COMBINATORICS OF GENERALIZED ¢-EULER NUMBERS

TIM HUBER AND AE JA YEE

ABSTRACT. New enumerating functions for the Euler numbers are considered. Sev-
eral of the relevant generating functions appear in connection to entries in Ramanu-
jan’s Lost Notebook. The results presented here are, in part, a response to a conjec-
ture made by M. E. H. Ismail and C. Zhang about the symmetry of polynomials in
Ramanujan’s expansion for a generalization of the Rogers-Ramanujan series. Related
generating functions appear in the work of H. Prodinger and L. L. Cristea in their
study of geometrically distributed random variables. An elementary combinatorial
interpretation for each of these enumerating functions is given in terms of a related
set of statistics.

1. INTRODUCTION

The Euler numbers F,, are the integers defined by

00 En n

g T = secz + tanz. (1.1)
n!

n=0

In 1879, D. André [1, 2] gave a combinatorial interpretation for the Euler numbers
E,,. These numbers count the number of permutations 7 = mymy---m, of elements
in the set [n] := {1,2,...,n} such that the sign of m; — m;y; equals (—1), 1 < i <
n. Such permutations are called alternating or up-down permutations. Alternating
permutations have rich combinatorial structure and have been studied extensively over
the last century [7, 8, 9, 10, 11, 13, 21, 29]. Particular emphasis has been placed upon
the enumeration of alternating permutations by various weights and conditions.

In this paper, we undertake a combinatorial analysis of several new g-analogues of
the Euler numbers. The resulting expressions provide new enumerations for alternat-
ing permutations. The associated generating functions are quotients of basic hyper-
geometric series and arise in several contexts related to the work of S. Ramanujan
[16, 17, 18, 28]. In particular, the generating functions from Section 4 appear in the
expansions of Ramanujan’s Hadamard product of the generalized Rogers-Ramanujan
series from page 57 of his Lost Notebook [24], [4, Chapter 13]:

0 n2_n 0 2n—1
q = <q
= 1+ — ), (1.2)
() ( 1=>00 qﬂ"w)
where
0o n— 2n—1
1 q+q¢ P %

I R T R Ry ) R T T R
(1.3)
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The functions ¢(q) and («;q), appearing in (1.2) and (1.3) are defined by

o) n—1
Uig) =D "I (= ]]1-ed, ol <L
n=0 7=0

In [19], Ismail and Zhang observed that the polynomials appearing in the expansion
(1.2), as the coefficients of (q;q)j’lz/}_Q(q) in y;, are symmetric about the middle co-
efficient(s). We explain this symmetry in Sections 4, 5, 7, and 8 by unraveling the
combinatorial significance of these polynomials.

The series appearing in this paper arise in an entirely different setting in the work of
Prodinger and Cristea [22, 23]. These authors employ generating functions to determine
the probability that a random word over the infinite alphabet {1,2,3,...,} satisfies
certain inequality conditions. They assume that, within a word, each letter 5 occurs
with (geometric) probability pg’~!, independently, for 0 < ¢ < 1 and p = 1 — .
In Sections 2-3, we derive direct combinatorial interpretations for certain generating
functions from [22, 23]. Quotients of the series considered in the present paper also
have beautiful continued fraction representations [15, 22].

For nonnegative integers A, B, C, D, consider the following g-analogue of tan x:

(_1)nqAn2+Bn:L,2n+1

hE

x2n+1

io f2n+1 (Q) _n

(q; Q)2n+1

(4 @)2nt1
(_ 1)nan2+an2n ’

(1.4)

Nt

(4;9)2n

Il
=)

n

When (A, B,C, D) = (0,0,0,0), font1(q) is the g-tangent number 75,11 (q) of F. H. Jack-
son [20]. In [17], Huber proves that the coefficients 7%, . 1 (q) of (¢; ¢)ans1072(q) 0 Y2ni1
in (1.2) are fo,11(q) for (A, B,C,D) = (1,1,1,0). In this paper, we discuss g-tangent
numbers corresponding to (A, B, C, D) given in the following table. Let rgf +1 represent
the probability that a word from {1,2,3,- -} of length 2n+1 defined in the preceeding
paragraph satisfies the inequality conditions af3.

fons1 | (A, B) [ (C, D) | Probability
Tont1 | (0,0) | (0,0) | 7571, Toin
T2on+1 (1a 1) (17 0) T2<TL11
T2€n+1 (1a O) (17 0) 7—2>nj-1

The column on the right contains the numbers considered by Prodinger for which the
series (1.4) is an associated generating function [22, Theorem 2.2].

