EXISTENCE OF SOLUTIONS TO THE TRANSONIC PRESSURE-
GRADIENT EQUATIONS OF THE COMPRESSIBLE EULER
EQUATIONS IN ELLIPTIC REGIONS

Yuxi Zheng

Department of Mathematics
Indiana University, Bloomington, IN 47405
e-mail: yzheng@indiana.edu

ABSTRACT. We establish the existence of a smooth solution in its elliptic
region in the self-similar plane to the pressure-gradient system arisen from
the wave-particle splitting of the two-dimensional compressible Euler system
of equations. The pressure-gradient system takes the form pui+p, = 0, pvi+
py = 0, pE: + (up)z + (vp)y = 0. Here (u,v) is the velocity, p is the
density which is independent of time resulted from the splitting procedure,
p is the pressure, and FE = %(u2 + v2) + ﬁ% is the energy. The natural

(parabolically degenerate) boundary value is used.

I. INTRODUCTION

There are simple and interesting systems of conservation laws involved
in flux-splitting schemes for the two-dimensional (2-D) compressible Euler

equations. Separating the pressure from the inertia in the flux of the Euler

equations
P pu pv
(1.1) pul et | | puy =0
' pU pUV pv2 +p ’
pE 1, pull +upl poE +uwupl,
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we obtain two systems of equations
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Agarwal and Halt [1] have recently used this splitting (1.2-3) to form a novel
scheme in numerical computations for airfoil flows and observed a consistent
improvement over other schemes (Roe, AUSM, CUSP, and Van Leer). Sys-
tems (1.2) and (1.3) may be called the transport and the pressure-gradient
systems respectively.

We are more interested here in system (1.3), which resembles (1.1) more
than (1.2) does in their essential nonlinear structures. We simplify (1.3)

slightly. From the first equation of system (1.3) we obtain
pt = 0.

Thus p is independent of time. For simplicity, we will assume

p =1

Then system (1.3) can be written as

Ut + pg =0
(1.4) v +py =0

Ei + (up)e + (vp)y =0
where E = (u? +v?)/2+p/(y—1). For smooth solutions or in regions where
a solution is smooth, system (1.4) can be simplified to be

ug +pe =0
(1.5) ve +py =0

ﬁpt + pug + pvy = 0.



Through the transformation

{pzw—DP

_ 1
t=-4T,
system (1.5) can be rewritten to be

UT—I—Px:O
(1.6) vr + P, =0
Pr + Pu, + Pv, = 0.

From system (1.6) we can find that

Pr
(1.7) (?>T: wa T Pyy

which we think is a very interesting, and one of the simplest, 2-D quasilinear
wave equation.

There is less progress in the study of Cauchy problems for systems (1.3-
7) than for system (1.2). See [2-4, 7-8, 10, 19, 27| for progress in system
(1.2). In particular, we note from the interesting work of E, Rykov, and
Sinai ([10]) and references therein that system (1.2) is a valid physical model
in adhesion particle dynamics. For systems (1.3), (1.4), or (1.7), however,
even Riemann-type problems are open. Peng Zhang, Jiequan Li, and Tong
Zhang [31] are currently working on a set of conjectures for the solutions to
a four-constant Riemann problem for these systems. They use, as usual, the
self-similar coordinates

T y

nga U:T

to reduce the Riemann problem by one dimension. In these coordinates,
however, all the systems (1.3), (1.4), and (1.7), or even their linearized ver-
sions are of mixed type. One major difficulty in proving their conjectures
is this change of type combined with the nonlinearity of the systems. Our

interest here is to establish the existence of solutions in the elliptic region.



Since the existence of solutions in the elliptic region is a big open problem
for the original 2-D Euler equation (1.1) (but see the more recent papers of
Morawetz [21-24] and Kan and Chen [16] for existence results for steady and
irrotational flows), we are also interested in using (1.3) or (1.7) as a simple
time-dependent model for establishing mathematical tools to handle general
transonic flows.

Equation (1.7) in the self-similar coordinates (£, n) takes the form

(1.8)

(fP§+77Pn)2 _9

(P - 52)P§§ - 2577P§17 + (P - 772)P7777 + P

(§P€+77P,7):O.

