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Abstract

We consider convective systems in a bounded domain, in which viscous fluids described by the
Stokes system are coupled using the Boussinesq approximation to a reaction-advection-di [udion
equation for the temperature. We show that the resulting flows possess relaxation-enhancing
properties in the sense of [12]. In particular, we show that solutions of the nonlinear problems
become small when the gravity is su LCciehtly strong due to the improved interaction with the cold
boundary. As an application, we deduce that the explosion threshold for power-like nonlinearities
tends to infinity in the large Rayleigh number limit. We also discuss the behavior of the principal
eigenvalues of the corresponding advection-di [udion problem and the quenching phenomenon for
reaction-di [udion equations.

1 Introduction

The presence of a strong incompressible flow in an advection-di [udion equation

Q+Au r =A,;

@t
with a large parameter A 1 improves the mixing properties of the pure diludion process. This
manifests itself as di [udivity enhancement (see [25] and references therein) in the whole space, or
as accelerated convergence to an equilibrium in a smooth bounded domain Q, in the strong flow
limit A! +1 . As a measure of the latter e [edt the following definition has been proposed in [12]:
a time-independent flow u(x) is relaxation-enhancing if for any > 0 and any > 0 there exists
Ao(; ) so that any solution of the initial value problem

@

ot Au r A in Q; (1.1)
(0;x) = o(x);
=0on @,
satisfies
k ( )kpe K ok 1 (1.2)
for all A Ag(; ). The L! L= decay in (1.2) can be replaced by any LP L9 decay with
1 p;g 1 - this does not change the class of relaxation enhancing flows [12]. It has been

shown in [4, 12] that the flow u(x) is relaxation-enhancing if and only if u has no first integrals in
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H3(Q). Equivalently, such flows lead to eigenvalue enhancement: the principal eigenvalue (A) of
the Dirichlet problem

A +Aur = (A) inQ (1.3)
=0on @,

satisfies lima_ + (A) =+1 if and only if u is relaxation-enhancing [4, 12, 22].
Similar e Ledts have been observed for reaction-advection-di [udion equations of the form

@+Au r=A +f(); (1.4)

@t
with a non-negative nonlinearity f (s) that vanishes at s = 0 and s = 1 — such equations appear
in flame propagation as well as many other applied problems. It has been shown that a flow may
speed-up a flame [9, 18, 23, 28, 30] or quench the propagation [11, 17, 24, 37, 38] as A ! +1 .

Yet another problem where a prescribed flow has been shown to have a non-trivial eledt is
the explosion problem when the nonlinearity in (1.4) is of the form f (s) = kg(s). Here g(s) is
a uniformly positive convex function that grows super-linearly as s ! +1 , and the problem is
posed in a bounded domain Q with Dirichlet boundary conditions = 0 on @. Solutions of the
corresponding steady problem with A = 0 exist provided that k < k¢, while no solutions exist for
k > k¢ [14, 19, 21]. Similarly, solutions of the parabolic problem with A = 0 blow-up for k > k ¢,
[7] — see [8] for a recent review of related results. On the other hand, it has been shown in [6] that
for A & 0 the flow may have a regularizing e[edt and increase the explosion threshold k¢(A). In
particular, if u is relaxation enhancing then ke (A)! +1 asA'!l

In the present paper we consider similar mixing eledts in nonlinear flows when the fluid is
coupled to the temperature via a buoyancy force in the Stokes-Boussinesq approximation, in the
infinite Prandtl number limit. The temperature (t;x) satisfies a semilinear advection-di[ugion
equation:

@
—+ur =A +Kk
ot a()
in a smooth bounded domain Q R", n = 2;3, with Dirichlet boundary conditions = 0 on @.
The flow is coupled to temperature by the Stokes-Boussinesq equation
@u .
— Au+rp= §&;
@t p 74
with no-slip boundary conditions u = 0 on @2. Here is the Rayleigh number — the non-dimensional
gravity strength — and we are interested in the behavior of solutions in the limit ! +1 , so that

the flow is strong. The nonlinearity g(s) is non-negative and the parameter k > 0 measures its
strength. The vector &, is the unit vector in the vertical direction: & = (0;1) and & = (0;0;1) in
dimensions two and three, respectively.

The Stokes-Boussinesq reactive system has been actively studied recently when the nonlinearity
g(s) is either of the KPP or ignition type, mostly in unbounded domains. It has been shown that
traveling fronts exist in various situations in infinite cylinders in two [2, 3, 13, 33, 34] and three [26]
dimensions. Some a priori bounds in an infinite strip have been obtained in [10]. Numerical studies
of the stability and qualitative behavior of such fronts have been performed in [15, 16, 35, 36]. The
full convective Boussinesq explosion problem in a bounded domain has been studied numerically in
[1] where a complex behavior of solutions has been observed. Existence and regularity of solutions
have been established in [27]. However, much less of the qualitative properties of solutions is known
in the Boussinesq case, apart from the aforementioned numerical simulations and lower bounds for
the front speed obtained in [31].



Here we investigate the e[edt of a strong convection with a large Rayleigh number. We prove
several results that show the regularizing and mixing e Ledts of convection. First, we show that for
any parameter k > 0, steady solutions of the explosion problem do exist provided that the Rayleigh
number is su Lciehtly large. This means that, unlike in the cellular flows, where the fluid flow may
lower the critical threshold according to the numerical studies of [5], Boussinesq convection does
not create hot spots, at least at high Rayleigh numbers. We also show that the fluid coupling
has a regularizing e [edt: solutions become small as tends to infinity. When the nonlinearity is
of the ignition type we show that no steady solutions of the reactive Stokes-Boussinesq equation
may exist when is large. As a consequence we deduce that convection induces quenching in the
time-dependent problem — the temperature goes to zero ast ! +1 . This is an analogue of the
corresponding results in [11, 17, 24, 37] for quenching in a prescribed flow.

