RISE OF CORRELATIONS OF TRANSFORMATION STRAINS IN RANDOM PO LYCRYSTALS

LEONID BERLYAND * OSCAR BRUNOT, AND ALEXEI NOVIKOV f

Abstract. We investigate the statistics of the transformation-sfrdhat arise in random martensitic polycrystals as boyncamnditions
cause its component crystallites to undergo martensitas@hransitions. In our one-dimensional polycrystal makdelorientation of the
n grains is given by an uncorrelated random array of the atenmt angles;, « = 1,...,n. Under imposed boundary conditions the
polycrystal grains may undergo a martensitic transforomatiThe associated transformation straips: = 1,...,n depend on the array of
orientation angles, and they can be obtained as a solut@ndolinear optimization problem. While the random vaea$l;,i = 1,... ,n are
uncorrelated, the random variables: = 1, ...,n may be correlated. This issue is central in our considarsti@Ve investigate it in following
three different scaling limits: (i) Infinitely long graind.(= oo); (ii) Grains of finite but large heightl{ = L > 1); and (iii) Chain of short
grains € = lp/(2n), lo < 1). With references to de Finetti's Theorem, Riesz’ rearesmgnt inequality and near neighbor approximations,
our analyses establish that under the scaling limits (j)atid (iii) the arrays of transformation strains arisingnr given boundary conditions
exhibit no correlations, long-range correlations and egmbially decaying short-range correlations, respelgtive
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1. Introduction. We investigate the statistics of the transformation-sgdimisfits) that arise in random
martensitic polycrystals as boundary conditions causmitsponent crystallites to undergo solid-to-solid (marten
sitic) phase transitions. Martensitic transformatioressirape-deforming phase transitions that can be induced in
certain alloys as a result of changes in the imposed strstiesses or temperatures. These transitions occur when
a crystalline solid transforms between its parent phasgéaite) and any of a number of variants of the product
phase (martensite). We focus on a setting that, while seiffityi simple to allow for a complete analytical treat-
ment, provides significant insights on the problem: we stiadyinated polycrystals that consist of sequences of
n of grains of rectangular cross-section—of bage and height. = L(n), so that a complete polycrystal is an
infinite parallelepiped with rectangular cross-sectiobadel and heightl.. The goal of this work is to provide a
rigorous probabilistic theory for the misfit statistics inch polycrystals and, in particular, to provide a rationale
for the approximations implicit in the numerical algorithii®, 7] for polycrytalline phase transitions in two- and
three-dimensional space.

The microstructure in a laminated polycrystal is describgdh sequence of the orientation anglesi =
1,...,n: 8; represents the orientation of the two-dimensional latsicecture in the-th grain. We assume; is
a sequence af independent identically distributed (i.i.d.) random eéies. The transformation in thieéh grain
gives rise to a strain-tensor, the transformation stedin(i = 1,...,n), which is constant and it takes one of
threeadmissiblevalues: no deformation (the original square lattice remaiquare), or deformation into one of
two rectangular crystalline lattices parallel to the angisquare lattice. The phase transition in the polycrystal
gives rise to a sequence of transformation strajng = 1, .. .., n obtained by the minimization of the elastigsfit
energyamong all admissible configurations.

We briefly explain the concept ahisfitusing a simple example of a polycrystal with two grains. Assu
a rectangular single-crystalline grain, considered sdpbf, can undergo a stress-free (two-dimensional version
of the) cubic-to-orthorhombic phase deformation into gtagepicted on Figure 1.1. A polycrystal with two
square grains can undergo deformations as depicted oreFigeir The elastic energy of the former transformation
is zero, because it is stress-free. In contrast, the la@astormation requires some elastiisfit energy that
arises because when two crystallites are combined in a petg, their boundaries must remain coherent after
the transformation. In general, minimization of misfit emeleads to interactions amongst all of the grains in a
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FiG. 1.1.A reference crystallite undergoes stress-free transfoiona: atomic view(left), macroscopic view(right).

F1G. 1.2.0ne of two grains undergoes a stress-free transformation.

polycrystal. Our probabilistic setup allows to providegorious description of this phenomenology.

The main results of this paper characterize the probaliigtyibution of the random variableg that results
as minimizers of the overall elastic energy for a given i.ditribution of the angle sequenége Such results are
provided in three different cases according to whether théng are 1) infinitely long, = o0); 2) of finite but
large height { = L > 1); and 3) short heightl{ = I,/ (2n), o < 1). In case 1) our treatment applies to arbitrary
i.i.d. probability measures defining the distribution of angles, in cases 2) and 3), in,twe restrict consideration
to i.i.d. distribution of angles with Bernoulli probabilitmeasureg. Our main results can be briefly described as
follows:

1. Infinitely long grains. Theorem 5.2For an arbitrary i.i.d. distribution of angleg, i = 1,2,...,n,
under certain technical assumptions, in the limit- oo, the transformation straing , i = 1,2...,n
are also i.i.d. with probability measure where the measure is the minimizer of a certain functional
(equation (5.8) below). In particular, in the case of inehjtlong grains there are no correlations between
transformation strains of any two grains.

2. Long finite grains.L > 1. Theorem 6.4If §;,7 = 1,...,n are Bernoulli random variables (4.5), then in
the limitn — oo, e!,i = 1,2...,n have long-range but no short-range correlations.

3. Short grains. L = ly/(2n), lo < 1. Theorems 7.4 and 7.5f 6;, ¢ = 1,...,n are Bernoulli ran-
dom variables (4.5) then in the limit — oo, €/, i = 1,2...,n have short-range but no long-range
correlations.

The results 2 and 3 can be explained as follows. The cormerstbour study is the maximization of an integral
energy functional (see (3.4) below) of the forfi(;, (x — t) f(z) f(t)dxdt. Its integral kernelK,(x) decays on
different length scales for long and short grains. For lorgjrts it decays on the length scale of the composite
(on O(1) scale), while for short grains it decays on the length schkegrain (onO(1/n) scale). Maximization
with respect to this integral kernel leads to long-range simort-range correlations for long and short grains,
respectively. Formally, correlations arise because grduat undergo the stress-free transformation tend to fgrou
together” on the scale of the decay of the integral kernel juafy this heuristic idea in case of long grains (see
Section 6) by applying a randomized version of the Rieszaagement inequality. In the case of short grains (see
Section 7) we show the transforming grains group togethgragplying an isoperimetric inequality.
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FIG. 2.1.The laminated polycrystal

The paper is organized as follows: after describing in eaci our model of the polycrystal, in Section 3 we
solve an auxiliary linear elasticity problem and we obtaireaplicit expression for the stored elastic energy for
a fixed admissible array of transformation strains. In $&ct we describe our probabilistic model. Our main
results are then established in the next three Sectiong:evthe nonlinear minimization problem for a random

polycrystal is solved. The cases concerning infinitely Igngins, finitely long grains, and short grains are studied
in Sections 5, 6 and 7, respectively.
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2. Formulation.

Stress-free transformatiorA two-dimensional polycrystal is a collection of grains.dur model, each grainis
a single crystal (a crystallite) which can undergo a shaferthing phase transition that results in a transformation
strain. An untransformed grain with a horizontal-vertisgliare lattice (anglé = 0) may either elongate in the
horizontal direction and remain unchanged in the verticaation (the upper right state on Figure 1.1); it may
elongate in the vertical direction and remain unchangeldarhbrizontal direction (the lower right state on Figure

1.1); or, finally, it may not transform at all and thus havesitge unchanged (the left state on Figure 1.1). These
states correspond to the transformation strains:

10 0 0 0 0
eé:(o O),eg:(o 1),58:<0 O) (2.1)

The first and the second state correspond to a non-trivisgtoamation. The null straiad, corresponds to absence
of transformation.

Mathematical model of a laminated polycrystaGrains in a polycrystal have a varying orientation of the
crystalline lattices. We consider a rectangular polyay8y, = [0,1] x [—L, L] (see Figure 2.1) partitioned into
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n vertical rectangular layers (tlgaing) of width 1/n and heigh2 L
i—1 14

Iy, = Ur, 105, 115 = [ ,—} x [~L, L].

n n

Each graifl} is occupied by a crystallite obtained by rotation by dnientation angle
91'1 0§91§F/21

of the reference crystallite (see Figure (2.1)).

The array of crystallites’ orientations, is completelyatetined by the vector of the orientation angles

60 =(01,0s,...,0,). (2.2)
Using the matrix of rotation by an angle
cosfl  sinf
R=R(0) = <— sin 6 cosb‘) ’

we see that the stress-free transformation strain for thie g, must lie in the set
S, = {€'(0:),€%(0:),€°(0:)}, 0 < 0; < /2, (2.3)

where

e'(h) = Re'(0)R!

( cos?(0) sin(f) cos(@))
sin(#) cos(6) sin?(6) ’

e%(f) = Re*(0)R!

sin?(6)  —sin(6) cos(6)
(— sin(6) cos(0) cos?(0) ) , (2.4)

o o)

The superscript stands for the matrix transpose. The set of all sequencdsanisthat are admissible for some
sequence of angles is denoted(by.

€(0) = Re"(0)R

Qn = {e"|e" = (e], €}, €l,...,€N), €] €Sy, forsomed; € [0,7/2]}. (2.5)

The set of all sequences of strains that are admissible fiwea gequencé will be denoted by

Q.(0) = {eT|eT € Q, suchthate] € 891,} . (2.6)
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Linear elasticity equations for given transformation stiss For a given sequence of the orientation angles
6 = {6;,i = 1,...,n} there are up t8" corresponding sequences = {e!,i = 1,...,n} in the clas€},,(0)
defined in (2.6). Here we introduce the relevant elasticil§fB on the domaiiil ;, for agivensuche'. We assume
that each grain can be described by isotropic elasticitaggius with elastic moduli given by

Cijki = ANijOn + G(dindj1 + dudjn), (2.7)
where) and G are the Lamé constants [18].

