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Abstract

The eddy viscosity is the tensor in the equation that governs the transport of
the large-scale (modulational) perturbations of small-scale stationary flows. As an
approximation to eddy viscosity the effective tensor, that arises in the limit as the
ratio between the scales ¢ — 0, can be considered. We are interested here in the
accuracy of this approximation. We present results of computational investigation
of eddy viscosity, when the small-scale flows are cellular, special periodic stationary
flows with the stream function ¢ = siny; sinys 4+ 0 cosy; cosya, y = x/, 0 < 4 < 1.
For small ¢ we used a numerical upscaling method. We designed this method so
that it captures the modulational perturbations for any ¢ with O(g?) accuracy and
independent of € complexity.
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1 Formulation

For incompressible highly oscillatory small-scale flow v subject to forcing pe-
riodic in space and time the eddy viscosity, which controls the large-scale
transport of momentum, can be determined in a systematic way by multiscale
analysis (see e.g. [3,12-14]). More specifically, assume that v is modeled as a
stationary solution of the Navier-Stokes equations with some auxiliary forcing

v-Vo=vAv—-Vp+ f, V.o =0.

The role of the forcing is to sustain the flow pattern of v, and its detailed
structure is not of interest. If v is modulated initially by a large-scale flow, then,
due to nonlinear coupling in the Navier-Stokes equations, the modulational
perturbation u has the large-scale part (u)(¢,z) and a small-scale part ug =
us({u),v). The coupling between ug and v gives rise to eddy viscosity.
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Fig. 1. Level sets of the stream function of cellular flows with small channels, § = 0.1

Consider a special case. On a periodic square domain = [0, 27| x [0, 27| with
periodic boundary conditions the underlying family of 2we-periodic stationary
flows ve(x/e) are cellular:

0 0
() = 2o, y= /e o) = (= 5-0.56)

o(y) = siny; sinys + d cosyy cosys, 0 <6 < 1.

(1)

The scaling of v¢ is chosen so that the Reynolds number associated with v® is
a constant, independent of &:

max |v°|2me

Re = = C'max |[v°(z/e)|e = Cmax |v(z/e)|.

v

Cellular flows is a special class of stationary solutions of the Euler’s equations
in two dimensions, because they satisfy

A () = =S (D), (2)

€ g2 ‘e

with k£ = 2, which is a two dimensional analog of the Beltrami property (for
the usual Beltrami property see e.g. [1]). The parameter 0 characterizes the
size of channels of v¢. If § = 0, then there is no channels - the motion of
fluid parcels is contained in small boxes of size &~ € x €. Such flows are known
as two-dimensional Taylor-Green flows. If § > 0 then there are channels (see
Figure 1), that allow some fluid parcels to travel along the flow whereas other
fluid parcels are contained in islands of size ~ ¢ x . Such flows are known
as cat’s-eye flows. If 6 = 1, then the islands disappear and we have a pure
periodic shear flow. If v° is modulated initially by wu,(z), then the equation for
the modulational perturbation u® can be conveniently written for its vorticity



w® as (for details see [9,10])

1 1
Ow* + gv(g) - VS (W) + uf - Vo = —Aw®,

Re
V-v=0, V-u" =0, w* =V xu,
w(0,2) = wo(z) =V X uy(z),

where
e € 2 —1, e
S(w)z(A—i—gQ)A w°.

The operator S¢ is well-defined on mean-zero periodic functions, provided
e=1/k, k € Z and

“(z,t)dx = 0.
/Qw(x,)x

Using multiscale asymptotics (see e.g. [2]) the effective modulation equation
in the limit ¢ — 0 is computed in [10]. It also was shown in [10] that

e eddy viscosity arises from
1 x
—v(=) - VS (w*
“o(2) - V(W)

only,
e the nonlinear term

u® - Vot

converges, as € — 0, to a nonlinear operator that does not affect the stability
of the solutions of the effective equation.

Therefore for the study of eddy viscosity effects it is sufficient to analyze the
linearized case, where the vorticity of the modulational perturbation satisfies

1 1
0w + ~v(2) - VSH(wf) = —Awf,
€ € Re
V-v=0, (3)

w (0, ) = w,(x).

