6.9. Poisson equation in a rectangle.
We consider

Pu

@+a—y2:f(x,y), O<ax<L, O0<y<H, (1)
u(0,y) =u(L,y) =0, 0<y<H, (2)
u(z,0) =u(x,H) =0, 0<z<L. (3)

We propose the eigenvalue problem

%4‘% =—-Ju, O<z<L, 0<y<H,
u(0,y) =u(L,y)=0, 0<y<H, (4)
u(z,0) =wu(z,H)=0, 0<z<L.

We use separation of variables to find
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where n = 1,2,---,m = 1,2,---, are solutions to (4). Using Fourier sine series

Theorem in the x—variable first and then in the y-variable, we can expand f(z,v)

into o o
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f(z,y) = Z Bom SID(T)SIH(T)’ (6)
n=1m=1
where -
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Thus a solution to (1)-(3) is
Ca B nmwx mmy
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u(z,y) = — Z Z (TE)2 1 (EE)2 sin( 7 ) sin( fi ). (8)
n=1m=1\L H
where By, are given in (7). We can verify that (8) is indeed a solution:
Au = =300 > %%A(sin(ﬂf)sin(%))
=300 1 575 | By sin(2FE) sin (227
n=1ZL.m=1 L H
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Note: Let € be a general domain in IR"™. Consider

—Au = Mu, in £,
u =0 on Of).



Then in general there is no explicit formula for u or A. But a general theorem tells
us that there exists A\; < Ag < --- and corresponding uy, us - - - such that (\;,u;) are

solutions to the eigenvalue problem (9) and any f(Z) can be written as

(@) =" Bpuy. (10)
n=1
Thus a solution to
Au = f(x)
is
o0 Bn
= — — Uy, 11
u n; U (11)

So the study of the eigenvalue problem is very useful. The expansion (10) is called

the eigen-function expansion. The equation
—Au = \u (12)

is called the Helmholtz equation.

The eigen functions u,, are orthogonal in the sense

/ U ()up, (z) de =0,  if n # m. (13)
Q
This is why we can determine the coefficients B,, quickly:

o F(@)un(e) da
B = (@) de 1)

foralln=1,2,---.