As an applied displacement is imposed, our polycrystal na@uige microscopic strains which contain
combined contributions of elastic and stress-free transitions (see [8]):

e = Eelastic+ ET. (2.8)

Then Hooke’s lawr;; = cijklsz'lasmyields the stress-strain relationlofear elasticityunder a given transformation
straine’

045 = Cijkl (Ekl — E-]l;l). (29)

Here the strain tensat,; is determined by the displacement vectior (u;(x,y), uz(z,y)):

1 0 0
Eij = B (&u] + (“)jui) whereg; = F 0y = 8_1/ (2.10)
The stress-tensor satisfies the elasticity equations
ajaij =0fori=1,2. (211)

The above equation is to be understood in the distributiseiase, thus the traction must be continuous across the
interfaces between grains:

[oi](z,y) =0, fori =1,2andz =m/n, m=1,2,...,n— 1. (2.12)
For such agivenadmissible configuratioa!, we assume givenimposed displacement that is chosen in the
direction transversal to the laminates
u1(0,y) =0, u1(1,y) = U, u2(0,0) =0, (2.13)
together with the zero-traction boundary conditions
012(0,y) = 012(1,y) =0, oy2(x,£L) = 0. (2.14)

It is easy to check that, for a fixed admissible configuratibnequations (2.11), (2.13), and (2.14) are the Euler-
Lagrange equations for the minimizer of the elastic energy

mi —/ (eij — 5;-rj)cijkl (ex1 —e)y)dzdy ,  u subjectto (2.13) (2.15)
I

where

 4G(\ +G)

10other boundary conditions (e.g. shears) could be treatsitasiy.
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is the 2-dimensional Young modulus. Thus it can be verifiadl tiie boundary value problem (2.11), (2.13), (2.14)
admits a unique solution.

Overall polycrystalline energyAs a displacement (2.13) is imposed on the polycrystal, gaaim may un-
dergo a stress-free transformation into one of the thresilplesstress-free states. The overall energy(U, 0)
in the polycrystal is determined by global minimization bémisfit energyl¥’ (U, ") of the polycrystal over all
admissible configurations [8]

Wn(U,0) = _min W(U,e"), (2.17)

ele Qnlo

the (possible non-unique) array(s) of transformatiorais¢rthat arise in the polycrystal is (are) the minimizer(s)
in equation (2.17).

Simplifying assumptions of our modélhe model introduced in this work captures many of the egdent
features of the general physical phenomenon of misfit antheasame time, is amenable to rigorous analytical
treatment.

Clearly, however, our model is too simple to reflect the ribkpomena that occur in actual three-dimensional
polycrystals. For example, we consider isotropic elastievhereas typically, the crystalline lattice of each of
the martensite variants has less symmetry than that of tetemite. Further, for sufficiently large grains, the
lattices associated with the various martensite variamitdde combined, giving rise twinsand/or higher-rank
laminates of two or more different variants of martensitéhimi each grain [4, 5, 14, 16, 20]—an effect that our
model does not allow. We also note that, in general, a sfressransformation is a time-dependent process that
involves energy dissipation. Our study assumes that thedfiage of a polycrystal is determined by minimizers of
a time-independent, dissipation-free misfit energy (sge [€—8] and references therein). Importantly, however,
we do not assumec that the grains in the polycrystal tramsfathout elastic stresses (self-accommodation); see
e.g. [2, 3] and references therein.

Although not explicitly considered in this work, relatedgsiomena, including electrical and magnetic po-
larizations in electro- and magneto-rheological matsréaid the combined elastic and magnetic-electric misfits
arising from magnetostriction and electrostriction in @msite materials, could be treated by similar methods.

3. Elasticity kernel. In this section we give a representation for the elasticgn®r (U, ") in terms of a
certain integral kernek(;,((z — t)), and we then present asymptotics of this kernel under twionesgythat are
relevant in our studies of the statistics of transformasiains in Sections 5, 6 and 7. Denote spatial averages as

1

- L] Jn,

(9) g(z,y)dzdy. (3.1)

It turns out that the most convenient mathematical fornutedf the elastic energy is in terms of
s(a) = epa(2), (3.2)
and the volume fraction of grains that undergo a phase tian%i
f=(I), I=¢], +e5. (3.3)

2Since the transformation strains defined in equation (2d3fyel, +el, = 1,2, + €2, = 1, ande; + 9, = 0, it follows that the
quantity f equals the volume fraction of grains that undergo a phassitian.
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Then the elastic energy

1 1
W(U,e") = (U~ f+5)*) - Ll /71(5(17) — (SHEL((z —1))(s(t) — (s))ddt, (3:4)

whereK, is an integral kernel whose Fourier coefficients

Kp(m) = [1 K (x) cos(mmax)dx (3.5)

are explicitly given in Appendix A.1 by formulas (A.4), (A-3

The idea of the proof of (3.4) is to decompose the solutior= (u;,u2) of the boundary value problem
(2.11), (2.13), (2.14) in the forme = @w + u, wherew solves the elasticity equations (2.15) for infinitely long
grains (L = oo) and the remaindatx is the correction for finitd.. It turns out that: is a piece-wise linear function
of the form

uy = cx + dy + gi,

andu satisfies the boundary value problem

8j5’1‘j =0fori= 1,2,
@1 (Ovy) = al(lvy) = Oa aIQQ(Ovy) = BIQQ(L y) = 01 (37)
5’12(1‘,:|:L) =0, 522(,@, :EL) = EC(€;2 - <€;2>)

where

{ 0ij = Cijkl€kl,

€11 = O, E12 = &1 = (Ootin + O1U2)/2, &2 = Dalin.

Both functions can be computed explicith is obtained from direct computations ands found by the Airy
function method. A detailed proof is provided in AppendiXLAThe asymptotics of the convolution kernel in two
important limiting cases, in turn, are summarized in théofeing two lemmas. The proofs of the Lemmas are
provided in the Appendices A.2 and A.3, respectively.

LEMMA 3.1.Kernel asymptotics asL. — oo. K, (x) can be represented in the form

Kp(x) = %Koo(:c) + O(exp(—L)) as L — oo, (3.8)
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where
Ko = —In|sin(rz/2)|,

and

5A +9G

= t20)

We now consider polycrystals for which the height is comnoeat® with the grain widths. The paramelgr
is the height-to-width ratio. In particular, whdn= 1/(2n)—such polycrystals can be viewed as chains of square
grains.

LEMMA 3.2. Kernel asymptotics asL = ly/(2n) — 0. If L = Iy/2n, Iy is fixed, then there exists a
positive-definite functiok” = K, (z), independent of, such that

||KL(z) — Kiy(nx)||L, — 0, asn — oo, (3.9)
and

K1,y ()] < iexp(—x/lo)- (3.10)

We will find it useful, especially for chains of rectangulaams, to identify sequences (vecto($), . ... )
(of real number, matrices, etc.) with the correspondinggiése constant (real valued, matrix valued, etc.) func-
tions defined in the intervdd, 1] that take the valueg(z) = fi for x € TI%, k = 1,...,n. For example, the
argument" of IV in equation (2.15), which is a matrix-valued function defimethe interval0, 1], will often be
replaced by a sequencemimatrices(el, el, el ... el). As another example, note that the dependence oh
the quantity on the left hand side of equation (2.17) arisegeiy from the fact that™ on the right-hand-side of
that formula is a piecewise constant function determinesdmuence oft matrices. For a functioii defined by a

sequencéfy,....f,) the spatial average (3.1) is

<f>:%Zfi-

Further, on the space of the piece-wise constant functi@tegral representation of the misfit energy (3.4) can
be viewed as an algebraic non-negative definite quadratit: fo

W (U,eT) = (U = f +5)%) = {(s = (s)M(n, L) (s = (s))), (3.11)

whereM = M (n, L) is an x n symmetric Toeplitz matrix with entrie®/;;(n, L) = A\;,—;(n, L) defined by

(s = ()M (s = (s)) :/71/71(5@)— () Kr(z —t)(s(t) — (s))dxdt (3.12)

for piece-wise constant functiors= (s1,. .., sp).
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As an immediate consequence of Lemma 3.2 we can estimatg dettee coefficients\;_;(n, L) for a chain
of rectangular grainsl{ = ly/(2n)): asn — oo, Aix(n, L) — A (lp) where

Aklo)] < = exp(—[]/lo). (3.13)

By (3.13) for a chain of rectangular graihs_; (n, L) can be accurately approximated by a (truncated) Toeplitz
matrix by setting\x(n, L) = 0, for |k| > ko, and the misfit energy is approximately

Wi (U,e") = (U = f +9)° Z D k() (si = () (si4n — (5)), (3.14)

k=—ko i=1

where, we define; . for i + k& > n by periodicity

Sitk, Ti+k <n,
Sitk = .
o Sitk—n, T 1 +k > n.

The approximation (3.14) provides a justification, in a oimeahsional context, of numerical schemes which
are used in practical evaluation of the misfit energy [6—8he Bpproximation (3.14) takes into account only
interaction with the nearest neighbors. Hence we call (3k}4nearest neighbors energy. The next Theorem
shows that for any finite value af and finitek, this kg-nearest neighbors approximation has an exponentigl in
error. Therefore the computational complexity of finding thisfit energy can be significantly reduced if (3.11) is
replaced by (3.14). In [6-8] this truncation was implemdrfta general two- and three-dimensional polycrystals
and the convergence was verified numerically. The follovRngposition justifies this convergence analytically in
the case of chains of rectangular grains, and provides dit#gxponential error estimate.