The eigenvalues of the coefficient matrix of the second order terms of (1.8)
can be found to be P and P — ¢2 —n2. We prove in this paper the existence
of a weak solution for equation (1.8) in any open, bounded and convex region

Q) C R? with smooth boundary and the degenerate boundary datum

(1.9) Plog = & +n?

provided that the boundary of € does not contain the origin (0, 0).

In this area of 2-D Riemann problems for the compressible Euler equa-
tions, there have been many models including the 2-D complex Burgers of
Lax [18], the unsteady transonic small disturbance system [15, 25, 28](Hunter,
Morawetz, Tabak & Rosales), the potential flow equation [20] (Majda), and
a 2 x 2 system of Tan and Zhang [29]. In particular, Cani¢ and Keyfitz [5,6]
have obtained the existence with regularity of weak solutions for the un-
steady transonic small disturbance system with partial degenerate boundary
conditions. See Choi and others [9] for the existence and regularity results
of solutions to a related equation (u%uy, + uluy, + p(x,y) = 0 with u = 0
on the boundary, where a > b > 0 are constants).

Our approach to existence of weak solutions is different from that of [5,6],

but close to that of [9]; both our approach and that of [9] seem to have more



difficulty in handling nonsmooth boundaries than that of [5,6]. In particular,
our result here gives less accurate regularity estimates near boundaries than
those of [5,6]. On the other hand, the approach taken here seems more direct.

There is no general theory on boundary value problems for degenerate
nonlinear elliptic equations such as (1.8-9). For linear equations, we are
aware of interesting work on Tricomi’s [30] and Keldysh’s equations [17] and
Fichera’s theory on Keldysh-type of equations [12,13]. Although it is not
clear whether Fichera’s linear theory can apply to nonlinear cases, we do
find trivially that the degenerate boundary value problem (1.8-9) satisfies
Fichera’s condition for well-posedness when it is linearized around constant
solutions on circular domains containing the origin. See Oleinik and Rad-
kevi¢ [26] or Cani¢ and Keyfitz [5] for Fichera’s condition, besides Fichera’s
original work. On circular domains not containing the origin, however, we
find that Fichera’s condition for well-posedness is violated on some part of
the boundary when problem (1.8-9) is linearized around constant solutions.

Although system (1.3) is used in conjunction with system (1.2) in the
flux-splitting scheme, we find that (1.3) (and its simplified systems (1.4-7) )
is formally asymptotically valid when the velocity (u,v) is small and the gas
constant ~ is large compared to the density and pressure gradient of the
flow. In fact, we find p; = 0 from the first equation of 2-D Euler system (1.1)
when (u,v) is small. Thus we assume similarly p = 1 for brevity. Then we
obtain the first two equations of (1.4) from the second and third equations of
system (1.1) because the quadratic terms such as (pu?), are smaller than the
linear terms such as (pu); or the pressure-gradient terms such as p, which

are assumed to be large. Furthermore we find

1 1
E=-pu®+v*)+ —
p 2p(u +v)+7_1p<<p

when (u,v) are small and ~ is large. So we can drop the terms containing

E in the flux of (1.1) to yield system (1.4). Thus, system (1.3) may have its



own physical region of validity.

II. THE MOTIVATIONAL RIEMANN PROBLEM

We motivate our problem (1.8) (1.9) more specifically in this section.
We propose a four-constant initial value problem for system (1.6) in such
a way as to yield, conceivably, a continuous solution for ¢ > 0. Consider the

data
(2.1) (u,v, P)‘T:O = (u,v;, P;), for (z,y) in the it quadrant,

for i = 1,2,3,4, where {(u;,v;, P;)}%_, are constants. In order for the neigh-
boring two states (u1,v1, P1) and (ug,vs, P2) to be connected continuously,
we find that there must hold

For our motivational purpose, we choose P, < P; and the plus sign in (2.2)
which then gives the forward rarefaction wave in one space dimension. We
may fix the state (uj,v1, ;1) and treat P, as a free variable, and (ug,v2)
follows from (2.2). The rarefaction wave is shown in Fig. 2.1 between the
first and second quadrants. The value of (u, P) in the rarefaction wave (the
region of parallel lines) is given by

2.3 P=¢
(23) {u=2(£—\/?1)+u1, VP, <& <P

Similarly the one-dimensional rarefaction waves between states 1 and 4, 2

and 3, and 3 and 4 can be found to satisfy

24) { V4 —_Ul =2(VPy —VP) fi<h

(2.5)

{U3:U2 (= + 2V - VA) Py < P

vy —v1 = 2(vV/Ps — V/P2)



{U3=U4 (=v1+2(VP —VP)) P, < P,

(26) us — ug = 2(v/Ps — /Py)

For (2.5) (2.6) to be consistent, we need the necessary compatibility condition

(2.7) VP~ P =P~ /Py

which is also sufficient.

