M597K: Solution to Homework Assignment 9

1. Solve the initial value problem for a first-order linear homogeneous equation
— — (sint)x =0,(t >0); =(0)=1.

Solution.

= (sint)dt

td t
—m:/ sint dt
0o T 0

Inz(t) — Inz(0) = —cost|) =1 — cost

dx
T

using z(0) = 1 we get
Inz(t) =1—cost = x(t) =el7o¢

2. Solve the initial value problem for a first-order linear nonhomogeneous equation

d
d—f Yt De = (t>0); 2(0)=0.
Solution.
L ¥ alt)r = £)
where

using the formula
t t s
2(t) = e~ Jo ¥ 0y + / eJo AT £(4)dg]
0

with z(0) = 0 to get
2 t 52
z(t) = e_T_t/ e~ 2 15ds
0

3. Find the general solution formula for the second-order linear scalar equation with

constant coeflicients
2z n dx . 0
— 4+ — 4+ 2 =0.
dt? dt



Solution.

We seek the solution in the form x = e, then

dzx Az
g e)xt — )\26)\15

dt dt?
Plugging in the equation we get

AN+ X+1)eM=0

Solve the characteristic equation

MAA+1=0
—1++/3i —1—/3i
A =— A=—"
2 2
So the general solution is
—1+3i 717\/§it

The real solution is

=

z(t) = e 2] cos(\/Tgt) + ¢ sin(?t)]

4. Find the general solution formula for the first-order linear system of equations

with constant coefficients

‘fl—f =2r—y—=z
% =-r+2y—=z
% =—x—y+2z.
Solution.
Let’s seek the solution as:
x(t) aeM
y(t) | = | be
z(t) ceM
Then _
x'(t) aeM x(t)
y'(t) [ =] beM | =X yt)
2/(t) ceM 2(t)




Plugging in to the equations we get AX = AX.
That is (AI — A)X = 0 where X = (a,b,c)T
Solve the equation det(A] — A) =0 i.e.

N —6X2+9N=0

To get the roots A\1 =0, A0 =3, A3 =3
For each \;, solve the equation (\;] — A)X =0

a 1
M=0 = |b|l=a1]|1
c 1
a 1 1
)\2 = )\3 = = b = Q9 —1 + a3 0
c 0 -1
(1) 1] 1 1
yt) | =1 | 1 |+az| =1 [ +az| 0 |
2(t) 1 0 ~1

5. Determine whether the zero solution to the system

S0 )0

where € is very small, is asymptotically stable or unstable. That is, determine
whether all solutions with small data at ¢ = 0 go to zero or at least one solution
with arbitrarily small data fails to go to zero as time goes to plus infinity. (The size
of € depends on the size of the region of the initial data.)

Solution.

Let

Solve the equation det(A — AI) =0 i.e.

AN 4+B5A+5=0



To get the roots

Because A2 < 0, the system is asymptotically stable.

Optional 1. Find the general solution formula to the equation

B3z d?z dx
w‘l‘gwﬁ-Saﬁ-x—o.

Is the zero solution asymptotically stable?

Solution.
Let z=e* =X +3\2 431 +1=0
= A123 = —1 triple roots

= z(t) = (C1 + Cot + Cst?)e™!
Because lim;_, t"e~! = 0 the solution is asymptotically stable.

Optional 2. Find the general solution formula to the system of equations

dxy dzo n dzx3 n
—— =Xy — X3, —— =x1+T2, —— =x1+ T3
7 2 — 3 7 1 2 7 1 3

Solution.

Like the problem 4, to solve the equation (Al — A)X = 0.

The roots are A\ 23 =0,1,1

For A\; = 0 the eigenvector is a; = (1, -1, —1)T

For the double roots \g3 = 1, first we find a eigenvector as = (0,1,1)T and to
solve the equation (A — I)as = as to get the az = (1,1,0)7
=)

X(t) = C1(1, -1, -1)T 4+ C5(0,1,1)T e 4+ C3(1,1,0) T tet