PrROPOSITION3.3. For a givenU and a given vector of orientation anglés suppose " (kg) € Qn(e) is a
minimizer of theky-nearest neighbors energy’* (U, é'T) given by (3.14). Then there is a universal constant c,
independent of n, such that, callifg,, (U, 0) is the minimum of the misfit ener{.11)then we have

(W (U, 8) = W (U, (ko))| < cexp(—ko). (3.15)

A proof the theorem is given in Appendix A.4. Finally, applgiProposition 3.3 and Lemma 3.2, the misfit
energy (3.4) of a chain of short grains becomes

Wa(U,eT) = (U = f +5)%) = Ao((s — - BT Z )(si41 = (s)) + O(5), asly — 0, (3.16)

where)g > 0, B > 0%. Thus, wheri, < 1, the misfit energy is approximated by thearest neighboenergy.

3From numerical computations;,, k > 2 are negligible even for largly = 1: Srto [ Ak] < 1AL AL < 1T
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4. A probabilistic model. Our probabilistic model will be defined to describe energpimizers within a
random setting. In detail, letting’ = [0, /2], we assume a probability space of sequences of orientatgles
0 = (6;)*_, of the form

(% omipn)s U= ()" =07 %0 x--xQf

wheres? andp,, are the product algebra and measure arising from a given sigma algelral a given measuye
on Y. The associated probability space of arrays of transfaamatrains(e] )7, that arise from a given applied
deformationU:

HereQT is the set o2 x 2 matrices that equal one of the three values (2.4) for sbrad0, /2], &7 is the Borel
o-algebrain2!, andj, is a probability measure, which we will define next.

Probability measure in the space of transformation straiRer a fixed sequence of orientation anglethere
are up to3™ different admissible arrays of transformation straja)”_,, T = 0,1, 2; see (2.6). Some of these
arrays, say a numbérof them, minimize the misfit energy (3.4) amongst all admbigsarrays. We assume, as it
may indeed be natural from a physics perspective, that efatiese energy minimizing arrays occurs with equal
probability. In other words, we will define the probabilityesurg:™ in such a way that the conditional probability
measurgi, ((e])"_,|0) satisfies

(4.1)

1/k, if €T is a minimizer
fiu(eTo) = /b T e s amnimz
0, if €' is not a minimizer

wherek is the number of minimizers of the misfit energy (3.4) for tkedi@. The probability measurg,, on the
sequences of the transformation strains is thus defined by

() = [ o (41010 (0) 42)

for any Borel setd € 5]
Due to representation (3.4) the misfit energy depends only enc, ; andl; = e], ; +¢egp ;i = 1,...,n.
Therefore we will study a probability measusg on the set of pair§(s;, [;)}, 7 = 1,...,n wherel; = 0 or

I, = 1,ands; = sin2(9i) or s; = cos?(6;); the probabilityi,, (.|@) and, thereforgi,, itself can be reconstructed
oncep,(.]0) is known. In the rest of this paper we will utilize, instead offi,, as the basis of the discussions
since use of the former measure leads to simpler notations.

To produce,, we define the spac@” as a projection of2™ on (s, I):
P:e'eQ = (s,1) e, s=cby, I =c]; +e,
and, using this projection, the probability space

(QT7 n7Mn) QT (QT) QTXQTX-..XQT:
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we define
jin(B) = jin (P1(B)). (4.3)
This can alternatively be defined by an expression similé4 tb):
pn((5,1)(6) = £/k (4.4)

wherek is the number of minimizers of the misfit energy (3.4) for theeg 8 and where/ is the number of
transformation strains’ such that(s, I) = P(eT).

The measurg,, describes statistics of the transformation strains; thia wigjiective of this paper is to describe
it in detail forn > 1 and for various polycrystal configurations.

Distribution of angles.In the remainder of this paper we will assume that the angjlese independent and
identically distributed with probability measupe—although other types of angle distributions could be abersd
within the present context. In other words the probabiliggasurep,, on the sequences of the orientation angles
will be taken to be a product measure of the form

pn =1L p,

wherep is a given fixed measure in the intery@l = /4]. (Sincesin(m/2 —0) = cos 6 andcos(7/2—6) = sin 6, we
may and do assume thée [0, 7/4]: the orientation of a square crystalline lattice can be idlesd uniquely by a
valued € [0,7/4].) In particular, to illustrate our theory we will considevd specific probability distributions:
1) theuniform distribution in which p is proportional to the Lebesgue measure, and 2Bgmmoulli trials model
for which p is concentrated in twé values

6, — {a, with probabilityq, (4.5)

B, with probabilityl — g,

0<B<a<mr/4
5. Statistics of asymptotic energy minimizers 1: Infinitelylong grains (L = o).

5.1. The main theorem. Suppose the grains are infinitely lonfj & oc). Then, by Lemma 3.1 the misfit
energy for a given admissible sequence of transformatramston the array of grains is given by

Wa(U,eT) = (U = f+e5)") = (U~ f +5)°). (5.1)

The sequence of measures (4.3) contains convergent sumeep{17]; each such limit;,, is a measure on the
set of infinite sequences of transformation strains, thédimlong various subsequences may, in principle, not
all coincide. In fact,in all cases we consider, howeversatth limits do coincide, and the full sequences (4.3)
are convergent. For the sake of simplicity, in the subsegaealysis we assume this is the case and we denote

Hlim = hmnﬂoo Hn -

As we shall show the limitg,;,, are convex combinations of product measures. This is a qoesee of
the de Finetti's representation Theorem (see [12] for a ggnersion of this Theorem). In order to motivate the
advantages of this observation in our context we first carside such limijy;,,, and weassumethis may or may
not be true!) that 1) For each finitethe minimizers are unique, and 2) The measuyg is given by a product of
the form

Mlim = fb := H;?illuﬂ (52)
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for a certain measure so that, according tpyin,, the random variable§(s;, I; }$°, are i.i.d.

Since as we have seen above, for eaale must necessarily hawe = sin2(9i) or s; = cos?(6;) whenever
I; = 1, under the uniqueness assumption 1) above the measar®.2) must clearly satisfy

(s =sin?(0)[0,1 = 1) + p (s(6) = cos?(9)|0,1 =1) =1
s=sin?(0)]0,I =1)=0 or 1 and p(s(d) =cos?()|0,I=1)=0 or 1.

Hence, we can define a functiatif), x(6) = 0 or x(6) = 1 such that

- _ . 2 _ _
/1(9)—{ 1, Ifu(s.—sm (0)]0,1=1) =1, (5.3)
0, otherwise

By the law of large numbers, as— oo we have for the misfit energy (5.1)

w/4
Wa(U,eT) - / O (O)dp(8) + (U — (1 — f), (5.9)

whereg(6) = (U — f +sin? 0)2k(0) + (U — f + cos? 0)%(1 — x(0)) and where we have set

x(0) = p(I =1]9), (0 < x(0) <1), (5.5)

andf = [ x(0)dp(0).

Clearly, in the present context the limiting values of thergyy functioniv,, (U, ") are determined uniquely
by the functions:(6) andy(6). Sincepu,, is the limit of probability measureg.,, } (4.4) with (5.1), it follows that
the measure in (5.2) must minimize (5.4). In other words, under the agstion (5.2), the overall minimization
problem has been reduced to the following minimization fEobfor the functions:(6) andx(6):

/4
0 / g(O)X(O)dp(8) + (U — )2(1— f)

mi
£(0),x(

g(0) = (U — f +5sin? 0)%k(0) + (U — f + cos? 0)*(1 — x(0)), (5.6)

One can anticipate that, generally, the assumption (5.83 dot hold. Indeed, even working under the as-
sumption (5.2), we note that a solutign(i.e. (x, x)) to the minimization problem (5.6) may not be unique. If
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there are two such solutiopg andy to this problem, then the corresponding infinite prodygtsindi» could,
conceivably, equal to the limit of a subsequencepf As shown in Theorem 5.2, however, in genergl, will
equal a convex combination of such infinite products. Thiefahg definition will be useful in these regards.

DEFINITION 5.1. Consider the sef of all measures on the set of pais, I) € [0,1] x {0,1}. For each
measure: € S define the associated product measure

/1 = H?illua

onII2, (s, I;). A measurey is called a convex combination of such product measurebgeiktexists a positive
measure/(u) on the sef, such that

1) = [ A, [ dv =1 (5.7)

THEOREM 5.2. Consider infinitely long grains and an arbitrary i.i.d. amgdlistribution with the probability
measurep, and assume the limjt;,,, of the sequence,, defined by equatior(g.3), (4.4)exists. Them,;,, is given
by a convex combination of product measures arising fronimiiation problems. In detail, we have

Mim = /Sﬂdl/(#)a /SdV(H) =1,

whereS is the set of product measures:= I13°, 11, and eachy is defined by

x(0)k(9), if I =1;

u((s, 1)[0) = {1 — x(0), if I =0;

wherex(0) andx(6) are minimizers of

w/4
min / (U~ f + 5(0)>x(0)dp(6) + (U — (1 — f),

#(8).x(6)
(5.8)

w/4
;= / XO)dp(6), x : [0,7/4] — [0,1],

5(0) = k(0)sin?(0) + (1 — k() cos?(0), wherer : [0,7/4] — {0,1}, (5.9)
If the minimizer of(5.8) is unique, then transformation strains in different gram® independent identically
distributed, that igu;,, is a product measurgyiy, = 1152, .

