we improve estimates on Z¢(¢, x); then we improve estimates
on Vs (¢, x) and so on. Our bootstrapping proof relies on the following two observations.
First, it is easy to track the symmetry condition for Z¢(¢, x), because it satisfies a simple
heat equation (1.18). Second, ||W$(¢,z)||g2 can be estimated by ||V, (¢, z)|| g2 using
classical energy estimates for parabolic equations. More specifically, for any y

/ A(A + 2/ My = 0. (1.21)
Q

Therefore, if we multiply the linearized modulation equation (1.6) by A(A + 2/€*)¥€,
and integrate by parts

1
A E(t,¥°) = —EEf(t, U), where

€ € € 2 € € € € 2 €
Be(t, %) = |AW, - SIIVU,, i, v) = VAW, — S/IAvE,.

In general, E(t, V) and Ef(t, ¥) are not equivalent to Sobolev norms - they are not
positive-definite, but E<(¢, ¥5) and FEf(t,¥5) are equivalent to H? and H?® norms of
s (t, x) respectively. Hence the Gronwall’s argument can be applied to derive a priori
bounds on W (t, z).

For sufficiently small Re the the linearized modulation equation (1.6) is stable,
therefore the main issue in the nonlinear case is how to control the nonlinear term
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N¢(U€). View the solution of the nonlinear modulation equation (1.4) as a fixed point
of a map A€ : U¢ — U defined by

T € _ 1 T € €T € € €
OV (t,7) = =AU (t,7) + [M\I/ +N(T )],
Te(t = 0,z) = Uo(z).

Using estimates on the nonlinear term, we show that for sufficiently small Re and for
all sufficiently small € each A° is a contraction on a ball of radius Cy = Co(Re) in some
Banach space L¢. These Banach spaces are defined, so that ||\I/€||Le < C||¥¢|| g1, which

implies uniform boundedness of W¢(¢,z) in H'~%. The idea of the construction of L€ is
to assume that the Fourier coefficients of U§ satisfy the power decay (1.12), and then
to follow the linearized case. U, should have representation (1.17) where the term =
should “respect” the symmetry condition (1.20) by satisfying (1.18). For the Fourier
coefficients of U5 = ©f and O, only bounds on their absolute values are required to be
determined. For sufficiently small Re < Req, these bounds follow from the asymptotic
analysis of [35]. It is convenient to set ¥¢(£, m) = 0, if [m| > o/¢, 0 < 1/4, because this
implies separation of scales of Wf, W¢ and Wi: V¢ (t,k) # 0 and VS, (¢, k) # 0, when
k =m+n/e, |m| < o/e, with n = (£1,+£1), and |n| > 2, respectively. The Fourier
coefficients W¢(¢, k) when k lies outside of the o/¢ “neighborhoods” of the vertices n/e,
n € 72, determine the “rest” of We:

UE = U — |0 4 U+ 0 |

|We(t, k)| satisfies the power decay (1.12), hence V¢ is negligible.

We call the spaces L® lacunary, because the absolute values of the Fourier
coefficients of W€ € L€, as a function on the lattice k € Z2, have “bumps” in the
neighborhoods of k = n/e, n € Z? and “dips” away from these vertices.

The paper is organized as follows. There are two main parts: the proof of theorem
1 in section 2 and the proof of theorem 2 in section 3. Each of these proofs also has two
parts: the proof of uniform boundedness of U¢ (subsections 2.3 and 3.3 for linearized and
nonlinear case, respectively) and the proof of convergence, as ¢ — 0, (subsections 2.4
and 3.4 for linearized and nonlinear case, respectively). In the linearized case, the proof
of uniform boundedness of W€ relies on two a priori estimates: estimates on =€ given
U¢ (subsection 2.1), and estimates on ©°¢ given =¢ (subsection 2.2). In the nonlinear
case, the fixed point proof of uniform boundedness of W€ relies on the construction of
lacunary spaces (subsection 3.2) and a priori estimates on the nonlinear term (Appendix
B). The proofs of convergence rely on the uniform boundedness of W€, the same a priori
estimates and estimates from the multiscale analysis of [35]. The latter can be found
in Appendix A. The proof of the stability theorem for the effective nonlinear equation
(1.7) can be found in subsection 3.1.
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2. Linearized case

2.1. Symmetries in the first-order corrector
Assume V§(t,x) = a“(t) exp(im - x), then Z¢(¢, z) is a linear combination of four Fourier
modes: =(t,x) =Y a%,(t)exp(i(m + (£1,+£1)/¢) - ). Denote
b(t) = max |a*(7)|, bi(t) = max [d-a*(7)].
The main goal of this subsection is to give an explicit a priori estimate on the Fourier

coefficients of =€ in terms of b¢(¢). These estimates will be used later to derive for any
t the following bound

’PlargeM€E€’L2 S C’(Re)|m|2be(t)
Lemma 1 Suppose Z¢(t, ) is the solution of (1.18). Then for any t € [0, T| and for
k=m+ (£1,+1)/e
[m|

lal, (t)] < CeRe|m|b(t) < C’Rembe( ), (2.1)
(a) a5 (t) + a°_(t)| < Ce|m|*Reb*(t) < CRe? ||k||2 b(t),

(2.2)

2
(b) JaS_(t) + a,(t)] < C|m|*Reb*(t) < C'Re? ’|k||2 be(t).
For any to > 0 there is e = €o( Re, to) such that for any e < €y and t € [to, T

(0] = 10F (1. 10] < Cele (1) < Cre S0, (23)
E(t,x) = —Re AT MU (t, ) + CE(t, 2),

(2.4)

|Ef(t,k)| < CRe?e|\m|b(t) < CRe? ||k‘3|b€( ).

The proof of this lemma is technical, at it relies on the explicit evaluation of the heat
kernel. The key bound that ensures the symmetry condition (2.2) is an estimate on the
integral of the hyperbolic sine (see (2.7) below).

Proof: It is sufficient to prove only the first inequalities in (2.1), (2.2), (2.3)
and (2.4), because the second inequalities follow from ¢ < C/|k|, if jm| < o/e, and
k=m+ (£1,£1)/e.

Each Fourier coefficient a_ () satisfies an ordinary differential equation:

11 1
dras . (t) = e &2 S ALai () + Eciiae(t)> a%.(0) =0, (2.5)

where AS, = —2 — €2|lm|? — 2¢(£+my £+ my), and the constants C1 are explicitly given
by
.. (mi—m)(1 =62 —emP) L (mi+ms)(1+0)(2 - m[’)

A A1 +em )24+ 1 +eme)?) 7 4(Q—em)2+ (1+ems)?)
C _(m1+m2)(1+5)( €m®) o _ (mi—my)(1-0)(2 — jm|?).

* 4((T+emy)?2+ (1 —emo)?)  4((1 —emy)? + (1 — emy)?)
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Solving (2.5) we have

t/(2 Re)
a4 (t) =eCiiRe / exp(ALLT)a‘(t — €2 Re 7)dr. (2.6)
0
Using |C44| < 1.5|m| in (2.6) we have (2.1). From (2.6)

laS (t) +aS _(t)] < Celm|Rel,

where
t/(2Re)
I=|[ exp(—(2+ €|m|?)7)sinh(e(my + my)7)a(t — € Re 7)dT]|
0 (2.7)
< Cb (1) i 4 mse < Celmlp(t).

2+ €2lm|? — (my + mgy)?e —
Therefore we have (2.2, a). The derivation of (2.2, b) is similar. Differentiating (2.5)
we have that a®y4 (t) = dia . (t) satisfies

11 ) 1 ) C.. .

E;A;iaeii(ﬂ + ch:j:de:tj:(t)a a‘++(0) = c ¢ (0).

dtde:t:t(t) —
Hence
e (0] < Cexp(—1/(e Re) ™ ac(0) + clm Rebi(r)].

