Chapter V. Ordinary Differential Equations

Outline:
5.1 First-order linear scalar equation.
5.2 High-order linear scalar equation with constant cofficients.
5.3 First-order linear system with constant cofficients.
5.4 Stablity of first-order linear system.
5.5 Hopf bifurcation.

We cover perturbation method next semester.

5.1. First-order linear scalar equation

Let us solve the problem

% +a(t)y=0, y(0)=C. (1)
We find y
; = —a(t).
Integrate:
ny(t) —ny(0) = - fga(r)dr,

Iny(t) =lny(0)— [f5alr)dr,
y(t) _ elny(O)—fot a(T)dr

_ y(O)ei fot a(T)dT'
So the solution to (1) is
-t a(T)dr
y(t) = Ce™ Jo (2)
Now we consider (the first-order linear scalar equation)

Yt altyy = 1) Q

We look for a factor m(t) such that
m(t)y' + a(t)m(t)y = [m(t)y]"

From the product rule, we need m(t) to satisfy



From formula (2), we find an m(t)
m(t) = eJo o)

Equation (3) multiplied by m(¢) becomes

L im(ou(0)] = m(1)70)
Thus .
m(By(t) = m(O)y(0) = | m(r)f(r)ar.
or . .
1) = meslo) + [ mir)(r)a],

Examples 1. All solutions to

Y +5y=0
are
Y= ce™™,
2. All solutions to
y/ + t2y — 0
are
1.3
Y= ce sV,

5.2. High-order linear scalar equations with constant coefficients

Let us solve the problem

Pr  d%z
Tr LT o0
a Tz =Y

x(0) = 0,2/(0) = 1,2”(0) = —1.

We try solutions of the form

z(t) = M.



Then 2’ = \x(t), 2" (t) = Nx(t), 2" (t) = A3z(t). Thus A needs to satisfy
Nax(t) + N2x(t) — 2z(t) = 0.
But z(t) = e is not zero, so we need \ to satisfy
AN —2=0.

We find A\ =1, Xy = —1+4, A3=—1—1. So we have solutions e, e~/Fi =1~
The two complex solutions can be added or subtracted one from the other to produce

t e~tcost,e"tsint, since the

two real solutions, so we have three real solutions e
equation is linear. Also, any linear combination of the three solutions are solutions.
Thus, we have

z(t) = cre”" + coel cost + cze P sint (8)

as the general solution formula for (5). One can use the three initial conditions (6)
to determine the three coefficients ¢, ¢, c3 in (8) which we omit here.

In general the n—th-order linear scalar equation
(n) (n—1) ! -
anz'™ (t) + ap—1x (t)+ ...+ a12" +apr =0

with constant coefficients (an,an—1,---,ap) without forcing(right-hand side=0) can

be solved by the guess work (7). More precisely, from the algebraic equation,
A\ + A A N @A+ ag =0,

we can find n roots. Suppose it has n distinct roots A, Ao, -+ -, A,. Then the solution
for the ODE is

At

z(t) = 1M 4+ e - 4 et

If A1 and X9 are a pair of conjugate complex roots, say,
M =a+bi, X =a—bi

At

then we can replace the part ¢;e?? + coe??t by real solution of the form

ae™ cos(bt) + Be™ sin(bt).



Aot

If A1 is repeated, say A1 = Ao, then c9e™2" is a multiple of the first solution cie

At

In this case, we replace the guess work e by teM, and the solution cjeM? + coe

is replaced by cieM?t + cotet. If \; is repeaded m times, then the solution part

c1eMt f cge?t 4 et

is replaced by

c1eMt 4 eoteMt oo 4t Mt

Example 3. Solve

d’x dx
— —2— =0.
az a "
Solution. Try x = e, we find
A =2\ +1=0.
So
A=A =1

So the solutions are

z(t) = cre’ + caotel.

At

Aot



