6.11. Wave equation in a rectangle.

6.11.1 Vibrating string with fixed ends
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Boundary Condition: u(t,0) = u(t,L) =0,

PDE 0<z<L,

Initial Condition: u(0,z) = g(x),

ut(0,2) = h(x).
Propose to study the associated eigenvalue problem
o
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u(t,0) = u(t,L) = 0.
The solutions to (5)(6) are
u = ¢p(r) := sin("FE),
A=A\, = ("—L”)Q, n=12---.

Now use eigenfunction expansion:

u(t,z) = 32521 Cu(t)¢n(z),
g(x) = 220:1 In®n(),
h(.ﬁlf) = 2311 hn¢n(x)
Use equation (1) to obtain
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(C! () 4+ M\u®C) = 0.

n=1
Thus
C"(t) + Anc®C, =0,
Cn(o) = Gn,
C1(0) = hn.

General solution formula for C), is

nmct

L )7

t
C,=an cos(mlr_lc ) + by, sin(



so that
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C(t) = (= sin( 7 )+ by, W cos( 7 ).

Using initial condition, we find

Thus
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Hence the general solution to (1)-(4) is

Ch(t) = gn cos(
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where
gn =2 [y g(x)sin("22) da,
ho =2 [ h(z)sin("22) da.
Remark Traditionally, we use separation of variables u = G(t)¢(x) in (1)-(4),
and then end up with the same problem of eigenvalue problem (5)-(6).
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Figure 6.11.1. Norma modeat n=3.

Property of solutions:

Let us look at the so-called normal modes of vibration:
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where
h,L

An = g%+(n7rc

)?,
and o, is an angle. We see A,, is the amplitude, temporal frequency is “7* and

spatial frequency is “7-. See Figure 6.11.1.

6.11.2 Vibrating rectangular membrane.

Consider
Pu —2Au, 0<z<L, 0<y<H,
u =0 on boundary,
u(0,z,y) = alz,y),
u(0,2,y) = B(z,y)
Eigenvalue problem:
Au+Iu =0,
v =0 on boundary.

We know that the eigenfunctions and the eigenvalues are (from Section 6.9, Poisson

equation in a rectangle, Lecture 8 of Chapter VI)

U = Qpm(x,y) := sin("7*) sin ("7
A= = (

Solutions are
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u(t,z,y) = i [Apm cos(cty/ Anm) + Brm sin(ct/ Anm )| nm.s

m=1n=1

where
Awm = 777 Jo’ Jo" (. 9)dnm (2, y)dady,
vV AumBrm = % fOL fOH B(x, y) bnm (2, y)drdy.

I feel that you might have difficulty with the two-dimensional eigenvalue problem.
You can either come to see me for more explanation or use the book “Elementary
Applied PDE” by Haberman, or “Advanced Engineering Mathematics” by Erwin
Kreyszig.