Proof. A key property of the energyV,, (5.1) in the case of infinitely long grains is that itirsvariant
under permutationse.g., for a three-grain polycrystal, (1, I1), (s2, I2), (s3, I3) iS @ minimizing sequence for
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the angleg6, 62, 63), then(sq, I2), (s1, 1), (s3, I3) is @ minimizing sequence for the angl@s, 61, 05) with the
same probability. More generally, The form of the misfit eyyeand our assumption (4.4) imply that the probability
measure.,, (defined by (4.4), (4.2), (4.3)) on the minimizers must besyatric?, that is for any finite permutation
T € S(n)

/Ln((sla Il) S Al ey (Sn7 In) S An) = Mn((sr(l)a I‘r(l)) S Ala ey (ST(n)a IT(n)) S An)

As n — oo, the probability measurg,, converges to a certajn,,. Clearly, ., must be symmetric as well: for
anyn andr € S(n)

Moo ((81511) € A,"a (SnaIn) € Ana (SnJrlenJrl) € An+17 .- )

= Moo ((S‘r(l)a I‘r(l)) € Ala ) (ST(n)a IT(n)) € An7 (Sn+la In+1) € An+la ) .

Hence, we can apply the de Finetti's representation The¢t@j and .., must be a convex combination of
product measures.

[ioo = /Sﬂde), /dV(u) =1, v(u) =20,

S

see Definition 5.1, as claimed.

Let us now show that

n—oo

w/4
iy [ 19,0, = [ l |7 W= 145000 + 0 - - | . (610

The key issue here is classical: given that — u., weakly we cannot, in general, conclude convergence of
J Wadp,. In our case, however, we can, because the meagyrae symmetric. It follows that for the angrain
sample, the function§(s;, I;)}, satisfy, foranyi, j, 1 <i,5 <,

e [ dpn, i = j,

and similar equalities hold fay; I;, and(U — (I) + s:)°. Thereforé¥/,, can be written as

1
/Wn(U, eNdp, = /F(U,sl,ll,lg)dun + —/G(sl,ll,lg)dun
n

wherebothfunctionsF (U, s1, I1, Is) andG(s1, I1, Is) dependcontinuouslythey are quadratic polynomials) on
the values ok; andI; only in two grains = 1, 2 (and, thus, do not depend @ and they are explicitly given as

F=(U+s5)?=2UI — 2811 + 1 I,. G = —2s1I) + 2511, + I} — I I.

4Sometimes the term exchangeable is used instead of syrametri



RISE OF CORRELATIONS IN RANDOM POLYCRYSTALS 15

Therefore

1
lim Wn(U,eT)dun = lim [ F(U,s1,11,12)dpu, + lim —/G(sl,fl,lg)dun :/F(U,sl,fl,lg)duoo.

n— o0 n—oo N,

Hence it only remains to show that

w/4
/F(U, 81, 11,12)61#002/S [/0 (U = [+ 5(0))*x(0)dp(0) + (U - £)*(1 - f)] dv(p). (5.11)

The last equality is obtained by explicit computations jed in Appendix B.1. The proof of the identity (5.10)
is now complete.

Further, up to a set af-measure zero, eaghmust minimize (5.8). Otherwise, we can choose:a 0 such
that the set

A= {/L:/F(U,Sl,fl,lg)dﬂ—6>min/F(U,81,Il,Ig)dﬂ},

has positive measure{A4) > 0. Then, ifv(S \ A) # 0 we define a new measupeby
v(B) =v(B\ A)/v(S\ A).

Clearly

/S[/F(U,sl,fl,fz)dﬁ} dﬂ(u)</g[/F(U,sl,Il,]2)dﬂ a0

which contradicts the assumption thayields limit of minimizers of the misfit energy (5.8) as indted in (5.11).
If v(S\ A) # 0, in turn, we can select a single minimizer and assigmeasurel to it, arriving again to a
contradiction.

To establish (5.9), note that for a minimizeiof (5.6), theu probabilities conditional to a given angleand
tol =1, satisfy

1 (s(0) = cos®(0)[0,1 = 1) =0, or pu (s(6) = sin*(9)|0,1 = 1) = 0.
Hencer(0) takes only the valuesand1 and (5.9) holds.

Finally, suppose (5.8) admits a unique minimizer Since, as established above, the limit must be a
convex combination of product measures that minimize (3n8the case of uniqueness of solution to (5,8),
must be the product measyrg, = I1$°, u, as claimedl

A few remarks about Theorem 5.2 are in order. Firstly, we erg@ra of some examples when the minimization
problem (5.8) has more than one solution. One of these exanpto consider a deterministic sequeéice- 0
andU = 1. Then there are two solutions = 0, xy; = 1, andks = 0, x2 = 0 to the minimization problem (5.8),
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which give rise to corresponding measurgsand ., and, thus, product measurgs andfi,. For bothi = 1,2
we have

w/4
/0 (U~ fi + 5:0)*x: (0)dp(0) + (U — [)2(1 — fi) = 1.

In view of our symmetrization assumption 4.1, the limit;gf exists and it is equal to a convex combination of
product measures as implied by Theorem (5.2); the convexbuwmtion is given byji; /2 + fi2/2. We expect
that generically the minimization problem (5.8) has a urigolution. We give two explicit examples when this
measure is unique: Bernoulli trials, Lemma 5.3 and Uniforstridbution, Lemma 5.6 in Section 5.2.

Secondly, in principle, the (unique) solution to the mirgation problem (5.8) may be such the®) takes
only two values) or 1, i.e. x : [0,7/4] — {0,1}. This, indeed, happens for uniform distribution, Lemma 5.6
in Section 5.2. If we know that : [0,7/4] — {0, 1}, then the proof of Theorem 5.2 becomes straightforward.
However, there are examples, whier: x(0) < 1 for somef, and one of them is Bernoulli trials, Corollary 5.4 in
Section 5.2.

Finally, if we do not assume the uniform conditional prolliap{4.4), thenu., may not be unique even if the
minimizer of (5.8) is unique. We discuss this issue for Bethdrials after the proof of Corollary 5.4 below.

Motivated by the above remarks, we next investigate in metaidhow measure(y), a solution to the
minimization problem (5.8) depends on the underlying pbalitg measurep for two specific probability measures
p: the Bernoulli trials model and the uniform distributionéof

5.2. Bernoulli trials and Uniform distribution. For the Bernoulli trials model (4.5), the minimization prob
lem (5.8) from Theorem 5.2 is

W(qav as, S(a)7 S(ﬁ)),

min
qa,q8,5(),s(8)

(5.12)
W =(U—f+s(a)’qa+U—f+5(8) g+ U - f)>1A- ),

Withf:qa‘FQQ'
0<¢a<q, 0<g3<1—gq, (5.13)

0 < 3 < a< /4, ands(a), s(3) are defined by(#) = sin? 6 or s(d) = cos? 6. In particular, the minimization
with respect toy is reduced to determining the proportiopsandgs of grains with angles: and 3 that do not
undergo a stress-free transformation. Moreover, by The&@e it also follows that the minimizer = pu(y) is
determined by a unique product measure.

LEMMA 5.3. For the Bernoulli trials mode(4.5)with 0 < ¢ < 1 the minimizer(x, x) of (5.12)is unique.
For the minimizew(6) = 1, i.e.

5(0) = sin® 6, (5.14)

andy depends o/ and can be described as follows. For a givérihe total proportion of grains that undergoes
a stress-free transformatiofi = f(U) is a (deterministic) nondecreasing functionléf For a givenf we have
several cases
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o if f <1—gq,then
4a=0,0<¢gg<1—gq, (5.15)

i.e.x(a) =0, x(8) =qs/(1 - q),
o if f>1—g¢q,then

0<¢=<qqp=1-g (5.16)

i.e. x(8) = qa/a x(B) = 1.
A proof of the Lemma is in Appendix B.2.

COROLLARY 5.4. The probability distribution

9. — /4, with probabilityg, ¢ > 1/2
‘o, with probability1 — ¢

is an example, where the minimizer, x) of (5.12)is unique, but
x:[0,7/4] — K C [0,1], K # {0,1}.

Indeed, in this case

x(0)=U,x(7/4)=0,ifU <1—g¢q,

x(0) = 1x(7r/4)—0 ifl—¢<U<5/4—q,
x(0)=1,x(n/4)=U —-5/4+4¢q, if5/4—q< U < 3/4, or
x(0) =1 X(w/4)—1 if 3/4 <U.

Note that if we do not assume the uniform conditional prolitghi4.4), thenu., may not be unique even
if the minimizer of (5.12) is unique. It depends on whetlyetakes more than two values, that is, on whether
x : [0,7/4] — K, butK # {0,1}. For example, consider the Bernoulli trials with< ¢, < ¢. Then one can
choose the grains with; = «, that do not undergo a stress-free transformation, arlijtrgrovided that their
total proportion isy,. Thus, if we remove our assumption of equal probability Ydrithe case of infinitely long
grains there are many minimizers of the misfit energy in &b minimizers described in Theorem 5.2. Hence,
it is possible to construct sugh,, so that it is not a product measure. Moreover, actual coctsbuof the exact
minimizerse" of the energy (5.1) (for a given sequer{aﬁe} * ;) in practice [6-8] is done numerically. Thus it
typically results in finding amlmostminimizerz", such that

W, (U,e") — W, (U,e")| <6, § > 0. (5.17)

Thus, it is natural to ask which characteristic propertiesxact minimizers are approximated by characteristic
properties of almost minimizers. The property that is a product measuretimtcharacteristic, but the proportion
of grains that undergoes a stress-free transformationcis ptoperty. For example, for Bernoulli trialg,, (0)
characterizes the proportion of grains with= «, ¢ = 1,...,n, which undergo a stress-free transformation
(grains for whichl = 1), and we have the following immediate result.

LEMMA 5.5. For everyd’ > 0 there exist$ > 0 such that an almost minimizef in the sens¢5.17)satisfies

|40(0) — 4a(0)| < ', 1q3(0) — 4s(6)] < ',
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whereg, (0) andg, (0) correspond to the exact and almost minimizers, respeytiyg(6) andgs(0) are defined
analogously).

Analogous to the Bernoulli trials model, direct computati@how the following result for the Uniform distri-
bution.