For a fixed ¢y > 0 choose ¢y such that exp(—to/ (€2 Re)) < €2, then by
|d:ac(0)] < |a(0)|/Re we have (2.3). Using (2.3) in (2.5) we have (2.4). [

2.2. Energy estimates
Suppose Z¢ = > a%, (t) exp(i (m + (£1,%1)/€) - z), then O¢(t,z) = ¥ — =€ satisfies

1
00 (t,7) = DO (t,2) + Bl M (@e(t, z) + E(t, x)),

(2.8)
Ot =0,z) = 0.

The main goal of this subsection is to give an explicit a priori estimate on the Fourier

coefficients of ©°. These estimates will be used later to derive

P MO, < CO(Re)|m|*b<(t)

large —

for any t. Denote

§°(t) = max (||I=°(7, ¥)l|,), &(¢) = max (|0:=(r, 2)]1,).

0<r 0<r<t
Lemma 2 Suppose O(t, ) is the solution of (2.8). Then for any t € [0, T]
104(t, 2)||gs < Ce*Re(Re + 1)lmléS(t), 0 < s <2, (2.9)

1d,O5(t, )|+ < Ce""*Re(Re + 1)|ml€(t), 0 < s < 2, (2.10)

1
O(t,3) = — (- A+ M) Py M (t,2) + G5(8,),
lcs(t,)

(2.11)
s < Ce*|m|Re?(Re + 1)€5(t), 0 < s < 2,
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The proof of this lemma is standard, and it relies on energy inequalities and the
Gronwall’s argument.

Proof: Recall ©(t,z) = Ppn©(t,x), and O%,(t,2) = Puigac©(t,z). Then
©¢,(t, ) is a linear combination of exactly four Fourier modes:

05, (t, ) = _as.(t)exp(i(m+ (£1,£1)/e) - z).
Denote

(1) = s (105, (r. 2)1.), BE(0) = s (11905, 7, ) |5).
©5,(t, x) satisfies

1

0O (t, ) = DO (t, ) + P M| EX(1,2) + 00, (¢, 2) + O (1, ) (2:12)

Observe that if m < o/¢, then
2
E(t)= [|A65 (¢, 0)|Iz, — SIIVOLE @)z, > ClIOLE @)l

€ € 2 € €
Ef(t) = [IVAG (L 2)lIz, — 5l1A65 (¢ 2)l[z, > ClIOL(E, )[4
By the Poincare’s inequality F<(t) < E¢(t)/e?, and
1196 (¢, 2)| |4, < CECE(t), 0 <5< 2. (2.13)

Assume that O (¢, z) € H*. Multiply (2.12) by A(A + 3)65,(¢, ) and integrate on the
torus 2. Then, using integration by parts, we have (recall (1.21)):

DB (1) = —%E{(zﬁ) FI4TL (2.14)
where
1= [+ D60 (6D, (4 + 56500 ix.
- [ <A+f> (1) e (o). (A ;)@;(t,w)dx
Therefore

1
OE“(1) < == Bi(1) + |1| + 1. (2.15)

Since O, and = are just trigonometric polynomials for sufficiently small €

A+ 2ol < et il < ™o,
(2.16)

2
A+ 2=, ), < c%uzwmh < c%s%t).
Also
N (9(D), (A + )05 )) I, < 1A+ 2)VO5(t, )3, < Fi(r).
Hence

€2 x

1 < e (605, (A + 35 2) s,

P2 a2 >@f<tx>||L2_4; gi(0) + T ()

(2.17)
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2

1) < ol (65, (A + 50656 )

2Re 2. _ ) 1 Re|m|? 2
- = :e < ___F€ € .
+ A+ SE G, < Bl + O (1)

Using (2.17), (2.18) in (2.15) we have
Re|m|?

d,E<(t) < —ﬁEf(t) +0=] [gf(t) + ef(t)r. (2.19)

Since F(t) < E5(t)/e?, we have a differential inequality
diE(t) < —

<o &t +6°1)]

Applying the Gronwall’s argument with £¢(0) = 0, we have

Bt >+ORe|m|2[

E<(t) < 0362‘ ’ [56( )+96(t)]2.
Therefore by (2.13)
105 (1, 2) | s < Ce=* |m]| Re [g(t )+ (1 } (2.20)
Each Fourier coefficient a1 (t) of ©¢ (¢, x) satisfies
- SGEL) 2.21)

dyas.(t) = e € S AL as.(t) +
where |G, (t)] < Ce||05,(t,)||gs, 0 < s < 2 because each G (t) depends on the
three Fourier coefficients ©¢ (¢, k) such that k = m + n/e, n # (0,0),

= (£1,+1) + (£1,£1). Integrating (2.21) we have

0°(t) < CRee’ Iax 1195, (7, ) || s, 0 <5 <2. (2.22)
Inserting (2.22) in (2.20) we have
max |05 (7, 2)||zs < Ce*~*|m| Re £5(t), 0 < s < 2. (2.23)

0<r<t¢t

Combining (2.23) with (2.22) we have (2.9).
Differentiation of the first equation in (2.8) with respect to time gives that
0% (t,x) = 0,0°(t, x) satisfies

1 —e
at Eit(t7$) = EA@EM(@:E) +]P)ZmallM6< gt(twr) + at‘: (t7$)>7

@t =0,2)=0.

Then the same argument as for estimate (2.8) goes through, and hence (2.10) holds.
Using (2.10) with (2.17), (2.18), (2.13) in (2.14) we have (2.11).

By the classical Galerkin approximation methods the assumption ©5 (¢, z) € H* can
be removed. If instead of (2.8) we consider a Galerkin approximation of the solution
with finitely many Fourier modes then this approximation is a smooth function. Taking
the limit when the number of the Galerkin modes approaches infinity we validate (2.9),
(2.10), (2.11). |
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2.8. Uniform boundedness of solutions

By lemmas 1 and 2 in order to show uniform in ¢ boundedness of solutions of the
linearized modulation equation (1.6) it is sufficient to show uniform boundedness of the
large-scale part of these solutions.

Lemma 3 If V(t,z), the large-scale part of the solution of the linearized modulation
equation (1.6) with the initial condition Vo(x) = exp(im - x). then there ezists
€0 = o/|m| such that for any Reynolds number Re, any ¢ < ¢y, and all t € [0, T,
Ui satisfies

||\Ijl€(tvx)||L2 < CI<R67 |m|7 T)7 ||at\lll€(tvx)||L2 < C2(R67 |m|7 T)? (2'24)

The proof of this lemma relies on the explicit evaluation of the heat kernel. Using a
priori esimates we derive that

P o ME(Z€ 4+ 0|1, < C(Re)|m|*b(t)

large

for any ¢, which immediately leads to uniform in € boundedness of 7.
Proof: a‘(t) = U(t, m) satisfies (cf. (1.19)):

(1) = — - mPac(t) + Bi(0) + BS(0) + G() (2.25)
where
Bit) = %((ai_(t) —a® (1)) (my + my) 1 Z °+ (a% 4 (t) —aZ_(1))(m1 — ma) 1 ; 6>’

Bilt) = 5 2 (6 (0 +a ()1 +) + (@ (0 + (D)1 =),

a‘®(t) are determined by =€ = > a%Q, (t) exp(i (m + (£1,%1)/€) - ), and
€ 1 €
(0] < CLle ), (2.26)

We seek uniform in € bounds on Bj(t), BS(t) and G(t) in terms of
be(t) = maxg<,<¢ |a®(7)|. The crucial estimate is for B$(t). We use here (2.1):

|B(t)| < C|lm|*Reb (). (2.27)
For B§(t) we use (2.2):

IB3(1)] < Clm[*Re?(t). (2.25)
For G*(t) we use lemma 2:

164(t, 2)| |1, < CeRe(Re + 1)[mle“ (1), (2.20)
therefore, combining (2.1), (2.26), and (2.29), we have

|G(t)| < CRe*(Re + 1)|m|*b"(¢). (2.30)

Using (2.27), (2.28) and (2.30) in (2.25) we have
1
da(t) = —E|m|2a5(t) + B(t),
|B<(t)| < C|m|*Re*(Re + 1)b<(t).