In this work, we study equation (3) only. In the linearized case, the effective
modulation equation is

1
ﬁAw + Muw,

w(0,2) = wy(z),

8tw =

(4)



where

R
Mw = —?e(w1 +6Va)2 + (6V) + Va)2)w
R
+ (G (1+8) +V)(V3 - VA, (5)
9
;= =1, 2.
V’l axl7 1 Y

The constant v/ in the equation for M satisfies v/ > 0, v/ = V/(Re,¢), and
can be computed numerically using the solution of a periodic boundary value
(cell) problem (see [10]).

The eddy viscosity of cellular flows determines the behavior of solutions of (3).
An approximate behavior of these solutions can be predicted by the solutions
of the effective modulation equation (4). The main issue we address in this
work is the accuracy of this prediction. More specifically, the predictions of
the effective theory can be analyzed by the plane-waves

w=a(t)exp(im-x),a(0) =1,m = (my, ms),

which are the exact solutions of the effective equations (4). The dispersion
relations of these plane-wave solutions can be found using (4) with (5), and
they give that the amplitude of these solutions

a(t) = exp ot,

where 0 = g(m, §, Re) crucially depends on the chosen Reynolds number Re,
wave-vector m, and size of channels §. In this paper for different values of ¢,
Re, m and & we compute with O(e?) accuracy the numerical error between
the plane wave-solutions of the effective equations (4) and the corresponding
solutions of (3) with the initial conditions

w(0,2) = w(0,z) = exp(im - x),m = (my, my).

The large scales in our problem are determined by the initial conditions. Rig-
orously this can be defined by means of a projection operator

() rwi(t,z) = (W)(t, )
on the space of finite trigonometric polynomials:

exp(im - x)w®(t, x)dzx, if jm| <K,
/exp(imw)(wE)(t,x)d:c: J exp( . Jwt(t, z) Im| <
@ 0, otherwise,
where a fixed constant K is chosen so that the initial conditions are large
scale:

(W(0,2)) = w(0, x).



The small scales are defined by the projection operator P on the orthogonal
complement of the space of finite trigonometric polynomials:

These definitions are more convenient for our problem; however, they are
equivalent to standard ones (see e.g. [2]).

Our main numerical technique is upscaling. Generally, the idea of upscaling
(see e.g. [15]) is to reformulate the original problem so that large time-steps
can be taken in order to capture accurately the behavior of the mean flow with
an O(e) error. For our purposes such accuracy in ¢ is insufficient. Therefore
by upscaling we mean a numerical method with complexity independent of ¢,
that captures accurately the behavior of the mean flow (w®) with an O(&?)
error. The main issue here is to account for possible accumulation of O(e)
error while time-stepping.

The paper is organized as follows. We first describe the design of our upscaling
method, then give details of its implementation for cellular flows, then mention
the numerical algorithms used in obtaining the numerical results, which we
present in the end.

2 Upscaling

Our equation (3) is very similar to the convection-diffusion of a passive scalar:
1> 1 T 3 1 1>
O (x,t) + gv(g) -Vw(x,t) = P—Aw (x,t), V-v=0, (6)
e

where the Péclet number
max |v|
)

Pe =

o
o is the diffusivity of the passive scalar w®.

The convection-diffusion equation of a passive scalar for large Péclet number
has been studied for cellular flows in [5] (for random flows see e.g. [4] and refer-
ences therein). It was shown in [5], that if the passive scalar w® is decomposed
into a smooth mean part and a highly oscillatory mean-zero part

w = (W) +w;, (w5) =0, (7)
then . )
Oy (w®) + g<v(§) Vi) = AW, V=0, (8)

e __ 2 3
w; =W +E€ws +€Ews+ ...,



T 1

- _ LA L) vl g = o
Ows = O(e) and, therefore P PeA 5U(5) V| owi=0(e).

This implies two scaling observations. The first is that

1
“(v- Vs
~(v- V)

can be computed with an O(&?) error, if w? is resolved with an O(g?) error.
The second is that w? can be resolved with an O(g?) error if we neglect dw¢,
because, subtracting (8) from (6) and resolving for w we have

)-v]_lps [iv(i) -vwﬂ +P, [PleA— %(:

—_
™8

-1
1 1 x -1l ox
=P|—A——-v(—)- P, | =v(=) - € 3
{Pe 50(5) V} Lv(s) Viw >] +0(E)
This key observation means that a sufficiently well-resolved w? can be found
by accurate upscaling methods for elliptic problems (see e.g. [7]).