We also extend the notion of relaxation-enhancing flows to families of flows. As in (1.1)-(1.2),
a family of incompressible flows u (x) is relaxation-enhancing if for any > 0 and any > 0 there
exists o(; ) so that any solution of the initial value problem

@ )
_ 4+ = : .
ot u r A inQ; (1.5)
O;x) = o(x);
=0on @,
satisfies
kK ( )kpee k okp1 (1.6)
for all o(; ). In particular, if u(x) is a given relaxation enhancing flow, then u (x) = u (x)
is a relaxation-enhancing family. Another typical class of relaxation-enhancing families comes from
flows of the form u (x) = * v(x), where v(y) is a periodic cellular flow and > 0. In that

case not only the flow rotates faster as increases but also the invariant sets of u become smaller.
We show that solutions of the steady reactive Stokes-Boussinesq form a relaxation enhancing family
and the corresponding principal nonlinear eigenvalues tend to infinity. As a consequence, the exit
time of the corresponding di [udion process tends to zero uniformly as ! +1 . Interestingly, while
relaxation-enhancing flows are fairly di Lcullt to construct explicitly, relaxation enhancing families
arise naturally as solutions of nonlinear problems. Moreover, unlike in the case of prescribed flows
[23, 29, 30], our proofs do not involve any delicate analysis of the behavior of the streamlines.
A useful ingredient in the proof is Lemma 3.1, which provides a uniform bound for solutions of
advection-di [udion problems in an incompressible flow, with constants independent of the flow. To
the best of our knowledge, this lemma, which may be of independent interest, was first established
in the preprint [6]. We are not aware of any other reference for this result.

This paper is organized as follows. We present our main results in Section 2. Section 3 contains
the analysis of the convective explosion problem. In Section 4 we establish the relaxation enhance-
ment properties of the corresponding flows and discuss the nonlinear eigenvalue problem. Finally,
in Section 5 we address quenching with the ignition nonlinearity.
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2 The main results

The steady explosion problem

We consider the nonlinear steady explosion problem

A +ur =kg(); (2.1)
Au+rp= &; r u=0

in a bounded two-dimensional domain Q  R? with the Dirichlet boundary conditions
ujg =0, Jg =0 (2.2)

Here k 0 is a parameter measuring the strength of nonlinearity. We assume that g(s) is positive
forall s2 R: g(s) go > 0 and grows at most polynomially at infinity: there exists C > 0 and
m 0 so that

0<go 9(s) C@+s™fors O. (2.3)

If, in addition, we assume that g(s) is convex and grows super-linearly at infinity, then there exists
a critical threshold ko that a solution of (2.1) with u = 0, or, equivalently, = 0, exists for all
k 2 (0; kphwhile (2.1) has no classical (or weak) solutions for k > k {14, 19, 21]. It turns out that
a strong convection has the following regularizing e [edt.

Theorem 2.1 Let g(s) be a locally Lipschitz nonlinearity satisfying (2.3) and let Q R? be a
smooth bounded domain. Then for any k > 0 there exists (k) so that (2.1)-(2.2) has a classical
solution for all > (k). Moreover, for any " > 0 there exists 1(";k) so that for all > 1(";k)
the system (2.1)-(2.2) has a solution which, in addition, satisfies k kH%() <",

If we consider a nonlinearity g(s) which is a priori bounded: 0 g(s) M for all s2 R then we
have a stronger result which holds both in dimensions two and three.

Theorem 2.2 Let g(s) be a locally Lipschitz nonlinearity satisfying 0 g(s) M for all s2 R,
and let Q R", n = 2;3 be a smooth bounded domain. Then for any k > 0 there exists (k)
so that (2.1)-(2.2) has a classical solution for all > (k). Moreover, for any " > 0 there exists

1(";k) so that for all > 1(";k) the system (2.1)-(2.2) has a solution which, in addition, satisfies
k kHé() <",

The small solutions constructed in Theorems 2.1 and 2.2 are analogous to the minimal solutions
which exist for = 0. However, for > 0 dilerknt solutions (x) correspond to dilerkent flows u(x)
so the maximum principle is not available to compare them and it is not clear if solutions are ordered.
We also note that if g(0) = 0 (and only in this case) then solutions constructed in Theorem 2.2 may
be equal identically to zero.

The relaxation enhancing properties of Boussinesq flows

The families of flows constructed in Theorems 2.1 turn out to be relaxation enhancing.

Theorem 2.3 For any k > 0 the system (2.1) with the nonlinearity g(s) as in (2.3) has a relaxation-
enhancing family of solutions u (x), > (k) in a smooth bounded domain Q R2. The same is
true for nonlinearities g(s) as in Theorem 2.2 with an additional assumption g(s) gy > 0in a
smooth bounded domain Q R", n =2;3.



This theorem provides a large class of relaxation-enhancing families in two and three dimensions.

As we have mentioned, a single flow u(x) is relaxation-enhancing if and only if the principal
eigenvalue (A) of the operator A+ Au r with the Dirichlet boundary conditions on @2 tends
to infinity [4, 12, 22]. In our situation a family of flows which have the principal eigenvalue tending
to infinity comes from the nonlinear eigenvalue problems of the form

A +ur = ; (24)
Au+rp= &; r u=Q0;
0inQ R3,u=0and =0on @.

Here Q R32is a smooth domain and is a nonlinear eigenvalue which is to be determined as part
of the problem. The next theorem provides an analogue of the principal eigenvalue for the problem
with a prescribed flow.

Theorem 2.4 For each > 0 and each M > 0 there exists an eigenvalue (;M ) > 0 so that
(2.4) has a solution .\ 0 with k .mk 2 = M. Moreover, for each fixed M > 0 we have
;M) +1 .