The waves between states 1 and 2, and 1 and 4 coming from infinity
begin to interact at the point (£,7) = (v/P1,v/P1). The two characteristics
from the point, and possibly also part of the sonic circle of the state 3,
form a loop which separates the (£, n)-plane into two regions. The exterior
region consists of the four rarefaction waves and constant states. The interior
region is where the solution needs to be constructed. We speculate that the
interior region consists also of two regions, one is elliptic (the region inside
the dashed line in Fig. 2.1.) and the other is hyperbolic where the four
rarefaction waves interact. Characteristics in the hyperbolic region and on
the parabolic curve may look like what is shown in Fig. 2.1. The parabolic
curve may be expected to be convex and smooth. Some part of the parabolic

curve may be circular. On all of the curve there holds the relation
(2.8) P=¢+n

III. THE RESULT

We consider the problem: Find a weak or smooth solution u(z,y) to the

problem
( 9%u 0? 9%u
— )= _9 — )=
(w—z )81:2 xyaxﬁy + -y )8y2+
(3.1) —|—l x@—f— @ 2—2 x@—k @ =01in Q
u \ Ox yay Ox y@y N ’
\ u|8Q = .1,‘2 + y27
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where the region 2 C R? is open, bounded, and convex with boundary
09 € E. Prsomrelliftidregion Q in the solution of a Riemann problem.
We assume that the origin (0,0) does not lie on the boundary of 2.

Our result is

Theorem. There exists a positive weak solution u € H}. () to the problem
(3.1) with u € C’ZOO’S(Q). It takes on the boundary value in the sense [u —

(z2 +y?)]?/? € HY(Q). Furthermore, it has

(i) mazimum principle: Ig}zn(x2 +9%) < u(z,y) < I%%X($2 + %)

(i) interior ellipticity: u(x,y) — (z* +y?) > 0 in Q.

Remark. H} (Q) denotes the space of all functions v € H'(Q') for any
Q' ccQ,ie © CQ and the closure & C Q. C%(Q) means the same.

loc

Proof. 1.  We introduce the function

2y isz$2+y27
2?4+ if 2 < 2? 492

K(e.2) = {



This function is Lipschitz continuous in R®. Now consider the screened prob-
lem
(K(x,y,u) — 2% 4+ €)ugy — 22YUzy + (K(z,y,u) — y* + €)uy,
(3.2) +ﬁ (zuy + yuy)® — 2 (zug + yu,) =0 in Q
ulog = a® +y?
where ¢ > 0 is a parameter, N(v) € C?(R) is bounded from both above
and below with a positive lower bound, and N(v) = v in the interval
[minag(a:Q +y?), maxpq (1? + yQ)].
We find easily that the equation in (3.2) is uniformly elliptic in €, since
the two eigenvalues of the matrix

(K—xz—I—e —xy )
A: 2
—xy K-y +e¢

are A = K(z,y,u)+¢,and A = K(z,y,u) +¢ — (2% +y?) > &. Then the exis-
tence of a C%%(Q) solution u¢ (x,y) of (3.2) follows from Theorem 15.12
of Gilbarg and Trudinger [14] in the special case of two space dimensions in
which the Holder continuity of K is sufficient.

K,e,N

2. The solutions u satisfy the maximum principle

3 2 2 < K,E,N < 2 2 3 Q
min(a? +3%) < w2, ) < max(a® +42) in 9,

see Gilbarg-Trudinger [14]. Therefore the N(u) regularization degenerates

K,e,N

to u itself. So the solutions u are independent of N. We therefore drop

the superscript N. We thus have C%%(Q) solutions u**¢ to the problem
(K(l‘, Y, U’) - m2 + g)ua:w - Qxyua:y + (K(ma Y, u) - y2 + E)Uyy
(3.3) —1—% (zug + yuy)2 — 2(xuy + yuy) =0,
U’aQ =22+ y2.
We next show that the K (z,y,u) screening in fact degenerates to u also

for the solutions u’¢(x,y). Let

F(z,y) = u"(2,y) = (2° + ¢).



