M597K: Solution to Homework 4
Date: Friday Sept 27, 2002

1. Given a scalar ®(z1,x9,x3), does the gradient V& = (9,, P, 0., P, 0., P) satisty

the law of coordinate transformation for first-order tensors? That is,
8%@’(90’1,95’2,::;{3) = 0y, P(21, 22, 23)7

Here a1y is the coordinate transformation from one rectangular coordinate system
K to another rectangular coordinate system K’. Show your work. But you can skip

this homework if you know how to solve the next problem.

Solution. ( 10 points each) Yes, it does. We have the inverse transformation
/ /
Ty — C!j/kx] + $0k.

And the chain rule:
0  Ox 0 0

= — = Qg
oz, Oz} Oxy, Ozy,
Thus from (2}, 2h, 25) = ®(x1, 22, 23) and differentiation, we have
Ot (27, 9, 23) = O P21, 22, 73)
= Qg g ® (w1, 22, 23).
That is the law for transformation of first-order tensors.
2. Given a scalar function ® = ®(x1, z9,x3), do the quantities

0*®

form a tensor? Show your work.

Solution. Yes, it does. Continuing our solution in problem 1, we have

QE;QE;(I)I(xll, xé, :1:;’3) = 390;390;‘1’(%1, 9, .21?3)
= 8% [ai/ka%kq)(:cl, o, .’Eg)]

_ 0 0
= Ogj/mm[ai/kﬁ@(xla Z2, $3)]
O ®(x1,19,33)

= Qym Qg Oxm 0Ty,



which is the law for transformation of second-order tensors.

3. The stress tensor at a point has components given by

1 -2 2
(pij) = -2 3 0
2 0 -1

Find the stress vector (pp) across an area normal to the unit vector
b = (i; — iz +1i3)/V3.
What is the normal stress across such an area (i.e, the projection (ps - b)b of the

vector py on to b)?

Solution. A formula for py is pp = p;b; where p; are the rows (or columns) of

the matrix of the stress tensor. Thus
Py = (17 _27 2)/\/§ + (_27 37 0)(_1)/\/§ + (27 07 _1)/\/§ = (57 _57 1)/\/§

The normal stress across such an area is

(py - b)b = (11/3)b = %(1, —1,1).

4. For the stress tensor given in the previous problem,

(a) What is the total force on a unit disk whose normal is in the positive zo
direction? Answer: the second column (or row ) of the matrix (p;;).

(b) What is the 3 component of the total force on a unit disk whose normal is

in the positive z1 direction? Answer : Either pi3 or p31, which are equal.
5. The unit base vectors i, of a new coordinate system K’ are given by

ip +1i3 i/*il_i2+i3 i/*2i1+i2_i3
\/5 s 12 \/g s 3 \/6

The stress tensor p;; in the system K is of the form

o
11_

p1 0 po
(pix) = 0 0 O
p2 0 p3



Find the component p}5 of the stress tensor pj,, in K’.

Solution. The oy; =i} - i; are found to be given by

0 1/vV2  1/V2
() = | 1/V3 -1/V3 1/V3
2/V/6  1/v/6 —1/v6

By formula of transformation, we have

Pl3 = QUEQ3mPkm

= aypi(agipin + azepiz + azapiz)+
arro(az1pa1 + azrapag + azr3paz )+
ay3(asnps1 + azaps2 + az3pss)

= ()(. . .)_|_ (3)
1/v2(a310 + 390 + az3r30)+
1/V2(a1p2 + 20 + agisps)

= 1/v2(ag1p2 + azsps)

= 1/(2v3)(2p2 — p3) = (2p2 — p3)/(2V/3).

Using the matrix multiplication (p;;) = (@)(p)(a)”, one can find all components

together. Here (a)” denotes the transpose of (a).

6. Let a;, bj, and ¢, be the components of three vectors. Verify that the 27 quantities
dijk = Qaibjck

form a tensor of order 3.

Solution. We know a; = aynay, b;- = Qjimbm, ¢}, = QnCy, thus
/ 111/
dijr = 2a;b5¢; = 20110101 bm Qg Cn = Qi 0Grm O (2010 n) = Qi Grm Ok dimn -

7. Form a scalar by contracting the tensor with the matrix

-1 3 7 |. Answer : -5+3+2=0.



8. Given that

2 -1 2
(Ti) = o 1 3|, A =i —iy +i3, B = 2i; +1ip —i3.
-4 0 2

Find the inner products T, A;, T Ak, and T3, A; By. If it is too tedious for you, you
may choose i or k to be 2 if that i or k is not a dummy variable. (Note: First index

in 7" is the row number.)

Solution. Ty A; = T A1 + TopAs + T3 As.

For k =1, we have T A; = 2(1) + 0(—1) + (—4)(1) = —2.
For k = 2, we have TjpA; = (—1)1 + 1(—1) +0(1) = —2.
For k = 3, we have Tj34; = 2(1) +3(—1) +2(1) = 1.
Fori=1, TypAy = (2,—1,2) - (1,-1,1) = 5.

For i = 2, TpAr = (0,1,3) - (1,-1,1) = 2.

For i = 3, Ty Ax = (—4,0,2) - (1, —1,1) = —2.

You can use matrix multiplication to simplify the writing.

9. Show that the delta function §;; =i;-i; satisfies the law of transformation for
second-order tensors, where iy, io, i3 are the unit vectors of a rectangular coordinate

system K. This delta tensor is called the unit tensor.

Proof. Recall i}, = /i, Thus
! o/ o/ . . . .
0i; = 1; -1 = (irmim) - (rpdn) = Qirmagmin - in = QimajmOmn.

So the delta satisfies the law of transformation for second-order tensors.

10. (Optional) In nonlinear elasticity, the strain tensor is more accurately defined

to be
1 0u; Oug 8ul%

where u; are again components of the displacement vector. Show it still satisfies the

Uik

transformation law for second-order tensors.

(This set of homework looks a lot, but try your best. Some of them are really

easy.)



Proof. Recall u] = ajriug, and

1 ( uj  Ouy 0wy Oy )
2 0x)  Ox}  Ox}0x}”

I
Uik =

and
0  Oux; Ox; 0 0

= Qi —.
8362 oz} 836] ”836]-

Thus ! oul
;o u)
2uik - 83: + 83: + Bac/ 8xk

0 0
= Qk'my, - (ai/nun) + Qg On (ak/mum)+
o) 9
+ai’n_(al’sus)ak’m—(al”rur)
Oxn aa:m
Oup
= QpmQy "Bx + oy nak/m <9x o+

Ous Our (4)
O/ O O s X axs OTm

_ Oun Oum, Ous Our
= mQin(gy= + 552 + Ors gt o)

OTn OTyn OTm

o)
ak’mai/n(,a;:t
= ai’nak’m(2unm)7
where we’ve used the orthogonality condition ayzaq,. = d,5. That is the transfor-

mation law for second-order tensors.