(2.31)
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Therefore

|d:b¢(t)| < C|m|*Re?(Re + 1)b<(t). (2.32)
Hence b°(t) < C(Re,m,T) for any ¢, 0 < ¢t < T independent of e. Using (2.31) with
(2.32) we have (2.24). for any e < ¢ and 0 <t < T. [

2.4. Homogenization

Recall, that it is sufficient to prove theorem 1 with the initial condition Wy(z) =
exp(im - x). As e — 0 by lemmas 1, 2, 3 for any fixed t > 0 the H'"’-norm of
U< (t, ), the small-scale part of the solution of the linearized modulation equation (1.6),
is negligible compared to |[¥§(t, z)||g1-s, if and only if 3 > 0:
0 < Dl
W5t )| -5
where C; = Cy(Re,m,t) > 0, Cy = Cy(Re,m,t). Inequality (2.33) also implies that
||Ue(t, ) — U(t,x)||gn > C(Re,t,m) as € — 0.
Since W(t,z) = U (t,m)exp(im - z) and U(¢,z) = U(t, m)exp(im - ) we only
need to show that

|U¢(t,m) — U(t, m)| < eC(Re,m, T) for 0 < t < T. (2.34)

< 70y, (2.33)

We prove (2.34) by showing that (¢, x) satisfies the effective linearized equation (1.10)
with small forcing:

1
Vi (t,x) = EA\If;(t, x) + MYi(t,x) + F(t, ),

(2.35)
Ui(t=0,2) =exp(im- z),
where F(t,z) = F*(t,m) exp(im - z), and there exists t5 — 0, as € — 0, so that
. C(Re,m,T),  if0<t<t,
|F(t,m)| < ‘ (2.36)
eC(Re,m,T), iftg <t <T.

By construction

Fe(t,x) =P

large

M (E + @6) ~ MV
Utilizing estimates from lemmas 1 and 2 (specifically (2.4) and (2.11)), by lemma 5
Appendix A there exists t; — 0 as € — 0 such that for ¢t >
[Fe(t,m)| < Celm*|| Wi (¢, 2)|1,, €= C(Re)
Uniform boundedness of W{(t, z) implies (2.35) with (2.36).
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3. Nonlinear case. Small Reynolds number

3.1. Stability of the effective equation

Here we give a proof of the nonlinear stability of the effective nonlinear equation (1.7).
It is worth mentioning, that in this proof we use a nonlinear estimate for functions
with rapidly decaying Fourier coefficients (see 3.3 below) which is precisely the type
of estimates we use later in the proof of homogenization of the nonlinear modulation
equation.

Definition 1 U(t,2) € L° if there is a constant Co > 0 such that the Fourier
coefficients of V(t, ) satisfy

[T (m, t)] < Co/|m|*. (3.1)
If U(t,z) € L€, then the norm ||¥(¢, 2)||j 0 = min(Co), where Co are such that for them
inequality (3.1) is satisfied.
Definition 2 Bg, = {V € L°| for any t > 0, ||¥(t, z)|[ 70 < Co} is a ball of radius Co.
Theorem 3 For any Re < Rey = 2v2/(1 + 8) there is a constant Co > 0,
Co = Co(Re) such that for any time t > 0 there exists VU(t,x), the unique solution of
(1.7) with the initial conditions |Vo(m)| < Co/|ml*, that satisfies |¥(t, m)| < Co/|m|*
for any t > 0.

Proof: Consider a map A : U — WU, defined by
_ 1 _ _
OV (t,x) = R—A\Il(t,m) + MV (t,z) — N(U(t,x)),
e
U(t=0,7) = Yo(x).

We only need to show that for any Re < Reo = 2v/2/(1 4 §) there is a small constant
Co > 0 such that A is a contraction on Bc,, that is if [|¥o(z)|[ 0 < Co, then for any
time ¢ > 0, A : Bg, — B¢,, and

(3.2)

1A () — AT )l o < I 2) — W)l o

Suppose ||\If]|Lo < Cy. Using the Leibniz rule twice for (V3 — V%) in (1.8), we have

— CO C() CO CO 002

MOt m)| < O [ + | < 3.3
Rl < O 3 [l o ) < (3
Observe that the elgenfunctions of the the averaged operator of eddy viscosity are
exp(im - 2), m € Z> If Re < 2v/2/(1 + 0), then the averaged operator of eddy
viscosity is dominated by the Laplacian in the sense that for every Re there exists a
constant = u(Re) > 0 such that

|78+ M explim - o) = —pmexp(im -2), [m[ < .
e

Therefore, integrating (3.2) and using (3.3), (3.1) we have

CCy

(0] < 20 () + (1 = exp( )
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Therefore, if Co < 11/(2C2), and |[¥(Z, z)[; 0 < Co, then H\T!(t,:l:)HLo < Co.
Il < O 11,2 9] )y o the

1A(T,) — A(T,) HLO_H/ exp( A+M) IN(, (t — 7, 2))d 7

— [expl( B+ MPINUe = ) ol < a1 = expl—t) < 2

3.2. Lacunary spaces

In this subsection we explicitly determine the Banach spaces of lacunary functions,
that combine properties of functions with rapidly decaying Fourier coefficients and
properties of two-scale solutions of the linearized modulation equation. When this goal
is accomplished, we are able to prove homogenization of the fully nonlinear problem by
combining the dynamical system technique of the linearized case and nonlinear energy
estimates, similar to the one used in the proof of the stability of the effective nonlinear
equation.
Identify with any k € Z? a pair (m,n), m,n € Z? chosen so that m = k —n/¢ has
the minimal Euclidean norm |m| = \/m? + m3 among all n € Z? on the lattice k € Z*.
Let us denote this as k = (m, n). (when there is no confusion, we use this identification
without mentioning). Then the o/e neighborhoods (in Fourier space) of the vertices
k =n/e , n € Z? are determined by means of projection operators. The projection on
the large scales is determined by
explik )= {eXP(lk.m), if |k S‘ o/e
0, otherwise.

Since the middle small scales play a distinguished role in our analysis - the “nearest
neighbors” of the large scales are located there, the projection operator on the small
scales is decomposed into a sum of projections on middle and high small scales:
]P)E

smatt = Priddie T Phign- The projection on the middle small scales is determined by

exp(ik - x), if n=(+1,+£1) and |m| < /e,

0, otherwise.

Pr iaqe exp(ik - x) = {

The projection on the high small scales is determined by

exp(ik - z), if I m| <o/e, |n| > 1,
Pzighexmk.x):{ p(ik-z).  if jm| <o/e, ]

0, otherwise,

where we denote ||n|| = max(|n;], |ns|), for n = (ny,ny) € Z% The o /e neighborhoods
are non-overlapping, because ¢ < 1/4. The projection on the “rest” of the scales is
determined by

€ _ € €
]Prest =1- IEDlarge P

small*

€ __ € € __ e € € __ € € € €
Denote \Ijl - large\Ij \Dm - Pmiddlelp ) h — hzgh\p \Ij Prestlp :
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Definition 3 W<(t,z) € LE if there is a constant Co > 0 such that V¢(t,x) can be
decomposed into a lacunary sum

Ue(t,x) = Wi(t,z) + Z(t, ) + O°(t,x) + Vi(t, x), (3.4)
where each term in (3.4) satisfies the following conditions. The function V§(t, x) satisfies
W5 (t,m)| < Co/jml*, P, Wi(t,z) = 0, P, Wi (t,2) = 0. (3.5)

If Ue(t, z) is an another function that satisfies (3.5), then Z<(x,t) is the solution of

—e 1 —e N
= (t,I) - ﬂ - (tam) +M \Ill(tvr)a

(3.6)
E(t=0,2)=0.
The function ©%(t,x) satisfies
©¢(t, k)| < C()(annm{lmm’2 + ‘k’;‘m’), Py, ,.0° =0, P¢, 0 =0, (3.7)
The function V<(t, x) satisfies
V(1 K)] < Cof[k|', Py, ¥y =0, Pl ¥y = 0. (3:8)

If U(t,z) € LE, then the norm ||¥(t, x)||Le = min(Cyp), where Cy are such that for them
all the conditions of definition 3 are satisfied.