We have Flpq = 0. We claim that F' > 0 in Q. Otherwise there exists a
point (zg,yo) € £, which may depend on (K, ¢), such that F(zq,y0) < 0,
Fy(20,90) = Fy(z0,90) = 0, and

(K (2, y,u"™ % (2,y)) =2 +¢€) Foo =22y Foy+(K (2, y, u"™ % (2,y)) =y’ +e) Fyy > 0

at (xo,y0). Rewriting those conditions in terms of u and using equation
(3.3), we find
uf (20, yo) < 25 + 43

8uK75 8uK,a
or (0, yo) = 2o, a—y(ﬂﬁoayo) = 2Yo,

and

2(K (z, yu™c(z,y)) — 2* + &) + 2(K (z,y, u™(z,y)) — y* +¢)

| (2074 272

K- —2(22% +29%) <0 at (x0,%0).

But the last inequality is false because

K(z,y,uf%(z,y)) —a? +e>¢

K(x7y7uK’E($7y)> - y2 +eze
(223 + 2y3)*
uK’E('ranO)

(22 + 2y5)*

— 2(2x5 + 2y3) >
0 0 x(z) +y3

—2(223 + 2y3) > 0.
Hence we have proved that

uf(z,y) > 2? +y*  in Q.

Therefore our solutions u’¢ do not even depend on K. So we drop the
K dependence and we have existence of C?%(Q) solutions u°(x,y) to the

problem
(U — 2% + &)Uy — 22YUsy + (U — Y* + €)uyy+

1
(3.4) + = (zuy + yuy)® — 2 (zuy + yuy) =0
u

an:x2+y2.



3. We now establish one of the two major estimates on u® independently

of e > 0. We introduce the function

p°(2,y) = u — (2" +¢%).
We find that ¢° satisfies the equation

m+ —2 2
(e + ¢+ ¥2)Pun — 20ypuy + (€ + 9 + 22) oy + TEHUL2O)
(3.5) +2 (2o + ypy) + 222 + 2y + 42 = 0,

vlaa =0,

where we have dropped the superscript ¢ for simplicity. We know that 0 <
¢ < maxpq(z? + y?) in Q. We show that

(3.6) // ©°| D |?dxdy < C independent of 1 > ¢ > 0.
Q
In fact, we multiply equation (3.5) with ¢° to find

[(p + ¥° + €)pps — Typpyle + [—2ypps + (0 + 3% + 2)ppy]y

TP, + 2
— (2¢p+ y2 + s)goi + 22y P py — (2¢ + 2 + 6)9012/ + o(TPs ygoy)

@ + 22 4 92
4? 4¢3
3 I LA N
+3p(rpr + ypy) PR (T + ypy) + Py

+ 2¢(2” + y?) + dgpe = 0.
Integrating over ) and using the zero boundary condition of ¢, we obtain

//Q (20 +y° +€)p2 — 2zypapy+




We further simplify the integral on the left-hand side in the above equation

to obtain

20 + 22 + 92
//Q (e +¥*) s — 2zypeipy + (o + 7)) dudy+

pt+a?+ty
s//w?wﬁmw
Q

// K ¢+i:i+y )($¢m+ygpy)+

4903

m + 290(1‘2 + y2) + 4908 d.fl?dy

Using the fact ¢ > 0 in © and is bounded from above by maxsq(x? + y2),

we find
//Q o(p2 +¢2) < C//Q o(|@z| + |y|) dzdy + C

where C' is a constant depending on {2, but independent of € € (0, 1].

A weighted Cauchy-Schwarz inequality on the right-hand side yields

1
// o(02 + ) dedy < 3 // o(p2 + ¢3) dady + C
Q Q

which further yields

//ww?+@%mwscm»
Q

So (3.6) is proved.
4.  We need our next major estimate to be able to draw convergent

subsequences of ¢ in H} () from the above estimate. We establish ellip-

loc
ticity of u® uniformly for e € (0, 1] in the interior of 2. Let £(x,y) be any
nonnegative function in C3(Q) with zero boundary data £|gq = 0. We claim
that there exists a small positive number 3 > 0, independent of ¢ € (0, 1]

such that

(3.7) 0 (x,y) = u(z,y) — (® + %) — BE(2,9) >0 in Q.