Hence, an upscaling method for convection-diffusion equation can be designed
as follows. Solve the elliptic problem

P, PleA _ iv(i) 9]z =P, Ev(i) V() ()

using, for example, methods of [7]. Then perform a time-step only for the
mean flow (w®) using (8), then update w? using (9), then perform the next
time-step. Note, that if (w®) and w? solve (8) and (9), w® solves (6), then,
instead of (7), we have

w® = (W) + w + O(e%),

as € — 0. The CFL condition of (8) is independent of €, therefore this numer-
ical method is upscaling.

In the convection-diffusion case the O(g?) accuracy of the upscaling is achieved
without resolving dywws. In the case of eddy viscosity (3), analysis shows (see
[9]) that, after the decomposition of w® as in (7), wS has the expansion

1
w§:gw1+w2+€w3+€2w4+..., (10)

and

Dt = O(=Y), &, [atcf] _ 0@,

In contrast to the convection-diffusion case, the two scaling observations here
are different. The first is that

1
- . SE 15
5<U VSews)



can be computed with an O(g?) error, if w¢ is resolved with an O(g?) error,
hence in the expansion (10) three terms wy, ws, ws need to be determined.
In order to see that multiply v - VSew? by a large-scale test-function x(z),
(x) = x(x), integrate by parts:

(v - V5w = —{wi, 5% - Vi),

and observe that if x = O(1), then S®v - Vx = O(e). The second observation
is that O;w? needs to be resolved with an O(1) error. Hence dyw? cannot be
ignored in upscaling.

Consider another decomposition
W' = (W) + Wi, Wi =w 4o,

where w® solves the heat equation with forcing

0 — A& — 111(:;’) VS (). (11)

Then the analysis of [9] gives that

(DE:*(DI—'—(DQ—FEXD?)—F..., (:)E:(I)l—i-éf(:)g—l—...,
9

and therefore for upscaling we need to resolve the first three terms of w®, but
only two terms of &°.

Similar to the convection-diffusion case, a sufficiently accurate approximation
to @° can be found as the solution to the time-independent elliptic (cell)
problem:

1 1 el ~e __ 1 f . €(—¢€
P, ReA—gv(g)-VS}w _PSLU(E) VS (@) (12)

provided @° is already determined with O(g?) accuracy.

In order to determine w* sufficiently accurately, observe that, differentiating
(11) with respect to t, we have that 0,w® satisfies

— & . L —& _ 1 g . IS5 £
(?t[ﬁtw ] _ R@A[&w ] “o(2) - VS0 (w).
Since
) [atwﬂ — 0@,
we have

1
0,5 = Re A~ Lv(“:) VSO + B, [@cf”.



_Re

X
€

A o(

and a sufficiently accurate approximation to 0;w® satisfies

L) VS0, ()] + 0fe),

o — A {U(‘:) . VSE&(wE}].

e
Therefore using (11)

o = ReA*(v(

3

5) - VS w) + ReA” |o5) - VSBWY)]) (19
with an O(g?) error. Hence @® can be resolved sufficiently accurately, provided
we compute the O(1) terms of (w®) and 0, (w*).

After these preparations the numerical method consists of three alternating
parts: evaluate @® and &° using (13) and (12), respectively, and perform a
time-step only for the mean flow (w®) using

1 T ~e —c 1 5
O+ (0l2) V(@ 4 5)) = AW (1)
then update J;(w®) using (w®) only, then update w® and @° using (13) and
(12), then perform the next time-step.

Using an upscaling method for elliptic problems, equations (12) and (13) can
be solved accurately with complexity independent of e, hence our method is
upscaling provided the CFL condition of (14) is independent of . We claim,
that the CFL condition is, indeed, independent of ¢; however, it is not imme-
diately obvious. The reason for such favorable CFL condition is the absence
of linear Anisotropic Kinetic Alpha instabilities (see e.g. [6]) of the underlying
flow v. Our flow v(y), y = /e does not have AKA instabilities (see [10]),
because it satisfies (2). We discuss the CFL condition in more detail in the
next subsection.

2.1 Implementation for cellular flows

For numerical implementation of our upscaling algorithm for more general
flows v, one needs to design effective algorithms to solve elliptic problems
(12), (13). Here we make observations, which are specific to cellular flows.
These observations imply that, in our case, a spectral numerical method is
a convenient and effective way to solve (12), (13). The property that the
underlying oscillatory flow v° is a simple trigonometric polynomial, leads to
the following simplifying observations.