Note that we have a simple scaling identity . = . pm forany > 0and therefore (; M )=
(;M ). As a consequence, the fact that (;M )! +1 as ! +1 forafixed M is equivalent to
(;M)! +1 asM ! Oatafixed > 0. Itis not clear to us at the moment whether the fact

that the principal eigenvalue tends to infinityas ! +1 is su [cieht to ensure that the flows u (x)

form a relaxation enhancing flow.

The Boussinesq problem with a combustion nonlinearity

Here we consider a nonlinearity g(s) of the form g(s) = (s)(1 s). The Lipschitz function (s) is
non-decreasing and has an ignition cut-o ]

(s)=0foralls2[0; gJand (s)> Oforalls> . (2.5)

Such nonlinearities are commonly used in flame propagation problems. The steady problem with no
advection

A =k ()@ ) (2.6)

in a smooth bounded three-dimensional domain Q  R? with the Dirichlet boundary conditions
je =0 has a non-trivial ( 6 0) solution provided that the ignition cut-o[h < 2=3 and k ko is
su Lciehtly large. The corresponding steady Boussinesq convective problem is

A +~ur =k ()H)Q ), 2.7
Au+rp= &; r u=0

with the Dirichlet boundary conditions
ujg =0, Jg =0 (2.8)
It turns out that (2.7)-(2.8) has no non-trivial solutions if convection is strong enough.

Theorem 2.5 For any k > 0 there exists (k) so that the only classical solution of (2.7)-(2.8) with
> o(k) is 0.



The Cauchy problem for the convective problem is

@

ot A +ur =k ()@ ) (2.9)
@u _ a . — 0
ot Au= & r p, r u=q0;

supplemented by the boundary conditions (2.8) and the Cauchy data (0;x) = o(X) 2 C*(Q),
0 o(x) 1, and u(0;x) = ug(x) 2 C*(Q). The time-dependent version of Theorem 2.5 is the
following.

Theorem 2.6 For any smooth bounded domain Q RS2 and any k > 0 there exists g so that for
any > g and any initial data 0 o(X) 1 the solution of (2.9)-(2.8) satisfies

tllmwk (OkLey =0: (2.10)

The time-dependent problem with u = 0 on the real line has been studied in the pioneering works
of Kanel [20] who has shown that if k ok 1 is smaller than a critical value | then (2.10) holds.
These results have been recently sharpened in [38]. The Cauchy problem in prescribed flows has
been studied in [10, 17, 37] where it has been shown that the critical mass I¢(A) may tend to infinity
as A! +1 which comes from the additional mixing by the flow. Theorem 2.6 may be seen as the
Boussinesq version of the quenching results of [11, 17, 37] with the size of the domain serving as the
scale I, — no matter how large the domain Q is, solutions decay (the flame is extinguished) provided
that gravity is su Lciehtly strong.

3 Existence of solutions with strong convection

We prove Theorems 2.1 and 2.2 in this section.

A uniform bound for a linear advection-di [udion equation

We first recall a uniform bound for solutions of advection-di [udion equations with an incompressible
drift, which holds uniformly in the advecting flow (the only reference for this fact we are aware of is
[6] so we present the proof for the convenience of the reader).

Lemma 3.1 Let Q R" be a bounded domain, and let (x) be the solution of the linear elliptic
problem
A +ur =f(x) x2Q (3.1)

with the Dirichlet boundary conditions = 0 on @. Assume that f 2 LP(Q), p > n=2 and u is
incompressible: r  u = 0. There exists a constant C > 0 which depends on Q and p but not on the
flow u so that k kie(y  Ckfkpp.

Proof. The function (x) can be represented as

ml
x) = (t; x)dt: (3.2
0
Here the function (t; x) solves an auxiliary Cauchy problem
% A +ur =0 x2Q; (3.3)

O;x)=f(x) forx 2 Q,



with the boundary condition (t;x) =0 for x 2 @2. As in the proof of Lemma 5.6 in [12], we have
the following bound for any "> 0,t Oand > O:
C-
k (t + )k|_2 Wk (t)kLl,
with the constant C- which depends only on the domain Q but not on the incompressible flow u(x).
In addition, due to incompressibility of u(x), there exists a constant > 0 so that

k (t+ )k € Kk (ke

It follows that Coem
K (t+ ke  —=—k Ok

n

where here and below C+ and are some new universal constants. Let P be the evolution operator
P[ ()] = (t+ ). Since u is divergence-free, the adjoint operator P ™s the evolution operator for
(3.3) with the flow u(x) replaced by ( u(x)). Therefore, P ~bbeys the same bound

Cre™
kP LT<||_1_)|_2 n=4+"
As a consequence, we have
Cre™
kP k|_2 S Lee w .

Using the semi-group property P =P -, P -5, we obtain

C-e™

kP k|_l L

The maximum principle implies the trivial L*=> ! L bound kP kL~ _ - 1. Using the Riesz-
Thorin interpolation theorem, we conclude that forany 1<p < 1 we have

C.e 7P
kP kLIDHL°° W’
so that for  from (3.3) we have
.. Ceem 0t .
i (x)i ka Kip; (3.4)

forall x 2 Q and t > 0. Using this bound in (3.2) we deduce that for p > n=2 we may choose " > 0
su Lciehtly small so that we have the required estimate

4 4

. . C-e ot
j (X)j kK (t)k_dt
0

e kf k_pdt = CKkf kyp:
This finishes the proof of Lemma 3.1. [1
Lemma 3.1 can be generalized from elliptic boundary value problems such as (3.1) to parabolic
boundary value problems with smooth time-dependent velocity fields. Consider the Cauchy problem
%t+ ur =A +f(x); (3.5)
(0;x) = 9(x);
=0on @,



with a flow u(t;x) which may now be time-dependent. Then we can write, using the Duhamel
formula, for all t> 0: g

(t;x) = (t;x;s)ds+ (t;x):
0

Here (t;x) is the solution of the Cauchy problem (3.5) with f = 0, while the function (t;x;s)
satisfiesfort s

%t+u r =A; (3.6)
(s;x;8) =f (s:%);
=0 on @n.