LEMMA 5.6. For the uniform distribution of) € [0, /4] the minimizer(x, x) of (5.12)is unique. For the
minimizerx () = 1, hence

s5(0) = sin® 6, (5.18)

andy depends o/ and can be described as follows. For a givérhe total proportion of grains that undergoes
a stress-free transformatiof{U) is a (deterministic) nondecreasing functionléfiven by

4m . 1 2
fy = sl T9U) U< g+ 2~ 88662
1 otherwise

where the small correctiop(U) is concave and it satisfieg0) = f(1/4 4+ 2/7) = 0 —.055 < g(U) < 0. Fora
givenf < 1

1, if sin?6 < 2(f —U),
X0) = S
0, otherwise

If f=1,theny =1. Lemmas 5.3 and 5.6 together with Theorem 5.2 imply

COROLLARY 5.7. For Bernoulli trials and uniform distribution the unique niimizing sequence of transfor-
mation strains is i.i.d, and, in particular, it is uncorrakd.

6. Statistics of asymptotic energy minimizers 2: Thin long gains (finite L > 1).

6.1. Basic definitions and formulation of the main theorem.In contrast to the case of infinitely long grains,
if L is large but finite, then each grain may undergo a stresstsfasformation which, as we show in this section,
is correlated to stress-free transformations of othemgraln particular, for Bernoulli trials in case L (= oo,

n — oo) the minimizers are shown to be i.i.d. (see Corollary 5.Memeas in case 2(— oo, followed by
L — o0) the minimizers are no longer i.i.d. (see Theorem 6.4 bélow)

By Lemma 3.1 the misfit energy fdr < 1 has the following asymptotic representation (up to higheeo
terms)

Wa(U,e") = (U = f+s)%) — W(U,e"), asL — oo, (6.1)

s

where

11
W, (U,e") = /_1 /_1(s(x) —{(s))(s(t) — (8)) Koo (x — t)dadt, (6.2)

5In this sense, we prove that the limits for largend largel, do not commute.
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Ko = —In|sin(rz/2)|. (6.3)

For L >> 1 the second term on the right-hand-side of equation (6.1)gtsdo a small correction to the misfit
energy of infinitely long grains (5.1) (the first term in (6,13 situation that bears connections with the concept of
almost-minimizers (5.17) introduced in the previous settin the present context we have:

LEMMA 6.1.Foranyd > 0, there exists a sufficiently large, > 0, so that for anyl > L

s(f) = sin? 0, (6.4)

|40 (0) — ¢ (8) < &', las(8) — q5(0)| < &', (6.5)

whereg,,(6) and g% (6) correspond to minimizers o.1) and (6.1), respectively 45(0) and qg(o) are defined
analogously).

A proof of Lemma 6.4 is in Appendix C.1. As we pointed out afferollary 5.4, wherl, = oo and0 < ¢, <
gor0 < gg < 1— g there is an ambiguity: the solution to the minimization peob (5.1) (the first term in (6.1))
is not unique. We now show that the second term (6.2) play$eaofaegularization - it resolves this ambiguity
by reducing the number of minimizers, and it gives rise ta@ation of transformations in different grains of a
laminated polycrystal. In the next definition we considBmpossible minimizers of the misfit energy of infinitely
long grains (5.1) (the first term in (6.1)).

DEFINITION 6.2. An asymptotic energy minimizer is a pair of piece-wise amdunctions

1—1 1

(s(z),I(z)) = (s, ;) ifx € ( ’ﬁ} ,1=1,2,.n, s(x),I(x) € Hp,

n

that maximizes (6.2) (the second term in (6.1)) amongstiaihnizers of the misfit energy of infinitely long grains
(5.1)(the first term in(6.1)). We denote by? the corresponding probability measure.

The correlations arise frommaximizatiorof 1 (note the negative sign in front of the second term in (6.1)).
It is convenient here to parametrizg, by the spatial variable € [0,1]: u, = wp.(x). The behavior of the
asymptotic energy minimizers for the Bernoulli trials (4nsodel (with probabilitieg and1 — ¢) will be described
by the Riesz symmetrically-rearranged minimizer which wéree as follows.

DEFINITION 6.3. Denote byg, andgg the proportion of grains for whic = 1 with = « and§ = g,
respectively:

0<¢g.<q, 0<gg<1l—gq. (6.6)

A Riesz left-rearranged sequence of transformation s¢rara pair of (random) functions; (z), I;(z)) € H, is
given by

(sin® a, 1), if 0 = « , 0o <L,
if 0 =«q, q—"‘<x<1,
(si, ) = 9.0, : e o s
(SIH 67 )3|f9_670§x§7qa
(0,0),f0=75, £ <z <L
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Similarly, a Riesz right-rearranged sequeneg(z), I, (z)) € H,, is determined by

0), If9—a 0<z<1—-%L

(si
(sty={
e (sin? 3, 1),if0=06 1-{ <z <1,
(0,

1—q =

0),if0=08, 0<z<1—£2.

1—q

We denote by!, and ", the corresponding probability measures.

A Riesz symmetrically-rearranged minimizer probabiligasure.? is the average of right and left-rearranged
measureg? = 1/2ul, 4+ 1/2u7.

The rearranged minimizers quantitatively describe the oiscorrelations foasymptotic energy minimizers
(Definition 6.2), because, as we prove in the Lemma 6.7, thrmpiotic and rearranged minimizers coincide in the
limit asn — oo. In other words, Definitions 6.2 and 6.3 characterize theesar@asure as — oo. Moreover, the
following theorem shows that the minimizer probability reeee of the full misfit energy (6.1) converges to the
Riesz symmetrically-rearranged minimizer probabilityasere when we let — oo, and then lef, — oo.

THEOREM 6.4. Consider the Bernoulli trials (4.5). For a givei, let ¢, andgg be defined as in Lemma 5.3
by (5.15)or (5.16) Then as: — oo and subsequently — oo the probability measure of the energy minimizer of
the misfit energy6.1) converges weakly to the Riesz symmetrically-rearrangeémier probability measure.

6.2. Riesz rearrangement inequalities and proof of Theorens.4. The key idea of the proof comes from
the classical Riesz rearrangement inequality, see e.gd, [[13]. In particular, this inequality motivated the name
for minimizers in Definition 6.3. The simplest form of thisequality, which is sufficient for our purposes is as
follows.

LEMMA 6.5. Riesz rearrangement inequality on a circle.
Consider two classes of even, bounded and positive fursatiop-1, 1]

1
Ai ={f(@)|f(x) = f(-2),0 < f(z) < 1,/0 f(x)de = p;}, i =1,2.

Letx,.(z) € A; be the characteristic function of the detp;, pi], x2, (x) € A; be the characteristic function of
the sef—1, —1+p;] U[1 —p;, 1]. Supposes () is an even positive locally-integrable periodic function® that
decays ono, 1]

K(x) >0, K(z) = K(—z), /1 K(z)dx < oo, K(x +2) = K(x), andK(x1) > K(z2), (6.7)
0
if 0 < z1 < 29 < 1. Thenforanyf(z) € Ay, g(z) € Ay

// g(®) = po)K x—td:cdt</ / X (@) = p1)(O0C, (8) — p2)K (¢ — t)dadt,  (6.8)
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where the equality holds only in the following two cases

a) (@) = Xy, (2), 9(2) = X3, (2), b) f(2) = x5, (), 9(2) = x5, (2)- (6.9)

Moreover, for any > 0 there exist$’ > 0 so that ifmin(e;, e2) > ¢/,

1

1
el = /0 (1 = Xpu | + 19 = Xpo ), €2 = /0 (If = x5, 1+ 19 — xp,Dda (6.10)

then

/ / (g(t) — p2) K (z — t) d:vdt</ / (b, (@) = p1) (X, (£) = po) K (& — t)dawdt — 6. (6.11)

We assumed in this Lemma that the functions are bounded flmweaby one. This assumption can be
replaced by any positive number with obvious modificatiofthe results. The proof of Lemma 6.5 follows from
considerations similar to those found in [1]. It basicalays that among all possible functiods< f(z) < 1,

0 < g(x) < 1onacircle[-1, 1] (where the endpoints = +1 are identified) the maximum of the integral

1 .1 1 1
/ / (f(x) — p1)(g(t) — p2)dadt, with / f(z)dx = pl,/ g(x)dx = po (6.12)
—1J-1 0 0

is achieved on characteristic functions of the intervalenfith2p,; and2ps. The reason why the intervals centered
atz = 0 andx = 1is due to our assumption th#fx) andg(z) are even. In order to explain how Lemma 6.5 must
be modified and applied for our case we decompose

s(x) — (s) = sin? ae,, + sin? Bes, €a = (XaXa — 4a), €8 = (XBX8 — 48)

wherey, andyg, xo + xg = 1 are (random) characteristic functions of the angle distiinsé = o andé = g,
respectively;x, andys are the characteristic function of the grains witk- o« andé = §3, respectively, for which
I=1.