Definition 4 By, = {¥° € L] for any t > 0, H\Ifﬁ(t,x)HLe < Co} is a ball of radius
Co.

Direct computations show that for any 3 > 0, L€ can be embedded into Sobolev
spaces H'5:

10|16 < C(1+ %) (3.9)

||L€'
Moreover, as € — 0 for 3 > 0 the leading term of the H'™%-norm of ¥¢ € L€ is
determined by V§, large-scale part of W*:
9 = Wl < YW e (3.10)

We also have that [[U[|jo < H\IIGHLG. Therefore, if the initial conditions satisfy
||\I/0||LO S CO, then ||\I/0||Le S Co.

For ©¢(t, z), the form of the first term on the right-hand side of (3.7) arises, because
the solution to

1

(Re
can be found from the geometric series expansion in small Re:

O° = Re©®f + Re’05 + ..., AO] = —ME, AO; = —M°©f, ...

A+PE  MYO = —P¢  MEF

small

where (for sufficiently small Re) by (2.1) in lemma 1

~ 1
=t k)| < =———. 3.11
The form of the second term on the right-hand side of (3.7) arises due to the
nonlinear estimates in Appendix B.
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3.3. Uniform boundedness of solutions
Consider a map A€ : ¥¢ — W€, where U¢ is the solution of
0T (1,7) = o AW (t,2) + [ MW (t,2) — N(W(1,))].
Ut =0,2) = ¥o(x).
The main advantage of lacunary spaces is that we can rewrite the map A and apply

the fixed point argument for each of the functions ¥}, =¢, ©°, VUt separately in a simple
manner as follows.

_ 1 -
0T (t,7) = T AW{(t,2) + By | M + MO — N(¥)|,

i large (312)
\Ij;<t - 07 Z‘) = Pleargelpo(x)ﬂ
2t x) = —AE(t,z) + MUj,
DE(1,0) = o AT (.) 4 M .
=(t=0,2) =0,
_ 1 _
8,0t ) = —AO(t, ) + P* [M€E€ MO — N (¢ ]
_t ( JZ) Re ( "L‘)—f_ small + ( ) (314)
@e(t = O’ .T) = ]P)Zmall‘;[lo(x)‘
_ 1 _
O e(t = —AW(t Mews — P Ne(Pe
t 7‘( 727) Re 7‘( 737) + [ r rest ( )}’ (315)

Uit =0,1) =P

rest

\Do(]}),

Lemma 4 For any Re and ¢, V¢ = A(V) € L, if ¥¢ € L°. Also, there exist
sufficiently small Reo and €y such that for any Re < Req there exists Co = Co(Re),
such that for any C < Gy, € < €, A°: B — Bg,, and

|AT(W7(E, ) — AY(W5(2, )|

1 € €
e = 5lI¥i(E @) = Us(t, o) (3.16)

Therefore for such Re < Reog and ¢ < ¢ Ve(t,x), the solution of the nonlinear
modulation equation (1.4) with the initial conditions |[Wo(2)|| ;0 < Co, is uniformly
bounded: ||\I/E(t,m)||Le < Cy, for anyt > 0.

Proof: Let u(t) be the solution of an ordinary differential equation

Q@
diu=——u—+ f(t)+g(t), a >0, Re >0,
o=t f() + g(0) -

u(0) = uo, [f(t)] < 1Co, |g(t)| < c2Cg.

Then
CO Re

u(t)] < |uo| exp(—at/Re)+ (1—exp(—at/Re)> <c1+czCo>.(3.18)

Suppose c¢1, ca are fixed constants, and Re, Cy are parameters. Regard f(t) and g¢(t)
in (3.17) as linear and nonlinear (quadratic) in Cy forcing terms. The goal is to find
first the critical value Re, of the parameter Re so that, for any Re < Reg, we then
can find Co = Cgo(Re) such that if |u,|] < Cp/c, then |u(t)] < Co/a for all t > 0.
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From (3.18), this can be done by first disregarding the nonlinear forcing term and
setting Rey = 1/cy and then setting Co = (1 — Recy)/(Recz). The proof of uniform
boundedness is an application of this observation to every Fourier coefficient in (3.15),
(3.12), (3.14). There, in order to determine Re, we disregard the nonlinear forcing
terms, then the linear forcing comes from the operator of eddy viscosity M€ only. Then
Us(t,m) < Co/|ml|* for sufficiently small Re, by the estimates from the linearized
case subsection 2.3. Z¢(t,z) satisfies its condition in the definition of the lacunary
spaces by construction. Therefore we only need to check the estimates for W¢(¢, z) and
Oc(t, x). W/e\ recall that, due to the form of the operator of eddy viscosity, each Fourier
coefficient We(t,k), k = (m, n), is determined by only four Fourier coefficients @(t, k),
k = (m,n),, where n are the nearest neighbors of n: n = n+ (£1,41). In most of the
cases it implies that if Re < Reg, then

_ R ~
Ptk < =2 Y Cimax|d(r.k), (3.19)

k2 0<r<t
k=k-+(£1,41) /e
where Cy are some constants and ®¢(¢,z) is either We(t,z) or O°(¢,x). The only
exceptions are when n = (£1,£1) + (£1,+1), |n|| > 1, because then @(t,x)
is also forced by Z¢(t,z). Consider first the generic case. Then in (3.19) Cy <
k| — 2/€?|/(|k|e). Since Ci|k| < |k| < Cylk| (where C; = Ci(0), Cy = Cy(0)
for We(t,z)), we have that Cy < |k|* for ©%(t,x), and Cyx < C(o)[k|? for V(¢ z).
Therefore we can choose a sufficiently small Reg, so that the estimates for W€ (¢, x) and
©¢(t,z) hold. In the exceptional cases the argument is similar, when we observe that for
n = (£1,+1)+(£1,+£1), |nf > 1, in the sum on the right-hand side of (3.19) appears an
extra term: Cy maxo<,<¢ |Z(7, k)| with a better estimate on the constant: Cy < [m]|k].
Thus we have shown that there exists a critical Reg. Observe that, by lemma 18, the
nonlinear corrections do not affect =Z¢(¢, x), and therefore the symmetry condition (1.20)
for the fully nonlinear map A€ is satisfied, if it is satisfied for its linear part. Therefore
the existence of Co(Re) follows from lemma 18 in Appendix B. Estimate (3.16) is

proved similarly. |

3.4. Homogenization

The proof of the homogenization of the nonlinear modulation equation relies on repeated
use of the idea of the reduction to a simpler model. More specifically, we replace one
differential equation by another simpler equation which is asymptotically in € equivalent
to the first one, and then view the error as a small forcing. For clarity, we subdivided
the presentation in four parts. It is fairly simple to show by standard estimates that the
solution of an equation with small forcing is close to the solution of the same equation
without forcing. The only notable and unexpected exception is the reduction we describe
in part 1. The error of this reduction is analyzed in part 2, where we use the idea that
suppose there are two contraction maps A and A, acting on the same Banach space,
such that inequality ||u — u,|| < ¢, implies ||Au — A,u,|| < co, then the fixed points of
these maps will also satisfy the same estimate ||t — @,|| < co. In part 3 we estimate
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the error that may arise from the short-time initial growth of the solution. Note that,
since the linearized problem can be reduced to a problem where the large-scale part of
the solution has only one nonzero Fourier coefficient, the need for this estimate arises
only in the nonlinear case. Part 4 is basically matching asymptotics and it is similar to
the proof of homogenization in the linearized case.