We can prove that we have, similarly to Lemma 3.1,

C.e™ »(t=9)

kK (& ;s)KLe() W

kf (s; )kie(y 5

forallt>s 0. It follows from this estimate and (3.4) that for any p > n=2 we have, for allt> 0

C-e~ rt

.kgkLp() ;

K (6 k() Cokf kiooqousie() + gy

with constants C, and C- that are independent of the flow u(t;x), or time t> 0.

The almost linear problem: existence and smallness

We first consider an almost linear problem with a prescribed heating f (x) (which may depend on
the parameter as well)

A +ur =f X) (3.7)
Au+rp= &; r u=0Q0;
in a smooth domain Q  R", n = 2;3 with the Dirichlet boundary conditions (2.2): ujg = 0,
j@ =0.
Lemma 3.2 Suppose Q R", n =2;3, is a bounded domain, and f 2 LP(Q),n=2<p 1 . Then
there exists a solution 2 H}(Q)\ L*=(Q) to (3.7).

Proof. Consider the map F : L2(Q)! HZ(Q), where © = F(Qp) is given by the solution of the
quasi-linear elliptic problem

1

EA©+u r ©=f (x),
Au+rp= Op&; r u=0Q0; (3.8)
Ug =0, Ojg =0

As the flow u is incompressible, for any ©¢ 2 L?(Q), we multiply the first equation in (3.7) by
© and integrate over Q. Let us choose g < 2n=(n  2) (and hence kOKq CkG)kHé) so that

q”= g(q 1) < p - this is possible for n 2 provided that p > n=2. As O vanishes on the
boundary, this leads to a uniform bound:

kr ©Ok?, CKkf k qkOkia CKf kiekr Ok 2; 1=+ 1=q=1;



with the constant C > 0 which is independent of the function ©g. Therefore, F maps L2(Q) into a
fixed ball in H3(Q). In particular, for a ball Bk = fjj ©ojj., Kg L2(Q) with a su [ciehtly large
radius K

F(Bk) fi ©j: Cg  Bk:

Hence, F is a compact map from Bk into itself so that by the Schauder’s fixed point theorem it has
a fixed point, which is a solution to (3.7) in H3(Q). The L *-estimate for the solution (x) follows
from Lemma 3.1. [1

Lemma 3.3 Let n=2<p< 1 and K> 0. Then for any " > 0, there exists ¢ = ¢ (K;") such
that if kf ki p() K and > (K;") then any solution (x) to (3.7) satisfies

K kg ™ (3.9)

Proof. Asin the proof of Lemma 3.2, we chose q < 2n=(n 2) so that p > q~= q=q 1). Integrating
by parts and using incompressibility of u(x) we obtain the following a priori estimates:

k k|2‘|é Ckf quEk KLa Ckf kiek Kkia; 1=CF+ 1=q=1, (3.10)
as p>q" In addition, we have k ks Ck kH% for g < (2n)=(n  2), and thus
kukHé Ck k2; k kHé K f Kpp: (3.11)

The first bound in (3.11) comes from the Stokes equation for u(x).
The proof of Lemma 3.3 is by contradiction. Suppose there exists a sequence (Un; n; n) Of
solutions to (3.7) with = ,,suchthat ,!1 andkf k.p K but

Then for kunk, 2 we have two possibilities: either there exist C > 0 and a subsequence, still denoted
Un, such that

or 1
lim I%I“k“ =0: (3.14)
— 0O n

Suppose first that (3.13) is true. Then using (3.11) and rescaling u, = un=  we find a sub-
sequence U, that converges weakly in H3(Q) and strongly in L2(Q) to up 2 H3(Q). Moreover, it
follows from Proposition 2.2 on p. 33 in [32] that

kUnkHZ Ck nk2

and thus ug 2 H2(Q) and convergence of Uy, is strong in H3(Q). The uniform lower bound (3.13)
implies that
kugk, 2 C (3.15)

which, in turn, implies that up 6 0. The sequence n, is uniformly bounded in H&(Q) and hence (up
to extraction of a subsequence)  converges weakly in H3(Q) and strongly in L?(Q) to a function

02 H3(Q). Let h(x) be a smooth test function with support contained inside Q. We multiply the
first equation in (3.7) by h(x) and integrate over Q:

1 1 1 1 1
— rhr pdx+ h@uy r p)dx=— h)f ,x)dx: (3.16)

n n



The uniform H-bound for , implies that the first term on the left vanishesas n ! +1 and so
does the right side of (3.16) as well. As for the second term on the left, the gradient r  converges
weakly in L?(Q) tor o, while v, = huy, converge strongly in H3(Q) to vo = hup. We conclude that
for any smooth function h(x) with the support inside Q we have

1 1

h(Un r n)! h(up r o):

Using this in (3.16) we obtain 1
h(Uo r 0) =0; (3.17)
and thus, in particular,
Ug r o=0ae. (3.18)
The function ug r ¢ lies in L9(Q) for some q > 1, as, using the Holder inequality, we get
1 (| Led LLT Leodg)=2
jUoj%ir  oj%dx irof® JUQj* 9 Ck ok, kliokl,, C
0 0

if g is su Lciehtly close to 1. Therefore, as compactly supported functions are dense in LqE(Q),
identity (3.17) holds for all h 2 LqE(Q), 1=q+ 1=¢= 1.
In addition, up and ¢ satisfy the Stokes equations

Aug+rp= o&; r up=0:

Multiplying the Stokes equation by Up and using the fact that up 2 H3(Q) we deduce that
1
kr Uok?> =  Ugz odx; (3.19)

where ug.; is the third component of up. On the other hand, using the test function (x) = z in
(3.17), we obtain ] ]