The term (6.2) (the second term in (6.1)) equals

W(U,e") = sin’ 04/11 /11 Ea()ea(t) Koo (x — t)dadt
(6.13)

1l 1,1
2sin® arsin® o Koo (2 — t)dxdt + sin’ Koo(x — t)dadt.
+ 2sin” asin ﬁ[l /715 (x)ep(t) Koo (x — t)dazdt + sin ﬁ[l ‘/7185(1')65(15) (x — t)dzdt

Each of the three integral terms in (6.13) has the form desdiin the previous Lemma 6.5, because by Lemma
3.1 the integral kernek(, = — In|sin(rz/2)|, and hence it satisfies all the conditions (6.7). As in Lemn3a 6
we need to maximize the integral (6.13) by varying the cheréstic functionsy, andxs. The only difference
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y y

0 p 1 x O 1-p 1 x

Fic. 6.1.A sample of two random intervaje, (z)x; , (z) andxa (z)x2_ (z), wherep = qa /q.

is the additional constraint that, andx s are random characteristic functions. This additional trairst, loosely
speaking, requires that the maximizers of (6.13) are "ramdtervals” still centered at = 0 or x = 1. More
precisely, note that the values of the characteristic fonsty,, andxg in (6.13) is important only wherg, = 1
andxg = 1, respectively. Hence for a sequence of Bernoulli randorabéesd;, : = 1,...,n we can define
characteristic functions of random intervals of lengih on [—1, 1] centered at = 0 andz = 1 as a product of
two characteristic functionga(:c)x}la (z) andxq, (ff)Xga (x), respectively, where

1, e < gp < da, 0,1+ <p<l—12
Xb (2) = ¢ =TSN (1) = a = “ (6.14)
“ 0, otherwise 1, otherwise

Similarly, functionsy.(z)xg, (z) andxa(z)x2, (z) are random intervals of lengthy; centered atr = 0 and
x =1 where

=)
>
=)
@

_ 8 _ 48 _ 48
1 (CC) _ 11 T—q S(E S 1—qg’ . 2 (ZZT) _ 0, 1+ lfq <zr<l T—q° (615)
0, otherwise 1, otherwise

For an illustration see Figure 6.1. The above discussioreidemigorous by

LEMMA 6.6. Randomized Riesz rearrangement inequality.
Consider Bernoulli trials (4.5). Supposg, andxgs, x. + xg = 1 are (random) characteristic functions of the
angle distribution®) = « and@ = 3, respectively. Le,(0) andgg(0) be random variables & with values

0<¢a(0) <q, 0<g3(0) <1—gq.
Supposel (z) satisfied6.7). Then for every > 0 there exist®’ > 0 so that if

|qo¢(0) - QQl < (Sla |qﬁ(0) - QB| <d (616)
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for some fixed. andgg, then almost surely as — oo the maximizers of

max /4 /71(a5a(:c) + beg(x))(aea (t) + beg(t)) K (x — t)dxdt,

Xomf(ﬁ

Ea = (Xa)%a - QQ(G))vgﬁ = (XﬁXB - qﬁ(e))va > 07b >0 (6-17)
1 1
(@) = x* (=), X*(@) = ¥*(~), / N Tadz = ¢a(6), / V*ade = 4s(0),
0 0

satisfy
min (e, e2) < 4, (6.18)

where

1 1
e = / (1% = XL e + 1% — XL, X0, €2 = / (Ko = X2, xa + %5 — X2, [xo)de,  (6.19)
0 0

X, andx;,, i = 1,2 are defined in(6.14)and (6.15) respectively.

The proof of Lemma 6.6 is by contradiction to the law of largeners and it is provided in Appendix C.2.
The next lemma shows the equivalence of Definitions 6.2 aBd$: — co.

LEMMA 6.7. Consider the Bernoulli trials (4.5). For a giveld, let ¢, and gg be defined as in Lemma 5.3
by (5.15)or (5.16) Then the probability measurg’ of the asymptotic energy minimizer of the misfit energy
(6.1)(see Definition 6.2)) and the probability measufeof the Riesz symmetrically-rearranged energy minimizer
(Definition 6.3) are asymptotically identical in the senisatt

1 1
lim [ ([Xa = X5, IXa + X5 = Xg, Ixp)de =0, or lim [ (%0 = X2, [Xa + X5 — X5, Ixp)dz = 0,
0

n—oo 0 n—oo

with equal probabilityl /2.

Proof. By Lemmas 5.3 and 5.5, depending Gnthe minimizer of the first term in (6.1) satisfies (5.15) or
(5.16) for almost everg asn — co. Since the condition (6.16) of the randomized Riesz regearent inequality
is satisfied for any > 0, we have that for almost eve#y

lim min (e, eq) =0,
n—oo

where

1 1
1= [ (% = b+ [0 = X3, Deaddas 2= [ (1% =l + 105 = X2, hes)do
0 0
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Hence{(s;, I;)}I~ is either left-rearranged or right-rearranged sequeno@sti surely ast — oo. For every
n the measure:,, must be symmetric with respect to the to reflection about thietp: = 1/2, i.e. with equal
probability eithere; — 0 ores — 0 asn — oo. Hencey,, and the Riesz symmetrically-rearranged meagijre
have the same limit as — oco. 0

End of proof of Theorem 6.4 Again, by the symmetry of the problem with respect to reitecabout the
pointz = 1/2, u,, also must be similarly symmetric. By Lemma 6.1 the minimiig6.1) is an almost minimizer,
i.e. foranyd > 0 there isL, so that the condition (6.16) of the randomized Riesz regearent inequality holds.
Hence it implies that for sufficiently largk, the minimizing sequences for aly> L, are arbitrarily close to the
Riesz symmetrically-rearranged minimizing sequenceasahaeither

1 1
/ (|>za - X;alxa + |>~(ﬁ - X¢115|Xﬁ)dw <4, or / (|>za - X3a|Xa + |>~(ﬁ - X35|Xﬁ)dw <9,
0 0

with equal probabilityl /2 asn — oo. If Ly — oo, thend — 0, and this completes the proof.

Note that in the limitL — oo we have that,, andgs are fixed (nonrandom) numbers. This immediately
implies that there is no short-range correlations. Rieazramged measure is correlated on the large-scale: for
example, supposg, = ¢ andgg < 1 — g, then for the right-rearranged measure:

(sin? o, 1), with probabilityq,
(s,I) = (sin? 3,1), with probabilityl — ¢, if 1 — T2 <w<l, (6.20)

(0,0), with probabilityl — ¢, if 0 <2z <1 — quﬁq

and for the left-rearranged measure:

(sin? o, 1), with probabilityq,
(s.1)={ (sin®,1), with probabilityl — ¢, if 0 < < 2, (6.21)
(0,0), with probability1 — ¢, if 1‘% <z<l.

The long-range correlation of transformation strains i@ $ymmetrically-rearranged minimizer probability mea-
sure can be read off the formulas (6.20), (6.21).

7. Statistics of asymptotic energy minimizers 3: Chain of sbrt grains.

7.1. Basic definitions and ideas|n this section we will show how exponentially decaying etations arise

when the scaling of the polycrystal is such thiat 1y/(2)n, Iy < 1 (short grains). By estimate (3.16) the misfit
energy forly < 1 is given (up to higher order terms) by the nearest neighbergn

WU, €7) = (U~ f + )% = dolls = (s))? = 222 S (50 = (5)) (i1 — (5)), 1)

=1

whereB > 0, A\p > 0. In this case, we show that for Bernoulli trials (4.5) expatiedly decaying correlations
arise whem — oo, followed by L — ~c.
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Qualitatively, the misfit energi’,! (U, e7) has three terms which are analogous to the case of thin laigsgr
(6.1). The minimization of the first two terms

WU, e") = (U~ f +5)*) — Xo{(s — (s))? (7.2)

determines, as in Lemma 54, andggs , thetotal amount of the grains that undergo a stress-free transfamat
The minimizers of (7.2) are, in general, not unique. Thedthérm provides a small correction to (7.2), and, as in
Section 6, plays a role of regularization, that is it seltiotsunique minimizer of (7.2) that maximizes

WalU,e) = =350 = () si11 = () (7.3)

Analogous to Definition 6.2, the above considerations natd¢ithe following definition

DEFINITION 7.1. For a fixed sequence;, i = 1,...,n, the asymptotic energy minimizer of the nearest
neighbor mode{7.1)is the sequencg;, I;), i = 1, ..., n such that it minimize§7.2), and maximizeé&7.3)among
minimizers of(7.2).

LEMMA 7.2. For the Bernoulli trials mode(4.5)the minimizing sequencgs;, I;), i = 1,...,n of the misfit
energyW (U, ") given by(7.2)satisfies

5(0) = sin? 0, (7.4)
and asn — oo,

4a(0) = qa,q3(0) — qg

almost surely. The valueg, andggz are determined as follows. For a givéhthe total proportion of grains that
undergoes a stress-free transformatipra= f(U) is a (deterministic) nondecreasing functionlof For a givenf
we have several cases

o if f <1—gq,then
4a=0,0<gg<1—gq, (7.5)

x(a) =0, x(8) = ¢5/(1 — q),
o if f>1—g¢,then

0<¢.<q,qgg=1—q, (7.6)

X(B) = qa/q, x(B) = 1.
There are values af, 5 andU for which0 < gz <1—¢gor0 < g, < g.

The proof this Lemma is analogous to Lemma 5.3. Clearly, tinetion f (/) in Lemma 7.2 is different from
the one for the infinitely long grains in Lemma 5.3. Howevbe tharacteristic property of the measure that it is
determined by;, andgg with either (7.5) or (7.6) still holds. One of the consequenof the previous Lemma
is that there are, again, some valygsandgs that determine the proportion of grains that undergo a stires
transformation and they satisfy, = 0 or gg = 1 — ¢. This is exactly the characteristic property, that we need t
be able to prove exponential decay of correlations by apglttie isoperimetric inequality (7.8) to the sequences
described in definition 7.1. Following the logic in Sectionwé obtain that asymptotic energy minimizer of the
nearest neighbor model (7.1) arises in the limit- oo, followed byly, — oo. The proof of this statement is
similar to the proof of the analogous statement in case Zisdef proof of Theorem 6.4 in Section 6.2. Hence we
only need to find a statistical characterization of maximsz# (7.3). for fixedy, andgs found from Lemma 7.2.
This is given in Theorems 7.4 and 7.5 below.
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7.2. Isoperimetric inequalities and characterization of naximizers of (7.3). Here, itis convenientto char-
acterize any pointin the compositez [0, 1] as a point that belongs to a (maximal) uninterrupted strrigemtical
values off.