1. Reduction to a simpler problem. Observe that for a function W¢(¢,z) € L there
are (see Appendix B) 16 terms with different estimates on their Fourier coefficients,
that arise if we expand N¢(W¢(¢,x)) using the lacunary expansion. In order to prove
the homogenization, we need a priori estimates on their time derivatives. While most
of these terms are negligible as ¢ — 0, a priori bounds on their time derivatives are
such that they do not guarantee that 0, V¢(t,x) € Ly. A way to simplify the analysis is
to introduce an auxiliary function W¢(¢, ), such that it satisfies the (nonlinear partial
differential) equation that has only the “significant” terms of the nonlinear modulation
equation (1.4). More specifically, define

Wo(t,x) = Wy ,(t,z) + E5(t, 2) + Oy (t, x), Pl Vot z) =0, (3.20)
as the solution of
1

O, 4 e Ne(Pe +NGE€]:—A\IJ€ + M€ e)

t*1o0 large ( l,o) ( o) Re l,0 l,o (321)
\Pi,o(t = 07 l’) = P;argeqj()(x)?

1
=€ — A= +Me € 7
t—o Re o l,o (322)

E(t=0,2) =0,

1
010 + BN (V. 55) = 1005+ B M2, 1 6],

l,00 =0 Re —o0

(3.23)
O(t=0,z) =0.

Following the steps in subsections 3.2 and 3.3 and using lemma 19 in Appendix B, we
have that W¢(¢,2) is a fixed point solution of a (new) map A¢ : L — LS on By, C L,
a ball in a new lacunary space LS (without loss of generality Co can be chosen so that
U<(t, z) is a fixed point solution of A° on BE, C L€). The new lacunary space LS contains
functions with improved bounds on the Fourier coefficients of OF:
| < L,

2lnll|m |2|Kk|2

We(t,z) = 0, the bounds on ¥j , and Zf are the same. The new Banach space LS is

05 (t, k) (3.24)

]P)f”est
naturally embedded in L, and therefore we also can view the map A¢ : L€ — LE.
2. Error of the reduction. The next step is to show that W¢(¢,z) is a good

approximation to We(¢,x), that is ||US(¢,x) — Ue(¢, x)||g1-s — 0, as € — 0. Indeed,
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any Ve(t, x), H\Ile(t,x)HLe < Cyp can be decomposed into

Ut ) = B(t, ) + T(t,2), [|9°(t.)]| € < Co.

( C
my lm| < o/e, n # (0,0), ( )
_— 3.25
Te(t. k)| < {0, k| < o/e,
C
ﬁ, otherwise.
\

Computing ASW¢ — A“Uc by following the steps in subsection 3.3 we have that there is
a sufficiently small Cy (again, without loss of generality, choose Cq so that AS and A°
are contractions on By, C L® and Bg, C L respectively), so that if ¥¢ = €+ Y€ as in
(3.25) and

|25t ) = W5 (¢, 2)[| e < €Co, (3.26)
then for 0

AU (t ) = U (t, z), AV(t, x) = V(¢ x),
we have that W¢(¢, ) also can be represented as in (3.25) and

|®€(t, z) — WE(t, 2)|]; e < eCo.

Iy
It implies that the fixed points of the maps A¢, A also satisfy (3.25) with (3.26). Then,
by (3.9) and (3.26), W(t,z), the solution of the nonlinear modulation equation (1.4),
and W¢(t, z), the solution of (3.21), (3.22), (3.23), satisfy

W6 — W€ | s < C(1 4 7)|| W€ — (I>€||Le + ||| zn < eCCp — 0, as € — 0.
3. Relation to the effective equations. By (3.10) the H'~P-norms of Z¢(t,x) and
©¢(t, z) are negligible if 5 > 0:
1Wo(t, x) = Wi, (t, )| -5 — 0,

as € — 0. Therefore, similar to the proof of theorem 1 in subsection 2.4, the next step is
to prove that W (¢,z), the large-scale part of W (¢, ), satisfies the effective nonlinear
equation (1.7) with some additional small forcing:

1
oV (t,z)+ P, N (t,x) = —AV] (t,z) + MV (t,x) + F(t,x),
i10) F B MOV (1, 0)) = o A1) + ML)+ ),
\Ijlﬁ,o(t - 07 I) - ]P]lﬁarge\IIO(x)?
where
— C
|Fe(t,m)| < W, P EF(t,x) =0, P F(t,x) =0, (3.28)
m
and there exists t; — 0, as € — 0, such that for any ¢, t > t§
[Fe(t,m)| < €C. (3.29)

Here we use the bootstrapping argument. Step by step we convert (3.21), (3.22),
(3.23) into (3.27) with (3.28), (3.29). Here are the steps:
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(1) 10,9; ,(t, m)| < C/m]?*,
(i) there exists t§ — 0, as € — 0, such that for ¢t > t,

ZE(t, ) = U(t, o) + CE(t, o), (3.30)

~ C C
Ul(t,2) = —Re A" MUS, |(5(t,K)| < ———) |0:Z5(t k)| < ——)\
b [k [m[” |k||m|

(i) 9,05(t, k)| < O/ (2K ]?),
(iv)

iv) there exists tj — 0, as € — 0, such that for t > %,

O5(t, x) = W2(t,x) + (5(t, v), (3.31)
V(L z) = —(%A + M) P

small

MG = N (W, €] + G, 158K < O/,

ewt - N, 0],
|

(t, ) = (= A+ M) P

G(t.) =~ A+ M)

small

(v) |65t %] < C/(jm][kf?),

(vi) there exists t§ — 0, as € — 0, such that for ¢ > ¢,

OV (1) + Plopye [N (Wi (1, 2)) + N (2, 2))]

large
1
= AW (1,2) + Py M [\Ill(t, ) + UA(t, z)} 4 Fe(tx),
e I
\Ille,o(t = 07 $) = P?arge‘ll()(x)?

Ff<t7 93) = ]P)learge (Me [Cf + C§:| - N€(\I]1’ <§) - N€(C§v \Ijl) - N€(C§)>7
|F(t, m)| < eC/|ml.
(vii) Wf, (¢, z) satisfies (3.27) with (3.28), (3.29).
Using the nonlinear estimates in Appendix B, and linear estimates in subsections

2.1, 2.2 and 2.3, we have (i) by direct computations. (i) implies (ii) by lemma 1.
Differentiate (3.23) with respect to t. Then 0%, (¢, x) = 0,05(¢, x) satisfies

€ 1 € € €Q€ € €
9Oy = EA@dt + PlanM O, + ®5(¢, x) + (¢, 2),
(Di = _Pgmall Ne(at\ple,m EZ) + Ne(qjlg,oﬂ tEZ)]7 CI)Z = PZmallMeatEZa (332)

0%t =0,2)=0.
The only nonzero Fourier coefficients ®¢(¢,k), k = (m,n)., are when n = (£1, 1) and
by lemma 10 in Appendix B,

|@5(t, k)| < C. (3.33)

The only nonzero Fourier coefficients ®5(¢,k), k = (m,n),, are when n # (0,0) and it
is a nearest neighbor of one of n = (1, £1), that is when n = (£1,+1) + (£1, 1),
and there, by the estimate on 0;=¢(¢, x) in (ii), we have

|05 (¢, k)| < C. (3.34)

From (3.33) and (3.34), reformulating (3.32) as a fixed point solution of a linear map
and following the argument in the proof of lemma 4 in subsection 3.3, we have (iii).
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(iii) implies (iv) by estimation of the terms in (3.23). Again, following the argument
in the proof of lemma 4, and using the estimates in lemma 17 Appendix B, we have
(v) and the estimate for Ff(¢,z) in (vi). Observe that W!(¢,z) (in (3.30)) and ¥3(¢, z)
(in (3.31)) are ezactly the functions, that come from the multiscale analysis of [35] (see
Appendix A). Therefore, (vi) implies (vii) by lemmas 5, 6, 7 (condition (A.8) is satisfied
by lemmas 1 and 2; conditions (A.9), (A.10) are satisfied by definition of LS).