0= (ZUO r 0)= Uo;z odXZ

It follows from (3.19) that up = 0, which contradicts (3.15). Therefore, (3.13) is impossible.
However, if (3.14) holds then we may divide the Stokes equation by , and pass to the limit
n!1l . Asthe sequence  is still bounded in H}, there exists a weakly converging subsequence
n in HO(Q) (which converges strongly in any Lq(Q) g<2n=(n 2)) with alimit o2 H}(Q). As
Un = Un= n converges strongly to zero in L2(Q), we obtain that

0= o0& +rp

holds weakly. Therefore &, is a gradient and ¢ = h(z). Since ! ¢ strongly in any L9(Q),
g < 2n=(n 2), using (3.12) and (3.10) we have that k gk a > 0 and k okHé > 0. But this is
impossible if o =h(z) 2 H}(Q) is a function of z only and ojp =0. [

Proof of Theorem 2.2. The ”smallness” part of Theorem 2.2 is an immediate consequence of
Lemma 3.3. The existence part in this theorem follows from an argument identical to that in the
proof of Lemma 3.2. [1

10



Proof of Theorem 2.1

Define a truncated nonlinearity

1
BE g(s) M

am(s) = M f(x) M;
%): g(x) M:

Since guv (©(X)) 2 L*°(Q), it follows from Theorem 2.2 that there exists a function p(x) and the
corresponding flow up (X) that satisfy the system

Apv+um 1 om=kau( m); (3.20)
Auy +rp= mE&; r um=0;

with the boundary conditions (2.2).
By Lemma 3.3, given any " > 0, we can choose (";M) so that forany > (";M) the
solution we have found satisfies the bound

k MkH% "
By the Sobolev embedding we have
[ 1 L1 (| 1
kam( )G C 1+ (K keam)™  C 1+ kr Ky C(L+"2m):

If we take " so small that C(1 +"2™) < 2C and use Lemma 3.1 we conclude that
k M k|_oo C kgM k|_2 K;

with the constant K independent of M . It follows that if we take M > 5K then there is no truncation
and gu( m) =9( m). Hence, we have found a solution to (2.1), that satisfies k kHé() <", [

4 The mixing properties of the reactive convective flows

Proof of Theorem 2.3

We will prove only the first statement which is a simple consequence of Theorem 2.1. The second
is proved identically using the smallness of the solutions constructed in Theorem 2.2. Let us set
k =1 in (2.1) for convenience. Take a function f 2 L°°(Q) with kf k- = 1, assume without loss of
generality that f 0, and let the function (t;x) be the solution of the Cauchy problem

@
@t
with the Dirichlet boundary conditions (t;x) = 0forall x 2 @, and the initial data (0;x) = f (x).

Given any > 0 we can find () and a family of solutions ( ;u ) of (2.1) such that k kHé <
forall > (). Consider now the functions  which solve

+u(X)r =A (4.1)

A +u =f(x)forx 2 Q;
=0 for x 2 @M.

11



The maximum principle implies that 0 x) (X)=m. Hence, it follows from Theorem 2.1 that
k ke =go forall or( ). However, the function  (x) may be written as

(N
x) = (t; x)dt:
0

Therefore, we have =

k (ki 2dt  =go:
0
As the function s(t) = k (t)k_2 is monotonically decreasing in time and is arbitrary, it follows that
forany > Oanyany"> Owecanfind ¢(;")sothatk (=2)k.2<" ¥ forall > (;").
Then Lemma 5.6 in [12] (uniform in the flow L? L decay for solutions of advection-di [gion
equations in an incompressible flows) implies that kK ( )k e~ <" . Thus, the flows u (x) indeed form
a relaxation enhancing family. 1
An alternative definition of the relaxation enhancing families is in terms of the exit times. Let
us recall that the solution (x) of a boundary value problem

AN +ur =1inQ,
=0 on @,

has the following probabilistic interpretation: (x) is the expected time a dil[udion X (t) (with the
generator A u r ) which starts at a point x 2 Q, spends in Q before hitting the boundary @.

The following proposition generalizes the corresponding results from [22] for a multiple of a single
flow: u (x) = u (x).

Proposition 4.1 Let Q R", n = 2;3 be a smooth bounded domain and let be the exit time,
solution of

A +u r =1lforx2Q, 4.2)
=0 for x 2 @.

The family u (x) of incompressible flows is relaxation enhancing if and only if

Iiﬂn k kL~ =0: (4.3)
Proof. Once again, we write 1
(x) = (tx)dt; (4.4)
0
with the function  (t;x) which solves
@
= + = .
at u r A (4.5)

with the Dirichlet boundary conditions  (t;x) = 0 for x 2 @2, and the Cauchy data (0;x) = 1.
It follows from (3.4) with n = p that for any " > 0 there exist C > 0 and > 0 that do not depend
on the flow u so that

Ce t Ce !t

k @+ ek (ke ek (ki

12



Assume first that u is relaxation enhancing. Then for any t > 0 there exists . so that for all

> ¢ we have k (t)kpe~ . The exit time can be then estimated as
K Kpe K KLeds + 7(5 t)d +C
S s+" -ds t "
0 ® ¢ (s DFF

if we choose t > 0 and "> 0 su Lciehtly small. Therefore, (4.3) holds.
On the other hand, as k (t)k_« is decreasing in time, it follows from (4.3) and (4.4) that for
any "> 0 and any t > 0 we have for a su Lciehtly large > o(";t) and =t":

tk (Dkie k ke  =t%

so that k (t)k_~ ". Therefore, u is a relaxation enhancing family. 1

As a consequence of Theorem 2.3 and Proposition 4.1 we conclude that the exit times for the
flows generated by Stokes-Boussinesq systems (2.1) tend to zero in the limit of the large Rayleigh
number. This is one way to formalize the fact that any point in the domain Q is nearly connected
to the boundary by such flows.

The nonlinear eigenvalue problem

Next, we prove Theorem 2.4.