In fact, we can take 3 > 0 so small that
2 2 2 2 2
(3.8) g (2 I%?ZX(JJ +y°) + 1) m8X|D £l < Iggln(x + )

where D?¢ represents all second order derivatives, and

222 + 2y* + Baé, + Byé,
2 +y* + B¢

(3.9) Bmgx

(r€s + Y&y — 2&) < Iggl(ﬁ + y2)~

We note that mingg (22 + y?) > 0 since the origin (0,0) does not belong to
09. We use contradiction method to prove (3.7). Suppose n°(z,y) is not
positive in 2. There must be a minimum point in the interior of 2. At the

minimum point,

u® < 2?4y + BE(z,y)
us, = 2x + B¢,

uz = 2y + ﬁg’ga

and

(u® — x* + e)ns, — 2xyns, + (u° —y> 4+ &), > 0.

Using equation (3.4) for u®, we find
(uF — 2?4 )i, — 2y, + (uF — 3 + o),
+2(uf — 2% +¢e) +2(uf —y* +e)

(3.10) +0 [(ug -’ + €)6ex — 20y&ey + (u® — y2 + 5)£yy:|

(22° + 2y° + B2, + By&,)?
n° + (22 +y?) + B¢
—2(22% + 2y* + Bx€, + ByE,) = 0.

We observe that in the above equation, the first three terms together is

nonnegative; the next two terms together gives

20uf — 2% + &) +2(uf —y® 4 ¢) > 2(u — 2% — y?) + 2u°

> 2uf > 2%1}211(962 +9?) > 0.



The terms in the bracket can be bounded by

BI[(u" = + €)ax — 20ybay + (0 — o +€)y] |
<p (2 I%%X(JJQ + %) + 1) max | D%¢|

< min(r2 4 a2
_rg%zn(a: +y°)

where we used (3.8). All the remaining terms in the equation have the

estimate

2 2 2
(2 ;25 ﬁz f:;ix jy@yiy) —2(22% + 27 + Bx€, + Byé,)
N (222 4 2y% + Bz, + Byéy)?
= x? +y? + B¢
_ g% 2% + Brde + By,
x? 4y + BE

—2(22° + 2y° + B, + Byéy)

(@€ + Y&y — 2€)

whose absolute value is less than mingg (22 +y?) by (3.9). Thus the equation

for n° (3.10) is violated. Hence 1 > 0 in Q. Therefore
w(z,y) — (2% +y*) > fE(z,y) >0 in Q

for a small # > 0 independent of € > 0.

5. Hence in any Q' CC Q, we have

/// |Df|?dady < C.

We therefore have a subsequence of {¢°}.<0, still denoted by {¢°}.~0 which

converges weakly to a function p € H. (Q)

¢ — ¢ in L}.(Q),

loc

Vo' = Ve in L7 ().

Using a theorem found in Evans [11] (see the appendix for more details), we

can improve the weak convergence to strong convergence:

V¢ — Ve in LE (Q).

loc



Thus ¢ satisfies the equation in problem (3.1) in the sense of distributions.

We have trivially

//Q ’D <(905)3/2) ’2dxdy <C, (¢s)3/2’m _o.

It follows that

2
// ’D <g03/2)’ dzxdy < C, and g03/2’89 = 0 in trace sense.
Q

Therefore

0% e H} (Q).

By Lemma 15.4 of Gilbarg-Trudinger [14] (i.e., the Krylov estimate), we

obtain the interior estimate u € O ().

Remark. We do not obtain higher regularity than u € Clo Lo () despite
that the equation in (3.1) is elliptic in the interior, because the quadratic

nonlinear term (zu, + yu,)? is only in L.

APPENDIX

We improve the weak convergence in Wlif (Q) of the sequence of approx-
imate solutions in Section III to strong convergence.

Consider a sequence of second order quasilinear equations

n

(A1) Z az; (T, ) Pz,z; + B (w0, Dp) =0, 0<e<1

i,j=1

n
1,j=1

where z € 2 C R" for some open set (). We assume that B° and (a§;)
are smooth functions of their arguments, including the argument ¢ € [0, 1].
In addition, we assume

(4.2) (a5 (z9)7_, = A(@)]

)=

(A.3) 1B (2, 0, p)| < Car(1+ [p]?)



forall0 < e <1, z € Q, |p| < M, and p € R". The smallest eigenvalue

A(¢) is assumed to satisfy

(A.4) AMe) >0 if ¢>0.