DEFINITION 7.3. For a fixedd = 61,0, . .., 0,, we say that a string
0y = 0iy1,0i42,...,0i1m, 05, CO
is a (maximal) uninterrupted string &f = « of lengthm ifall 6, ; = o, i = 1,...,mand; = 0,11+, = 5.

We say that: € [0, 1] belongs to an uninterrupted string of valuef lengthm if = € 6 The notionr € 0} is
defined analogously.

Recall our notation

s(z) — (s) = sin® ag, + sin? Beg,

€a = (XaXa — Ga); €8 = (XpXB — 98):

wherey, andyg, xo + xg = 1 are (random) characteristic functions of the angle distiinsd = o andf = g,
respectively;x. andys are the characteristic function of the grains witk- o andf = g3, respectively, for which
I=1

By lemma 7.2, we have two cases: eithgr= 1 — ¢, and thenyg = 1, org, = 0, and theny, = 0. Let us
study these two cases separately.

Suppose, = 0. Let us look at maximization of
1< 9
- Z $iSi+1, (S) = gpsin® 8 (7.7)
=1

only. Each ofs; (up to the constantin? §) is eitherl or 0, therefore the maximization of the nearest neighbors
term (7.7), can be understood as the minimization of the Banyof a set with constant area:

éneiﬁm’ A ={QQ = {z]s;(x) # O},/Qd:c =gz} (7.8)

Then the usual isoperimetric inequality implies that theximazer of (7.7) is such that the grains with = 3
undergo a stress-free transformation, if they belong twagd? uninterrupted sequenég’ of the grains with the
same) = . If §; = [ belongs to a "short” uninterrupted sequertige, then it does not undergo a stress-free
transformation. Hence there should be short-range ctimeta The notion of short and long sequences is relative
to the value of the total number of grains, that must undergtvess-free transformation. The above ideas are
formulated more precisely in the next theorem.

THEOREM 7.4. Consider the Bernoulli trial¢4.5). Denote byy, and g the characteristic function of the
grains withd = o« andf = j3, respectively, for whicli = 1. Supposé/ is such that the minimizer of the first term
in (7.1)satisfies;, = 0. Thenin the limitn — oo the sequences;, I;),i = 1,2,...,n,... is a stationary process
with exponentially decaying short-range correlationsnpdprange correlations are zero; ang, = 1. Moreover,
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almost surely as — oo the minimizer of the nearest neighbor mo(iell) satisfies

1, if ifx € 0%, m >k,
O,xe@}}l,m<k,

X508 =1 \ith probabilityr, if z < 6%
0, with probability1 — r, if z € 6%,
where
k = max(m) such that ¢g < (1 — ¢)™, (7.9)

andr is found from

qs =rq(l — @)% — (1 — ). (7.10)

Proof. By the law of the large numberg, = 0 andgz(8) — ¢z almost surely, therefore it is sufficient to
study (7.7), or, equivalently, (7.8). By the isoperimetriequality for everyd the functionys(z) must be such
thatif 03", 05, ... 67", are all the (maximal) uninterrupted sequenggs € 6 of valuesg ordered so that the

indices are decreasing; > my > --- > mqy, thenthere existsan1 < i < tso thaty(z) = 1,if z € Hg”,j <i

andy(z) =0,ifz € Hg”,j > ¢ with the exception of at most orje> .

By construction as — oo, the processs;, I;),i = 1,...,n,... is stationary. Since all’, 03" are geometri-
cally distributed independent random variables [10], iamexplicitly that the probability of a striref}" is given
by

poo(---05 ...) = q(1 —q)™ L

Hence if the total proportion of grains that undergoes astfeee transformation igs, we must have, as — co

g=rql—qf+ > ql—q) =rq(l—gF+(1-g""
i=k+1

where, due to our assumption of equal probability (4:13%,the probability thag (z) = 1, if x € Gg. Thereforek

is found so thatl — ¢)**! < g5 < (1 — ¢)¥, i.e. (7.9), and is found from (7.10).

Sincedy;, 6" are independent random variables the limiting process Xasnentially decaying short-range
correlations. It implies simultaneously two results: lenagnge correlations are zero, and short-range correkation
decay exponentially witk. These correlations are not zero and can be computed dlpliti

Supposeg = 1 —gq. This case is slightly more technically complicated, betrirethods are the same as in the
caseg, = 0. The main new issue is that may now takehreevalues, and, therefore, we have to account for three
possible different interfaces. Direct computations shbat tve have here three different situations, depending
on the relative value oft and3. If sin? a > 2sin? 3, then the maximizer of (7.7) is such thag (z) = 1if =
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belongs to théongest(maximal) uninterrupted string&”. If, however,sin? o < 2sin’ g, theny,(z) = 1if =
belongs to to thehortestuninterrupted string8™. If sin? o = 2sin” 3, then there is no difference, and the only
statement, that is possible to make here is fhdtr) = X (v), if  andy belong to the same uninterrupted string
™. Due to our assumption of equal probability (4.1), it is plokesto conclude that ifin? o = 2sin? 3, then there

is no correlations at all, therefore we will omit the disdossof this case. Combining these arguments with the
arguments in the proof of Theorem 7.4 we have the followirsglte

THEOREM 7.5. Consider the Bernoulli trial¢4.5). Denote byy, and xg the characteristic function of the
grains withd = o andf = g, respectively, for whici = 1. Supposé’ is such that the minimizer of the first
term in (7.1) satisfiesgs = 1 — ¢. Then in the limitn. — oo the sequencés;, ;), i = 1,2,...,n,... is a
stationary process with exponentially decaying shortgeacorrelations; long-range correlations are zero; and
Xg = 1. Moreover, almost surely as — oo, the minimizer of the nearest neighbor mogell) satisfies: if

sin? @ > 2sin? 3, then

1, ifxed™

o)

m > k,
. 0, ifx e, m<k,

1, with probabilityr, if z € 6%,
0, with probability1 — r, if z € 6%,

wherek = max(m) such thatg, < ¢™, andr solvesg, = (1 — ¢)¢* — ¢**'; if sin? @ < 2sin? 3, then

1, ifxzedm

) o

m <k,
0, ifx el m>k,
1, with probabilityr, if 2 € 6%,

0, with probability1 — 7, if z € 6%,

wherek = max(m) such thatg — ¢, < ¢™, andr solvesg — ¢, = r(1 — ¢)¢* — ¢* 1.
Appendix A. Proofs for Section 3.

A.1. Proof of formula (3.4). To obtain the representation (3.4) we begin by decompasiag (u1, us) of
the boundary value problem (2.11), (2.13), (2.14) in thenfer = @ + u, wherew solves (3.6). The constants
a;, ¢;, d, f; andg; are chosen to satisfy the continuity of the displacemeand traction (condition (2.12)) and,

denoting
Gij = Cijri(Epl —e1y); E11 = O, E1a = Eo1 = (Oolly + O1l12)/2, Eao = Dol
the boundary conditions
41(0,9) =0, a1(1l,y) =U, 2(0,0) =0, G12(x,y) =0, forz =0, 1.

The stresses are
Gigr = (A +2G)(a; — [ 11) + Md — €] 55),
Gizz = (A +2G)(d — €] 55) + Ma; — €] 11),

i1z = G(e; — 25112)-
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Hence[515] = 0, if ¢; = 2¢/,,. Similarly [6;11] = 0, if

A
a; =€ 11 + 7(;5{22 + Const

A+2
where the constant can be found from the condition that thglaltement of the right boundaryls

A

Const= U — (¢],) — m@gz)-

Finally,

(52) = (4 20)(d - )+ A (ke + U = 1) - 5l )

= (A +26)(d — (e35)) + MU — (e1))-

Setting(c22) = 0 we have

- m(U = (e11))-

The values off; andg; are unimportant for our analysis, and we omit them. We have
611 = Eo(U — (e]})), Gina = Ec({ey) — 5122), o012 =0, (A.1)

where the Young’s moduluB, is given by (2.16). The elastic misfit energy associated with

A 1
2 9 = ~ = (= 2
E 1L / / ((312)* + (622)°) 24G(A+G) 11622 + 55(012) }d“’dy'

Sinceg2 = 0, 617 =const andr,; is mean-zero, the above equation becomes

E? 4L/ / (611)% + (622)) dady = (U — f+€;2)2) = (U - f+ )%,

which is the first term in (3.4).
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Let us now findu. It solves (3.7) on a bounded domain . A useful periodic setting for (3.7) is obtained by
assuming this equation is posed on an infinite stripoo, co[x [— L, L] with data that is even and periodic:in

(a) 0(—z) = 0(x), O(z + 2) = 0(z), (A.2)
(b) e (z,y) = €'(~x,y), €"(x +2,y) = €' (z,y).

Thus, @ equals to the restriction of the solution of (3.7) on an inéirstripz €] — oo, 00, y € [—L, L] with
periodicity conditions defined by (A.2). Sin@g.(x,+L) is a periodic, mean-zero, even function, it can be
represented as a cosine Fourier series. The solution onfthiéa strip with a sinusoidal symmetric stress(knx)

aty = +L can be computed explicitly for anly by the Airy function method. Namely, since we are given that
a92(x, £L) is a periodic, mean-zero, even function, it can be represieas

1G(\ + G)

o22(z, £L) Ec;ck cos(krx), E. = 136

wherec;, are the corresponding Fourier coefficientsbfz). The solution for the infinite strip with a sinusoidal
symmetric stressos(kwx) aty = L is given (see [18]) by the Airy function

cos(kmz) kry sinh(kw L) sinh(kmy)—[kn L cosh(kn L +sinh(kn L)]cosh(kmy)

=2
(km)? 2knL + sinh(2k~wL)

This Airy function gives rise to the following stresses

92d 9%d 0%d

_k k —k k —k k

oy = —— =d km Oy = ——— =d n(kn 09y = —= =d os(k7
11 9y? 11 cos(kmx), a7y 20 128in(kmz), 055 N2 5o cos(km),

where

kmysinh(kw L) sinh(kmy) — [kw L cosh(kn L) — sinh(knL)] cosh(kmy)
2k L 4 sinh(2kn L) ’

kmysinh(kw L) cosh(kmy) — kn L cosh(kw L) sinh(kmy)
2kw L 4 sinh(2kn L) ’

dry, =2 (A.3)

—kmysinh(kn L) sinh(kry) + [knL cosh(kn L) + sinh(knL)] cosh(kmy)
2kw L + sinh(2kw L) '

déz =2
Therefore the total stresses are

o1 = E.(U - (e],)) + E. chd]fl cos(kmz),
k=1
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o12 = E, Z crdhy sin(kmz), o9 = E, Z cr(dsy — 1) cos(kmz),
k=1 k=1

where in the last equatiars(kmx) arises, because (see (A.1))

099 = —ECch cos(kmz).
k=1
By definition
A 1
2N o A 1 2
- 4L/ / ((011)* + (022)?) 24G(/\+G)011022 + 26(012) }dmdy.