For each value of A, B, C' and D, the quotient (1.4) induces a corresponding recursion
relation for the function fy,,1(q). From these formulas, we obtain the following related
polynomials. For a polynomial p(q), let p(¢q) denote the dual of p(q) (see [22, Remark
3.3]). Several of the dual polynomials occur in connection with probabilities from [22].
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(A,B) | (C,D) | fans1 | Relevant Relations Probability
(0,1) | (0,1) Té’ﬁil Tgﬁiﬂ@ = q"T2,11(q) —
(2,1) | (2,=1) | Topsr | Tonsa(q) = Tonta(q) —
(2,0) | (2,-2) | T35 | T5ei(a) = ¢ T334 (q) —
(1,0) | (1,=1) T3ni T2On+1(q) = q "T35,41(q) Tont1
(LY [ (L= T30 | T5nle) =¢ " 'T5,.4(0) Toni1

In Section 2, a well-known arithmetic interpretation of the classical ¢-tangent num-
bers T5,11(q) is discussed. We provide an elementary proof of this interpretation that
demonstrates fundamental ideas used throughout the paper. A new g-analogue Tfl,fil (q)
is also discussed in the same section. In Section 3, we deduce combinatorial interpre-
tations for new g-analogues of the secant numbers appearing in [22, 23] defined by

o gon(@) 27§ (1)
OIS )
(¢ 4)2n

o = (@0
(C,D) 92n Relevant Relations Probability
(Oa 0) 5271 02_n>
(0,1) | aSs | S5(a) = ¢" ' San(q) —
(1,0) | 455,55, | o5
(27 _1) $2n *SQTL(q) = qn(2n—1)S2n(q—1> 0-2<n7
(2,-2) ges | Sanl(q) = ¢"®rITLSge (g7 —
(17 _1) gn QOn(q) - ql—n QOn(q) 0-2SnZ

The values 02‘1,? denote the probability that a given word of length 2n, under the
aforementioned hypotheses, satisfies the inequality conditions a. It should be noted
that the generating function for the polynomials S5 (¢) appearing in Section 3 differs
by a factor of ¢~! from the corresponding generating function for o5 in [22].

In Sections 4 and 5, we describe combinatorics of the new g-tangent numbers 75, ., (q)
and T3, ,(¢). Our arithmetic interpretations explain the symmetry arising among the
coefficients of these polynomials.

In Section 6, we deduce arithmetic interpretations for second-order tangent numbers
TQ(Z)H(q), Togi) 1(q), Tegi) +1(q) obtained by squaring the generating functions discussed
in the previous sections. We include similar interpretations for second order g-secant
numbers. In [16], it is shown that the coefficients of (¢; ¢)3n1%*(¢) in ya, of (1.2) are
scalar multiples of Togi)ﬂ(q).

We indicate in section 7 how closed formulas for the ¢g-Euler numbers may be derived
in terms of the Bell polynomials. We also comment on an application of our results to
a conjecture made by Ismail and Zhang [19, Conjecture 4.3| concerning a more general
class of polynomials appearing in (1.2) within corresponding expansions of y;, j > 1.

Before proceeding, we introduce some necessary definitions and notation. A pair
(m;, ;) is called an inversion of the permutation 7 = mymy---m, if ¢ < j and m; > ;.
We denote by inv(m) the number of inversions of the permutation 7. The descent
set D(m) is defined by {i|m > mi1}, and des(m) denotes the size of D(w). For a
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permutation m, we define
M, = MW3Ts -+ and T, = MMaTy -+ - ,

where my = oo. Two kinds of half descents of m are defined by des(m,) and des(m,).
Define the g-binomial coefficient by

2 @D <<,
= = ¢ (@D Dnr
k k .
q 0, otherwise.

The following lemma is one of several combinatorial interpretations for the g-binomial
coefficient. We will refer to this lemma often in the remainder of the paper. For a
proof of the lemma, see [27, p. 132].

Lemma 1.1.
inv(m) _ [T
> =[],

where the sum is over all permutations m with D(w) C {k}.

