M597K: Solution to Homework Assignment 2
Date: Friday, Sept. 13, 2002.

1. Find the derivative of the vector A(t) = (cost,sint,2t). Draw the graph of A(t)
with A/(t).
Solution. (10 points)  The derivative is A’(t) = (—sint, cost,2). The graph is

in Figure 1.

C
(A

(1,0,0)

Figure 1: Solution to homework 2, problem 1.

2. Tntegrate the vector B(t) = (ef,sint, 2t) to find [y B(t) dt.
Solution. (10 points)

1 1 1 1
/B(t)dt:(/ etdt,/ sintdt,/ 2 dt) = (e — 1,1 — cosl, 1) ~ (1.718,0.46, 1).
0 0 0 0

/C~dr
L

where C = (x9, —x1, —1) and L is a directed curve given by the graph of the vector

A(t) in Exercise 1 from t = 0 to t = 27.

3. Evaluate the line integral



Solution. (10 points) We need to use the parametrization:
dr = (—sint,cost,2)dt, C = (v, —x1,—1) = (sint,—cost,—1).

Then,
21 27
/C-dr:/ (—Sith—COSQt—Q)dt:/ —3dt = —6m.
L 0 0

4. Find the total circulation
740(:61 + xg)d$1 + (%1 - CCQ)d$2

2 2
where C' is the ellipse 2—% + % = 1 going counter-clockwise.

Solution. (10 points) Method I: Let 1 = acost, xg = bsint. Then

§C(x1 + CCQ) d$1 + (%1 — CCQ) dxg
= [?™ —(acost + bsint)asintdt + (acost — bsint)bcost dt
T lab(cos? t — sin? t) — (a? + b?) cos tsin t] dt
= ab [ cos(2t) dt + # JZ™ sin(2t) dt = 0.

(1)

Method II: Let P = 1 4+ 22, Q = 1 — x9. Then, by green’s formula, one has

fC(xl + xg)dxl + (.’/Ul — xz)dxg
= $o Pdz1 + Qdxs (2)
0
= [Js(32 - 22)dS = [ [((1-1)dS =0.
5. Find the gradient of f = 2§ + 23 + 23.
Solution. (10 points) Vf = (aa—afl, 88—;;, 88_;,{3) = (221,22, 223).
6. Find a unit normal vector to the surface

x3:2—x1—x§.

Solution. (10 points) Let ¢ = x1 + 23 + 23. Then Our surface is the level

surface ¢ = 2. We know that the gradient of ¢ is a vector normal to the level

surfaces. So a normal vector to the surface z3 =2 — x1 — 23 is

qu = (1, 2562, 1)
A unit normal vector is then

(1,229,1)/4/2 + 423.

2



If your answer is the negative of the answer here, it is also right.

7. Find the divergence and curl of the vector field
A = (z273, 173, T172).

Solution. (10 points)

div A _Ll‘u+3_i% 0As

- 8;181 8332 8383 (3)
_ O(z2z3) + O(z123) + O(z1z2) 0
- oz Oxo Oxs -
iy ia is
curl A =| 2 9 9 =0.

dz1  Oxz  Ox3

Iox3y X1x3 T1T2
8. Find the total flux of the vector field A = (z1,z2,23) out of the unit sphere:
o2+ + 23 =1.

Solution. (10 points) Method I: Recall that for the sphere x2? 4 3% + 22 =

r? a unit normal vector is n = r/|r| where r = (z,y,2). For this problem n =

(x1,22,23) = A, so A -n = 1. Thus,

ﬂux://A-ndS: //1dS — Area(S) = 4.
S S

Method II: div A =141+ 1 = 3. Since A is not singular in the entire unit

ball, we can use Gauss formula:

tux= [ [Anas = [ [ [ avaww =3[ [[1av -

9. Evaluate the line integral by using Green’s theorem:

]{C (2* + y?)dx + 2xydy,

where C' is the square bounded by the lines z = 0,z =2,y =0,y = 2.
Solution. (10 points) Let P = 22 + y2, Q = 2zy. Then

fc(:cQ +y?) dx + 2zy dy
$o Pde+Qdy = [ [s(52 — %) ds (4)
= [ [s(2y —2y)dS = 0.



10. Let
F(CCl, 9, xg) = (CClil + CCQiQ + $3i3)/7‘3

2 = 23+ 23+ 3. Show that the flux of this vector through any closed surface

where r
S is 0 if the origin is not enclosed by S.

Solution. (10 points) F = (Fy, Fy, F3) where F; = x;/r3 1=1,2,3.
oF;, 1, 4 o Or 1 or ,
95, r—6(r — 3x;r JU_Z) = T—4(r - szﬂﬁ_z) i=1,2,3.
. o, 0F, OF3 3 or or or
iv . + pre + T [r— (21 o +x2x2 +.’E3x3 )]

From 72 = 22 + 23 + 23, we find that 27“?—2 =2x,,k=1,2,3. Or g—: =z /r. Thus,

0 0 0
xl_r+x2_r+x3_rzr = divF =0,
x1 x2 x3

except at the origin.
If the origin is not enclosed by S, then F, and div F are not singular in the

integration domain. Apply the Gauss formula, we obtain

ﬂuX://F'ndS:/// div FdV =0.
S 1%



