1.15.2. Arclength and orthogonal curvilinear coordinate systems.

We assume that the three vectors
OR OR OR
form a right-handed basis; i.e., the vector product g—i X g—g has positive inner

O(x1,22,23)

- 1 itive.
CIOTRIR, S positive

product with %. In this case, the Jacobian
We derive arclength formula in curvilinear coordinate systems. Consider the
position vector
R = z;i; = fi(u1, u2, u3)i;.
We have
(ds)> =dR-dR

fo) 3 3  OR
= (X Du; duy) - ( i=1 du; duy)

= (3. gTP:)dUide
= gij dul de
where we have introduced
~ JR JOR

which is called the metric tensor.

From here one can pursue the study of general metric tensors, which are used
for example in general relativity. For us, we choose to be more specific. We say
that the curvilinear coordinate system is orthogonal curvilinear if the triple vectors
OR/0u;(i = 1,2,3) are mutually orthogonal. For orthogonal curvilinear coordinate
systems, the directions and magnitudes of OR/0u;(i = 1,2, 3) can still vary. Let us
define

OR
h; = =1,2,3).
=l (=1.2.3)
Then we have
hzzv ’L:Jv
gii =
Y 0, ;.

Example 1.15b. The transformation relating the cylindrical coordinates (r, 8, z)

to the rectangular cartesian coordinates (z,y, z) is defined by the equations

r o=V

= €z 1
0 arccos — ( or arcsin —L\/W)

z2+y

z =Z.



It is defined for all (x,y, z) except for the origin.

We find
g o
8(r,9,z): a_g a_g 0 1
w,y,z) | 9 W r
0 0 1

The inverse is

xr=rcos, y=rsinfh, z=z2

which is valid for all (1,6, z).
Let us identify the coordinate surfaces and coordinate curves. Refer to Figure
1.15.2.
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Figure 1.15.2. Cylindrical coordinate system.

Coordinate surfaces: The coordinate surface r = rg is the surface of a cylinder
passing through a point Py, and extending to infinity in both the positive and
negative directions of z-axis. The coordinate surface 8 = 6 is a half plane starting
at the z-axis and extending to infinity. The coordinate surface z = zg is the plane

passing through P, and perpendicular to the z-axis.



Coordinate curves: The r-coordinate curve is a ray starting on the z-axis, passing
through the point Py, and parallel to the xy-plane. The #-coordinate curve is a circle
passing through the point Py, and parallel to the zy-plane. The z-coordinate curve
is a straight line parallel to the old z-axis.

We have the position vector
R(r,0,z) =rcosfi; + rsinfis + zis.

Tangent vectors to the coordinate curves are

%—I: =cosf i; +sinf iy

%—1;{ = —rsinf i; + rcosf iy

R =i
Let uy = r,us = 0,us = z, then the three tangent vectors form a right-handed

orthogonal curvilinear coordinate system. We find that g;; = 0 for ¢ # j, and
hi =1, ha=r, hy3=1.
Thus the distance formula is
(ds)? = (dr)? + (rdf)? + (dz)>.

Example 1.15c. The spherical coordinates u; = r,us = ¢, uz = 6 are defined
by

r =2+ y?+ 22
z

— arccos —fp/——
¢ /12 +y2 _;’_22
0

= arccos r___,
/382 +y2

(r>0,0<¢<m0<60<2m). Refer to Figure 1.15.3 for the variables.




Figure 1.15.3. Spherical coordinate system.

We can calculate the Jacobian

Yy
r

83
S

N xz Yz _:v2-gy2 i 1
8(:0, Y, Z) B TQ\/xQerQ r \/LEQerQ " - 7”2 sin gf)

_ Y z
\/x2+y2 \/x2+y2

The inverse is
= rsin ¢ cos 0

T
y =rsin¢siné
z =rcoso.

The Jacobian is

—

(z,y,2)
a(r,0,0)

= r2sin ¢.
The position vector is

R(r, ¢,0) = rsin¢cosf iy + rsin ¢sinf ig + rcos ¢ is.



The three tangent vectors are

oR

5, =singcosf iy +singsinf iz + cos ¢ iz

SR __ . . . . .
56 =rcos¢cosf iy + rcos¢sinf iy — rsin ¢ is
%—1;{ = —rsin¢gsind iy + rsin ¢ cos b is.

They are mutually orthogonal. We have

g1 =h? =1
g2 =h3 =r

g3z =h3 =r2sin? ¢
The distance formula is
(ds)* = (dr)* + (rd)? + (rsin ¢df)>.
For the volume element, we have
dV =dr - rd¢ - rsin ¢ dd = r*sin ¢ dr de db.

In the next lecture we calculate the grad, div, and curl in orthogonal curvilinear
coordinate systems.