A more instructive view of Lemma 1.1 follows by defining Pr(bk), for a given n and
k < n, to be the set of all permutations 7 on [n] such that

T < Ty < g < vve < Mgy < gy Tl < Mg < o0 < Ty < Ty
Then it follows from Lemma 1.1 that
WEP,gk)

We denote by A, the set of up-down alternating permutations 7 = mymy - - - m,, on the
set [n] with m < m > m3 < ---, and we denote by A, the set of down-up alternating
permutations 7 on the set [n] with m > m <3 > -+ -

2. THE CLASSICAL ¢-EULER NUMBERS

Jackson’s g-analogues of the sine and cosine functions [20] are
e -1 nx2n+1 o -1 nx2n
( ) 2n+1 and Z ( ) 2n
2 (¢ )2ns1/(1 — q) = (¢;q)20/(1 = q)

By considering quotients of these functions, we arrive at a g-analogue of the tangent
numbers, T5,.1(q), defined by

i T2n+1

—~ (¢ q)2n+1

n=

2n+1 n 2n+1 > (_1)n 2n

Z S (2.1)
— (4 @)2n+1 n:o (¢ q)2n

If we replace z by x(1—¢) in (2.1) and let ¢ — 17, the corresponding identity reduces to
the relation obtained by equating odd parts on each side of equation (1.1). Multiplying
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both sides of (2.1) by the denominator on the right side and equating coefficients of z,
we obtain

Tonsi(a) =) [2712;:F 1] (=1 Toporya(q) + (=)™ (2.2)

k=1

The following combinatorial interpretation of the polynomials T5,,1(q) is well known
[6, 14, 26, 27]. We include a proof based upon the recursion (2.2) as an aid to the reader,
since later results in the paper have proofs that are similar in nature.

Theorem 2.1. For a nonnegative integer n, we have

T2n+1 (q) — Z qinv(ﬂ').

TEA2n 11
Proof. Let
fonri(@) = Y ™.
TEA2n 11
For n = 0, it is clear that
filg) =1 ="T(q).

For any positive integer n, we will prove that fo,11(q) satisfies the recurrence (2.2).

For a positive integer £ < n, let Ag’,? +1 be the set of permutations 7 on [2n 4 1] such
that

T < Ty < -0 < TMop—1 < Tk,

Mok+1 < T2k42 > Top43 < =+ < Mop > TMopyl.

Figure 1 shows the conditions for 7w € Ag,? 1

Tok+2  T2k+4
T2k—1

nr T A A

Tok+1  T2k+3 Ton—1  T2n+1

FIGURE 1. AM+1

From Lemma 1.1 and the definition of f,,1(q), we see that

”GASZ)H
For a positive integer £ < n, we denote by Bg’,jll the set of permutations 7 on [2n + 1]
such that

T < Ty < T3 < -+ < Mo > Mop41 < Top42 > Mop43 < -+ < Tap > Top41.

Figure 2 shows the conditions for 7 € Béﬁlrl.
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Tok Tok+2  T2k+4 Ton
Tok—1
m T2 - /\
Tok+1  T2k+3 Ton—1  T2n+1

FIGURE 2. Bgfblrl

We now compute the generating function for permutations 7 € BM 1

Z qinv(w) )

k
ﬂGBén)_H

From the definitions of A2n 41 and Bén 1, we see that for any k,1 < k < n,

o (k+1)
A2n+1 62n+1 U B2n+1 )

1
where BéZL) ={r|m <m < <My < Tops1}. Thus
Z qim}(Tr) _ Z qinv(ﬂ') . Z qinv(ﬂ). (24)
meBy,), ey meBy, )

By iterating (2.4), we deduce

Z qznv(ﬂ) _ ; _ Z q”w(ﬂ') + Z q“w 7) . (25)

(n+1)
F682n+1 7r€A2n+1 TE€By, 1

Note that BSL) +1 = Aony1. Therefore, it follows from (2.3) that (2.5) is equivalent to

foni1(q) = Z {2712_]: 1] (_1)k_1f2(n—k‘)+1(q> + (=",

k=1

which completes the proof. U

The following theorem gives the generating function for alternating permutations m
in Ay,1 by weight inv(m) + des(m).

