M597K: Solution to Homework Assignment 14
(Last One)

Date: Dec 9, Monday; Due by Monday Dec. 16

1. Use Rayleigh quotient (Section 6.12, Conclusion No. 6) to show that any eigen-

value must be positive (A > 0) for Bessel’s equation

(ru’)’—m72u+)\7“u:0, 0<r<a,
u(a) = 0, (1)
[u(0)| < o0, |W/(0)] < oo.

(Hint: Once you use the Rayleigh quotient and the boundary conditions, the posi-
tivity of A, is obvious.)
Solution.

By Rayleigh quotient,

L TPOndnlo + Jo' (o — a¢n)dr

" 2 g2odr
where p(r) =7, q(r) = —mTQ, o(r) =r. Then
/ P2odr > 0

/Oa(psbif — q¢%)dr >0
As ’LL(CL) = 0, |’LL(O)| < 00, |ul(0)| < o0,
—phndp|f = (0)$n(0)¢y,(0) =0
Then we have A\, > 0

2. Use separation of variables to solve the two-dimensional eigenvalue problem for

the Laplacian in a rectangle

{um—l—uyy—i-)\U—O, m0<z<L, 0<y<H, o)

u = 0 on the boundary.

(The eigenfunctions should be the eigenfunctions of Section 6.9.)



Solution. We use the method of separation of variables.
Let u = X(2)Y (y), we have

X"(2)Y (y) + X(2)Y"(y) + AX ()Y () = 0.

Then

Xl/ Yl/
@ Y0, _,
X(x) — Y(y)
It must be the case that
X"(a) O
= a; =0,

X(x) Y(y)

where a and b are constants and A = —(a + b).

By the zero boundary conditions,

X(@) = esin(Fa),  a=—(F)
mm mm
Y (y) = esin(— b= —(—)>2%
(y) = esin( i x), ( i )
Thus we have
nm mm
Amn = —(a+b) = (T)Q + (?)2’
where m and n are integers.
END