If the initial conditions are a single trigonometric function
w&(m70) :eXp(iI'm)7m: (mlamQ) €Z2a (15)
then the solution of (3) for any time has the form

w (2, 1) = _al(m,t)exp(i(m+n/e)-x), n=(n,ny) € Z> (16)

In particular, this means that for any time the mean flow is a plane wave
<w€> (ZL’, t) = aio(m7 t) exp(m : ZL’),
and it is determined by a single scalar function a,(m,t).

The solution to the heat equation (11) is a linear combination of four Fourier
coefficients

o (t,x)= > ay(m,t)exp(i(m+n/e)- ),
n=(£1,£1)

where each aZ (m,t), n = (£1, 1) satisfies

11

—e £ —£ 1 € —&
dia%y4,(t) = _EgAiiailil(t) + gciia (t), a3141(0) =0, (17)

where A%, = 2+¢&%|m|?+2e(+m; +my), and the constants C.. are explicitly
given by

Ciy=— 4 Gy = 4 ’
(my +mp)(1+6)S (my —mp)(1 —0)S
C+_ = — 4 7C—— = 4 )

where S = 2/(m? +m3) — €. Therefore the approximation (13) is simply four
algebraic equations

1 Re Cii 2 Re
()= - ° (t) — dea® (t)].
a:t:t( ) c Afti aoo( ) € Afti taoo( )

If we know explicitly a5 (m,t), n = (£1,£1) for all £ € [0, 7], then the mean
flow Fourier coefficient a$,(m,t) can be found by solving an ordinary differen-
tial equation with forcing determined by a5 (m,t), n = (£1, £1):

2

dtaio = —%afm + C’lsl(t) + CQSQ(t) + 803d1(t) + 804d2(t), (18)



where

1—96 1+06

€ = (m3—mt) =2, Gy (= ) LE2,
1—9 1+6
Cs3 = —(my — my)(m? + mg)T, Cy = —(my +my)(m? + mg)T,

the functions s1(t), so(t) are basically sums and d;(t), da(t) are basically dif-
ferences of a%(m,t), n = (£1,£1):

si(t) = s ¥ i
(1+em)?+ (14+eme)? (1 —emq)?+ (1 —emg)?’
aj 4 as
So(t) = + ,
2(t) (I4+emq)?+ (1 —emg)? (1 —emq)?+ (14 emy)? (19)
di(t) = ai o aZy
(1+emi)?2+ (14+emg)?  (1—emq)?+ (1 —emg)?’
a3 ac
dg(t) — 1-1 o -11

(1+emy)?+ (1 —emg)® (1—emq)?+ (1+emg)?

We intensionally wrote the forcing in terms of sy, s, d; and dy in order to
show how the absence of AKA instabilities is manifested in our case. By (10)
as(m,t) = O(1/e), n = (£1,£1), hence by (18) the CFL condition for (14) is
O(1), provided there are symmetries

[s1()] < eCldi(®)], |s2(t)] < eClda(1)]- (20)

These symmetries are a consequence of (2), and, for the case of cellular flows,
they can be seen in the definition of coefficients C,1..

In the Fourier space the equation (12) is
AZ"’E — fé"
where the (infinite-dimensional) matrix A5 with constant coefficients comes

from the operator
1 1 =
—A — —v(=)- V5",
Re 3 (5)
a® is the (infinite-dimensional) vector of Fourier coefficients of @w®

@ (z,t) => a5 (m,t)exp(i(m+nfe)-x), n=(ni,ny) € Z>
and the right-hand side f¢ is the vector of Fourier coefficients of
B[u() VS @)
s| 2v(2 W) |.

The matrix AS has a simple form. It has diagonal coefficients, that come from
the Laplacian and only four other nonzero coefficients in each row/column.

10



The vector f¢ also has only finitely many nonzero entries. In our numeri-
cal implementation we approximate a°® by its first N Fourier coefficients a,,
mn|?> < N, N = 2Re?, approximate AZ by the corresponding N x N matrix
A = A® and find a° as the solution of

AT = f°. (21)

It is possible to find a® with any required accuracy by an exponentially con-
verging iteration. In order to observe that decompose A° into four blocks

AB\ (aiw | _ (I (22)
CE) \ gy, 0]

where A is the N x N matrix from (21), B = B, C = C°, E = E* are
infinite-dimensional, but B, C' have only finitely many nonzero coefficients.
Then further decompose
E=D+H,

where D is the diagonal matrix, that corresponds to the Laplacian, and H has
only four nonzero off-diagonal coefficients in each row/column. For our choice
of N = 2Re?, the diagonal matrix D dominates H, and therefore (see [11]) an
accurate approximation to ag;,, can be found by an exponentially converging
iteration

Ohigh k1 = —D7((H + CA_IB)afngh,k +CAT'f).
Therefore, af,, can be found with any required accuracy as well

gLtlgow = Ail(fs - Bdiigh)‘

In our numerical experiments it was observed, however, that for Re < 100,
O5gn 1s negligible - it gives O(107'*) correction to the solution of (21).