Theorem 2.2. Define

> n n 2n+1
Z Tzdrfil( )x et B ; (¢ @) ont
n=0 (qa Q)Qn—i-l i n n on
q q 2n

n=0

Then
TQdej-l ) _ Z qinv(rr)eres(ﬂ).

TEAn11



COMBINATORICS OF GENERALIZED ¢-EULER NUMBERS 7

Proof. Recalling the definition of T5,:1(q) given by (2.1) and noting that des(w) = n
for any m € Ay,y1, we have

Z qinv(r)+d65(7r) — anzn-H(Q)'
W€A2n+1

By comparing the recurrence relations for 75, (¢) and Ta,41(q), we see that T4, (¢) =
an2n+1 (Q) : U

The dual functions corresponding to Th,41(q) and T5¢,(¢) are discussed in the fol-
lowing theorem.

Theorem 2.3. Define
2n +n 2n+1

= (=1
2n+1 Z

i TQTL-H (Q)z _ n=0
n=0 (Q) Q)Qn—i-l f: TL 2n —nxQn

C] Q 2n+1

)

n—0 (@ @)2n
and
> $2n+1
i Tges (g)a™ nz (45 @)2n+1
0 (¢ @Q)one1 i g2 —2nx2n'
n= 2n

Then we have
Toni1(q) = Tonsa(q)  and T35, (q) = ¢ 2" Toes, (q).

Proof. We first note that the polynomials T2n+1(q> satisfy Tl(q) =1 and

n—1

) o + 1 n k1 2 k) (k) 0 2n24n

o) = 3 o £ 1| (COP R )+ Pt 26
k=0

For any alternating permutation = € Ay, .1, define ™ by
T = Tont1 Mop Mop—1 ** - M2T.
Then 7 is clearly an up-down alternating permutation. Furthermore

inv(m) 4+ inv(T) = n(2n + 1).

Z qinv(w) _ Z qn(2n+1)—inv(7‘r)

TEA2n 11 TEA2n 11

— qn(2n+1)T2n+1 (qfl) )

Thus

Therefore, it suffices to show that
Tyni1(q) = " Tania(q 7).
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We now show that ¢""*)T,, 1 (¢') satisfies the same recursion as Th,41(q). Substi-
tute ¢*C*+ DTy 1 (¢") for Thyyy in (2.6). Then

M

n—1
2n+1 n—k— n—k)2—(n— — n, 2n2+n
L/HJ 1)k PR R AR (7Y + (1)

o 2n + 1 n—k—1 _2n2+4n —1 n_ 2n2+n
kz: |:2k+ 1] . (1) q Tora(q )+ (=1)"q

_ qn(2n+1)T2n+1 (q—l) :

where the last equality follows from the recursion formula (2.2) for T5,,41(q).

It follows from the recurrences for Th,.; and 75, that Th,y1(q) = ¢"15,(q)
This identity is equivalent to Tgﬁil( ) = ¢ "T5%% (q) since Top11(q) = Tonta(q) =
T ). =

By equating coefficients of 22"+ in the generating functions for Th,+1(q) and Th,41(q)

we obtain a special case of a formula due to Gauss [3, p. 37]

Corollary 2.4. For any nonnegative integer n,

e [2n 1] s g 2041
zgq [Qj—l—l _Zq 2; |-
]:

The classical g-secant numbers enumerate alternating permutations on the set [2n]
for n > 1 by the number of inversions.

Theorem 2.5. Define
-1
o 52n<q)l,2n 0 (—1)”5[)2”
— = _ . 2.7
nz% (45 @)2n nz% (¢; @)2n (27)
Then

SQn Z q’L’VL’U 7T

TEAn

For a proof of Theorem 2.5, see [5, 25, 26, 27]. The following theorem gives the
generating function for alternating permutations m in Ay, by weight inv(w) + des(m).

Theorem 2.6. Define
Z Sdes( ) B (i (_1)nqn+1x2n)
— (¢;q)2m —  (¢;9)2m

Then

des inv(m)+des(m
=D

TEA9,
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Proof. Recalling the definition of Sy, (¢) given by (2.7) and noting that des(m) =n —1
for any m € As,, we have

Z qinv(ﬂ)+d65(7r) — qn_lszn(Q)-

TE A2

By comparing the recursions for S¢(q) and S, (q), we see that S (q) = ¢"1S5,(q).

