
M597K: Solution to Homework Assignment 8

1. Follow the proof of Property b to prove

(f ∗ g)∨(µ) =
√

2πf∨(µ) · g∨(µ).

Solution.

(f ∗ g)∨(µ) = 1√
2π

∫∞
−∞ e

−iµx(
∫∞
−∞ f(x− y)g(y))dx

= 1√
2π

∫∞
−∞

∫∞
−∞(f(x− y)e−iµ(x−y)g(y)e−iµydy) dx

(1)

Let x− y = z

(f ∗ g)∨(µ) = 1√
2π

∫∞
−∞(f(z)e−iµz)dz

∫∞
−∞ g(y)e

−iµydy

=
√

2πf∨(µ) · g∨(µ)
(2)

2. Find the Fourier transform of

f(x) =

 0, x < 0, or x > a,

1, 0 ≤ x ≤ a.

Solution.

f̂(µ) =
1√
2π

∫
R1
f(x)eiµxdx =

1√
2π

∫ a

0
eiµxdx

=
1√
2π

(
1
iµ
eiµx|a0) =

eiµa − 1
i
√

2πµ

3. Show that the Fourier transform of f(x)eicx is f̂(µ+ c). Here c is a real number.

ˆ(f(x)eicx)(u) =
∫
R1 eiµxf(x)eicxdx

=
∫
R1 ei(µ+c)xf(x)dx = f̂(µ+ c)

(3)

4. Use Fourier transform to solve the heat (diffusion) equation with reaction:

∂u

∂t
= k

∂2u

∂x2
+ cu, (x ∈ IR1)

where k > 0 and c is a real number, with initial condition

u(x, 0) = f(x).



Solution.

Note

(
∂u

∂t
)∧ =

∂û

∂t
, (

∂2u

∂x2
)∧ = −ω2û

Fourier transform of original equations are: ∂û
∂t = (−kω2 + c)û

û(0, ω) = f̂(ω)

We get

û(t, ω) = f̂(ω)e(c−kω2)t

Let ĝ(ω) = e(c−kω)t,

g(x) = [e(c−kω2)t]∨ = [ect−kω
2t]∨ = ect[e−kω

2t]∨ =
1√
2kt

ect−
x2

4kt

Then
u = 1√

2π
f ∗ g = 1√

2π

∫
R1 f(x− y) 1√

2kt
ect−

y2

4kt dy

= 1
2
√
πkt

∫
R1 f(x− y)ect−

y2

4kt dy
(4)

5. Find the Laplace transform of the function f(t) = t2 + et, t ≥ 0.

Solution.

L[f ](s) = L[t2 + et](s) = L[t2](s) + L[et](s) =
2!
s3

+
1

s− 1
=

2
s3

+
1

s− 1

6. Use Laplace transform to solve

u′′ + 2u′ + u = e−t for t > 0,

u(0) = 0,

u′(0) = 0.

Solution.

Let U = L[u]

Then

L[u′] = sL[u]− u(0) = sU

L[u′′] = s2L[u]− su(0)− u′(0) = s2U

L[e−t] =
1

s+ 1

2



Laplace transform of original equations is:

s2U + 2sU + U =
1

s+ 1

U =
1

(s + 1)3

u = L−1[
1

(s + 1)3
] =

t2

2
e−t

7. Use Laplace transform to solve

u′′ + 2u′ − 3u = 0 for t > 0,

u(0) = 1,

u′(0) = −2.

Solution.

Let U = L[u]

Then

L[u′] = sL[u]− u(0) = sU − 1

L[u′′] = s2L[u]− su(0)− u′(0) = s2U − s+ 2

Laplace transform of original equations is:

(s2U − s+ 2) + 2(sU − 1)− 3U = 0

U =
s

(s− 1)(s + 3)
=

A

s+ 3
+

B

s− 1

We have A+B = 1,−A+ 3B = 0.

Solve it we get B = 1
4 , A = 3

4

U =
3

4(s + 3)
+

1
4(s− 1)

u(t) = L−1 3
4(s + 3)

+ L−1 1
4(s − 1)

= (3e−3t + et)/4

(Seven problems in all, about 14.4 points each.)
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