4. Error of the effective equation with forcing. Finally, since for W(¢, ), the solution
of the effective nonlinear equation (1.7) in LY,

Plarge¥ — ¥l < Co( Z %)1/2 < €Co,
o Im|

we only need to show that, if (3.28) and (3.29) holds, then ||®¢||;1-s — 0, as € — 0,
where ®<(t, v) = Py, ¥ — V] .

Suppose |</I>\E(t,m)| < Cy(e)/|m|* with Cy(e) — 0 as € — 0. Then
. 1 1/2
12(¢, @) || -6 < Cl(G)(Z WTZB) < C(B)Ci(e) = 0, as e — 0.

Therefore we complete the proof of theorem 2 by showing that

Te(tm)| < (15 + o). (3.35)

|

If 0 <t < t5, then by (3.28) |d,®(t,m)| < C/|m|?, and therefore (3.35) holds.
Suppose t > t. Since

N(W(t,2)) = N(WG,(t,2)) = G (9 (t, 7)) + F5(t,2),
G (@ (1)) = Plarge [NPiury W(t, 2), O(1,2)) + N (,2), W5, (1, ),
F§ (£, ) = Piapge [N(U(E, ) = N(Pf,,, U(1,2))|.

for t > tf, ®°(¢,x) is the solution of a linear equation

<t ) émeu, ©) + MO (1, 7) — G*(O(t, ) + FE(t, ),

F3(t,x) = F(t,x) — F5(t, ), (3.36)
€ € C €
50 = t5,m)] < ot
By lemma 8, |F&(t,m)| < eC, therefore |F£(t,m)| < eC. Denote
Cip(t) = max max(|m|*| @ (7, m))). (3.37)
7€|0,t] m

By lemma 9, |@(t, m))| < CCyC%(t). Therefore if Re < Re there is a small

constant Co(Re) (again, this Co maybe smaller than Cg above, and we take the smallest

of the two), such that each Fourier coefficient of ®¢(¢, x) satisfies a differential inequality
1

_— 1 —
di]@<(t,m)| < — o |m[*|<(t, m)| +
. ¢ (3.38)
|©<(t = 15, m)| < — 1.

|
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Integrating (3.38) we have that for any m

= C . 1Cf1,(t) Re
|Pe(t, m)| < |m‘2t0+ 5 mp? +€C|m]2

and therefore
Ccs(t)  C 1Cy (1) Re C
i A G R T < (t€ _—
m? = Jmp " 2 mp T Cmp = T

which, using (3.37), gives (3.35). This completes the proof of theorem 2.
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Appendix A. Summary of the multiscale asymptotics

Here we give a brief summary of the (formal) derivation of the effective equations (1.7)
and (1.10) from (1.4) and (1.6) respectively. Our derivation is different from [35] in
two respects. Namely, W§(¢,z) is not a solution of the effective equations (as it was in
[35]) and we do not replace the Laplacian by its two-scale asymptotic expansion. These

€ e

modifications were made for consistency with our ¥, =¢,0¢ expansion.
Suppose W€ = ¢ + Ul + U2 + O(e?), where Uk = O(e¥), k = 1,2 as € — 0. In the
linear and the nonlinear cases W!(¢, ), the first-order corrector, satisfies

1
Emﬂ = — MU, (A1)

The second-order corrector W2(¢, ) in the nonlinear case satisfies

1
(EA + M€>\Il2 = _]P)Zmall

In the linear case the last term in (A.2) should be dropped, and ¥? satisfies

M — Ne(TE, qﬂ)]. (A.2)

1
(EA + MOYY? = P MU, (A.3)

Matching asymptotic expansions for W (¢, z) we have that
1
OV = — AU+ P5 I MU+ MP? — NE(US) — NI | + Ofe),
t*] Re l large ( l) ( ) ( ) (A4)
Vit =0,z) =Pl Vo(z).

(A.1) can be solved explicitly in Fourier series, and 5, M<W! in (A.4) gives rise to the

large
term
Re
8
in (1.9). Since (A.2) is a linear equation, the solution of it is a sum of two solutions:
U2 = P2 the solution of (A.3), and ¥? = U3 the solution of

R
(V1 +0V2)2 + (8 + Vo)) T + 7‘3(1 FOATY(VE - V2)20

1 € € € (\Tr€
(EA + M )\112 - ]P)smzzllN (\Illv Wl) (A5)
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Due to cancellations, W3 can also be computed analytically explicitly. Then

Py ge M W5 = =25, N°('), and Pf,, M V3 +P;,  N(U') gives rise to the term
R 2
%A—l(vg — VO [S((V10)2 + (Vol)2) + (1 + 62)V, UV, 0| |

in (1.8).

The term ¥? cannot be found explicitly analytically. In particular, the first term
of the asymptotic expansion in € of ¥2, must be determined by v (y), the solution of the
following elliptic periodic boundary value problem in fast variables y = (y, y2)

2o AAU() — T (6(), (A -+ 2)(y) — 2-6) =0,

fie (A.6)
d(y) = cosyi cos Yy + 0 sin yy sin ys.
Using the solution of (A.6), P e M “U? gives rise to the term
VANV — Vi)W
in (1.9), where
1 27 2m
V= Ao = 15 [ [ owvn)dnde (A7)
o Jo

The O(e?) terms do not affect the effective equation and can be neglected.
From the multiscale analysis we have the error estimates which are needed for
the bootstrapping arguments. These estimates are summarized in the following three

lemmas.
Lemma 5 Suppose Wi(t,x) = a(t) exp(im - x), W' satisfies (A.1), V? satisfies (A.3),
then

MW;(t,2) = Py MW+ 2] = f(m, (£)) exp(im - z).
If 19|22 < Caelm] fa“(t)], [|9%||z2 < Cae*lm[*|ac(t)], (A.8)
then

198 ]z2 (192l
jmje  |m|?e?

Fé(m, (1)) < C efm| | <@+ Cayem (o))

Lemma 6 Suppose ¥i(t,x) = a(t) exp(im - x), W' satisfies (A.1), V? satisfies (A.2).
Denote
R 2
g(t,x) = TGA_l(Vg -V [5((V1\I/§)2 + (V2U5)?) + (1 + 6*) V1T Vo U5 |
fe(t,z) = M U2
If|fe(t,m)| < Cafm|*a(¢)], |g°(t,m)| < Cafm|* |a(t)], (A.9)

then | f<(t,m) — g*(t, m)| < C(Cy + Ca)elma*(t)].
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Lemma 7 Suppose U§(t,x) = a*(t) exp(im - z), W' satisfies (A.1). Denote
Re?

9°(t ) = =~ AT (V5 = VD [S((V1U0)* + (Va¥7)?) + (14 8) V1 9V,

Fo(t, ) = N(Th),
If |fe(t,m)| < Cym[*[a(t)], [g%(t, m)| < Calml*|a(t)], (A.10)

then | f*(t, m) — g*(t, m)| < C(Cy + Ca)elm|*|a(t)].

