M597K: Solution to Homework Assignment 12
Date: Nov. 25, Monday; Due Wed. Dec. 4.

1. Use separation of variables to derive a solution formula for

g%;w% =0, O<z< L, O0<y<H
u(0,y) =0,
u(L,y) =0, (1)
u(z,0) =0,
u(z, H) = g(x).

Solution.

Let u(z,y) = X (z)Y (y), the equations become:

Y'(y) _ X'(2)
Yiy) | X(@)

The left-hand side is a function of y, while the right-hand side is a function of x. So
it must be a constant. Suppose the constant is A\?(We can prove that the constant

must be positive), we get
Y'(y) =NV (y), X"(x)=-NX(x)

The general form of solutions are X = a1 +ase™*, Y = bje™ +bye Y, where
ai1,a9,by, ba are constants to be determined by boundary conditions.
For this problem X = asin(“Fz) which satisfies X(0) = X(L) = 0. Similarly,
Y = bsinh(“y).
By superposition,

u(z,y) = Z an, sin(%x) sinh(%y)

u(z, H) =Y ap sin(%x) sinh(%H) = g(x)

2 L Y
= G0 = T SR ) /0 g(x) sm(fx)dx
so the solution is:
2 nmw

nm nm L
u(z,y) = Z m(%ﬂ) sin(f:c) sinh(fy)/o g(s) sin(fs) ds



2. By guessing or eigenfunction expansion, find a solution to

%—F% :5sin3’TT‘”sin2%i, O<z<L O<y<H
u(0,y) =0,
u(L,y) =0,
u(z,0) =0,
u(z,H) =0.
Solution.
First we know the eigenfunctions of Au = —\u are
. nwr . mm nm mm
un,m:SIDTSIDTya )\n,m: (T)2+(?)2

By observation, we see

End.