For our application in Sect. III, this condition (A.4) is satisfied since we have

Alp) = .

Assume we have for (A.1) a sequence of approximate solutions {¢°}.<0

satisfying

(A.5) 0<é(x) < (x) <M, ze€Q
(A.6) /Qg0€|Dg05\2dx <C

(A7) " — @ in Li,.(Q)

(A.8) Dy® — Dy in L (Q) weakly

for some constants M and C, a smooth function {(z) and a limit ¢ €

Wl’Q(Q). We establish in this appendix the strong convergence

loc
(A.9) D¢® — Dy in LE (Q),
ie.,
Dy¢® — Dy in L*(Q), VvV Q ccq.

As in Evans [11, p.40], we use the nonlinear test function method. Since
our equations (A.l) may be degenerate near the boundary, we choose to

have a cut-off factor in the test function. For any set ' CC €2, we pick an



arbitrary non-negative function, ¢ € C2°(Q) such that ( =1 in ©’. For any
v e L®(Q) N W (Q), we have

loc
/ Z Caw 9032 Uz dx + / v a gOUCZCUCJ dzx
(AlO) ,j=1 Q i,7=1
/ 0%, D) Cvdx

{O

where we have used the notation

. n da5;  Oai; _ . .
(A11)  B(z,¢%, Dp%) — > ST e L (2,97, Dg").
i,j=1 J
We take test functions
(A.12) v® = sinh [a(p® — ¢)]

where a > 0 is to be determined. We insert (A.12) into (A.10) and compute

/ Z Ca5;(x, ¢°)p5, (97 = @)a; cosh (a(¢® — ¢)) dz

1,7=1

/ Z VS, Gy = / B (2, o5, De®)Coeda.

1,j=1

(A.13)

We further find

n

/ Ceosh[o(e® — )] 3 a5, (5, 6°) (9 — @)e (¢ — @), da

1,j=1
n

(A.14) = —a/ Ceosha(p® —@)] Y af;(@, %) pu, (¢ — )a,d

1,j=1

/ Z 2) Sox Cm]dx+/ B ( ,SOE,DQOE)C'UECZ.CE.

2,7=1 Q

We estimate the middle two integrals in (A.14). We note that (¢*—¢),, — 0
in L? weakly by (A.8) for each j. We also note that the term cosh [a(¢° — ¢)] -

as.(xz, %) is bounded and converges almost everywhere as ¢ — 0+ for each
i\ Ty P g



(4,7) by the bound (A.5), the smoothness assumption on af;, and the al-
most everywhere convergence of ¢° derived from (A.7). Thus the term
cosh [a(p® — )] a§;(x, %), converges strongly in L. So the second in-
tegral in (A.14) is a sum of just right pairings of weak and strong convergent
sequences, and thus converges to zero. We reason similarly on the third inte-
gral in (A.14), using v® = sinh [a(¢® — ¢)] — 0 strongly, to conclude that it
converges to zero, too. Using the ellipticity condition (A.2), the boundedness
conditions (A.3) (A.5), and the convergence of the middle two integrals, we
deduce

oa/Qécosh (a(p® =) M) |D(¢° — @) [da
(A.15)

< 0:(1) + Cy / C(1+ [Dge )| sinh [a(o" — )] |dz,

where o.(1) denotes a quantity that goes to zero as ¢ — 0+ for any fixed a.

Replacing |Dg®|? by 2|D(¢° — ¢)|? + 2|Dy|?, we further deduce

o / ¢ cosh (a(g* —)) M) D(¢* — 0)[2da
(A.16)

< 0.(1) +2Cs /Q CID(6" — )2 cosh (a(¢F — ) da

where we once again used the pairing of weak-strong convergent sequences
and the simple fact |sinh(s)| < cosh(s) (s € R). Let Q" C  be the support
of (. Then ¢°(z) > &(x) > &min in Q” for a positive number &i, > 0. Thus
A(¢®) > Amin > 0. So we have from (A.16)
(@Amin —2Car) | Ceosh(a(p® — ) [D(¢" — ¢)*dz < o(1).
Q//

Observing that ' C Q" and cosh(s) > 1 (s € R), we finally obtain

(@ Awmin — 2C1) / D" — o)|?dz < ou(1).
Q/

Adjusting « to be large, e.g., admin = 2Cy + 1, we deduce the strong
convergence of Dp® to Dy in L?(Q).
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