Appendix B. Estimates for nonlinear terms

In this appendix we prove auxiliary estimates on the nonlinear terms like
T =N(U,®) = AT, (¥, Ad), (B.1)

where the Fourier coefficients of ¥ and ® have bounds that differ from lemma to lemma.
We use the following notation: the Fourier coefficients W (the first function), ® (the
second function) and T are indexed by k; = (my,ny),, ko = (mg, ns),, and k = (m, n),
respectively. Without loss of generality, we assume here that all the functions are
independent of time. The main equality used in all the lemmas below is

T = J,. (¥, AD) = —VQ(\IJVlACD) +V, (mwm)
=~V (A0V,0) + V5 (A0V,T) = ~VoUV AP + V,UV,A0.
In terms of Fourier coefficients it gives rise to three inequalities
TR <kl D kel [¥ (k)| D(ka)],
k=ki +k2
T < K Y ol kel B ) [Ba) B2)

k=ki+k2

TR < D [kallkel*[¥(ke) | (ks)]-

k=ki+k2

Depending on the decay of |¥(k)| and |®(k)| as |k| — oo, we use one of the three
inequalities in (B.2), and then use the Holder’s inequality:

1 1 1 1
Z WW < C(Sup)0<t7q)7 -+ -=1,
kel 1k, 51 1 p g
where we denote

C(s,p) = (Z |k1|sp)l/p. (B.3)

k

Since in two dimensions the right-hand side of (B.3) is finite if sp > 2, we choose p and
q so that sp > 2 and tq > 2. By the choice of the o/e neighborhoods of the vertices
k = n/e, we have that if k = k; + ko, k = (m,n)., k; = (my,n,),, ko = (mgz, ny),,
lm;| < o/¢, |Ima| < 0/¢, then m = m; + my, n = ny + ny. The inequality | m| < o/e
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may not hold, but if lm| > o/e and n = (0,0),or n = (£1,£1), then |k| < C|ml],
C = C(o). We also use the observation
Jra(expliky - 2), Aexp(iks - ) + Jra(expliks - ), A expliks - 7))
= ([ka|* — [ka|*) Juou (exp(iky - @), exp(iky - ),
for any ky, ke. If k = kg + ka, then ||ky|? — |ko|?| < Olk| max(|ky|, |kal).
Lemma 8 Suppose T = N(¥) — N(Pj,. .. V), |U(k)| < Co/|K|*, then
T(k)| < eCCo?/|K].
Proof: Let ®(x) = |:]P)5mall + ]P’Test}\lf(az), then |®(k)| < eCCo/|k|?, and N(I) —
V) = N(¥, ®) + N(®, Py, V). Therefore

Re? Re?
T(x) = NY(T, ®) + TJD)(fo ®) + N(®, P, T) + TJD(<1> P

N(P;

large

),

large large

D(¥,d) = A~1(V2 — V2) [5(v1xw1<1> VUV, + (14 62V, 0V,
By the Leibniz rule
D(W, &) = A~ (Vy — V) [5(v§\w1q> VI UVED + VYV, 0V, ®

FVLUVVod + VoUV2D + VEUV,D + V Vo UV,d + VoV, V,d)

(14 82)(V1VoUVad + VEUV,d + V, UV2D + V1\I’V1V2<I>)] .

Therefore
1 CO ECCO C C() ECCO C() ECCO
Tk < — + = +
W 2 b ol T, 2 [l T al Tl
1 ECCO CO 1 ECCO CO ECCO CO
o — 20—
| |kkzl+k2 kaf* [ko| [k k;—k [ ka| [kaf*  [kof? |k1|2]
_ €CC3 cCC}

(022 +C(13)0(3.3/2)) <

— K] K|

Lemma 9 Suppose T = N(Uy, ®) + N(®, ¥,). If [y (k)| < Cy/|k[,
W2 (k)| < Cy/[k|%, |2(k)| < Co/|Kk|?, then [Y(k)| < C'C1Co.

Proof: Here we do not apply the Leibniz rule.

O CO Cl C0 Cl
_ - +C’ -
Tl<pg 2 |k1|3 T2 Tallel T 2 TP

=ki1+ k=k;+ko k=k;i+ko

< 0C1Co(C(3,1) + C(1,5/2)C(2,5/3) + 0(1,3)0(3,3/2)) < CC;Co.
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Lemma 10 Suppose T =P, ,N(V,®). =P U, & =P ., & If

(k)| < C/K]*, [@(k)| < C/(k|Im[*) (B.4)
or

[U(k)| < C/K[*, [@(k)| < C/(k||m)]), (B.5)
then |T (k)| < C.

Proof: The only nonzero Fourier coefficients ®(k) are when n = (+1,+1). If (B.4)
holds then
. C 1 |k2|
TK)| < — < CC(1,3)0(3,3/2) < C
T <7E > mrries < CC0L3063/2

m=mj-+mso

because |ko| < C|k|. If (B.5) holds then, similarly,

[my |3 my|

i 1% L [kof
T (k)| < P > < CC(3,3/2)0(1,3) < C.

m=mj-+mso

|
Lemma 11 Suppose T = N(0), |U(k)| < Co/|k|*, then
T(k)| < CCo®/IK|*.
Proof:
o
1T (k)| kz |k173 i CWC‘(S, 3/2)C(1,3) < CW.
|

In the rest of this section we assume without further mentioning (cf. definition 3
of lacunary spaces and inequality (3.11) in subsection (3.2)) that

B0 <
Co

Z¢(k)| < { 2[k[jm}*’

0, otherwise,

G
10¢(k)| < { 2ImI]k|*[m]|?’

n=(+1,£1), i m| < o/e,

n # (0,0), Jm| < o/e,

0, otherwise,
Co
o5 TmlkE 0,0 <
Gio) < Tl F 00 mi<o/e
0, otherwise.

Lemma 12 Suppose T = N¢(2°), then |T (k)| < CCo?/(|k|/m]).
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30

Proof: Note that T(k) = 0, if n # (+1,41) 4 (&1, £1).
[[ka|* — !k1!2\ = [(£1,£1)/e + mz!2 — [(£1,£1) /€ + my|”
2 2 m;| + |m
<12+ ) - maf? — 2+ Sy ) < o]
Also 1/e < C'max(|ky|, |ka|), therefore
- 1 Co
T(k)| < = [[ka|* — [ka|* |
[k kk1+k§:|k1|3k2| jm |3 [z | ?
Co’ [my | + [my| Co’ (jmi| + [ms|)
<C— <C
SO 2 PP = i 2 [y mal?
m = mj + mz, [m1| > |mz|
02 (jO2
< C—(C(1,3)0(3,3/2) + (C(2,2))%) <
|k||m| !ka!
|

Lemma 13 Suppose T = N¢(WU, =), there is a sufficiently small eq such that for any

€ < €
Co?
~ m|2
RCOTEER B
=0
e
Proof:
5 1
T(k)| < w5

= (£1,£1), jm| < g/,
otherwise.

Co Colka|?
ki[® |mgf3

2.

k=ki +k2,n2 = (il,il)

If n = (£1,£1), jm| < o/e, then |k| < Clks|
[k1|? < |ka|? implies that n = ny. Therefore

. Also for sufficiently small € inequality

. 1 Co Colks|?
TWi<os| > > > s
TS i ’ ! fal? Jmaf?
k =ki + k2, k=k; + ko, k = ki1 + ko,
[kif® > [ka|? [mz[® > [ka|? k1f® < [kz2/?,

jm2|? < |kz|?