3 Numerical implementation

In the numerical implementation of upscaling MATLAB is used primarily with
the exception of the solution of the linear system (21), where C' was used.
Time-stepping in (18) for (w®) is performed by Backward Euler method with
variable time-step At = .001/max(1,1In|aS,|). The four Fourier coefficients
of @ are determined in terms of sums and differences (19) in order to keep
track of symmetries (20). The elliptic problem (12) for &° is solved by LU
decomposition of (21).

If we say that the result was computed by matrix exponentiation, it means
that we approximate the solution of (3) by

dia® = Lfa®, a®(0) =1, (23)

11



where a° are the first N Fourier coefficients of w®, N = 2Re? and L° is a
corresponding N x N matrix of the operator

1 1 =«
A — o2y €
Re ev(a) VS

Then instead of upscaling we use the MATLAB function expm for (23).

4 Results

The linearity and scaling arguments (see e.g. [9]) imply that it is sufficient
to solve (3) with initial conditions (15), assuming that the wave-vector is
normalized to have length 1: m = (cos#,sind). Our primary interest is the
single mean flow Fourier coefficient @}, and its dependence on ¢, m, Re, 0.
Therefore we present the numerical results for this coefficient only.
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Fig. 2. Re =4, t =1, ¢ = 0.25. The large-scale Fourier coefficients a,(t) (dotted
lines) and a(t) (solid lines) as a function of ¢ for 5 different choices of the wave-vector
m given in (24). Dashed line is the value of the large-scale Fourier coefficient with
no convection term, enhanced/depleted viscosity is below/above this line.

The first example was done by matrix exponentiation, because ¢ = 0.25. In
Figure 2 we plot the value of aS (m,t), and the amplitude a(m, t) of the plane-
wave solution of the effective equation (4) for t = 1, Re = 4 as a function of

12



the channel size 6 = 0,.1,.2,...,1 for 5 different choices of the wave-vector m:

(24)

The numbering in Figure 2 corresponds to that of the initial conditions (24).
For such small Re and relatively large € the numerical results agree qualita-
tively and quantitatively with the effective theory. The results of these numer-
ical experiments confirm the anisotropic tensorial structure of eddy viscosity.
Since the dashed line corresponds to the value of the large-scale Fourier co-
efficient with no convection term, therefore if a curve, or a part of a curve
is below the dashed line, then the viscosity is enhanced by the presence of
convection; if a curve, or a part of a curve is above the dashed line, then the
viscosity is depleted by the presence of convection. Curve 3 corresponds to the
case when the plane-wave solution of the effective equation is only a function
of x5. The effective theory predicts that this is the case of mazximally enhanced
viscosity for any d. Curve 1 corresponds to the case when the wave-vector of
the plane wave is parallel to the channels. The effective theory predicts that
this is the case of mazimally depleted viscosity. Curve 2 corresponds to the case
when the wave-vector is perpendicular to the channels. The effective theory
predicts that this is the case of the maximally depleted viscosity in the absence
of channels (§ = 0); for the shear flows (0 = 1) it predicts that the eddy vis-
cous corrections should not be observable. The initial conditions for curves 4
and 5 are intermediate. We observe depleted viscosity for small channels and
enhanced viscosity for large channels for m = —.5,n = /.75 (curve 5). The
effective theory predicts that for Re > 2v/2/(1 4 ) negative eddy viscosity
effects should be observed. In our setting it means that a;, and a can be larger
than 1, for some values of 9 and m. We observe it for curves 1, 2, 4.