U
The dual functions of Sy, (q) and S§¢(q) are discussed in the following theorem.
Theorem 2.7. Let
o0 5, oo (—1)ngn@n=Dg2n !
Z ¢; (; (4 @)2n )
and
Sdes( ) © (_1)nq2n(n—1)$2n -1
(g (n:O (4: @)2n ) '
Then
Son(q Z g und Ges Z g ) =des(x)
r€Aan n€A2,
Proof. We first note that the polynomials Sy, (g) satisfy So(q) = 1 and
n—1
Sgn [ ] ) k=1 (n=k)2(n—=k)— 1)5%( ), for n > 1. (2.8)
k=0

For any up-down alternating permutation m € As,,, define 7 by
T = Top Mop—1 Map—2 *** MM1.
Then 7 is clearly a down-up alternating permutation. Furthermore

inv(m) +inv(T) = n(2n — 1).
Thus

Z qinu(fr) _ Z qn(2n—1)—inv(ﬂ')

TI'EAQn TEA2n

— qn(2n—1)52n(q—1)‘
The first statement in the theorem is equivalent to

an(Q) = qn(2n71)52n(q71)- (2'9)
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We now show that ¢""~1S,, (¢7") satisfies the same recursion as Sy, (g). Substitute
¢" 1) Sy (g1 for Sy in (2.8). Then

n—1
|: :| n k— lq(n k)(2(n—k)— 1) (2k— I)S ( )

Z[ A

k=0
_ qn(2n—1)52n(q—1)’

where the last equality follows from the recursion formula for Sa,(q).

We now show that
ngs Z qzm) —des(m 7

7'I'€A2n

which is equivalent to
S5eo(q) = """ D San(g ).

since des(m) = n for a permutation 7 € Ay, and S,(q) = ¢V Sy, (¢71) by (2.9).
We now show that ¢?*(»=1 S, (¢~1) satisfies the same recursion as S§¢*(g), namely

n—1
S«gss Z|: :| n k— 1q2(n k)(n—k— 1)Sdes( ), for n > 1. (210)

k=0

Substitute ¢?**=1 Sy (¢~ for $%¢ in (2.10). Then

2n n—k— n—k)(n—k— — -
{2k1 (_1) k 1q2( k)(n—k 1)q2k(k 1)S2k<q 1)
q

-1
2 n—k— n(n— —
—Z{gﬂ (—1)" g8y (g
q—l

where the last equality follows from the recursion formula for S, (q). g

3. NEW ¢-SECANT NUMBERS

The following theorem provides a combinatorial interpretation for a new class of
secant numbers. Recall the definition of half descent des(w,) for a permutation .

Theorem 3.1. Define

N S5u(0)7™ [~ (-1
nz:; (@ 4)2n _<Z:: (4; >
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Then, forn > 1,

é)n(q) _ Z qinU(Tr)—&-des(wo)'

7T€A2n

Proof. Let

g2n<Q) _ Z qmv(w)+des(7ro)‘

7r€A2n

From the definitions of inv(7r) and des(m,), it is clear that

The polynomials S9,(q) satisfy S§(¢) = ¢~ and

n—1

o 2n n—k—1_(n—k)? Qo

L0 =3 || CUM s, oz (1)
k=0

We define go(q) = ¢~!. We will show that the polynomials g, (q) satisfy (3.1) for n > 1.
For a positive integer k < n, let Ag;) be the set of permutations 7 on [2n] such that

T < Tg >m3 <+ > TMop—1 < Mok,

Mok+2 > Tokyd >+ + > Moy > Mop—1 > Mop—3 > =+ > Mok41.

Figure 3 shows the conditions for 7w € Ag’f}.