Proof of Theorem 2.4. Letusfix M > 0 and 0 and consider themap K : L2(Q)! L2(Q)
defined as follows: given a function 2 L2(Q) construct the flow u(x) 2 H?(Q) by solving the Stokes-
Boussinesq problem

Au+rp= &; r u=0inQ
with the no-slip boundary conditions u =0 on @. Then =K is the positive in Q eigenfunction
of the operator

A +ur = ; > 0inQ;

with the Dirichlet boundary conditions = 0 on @2, normalized so that k k2 = M. The operator
K is compact. This is seen as follows: take any ball Bk = f 2 L?(Q) : k kg2 K g, then
ku( )ky2 CK for any 2 Bk [32]. Therefore, we have j j C(K) and thus there exists a
constant Co(K ) such that k kH% Co(K) forany 2 Bk - therefore, K is compact. The Schauder
fixed point theorem implies that the operator K : Bk ! Bk has a fixed point forany K M.
However, a fixed point of K is a solution to the nonlinear eigenvalue problem (2.4).

Now, we show that (;M )! +1 as ! +1 forany fixed M > 0. Let us assume that this is
not the case. Then there exists a sequence ! +1 such that ( ) <K o for some fixed Ko > 0.
It follows from Lemma 3.1 that k ki~ CKoM for all n 2 N since

kK ko=M; (4.6)

and dimension n 3. Lemma 3.3 implies then that there exists No so that k k1 M=10 for
n Ng. This is a contradiction to (4.6), therefore we have (;M )! +1 as ! +1 . [1

5 Reactive convection with an ignition nonlinearity

In this section we consider the reaction-di Ludion-convection problems with an ignition nonlinearity
satisfying (2.5). Throughout this section Q is a smooth bounded domain in R3.

13



The non-convective steady problem

First, we recall the following result for the steady problem without convection.

Lemma 5.1 Let the function (s) satisfy (2.5) and assume that the ignition cut-o [} < 2=3. There
exists o> 0 so that the semi-linear elliptic problem

1
AG = o)1 0);
_ @@ o) 5.1)
O =0
has a non-negative solution @(x), which is not identically equal to zero, for all 0-

Proof. Let us first build a nontrivial positive sub-solution of (5.1). Choose @; and @, so that
©1<20,=3and < ©1< ©,< 1and then find > 0 such that

gs)= ()@ s) ; for@;1 s O3 (5.2)
Now, set 1
N s O
a(s) = -~

We construct a sub-solution, which is radially symmetric with respect to a point xg inside the domain
Q — we set Xg = 0 without loss of generality. Let us define the function (r) as
ro2
N=0, —
N=0: —

forO0 r rg, whererg=(Q2(0, 0= ))¥?, thatis, (ro) =1, and we also set

3

(r)= rro (202,  30,)

forr rg. Then both and are continuous at rg and, in addition, satisfies

A =39() g()
Moreover, we have (Rp) = 0, where

Rn = r 8 _ 2p E(@g @1)3=2_
°T 2o, 30:)  ( )F(e, oy

Now, with the sub-solution (x) in hand, we let (t;x) be the solution of the Cauchy problem
]

Q)
g, & =90
=

O;x) = o(x) = maxf (x);0g:

(5.3)

The maximum principle implies that the solution (t;x) satisfies 0 (x) 1 and, in addition, as
(x) is a sub-solution for the elliptic problem, (t;x) is increasing in t, point-wise in x. Therefore,
ast! +1 the function (t;x) converges to a steady solution for (5.1). [

14



The convective steady problem

We may now prove Theorem 2.5.
Proof of Theorem 2.5. Let (x) and u(x) be a solution of

A +ur =k ()a ) (5.4)
Au+rp= &, r u=0
with the Dirichlet boundary conditions
up =0, Jjg =0; (5.5)

and assume that 6 0. The maximum principle implies that 0 1 and hence kg( kL~ K,
g=k ()@ ) with a constant K which depends only on the nonlinearity g and the domain Q.
Lemma 3.3 implies that for any " > 0, there exists ¢ such that k kH% " for all or- We
know, however, from Lemma 3.1 that in three dimensions

k kiw  Ckg( )kz Ck kyz  C™

Hence, choosing " so that C" < o we have thatk k_ - < . It means that the right-hand side of the
first equation in (5.4) is identically equal to zero. The only solution then must be equal identically
to zero. [1

Quenching in reactive convection

Here we prove Theorem 2.6. Let us recall the system (2.9):

@ _ :

o D tur =kg( ); (5.6)
@u _ a. — 0

at Au+rp= &; r u=Q0;

with the Dirichlet and no-slip boundary conditions:
up =0, jg =0; (5.7)

and the Cauchy data (0;x) = o(x) 2 C*(Q), 0 o(x) 1, and u(0;x) = ug(x) 2 C=(Q). The
maximum principle implies an a priori bound:

0 t;x) L (5.8)
The first step is to prove the following lemma.

Lemma 5.2 For any "> 0 there exists ., such that for any or We have
inf k kp2 ™
Lol (@LE

Proof. Consider any time 0 <t 1. First, multiplying the Stokes equation by u and integrating
by parts, we obtain the usual bound
1 1 1

o jujcdx + jr ujdx = (u &) dx;

15



so that, as u vanishes on the boundary and0 © 1,

1]
jr u(s;x)jdxds C( 2+1):

Next, we multiply the Stokes equation by u; and integrate by parts:

T T T
jusj?dxds = (us &) dxds + (Au ug)dxds
0 0
> . jUsj dxds+7 . dxds 5 . ds jr u(s;x)jcdx ds:

Hence, we have
I ] CJC]
jusj?(s;x)dxds + jr u(t;x)j’dx C ? 2(s;x)dxds +Co C(L+ ?)
0

and thus 1
I S 2,
£+Hjru“ dxdt CQA+ “): (5.9
0
We also know that 2 L2(Q [0;1]). Therefore, we can use the argument presented in Lemma 3.3.
Let us show that for any " there exists ¢ such that for any or We can find atime () 2 [0;1]
such that k ( )kH& "0. Suppose, by contradiction, that for some "o > 0 and a sequence (Un; n; n)
of solutions to (5.6) with = ,,suchthat ,!1 , we have, forall t 2 [0; 1],
K n(kz "o>0: (5.10)

Then, as in the proof of Lemma 3.3, we have two possibilities: either there exist C > 0 and a
subsequence, which we still denote up, such that

]
kun(Dkf.dt  C 3 (5.11)
0
or |:1|
lim Kun(t)k?.dt= 2 = 0: (5.12)
— OO 0

Assume first that (5.11) holds. As a consequence of (5.9) we have
Kunkpz( oy CL+ )

Then, rescaling U, = un= n We find a subsequence u,, that converges weakly in H1(Q [0;1]) and
strongly in L2(Q [0;1]) to a limit ug 2 HX(Q [0;1]). Moreover, convergence of up, is strong in
LP(Q [0;1]), for some p > 2. From the uniform bound (5.11) we have that

kGO k|_2( X[O;l]) C (5 13)

which implies that up 6 0. Next, the sequence , converges weakly (after extraction of a subse-
quence) in L2(Q [0;1]) to o and r , converges weakly tor ¢ 2 L2(Q [0;1]). It follows that
the product u, r n converges weakly to the corresponding product in the sense that for any test
function h 2 C*°(Q [0; 1]) we have

(- 1

h(x;t)(un r p)dxdt! h(x;t)(up r o)dxdt:
0 0
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From (5.6) we have that for any h 2 C3°(Q [0;1])

1 (I 1 CJ ] ] K I
— nhedxdt + — rhr pdxdt+ h(uy, r p)dxdt = — h(x;t)g( n)dxdt:
n o n o 0 n o

Passing to the limit ! +1 we obtain

(-
h(t;x)(uo r o)dxdt =0; for any h 2 C;°(Q [0;1]):
0

Since C3°(Q  [0;1]) is dense in LqE(Q [0;1]) for1 g“< 1 we have

Up r o=0a.e,; (5.14)

or |:1||:|

hug r odxdt =0 (5.15)
0

for any test function h 2 LqE(Q [0;1]). In addition, up and ¢ satisfy the Stokes equation with the
unit Rayleigh number:

@ - . _
@Ot Aug+r p= o&; r ug=0:
Multiplying the Stokes equation by ug and using the fact that ug = 0 on @2 we deduce that
- 401
kr Uo(t)k?2dt + klig(t = 1)k{.dt = Uo., odxdt:
0 0

On the other hand, as before, using the test function (x) = z in (5.15), we obtain

) [ .
0= (ZUO r 0) = Uo;z odXZ
0 0
It follows that ug = 0, which contradicts (5.13). Therefore, (5.11) is impossible.

Assume now that (5.12) holds. Then we may divide the Stokes equation by , and pass to the
limitn!1l . As the sequence p is positive and is bounded by 1 in L°(Q [0; 1]), there exists a
weakly converging subsequence , in L2(Q [0;1])) with a limit ¢ 6 0 because of (5.10) and since
0 n 1. In particular, using (5.10) we obtain

) [
ndxdt ! odxdt =C > 0: (5.16)
0 0
Let us set ]

n(X) = n(t; x)dt:
0

Then we have

- am e =

ki n(OOKL,() ) kr nkpzdtdx C . jr njldxdt C:

Therefore, the sequence n(x) is uniformly bounded in H}(Q), and thus has a subsequence that
converges strongly in L?(Q) and weakly in H3(Q) to

(I
o(X) = . o(t; x)dt:
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As Up = Un= n converges strongly to zero in L2(Q [0;1]) because of (5.12), we obtain that

holds in the weak sense. Therefore, ¢ satisfies

[
0= o&+rP; PX)= P(x)dt

0
and hence (&, is a gradient: o = h(z). It follows from (5.16) that k gk 2 > 0. But this is
impossible if o=h(z), 02 H}(Q) and ojg = 0. This finishes the proof of Lemma 5.2. [

Proof of Theorem 2.6. Let us use Lemma 5.2 to choose (r so that forany > . we can find

some time 2 [0;1] such that k ( )k_2 Cp o, Where cg is an appropriately small constant. The
maximum principle implies that for t we have (t;x) eMI=) (t;x). The constant M is chosen
so that g(s) Ms for all s 0, and the function (t;x) is the solution of the advection-di [udion
problem with the flow u(t; x) which solves (5.6):

%t A +utx) r =0t (5.17)
je =0 (x)= (x):

Using Lemma 5.6 of [12] (which applies also to time-dependent incompressible flows as well since it
uses only integration by parts) we obtain that

k (t= +1kie Ck (ke

with the constant C independent of the flow u(t;x). Therefore, if we choose cq so that cgCeM < 1=2
thenk ( +1)k - < (=2. It follows from the maximum principle that (t;x) o=2 for all t +1
and all x 2 Q. Thus, in particular, g( ) 0 fort + 1. As a consequence, and u solve the
Boussinesq system without any reaction for t > + 1 and hence (2.10) holds. [1

References

[1] M. Belk and V. Volpert, Modeling of heat explosion with convection, Chaos 14, 2004, 263-273.

[2] M. Belk, B. Kazmierczak, V. Volpert Existence of reaction-di [udion-convection waves in un-
bounded cylinders, Int. Jour. Math. Math. Sci., 2005:2, 2005, 169-193.

[3] H. Berestycki, P. Constantin and L. Ryzhik, Non-Planar Fronts in Boussinesq Reactive Flows,
Ann. de I'Inst. Henri Poincaré, C. Analyse non lingaire, 23, 2006, 407-437.