The second example is done by upscaling for ¢ = .1,.01,.001 and by matrix
exponentiation for e = .1. Matrix exponentiation method does not converge for
e = .01,.001. It shows that for Re = 10 the effective theory could accurately
predict the behavior of modulational perturbations if ¢ is sufficiently small.
In particular, € = .1 is not small enough for this Re. In this experiment we
compute the value of a5, (m,t) and a(m,t) for Re = 10 as a function of the

13
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Fig. 3. Re = 10, m = (0,1), t = 1. Log-scale. The large-scale Fourier coefficients
as,(t) for e = .1 ( o-line), e = .01 ( x-line), ¢ = .001 ( +-line), and the a(t) (solid
line) as a function of 4.
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Fig. 4. Re = 10, t = 1. The logarithm of the maximal error loge® for £ = .1 (solid
line), ¢ = .01 (dashed line), € = .001 (dotted line) as a function of 4.

channel size ¢ for 9 different choices of the wave-vector m:
)
),
(25)
)
)

A sample of convergence to the effective equations for ¢ = .1 by matrix
exponentiation and for ¢ = .01,.001 by upscaling is shown in Figure 3 for
m = (0,1), Re =10, t = 1 on the log-scale as a function of 6 =0,.1,.2..., 1.

14
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Fig. 5. t = 1. Log-scale. The effective coefficient a (solid line), m = (1,1)/v/2 and
the relative error r¢ (dotted lines) as a function of Re.

Upscaling for ¢ = .1 (not shown in Figure 3) gives that aS, is much smaller
than the prediction of the effective theory and matrix exponentiation: for
0=0,.1,...,1 we have

In|aS, | ~ —23,—22, —21, —20, —19, —18, —16, —15, —15, —16, —20,

respectively. The solid line in Figure 3 is the prediction of the effective theory,
the circles correspond to € = .1 (matrix exponentiation) and they are signifi-
cantly far from the solid line. The x and 4+ symbols correspond to ¢ = .01, .001
(upscaling), respectively, and they are very close to the solid line. The maximal
error

¢’ = max las,(m,1) —a(m,1)|, e =.1,.01,.001,

for all wave-vectors m determined by (25) is plotted in Figure 4 on the log-scale
as a function of 6 =0,.1,.2...,1. Observe, that

log e~ —log e~ ~ 4.6 = 2 % 2.3 ~ —2log(.1),

hence the error is O(e?). The kinks in the error at 6 = .3 in Figure 4 come
from the error of the solution with the wave-vector m = (—1,1)/v/2. The
plane-wave solution of the effective equation with this wave-vector changes
stability at 0 & .3: it is unstable (grows exponentially) for § < .3 and it is
stable for 0 > .3. Hence, we believe that the explanation for the presence of
kinks in Figure 4 is that the effective equation gives poorer predictions about
the solutions of (3) when the plane-wave solutions of (4) change stability.

The effective theory predicts that for large Reynolds number there are negative
eddy viscosity instabilities for closed cellular flows § = 0 if the wave-vector
m = (£1,41)/v/2. The third experiment was done for the wave-vector m =

15



(1,1)/v/2, e = .01,.001 and Re = 1,2,...100. In Figure 5 we plot the solution
of the effective equation and the relative errors

e (LD)/V2 1) —a((LD/V2DL

a((1,1)/v2,1)

as a function of the Reynolds number on the log-scale. We use here the relative
error for convenience of graphical representation of the results. The relative
error deteriorates as Re — 100. This can be explained by observation that
we neglect O(g2) error. This error becomes significant as Re — oo. Therefore
when e Re = O(1) for an accurate solution of (3) asymptotic analysis with two
parameters € and Re is required.

5 Conclusions

The behavior of modulational perturbations (eddy viscosity) of cellular flows
was studied numerically for Re € [1,100], € = .1,.01,.001. The effective equa-
tions for modulational perturbations predict accurately the solution when the
ratio between scales ¢ is sufficiently small or the Reynolds number Re is not
large. More specifically, a priori error estimates from [9] guarantee that the
error is expected to be small for our numerical experiments if e Re < C', where
C < 1, numerically we observe that the effective equations give an accurate
approximation for the behavior of modulational perturbations for the choice
of parameters: eRe < .1. The designed numerical upscaling algorithm suc-
cessfully addresses a general issue in time-dependent upscaling: accumulation
of error due to time-stepping. This upscaling method can be applied to more
general highly oscillatory underlying flows. Its spectral numerical implementa-
tion, presented here, can be easily extended to any periodic flow, that satisfies
the two dimensional analog of the Beltrami property (2), however this is still
very restrictive for applications (see e.g. a review [8] and references therein).
The implementation of this method for more physically realistic flows remains
to be done.
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