Sincefi1 cos(kmz) cos(mmx)dr = Sgm

W(U,eT) = ((U—f+ep)’)+ Y cKi(m

where

Kp(m) = 1L /_L {(du) +da3(dyy —2) — 126 =+ 126 }dy. (A.4)

A.2. Proof of Lemma 3.1. Using (A.3) and (A.4) from Appendix A.1, direct computatfoshow that the
Fourier coefficients of{; (x) (3.5) are given by

- B1
Kp(m) = Tm O(exp(—L)), (A.5)
so that, defining
1
Ky(z) = — : A.6
(z) Z — cos(mmaz) (A.6)
equation (3.8) is satisfied. A closed form expression fog tim is known:K.(z) = —In|sin(rz/2)| (see

e.g. [9]), and the Lemma follows.
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~ A3. Proof of Lemma 3.2. Leta = lomk/n, then using (A.3) in (A.4) from Appendix A.1 there is a furecti
K (a) such that for any: the Fourier transform oK'y, is given by

Ki(k) = K(a).

Direct computations show thﬁ(a) is given by

- 5A 4+ 9G A+G

(a) = 20+ 26) 1(a) — mSQ(CL), where (A.7)

(cosh(a) — 1)
a(a + sinh(a))’

(a)?(2 + cosh(a))
6(a + sinh(a))?

Si(a) = Sa(a) = (A8)

Asn — oo the Fourier coefficientss (a), a = lyk/n, k € Z converge to the Fourier transform, which we, with
slight abuse of notation, also dendi’({a). Sincef{(a), is smooth, applying the Fourier transform we obtain (3.9).
Direct evaluation of formula (A.7) shows thﬁ‘t(a) > 0 for all physical choices of the Lamé constants, so that,
by Bochner’'s Theorem [17, Vol. 1] (x) is positive-definite. We verify (3.10) by applying the PaM§ener type
Theorems [17, Vol. 1] From (A.8) it follows that the Fourieansform of X' can be analytically extended into a
finite strip|Im(a)| < ¢2 around the real axis provided+ sinh(a) # 0,a # 0, or, equivalently

Re(a) = —sinh(Re(a)) cos(Im(a)), Im(a) = — cosh(Re(a)) sin(lm(a)), a # 0. (A.9)

There is no solution of the last equation in (A.9) at leasthie strip|Im(a)| < « , which can be rewritten as
k < n/ly. Therefore, by Paley-Wiener Theorems, (3.10) holds.

A.4. Proof of Proposition 3.3. For anylU ande" we can estimate the error of the truncation (3.14) as

(W (U,eT) =W (U <e Y Aaln)l((s = ()?)
k>ko

< cexp(—ko){(s — (5))*) < cexp(—ko).
Since

Wh(U,el )= _min Wk(U,&"),
é'Tefzn(e)

we have

W, (U,e") < min Wi (U, EN) + cexp(—ko) = W, (U, 8) + cexp(—ko).
€ eQn(6)

By definition of the minimizeiV,,(U, @) < W,,(U, e"). This implies (3.15).

Appendix B. Proofs for Section 5.



RISE OF CORRELATIONS IN RANDOM POLYCRYSTALS 33

B.1. Verification of (5.11) For a given product measufewe have

/Illgdﬂz (/Ildﬁ)2, /sllgd/l: (/sldﬁ> (/Ildﬁ>,

because the events in the first and the second grain are imdiepteand identically distributed. Hence

2

/4 /4
/ Ilfzdﬁ=</0 x<9>dp<e>> ) /(U+81)Izdﬂ=f</0 (U+8(9))x(9)dp(9)+(1—f)U>-
It gives

/F(U,Sl,fl,fz)d/l = / ((U +51)2 = 2(U +51) [ + 1112) dp
w/4 w/4
= /O (U +5(0))*x(8)dp(0) + (1 — f/)U* —2f (/0 (U +s(0))x(0)dp(0) + (1 — f)U> + f?
/4
= [ (@ s0) = 17 = ) x(Odol6) + (1= HW? ~ 20 1)+

w/4
- / (U +5(6) — £)*Xx(O)dp(6) + (U — (1 - f).

where the last equality is obtained by noting the followidegritity

w/4

B.2. Proof of Lemma 5.3. The proof is the direct evaluation and comparison of all flssscenarios in
(5.12). Using (5.12), we simply consider four functiondbfq, g, andgg:

Wi=U-—¢qga—qs+ cos? ) qq

+(U = ga — g3 4 05> 3)2qs + (U = qo — q3)> (1 — g0 — qp),
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Wo=U—¢qa—qs+ cos? a)?qa

+(U = ga — g5 +si0° 8)°qs + (U = ga — 45)*(1 — ga — 45);
W3 = (U = qo — qp + sin? a)?q,

+(U = ga — g5 +c05” 6)°q + (U — ga + 45)*(1 — 4o — 4p);
Wi = (U~ qa — qp +sin? a)?q,

+(U ~ ga — g +5in? B)2q5 + (U — ga — 45)*(1 — ga — q5),
and compare their values for each fixécandg, whereg,, andggs are in the range (5.13). It is easy to check that
the minimum is always achieved fo¥,, hence equation (5.14) is satisfied.

Appendix C. Proofs for Section 6.

C.1. Proof of Lemma 6.4. Since the Fourier coefficients of a convolution equal thedpots of the Fourier
coefficients, since from equation (A.6) we know the Fourmefticients of K, are< 1 in absolute value, and in
view of Plancherel’'s theorem, we have

1

/_1 /_1(8(:6) = ()(s(t) = (8)) Koo(z — t)dzdt < / (s(2) — (s))2dx,

—1

and|s(z)| < 1, foranyd > 0, there existdy > 0, so that for anyl > L,

S

| =W, (U,e")] < 4.

— T
Hence for any = e,

((U—=f+5)2 <Wn(U,e) < (U= f+5)> +6.
It follows that
mi}p((U —f+9)%) < mifn W, (U,e") < mifn((U —f+8)) 46

for any sequence of anglé@s Applying Lemma 5.5 we complete the proof of (6.5). Equaliyd) follows from
direct computations as in Lemma 5.3.
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C.2. Proof of Lemma 6.6. Suppose (6. 18) (6.19) do not hold. It means that theresexist 0 such that for
everyd’ > 0 there is a sequence of sets, € o , {n,} — oo with probabilityp,,, (4,,) > 2C > 0 such that
for every fixedd € A,,, (or, equwalently(xa,xg) € A,, )thereis a (at least one) maximizgx, xg of (6.17)
such that

min (e1,ez) > § (C.1)

where
1 1
er = / (IXa = Xq. [Xo + X5 = Xg,1Xp)d2, €2 = / (IXa = X2, Ixa + X5 — X3, |X5)de, (C.2)
0 0

X4, andy;, are defined in (6.14) and (6.15), respectively. Siftler) € L'[—1, 1] is fixed andyaxa, Xsxs are

uniformly bounded inL>°[—1, 1], for anyd; > 0 there exist$: > 0 so that

/ / ea()eq(t) K (z — y)dzdt — / / Ea()Ea(t) K (z — y)|dwdt‘ < 01,
/ / ea()eg(t) K (x — y)|dxdt — / / Ealx)Eg(t) K (x — y)|da:dt' < 01, (C.3)
/ / eg(x)eg(t) K (z — y)|dzedt — / / Eg(x)Ep(t) K (z — y)|dxdt’ < 01,

where
1" 1 ("
Ealx) = o /_h Eo(z +t)dt, E5(z) = oA /_h gz + t)dt.

By the law of the large numbgrs, for adly > 0 there isA,,, € A,,, pn, (An,) > C so that for every € A,
(or, equivalently(xo*, x5*) € 4,,) andny, > Ny, we have

£a(®) = qxa(2,0) — 4a(0),E5(z) = (1 — ¢)xs(z,0) — a(0),
where (random i € A,,,) functionsy,(z, 8), xs(z, 0) satisfy
0 S XQ(I,G) S 1+627 0 S XQ(I,O) S 1+627

andmin (e, e3) > § — d where

1 1
e = / (X, 8) — XL | + x5, 8) — X2 ), > = / (X, 60) = X2, | + x5, 6) — X2, )
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The classical Riesz rearrangement inequality (6.11) iespihat wherd; andd, are sufficiently small, there is
4§’ > 0 so that for every € A,,,

/_1 /_l(asa(:v) + beg(z))(agq (t) + beg(t)) K (x — t)dzdt

1 1
< [ [ (ashio) + @) ach(t) + beb)K s — o 5

where

en () = X4 Xa» £6(2) = X§,X5-

Hence we have that,, xg with (C.1), (C.2) cannot be maximizers of (6.17). This letmlsontradiction with our
assumption that (6.18), (6.19) do not hold.
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