1 1 Co?
* + Clkf” | <20(3,1
|k|2[zlmzl3 Z|k E 2 K |? |m2|3} <206 Dy
m; = ki,n = ngo,
k =ki1 + ko
Co’ (s + mo])? L C Gy
B 2 m Pl = C(CL3)C6,3/2) +(C2.2)1) C

m=mj-+m2

<
jm[? —
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In all other cases |ky| > C/e and |ka| < C|ky|, therefore

s 1 CO Co‘kz CO2
T(k)| < 5 < < eC—s.
W, 2 TP fmal Ok > s < O
|
Lemma 14 Suppose T = N(¥,09), then
Co®
Crafi = (L2, ml <o/e
ST
eC ﬁ otherwise.
Proof:
) 1 Co Colks| 1 Co Collnz]
Tk) <— < B.6
T(k)| < T > e P 2l m,f? = e[k ;k ey | 2021 [y 2 (B.6)
k = ki + ka, T
n27é(070)

because ng # (0,0), and therefore |ka| < Cf|ns|/e.
If n = (+1,+£1) and |m| < /e is not true, then |k;| > C/e and

i 1 Co _Collnz| Co’ 3 Ly
Tk) < — my? = ¢ ( )
Tl < e > Iy [P 2Im2l[m, 2 = e[k|? [k [°
k = ki + ka, pal=cr

k1| > C/e

Inal?y1/2 areLcl
(Z;4Inzlll|2m2]4> e]k|2 <Z\mzl4> Clk(\)2

If n = (£1,£1) and | m| < o/e, then |k| > C/¢, and in the last sum in (B.6) either
Inz|| =1 (that is ny = (£1,+1)), or ||ng|| > 1, |kq1| > C/e. Since

m] < 2max(|my], [ma]) < 2max([ky, [ms).

we have
i~ 1 CO Coml’lz ||| 1 CO CO
Tk)| < —[ } <C0— o Lo
Yl < e|k|? Z + Z Ky |3 2lm2lljm, |2 — C|k| Z k|3 [mg)2
k = ki1 + ko, k = ki + ko, k = k1 + ko,
Inz|l =1 [lnzfl > 1, Inzfl =1
k1| > C/e
CO2 CO2 1 2max(|k1|, |m2|) CO CO C02
+eC—— < eC— + — < eC—=
k|2 k> [k 2 |m| [k [? [mg|? k|2
k = k1 + ko,
Inzfl =1
0 S et e amcns) < o S oo Co
’ s € < .
|m|[k| k[~ |m[K] || |k|
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Lemma 15 Suppose T1 = N¢(Z¢,09) + N(O¢,=), To = N(O5). Then fori=1,2

2
GO%, if n = (0,0),
RSTER S
Om, otherwise,
Proof:
TWI<Ors X (kP [kl Co
1 1 2
PIE \m ] ol

k=ki+ka,ni= (il il)
Since |k1| < Clka|, we have ||k |* — |ka|?| < Clka||k|. Since m = m; + msy,
C 2
t ot Y il

Kml, 2= [my PP

Co’ o’
< O —((C(2,2)" + C(3,3/2)C(1,3)) < O
||| |||
If n = (0,0) then ny = (£1,+£1) and |k| < C'max(|my|, |mz|). Therefore
- 1 Co Co
T(k)| <C— ki|* — |k
=gy 2l el o
k = ki1 + ko,

|m1| < |mz|

1 of% Co’
SOC’ DL S e <O
m=mj+mz2,|mj|<|mz|
Similarly
T, (k [[kq |* — |ko | =
“Ik |Z i 2"'nl"wk e P 2P gl fenal? = K
|m1| + |m2| 60002 C02
< 1,5/2)C'(2,5/3) < eC——
X Z 2lali+lnzll|my 2| |my|? ~ |k||m] (1,5/2)C(2,5/3) < e k||m]|’

=ki1+ka

which immediately gives the required estimates (k = m for n = (0,0)).
Lemma 16 Suppose T = N(05), then | T (k)| < eC'Co?/(Jm]||K|).
Proof:

. 1 2|1k |2 — |kq|?
|T(k)|§m Z Co7||kz|* — |k1|?|

[y |k |*[mg 2 [k |2

k = ki + ko,
C/e < |k < |ke|

CO2 \m| 002 1 CO
<O e S O T S €
|k||m| k:l;kz g [[ky [?lme| = [k||m| |k§;/g ks [? Imllkl

32
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Lemma 17 Suppose T = N(Z°, V), Ty = N¢(E¢, 05) + N(O5, E°),
T3 =N¢(Of, V), Ty =N(¥,05) +N(O5, V), Ty = N(O],05) + N(05,09). Then for
everyi=1,...,5

C02
Cw, |k|>0’/€,
LCTER
GCW, k| <o/e
Proof:
~ 1 0 CO CO
T ( _— <02 ((3,3/2)0(1,3) < C=2.
| W, 2] e < CRECE2C0.9) < O

If |k| < o/e, then |ka| > o/€, hence
2

rMmgi-Z-ﬁl% @-@@mea—

K, 2= TP k] = kP 2
1 Co

T < g 3 el - s [2 0 ;
K, 2, s Tl

Since Z¢(ky) # 0 only if ny = (+1,41), therefore ny = —n+ (£1, +1), |[ka|? — |kq|?| <
Clkz|? and we have

Co’ 1 Co’ Co’

Tok) <O Y <C22-0(3,3/2)C(1,3) < O,

ISk g [P fme| k[ ISk

m=mj-+ms2

If |k| < o/e, then k = m. Using ||kz|* — |k1|?| < Clkz]| k|, |k2| > C/e, we have

2
m®<§.z o _Co _ o Co 3 |+ jmo|

< <
K], 2=, T fmllka] = “CTidm 2= oy gl
002 Co 2
S<I”anﬂ(CXZ3/®CKL3)+CX3[U)<<60ﬁ35
: 1 Co Co Co2
Tl < i 22 Sl ] = |k|2z|m1|3 < Ol
K=k +ko
If |k| < o/e, then |ka| > o/€, hence
A 1 CO Co C02
Tl < e 2. Sl ] = © |k|22|m1|3—6 kP
k=k1+ko
. 1 Co CO2
Tik)| < — ko> — |k <
T < s 3 Ml Pl s < O
k=kj+ko

2 2

1 1 C CO
< 3 | e S O (Ce D+ O30 32) < O

k=ki+k2
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If |k| < o/e, then |kq| > o /€, hence

. 1 C?2 Co?
IT4(k)| < W Z P < ECW.

ka|>afe |t
) 1 C C
Ts(k)| < — ko|” — [kq|? ° .
Ts(4)| < 1 ZH I T ET AT NI
_ ch 1 < 0002

If |k| < o/e, then k = m and C) < |ka|/|k1| < Cy. Hence

. 1 C C
Tsl < o D [kl =l : 2

L et 20malljmy |2k [ [ma | ke |?

1 1
< CC?
?{:k1+k§n2|<|ml| |m |2|kq|? |my||ko|?
<0G Z[ . }<CC3(C(1 3)0(2.3/2)). < e 0
=V m)? L i Plka| Tk [[ka?) T RPN = e
k1| > /e,
k2| > o/e

[ |
As a corollary of lemmas 11-17, we have an embedding result for the nonlinear term
for functions in L€.
Lemma 18 Suppose ||\P§||Le < Co, ||\P§||L€ < Co, [|¥] — \IJ§||L€ < Cs.
Let U5 = ATINE(WS), U5 = ATINE(US), UE = Uy — U,. Then
(i) 1] e < CCo?, i = 3,4, || S]] ¢ < CCoCr.
(ii) If we expand any of VS, i = 3,4,5 in the Lt lacunary sum
WS = WS, + 5+ O + WS, then =5 = 0.

Similarly, by lemmas 11,12, 13, we have an embedding result for the nonlinear term for
functions in LE.

Lemma 19 Suppose ||\11§||Le < Cy, ||\Il§||Le < Co, ||W§ — ¥§
Define V5 and ¥ as follows: fori=1,2 let
\I['Le'+2 - ]P)learge [Ne(\];[le',l,O) + Ne(E:’,O) + ]P)ZmallNe(\Ijzl,m E;,o)'
Let Wg = W5 — Wg. Then
(i) Wil e < CCo?, i =34, 1T5]] e < CCoCr.

||L€ < Cs.

(ii) If we expand any of VS, i = 3,4,5 in the LS lacunary sum
W =Vs, , +Zf,+ 65, then =5, = 0.

i,l,0 2,07
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