[4] H. Berestycki, F. Hamel and N. Nadirashvili, Elliptic eigenvalue problems with large drift and
applications to nonlinear propagation phenomena, Comm. Math. Phys. 253, 2005, 451-480.

[5] H. Berestycki, L. Kagan, G. Joulin and G. Sivashinsky, The e[edt of stirring on the limits of
thermal explosion, Combustion Theory and Modelling, 1, 1997, 97-112.

[6] H. Berestycki, A. Kiselev and L. Ryzhik, Explosion problem in a flow, Preprint, 2006.

[7] H. Brezis, T. Cazenave, Y. Martel and A. Ramiandrisoa, Blow up for uy Au = g(u) revisited,
Adv. Di[Eq., 1, 1996, 73-90.

18



[8] X. Cabre, Extremal solutions and instanteneous complete blow-up for elliptic and parabolic
problems, Preprint, 2005.

[9] P. Constantin, A. Kiselev, A. Oberman, L. Ryzhik, Bulk burning rate in passive-reactive di[ud
sion, Arch. Rat. Mech. Anal., 154, 2000, 53-91.

[10] P. Constantin, A. Kiselev and L. Ryzhik, Fronts in reactive convection: bounds, stability and
instability, Comm. Pure Appl. Math., 56, 2003, 1781-1803.

[11] P. Constantin, A. Kiselev and L. Ryzhik, Quenching of flames by fluid advection, Comm. Pure
Appl. Math., 54, 2001, 1320-1342.

[12] P. Constantin, A. Kiselev, L. Ryzhik and A. Zlatos, Dil[udion and Mixing in a Fluid Flow, to
appear in Ann. of Math., 2007.

[13] P. Constantin, M. Lewicka and L. Ryzhik, Traveling waves in 2D reactive Boussinesq systems
with no-slip boundary conditions, Nonlinearity, 19, 2006, 2605-2615.

[14] M. Crandall and P. Rabinowitz, Some continuation and variational methods for positive solu-
tions of nonlinear elliptic eigenvalue problems, Arch. Rat. Mech., 58, 1975, 207-218.

[15] A. de Wit, Fingering of chemical fronts in porous media, Phys. Rev. Let., 87, 054502.

[16] A. De Wit and G.M. Homsy, Viscous Fingering in Reaction-Di [udion Systems, J. Chem. Phys.,
110, 1999, 8663-8675.

[17] A. Fannjiang, A. Kiselev and L. Ryzhik, Quenching of reaction by cellular flows, Geom. Funct.
Anal., 16, 2006, 40-69.

[18] S. Heinze, G. Papanicolaou and A. Stevens, Variational principles for propagation speeds in
inhomogeneous media, SIAM Jour. Appl. Math. 62, 2001, 129-148.

[19] D. Joseph and T. Lundgren, Quasilinear Dirichlet problem driven by positive sources, Arch.
Rat. Mech. Anal., 49, 1972/73, 241-269.

[20] Ya. Kanel, Stabilization of solutions of the Cauchy problem for equations encountered in com-
bustion theory, Mat. Sbornik, 59, 1962, 245-288.

[21] J. Keener and H. Keller, Positive solutions of convex nonlinear eigenvalue problems, Jour. Di ]
Eq., 16, 1974, 103-125.

[22] Y. Kifer, Random Perturbations of Dynamical Systems, Birkhduser Boston Inc., Boston, 1988.

[23] A. Kiselev and L. Ryzhik, Enhancement of the traveling front speeds in reaction-di [udion equa-
tions with advection, Ann. de I'Inst. Henri Poincaré, C. Analyse non lingaire, 18, 2001, 309-358.

[24] A. Kiselev and A. Zlatos, Quenching of combustion by shear flows, Duke Math. J., 132, 2006,
49-72.

[25] P. Kramer and A. Majda, Simplified models for turbulent di [udion: theory, numerical modelling,
and physical phenomena, Phys. Rep., 314, 1999, 237-574.

[26] M. Lewicka, Existence of traveling waves in the Stokes-Boussinesq system for reactive flow,
Preprint, 2006.

19



[27] S. Malham and J. Xin, Global solutions to a reactive Boussinesq system with front data on an
infinite domain, Comm. Math. Phys., 193, 1998, 287-316.

[28] J. Nolen and J. Xin. Variational principle of KPP front speeds in temporally random shear
flows with applications, Comm. Math. Phys., 269, 2007, 493-532.

[29] A. Novikov, G. Papanicolaou and L. Ryzhik, Boundary layers for cellular flows at high Péclet
numbers, Comm. Pure Appl. Math., 58, 2005, 867-922.

[30] A. Novikov and L. Ryzhik, Bounds on the speed of propagation of the KPP fronts in a cellular
flow, Arch. Rat. Mech. Anal., 184, 2007, 23-48.

[31] F. Otto and L. Ryzhik, Unpublished, 2004.
[32] R. Temam, Navier-Stokes equation, North-Holland, 1984.

[33] R. Texier-Picard and V. Volpert, Problémes de réaction-di [udion-convection dans des cylindres
non bornés, C. R. Acad. Sci. Paris Sr. | Math. 333, 2001, 1077-1082

[34] R. Texier-Picard and V. Volpert, Reaction-di [udion-convection problems in unbounded cylin-
ders, Revista Matematica Complutense, 16, 2003, 233-276.

[35] N. Vladimirova, R. Rosner, Model flames in the Boussinesqg limit: the e [edts of feedback, Phys.
Rev. E., 67, 2003, 066305.

[36] N. Vladimirova and R. Rosner, Model Flames in the Boussinesg Limit: The Case of Pulsating
Fronts, Phys. Rev. E, 71, 2005, 067303.

[37] A. Zlatos, Quenching and propagation of combustion without ignition temperature cuto [, INon-
linearity, 18, 2005, 1463-1475.

[38] A. Zlatos, Sharp transition between extinction and propagation of reaction, J. Amer. Math.
Soc., 19, 2006, 251-263.

20