T2k+2
T
o Tok—2 Tk L ekt Ton_2
T s T s T opa - Mong Tl
1 3 2%—3 -1 e T2k+3

FIGURE 3. Agﬁ)

Note that there are (n—k)*—(n—k) inversions in mop, 1Topy2 - * - Mo, for the permutation
T -’4(2];)- Thus, from Lemma 1.1 and the definition of gs,,, we see that

inv(mT es(mims- - n— 2n n—k)?
Z q (m)+des(mimg - map_1)+(n—k) _ {2]4 q( k) 921(q)- (3.2)

™ EAg:L)
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For a positive integer k£ < n, we decompose ASZ) into disjoint subsets as follows:

Aé’;’ ={7 | ok > Topqa} U{m | Top < Mopya}
={7 | Tap > Topqo > Mop—1} U {m | 7o, > Top—1 > Toppo} U {7 | Mopyo > Mo > Mop_1}
={7 | Mo > Topqo > Mops1 > Top—1} U{T | Top > Toqo > Top—1 > Mopy1}
U {7 | o > Top—1 > Topgo > Mokt } U {7 | Mopyo > Mo > Mop—1 > Topy1}
U {7 | Topgo > Mo > Topg1 > Tok—1} U {7 | Topyo > Topg1 > Top > Top—1}
={7 | Top > Topta > Mopy1 > Top—1} U {7 | Top > Top—1 > Mopi1}
U {7 | Topgo > Mo > Topg1 > Top—1} U {7 | Mopyo > Topgr > Top > Top—1}
=B ucupPued. (3.3)
Note that Bgfl) is the set of alternating permutations 7 on [2n] such that
T < Tg >my <+ > TMop—1 < Mo,
Mok > Mgy > **+ > Mop > Mop—1 > Mop—3 > *** > Mokl > T2k—1,
from which it is clear that Bg;) is a subset of Ag’f;l). Figure 4 shows the conditions for

T e Bé’j}.

s
2k T2k+2
2 e

7N\

m 3 T2k—3

Tok+4

Ton—2

S T2n,
C Toka1 2k+3
T2k—-1

FIGURE 4. Bé’fl)

We define Bgfl) = Ay,. For a permutation 7 € Bg;) with 1 < k& < n, if mop_3 > mop_1,
then
Tog—2 > T2k—3 > Mok—1,
which shows that such 7 satisfy the conditions of Cé’f;l). Thus
BSZ) ={7 | Tor—3 > Top_1} U {7 | Top_3 < Mop_1}

=Civ U { | Takes < Taro1 ). (3.4)

n

We now compute the generating function for permutations 7 € Bg’:}
Z qinv(w)+des(7r17rg~~-7r2k_1)+(n—k).

TreBéi)
Let m € Béi) If Tok—3 > TMok—1, then
inv(m) + des(mmsg - - mor_1) + (n — k) = inv(w) + des(myms - - mop—3) + (n — k + 1).
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However, if moy_3 < mor_1, then
inv(m) + des(mymsg -+ - mop_1) + (n — k) = inv(m) + des(mymg -+ - mop—3) + (n —k+1) — 1.
In this case, we look for a permutation o such that
inv(m) + des(mms - - Top_1) = inv(o) + des(orog - - - o9p_3) + 1.
Let m be defined by
Toktm = Max{mopj | Topt; < Top_2, 7 > —1}.

There exists such an m since 7 is an alternating permutation, so that mop_1 < mor_o.
It follows that mor_ 1 < mopym < Tor_2. We switch mop_o and mori,,, and denote
the resulting partition by 7. Switching mo,_o With mogi,, results in a decrease of the
inversion number, namely

inv(m) = ino(T) + 1.
Moreover, since 7o; 11 = To;41 for ¢ < k — 1 and mog_3 < mop_1,
des(mimsg -+ - Mop_1) = des(T1 7T -+ - Mop—3)-
Thus
inv(m) 4+ des(mms - - - Top_1) = inv(T) + des(T173 - - - Top—3) + 1.

If w99 were switched with mogy,, for m > 0, then mor_ 1 < Topim and mop > Topim-
Hence, from the definition of 7, we see that

T < To >3 < -+ < Top_2,
ok > Tok42 > *** > Mop > Monpyl > Mop—1 >+ > Tog41 > Tok—1,
Tk > Tok—2 > Mok—1 > Mok—3,
. _ —1 .
which shows 7 € Dg; +1)' If mo,_o and o1 were switched, namely m = —1, then
Top_o < m; for i > 2k. Hence, from the definition of 7, we see that

T < Ty > Ty < -+ < TMog_2,
T > Togy2 > =+ > Top > Mopy1 > Mop—1 >+ > Togt1 > T2k—1,

Tok > Mok—1 > Mogp—2 > Mok—3,
which shows 7 € 52(211) Thus, by (3.3) and (3.4), for any k,1 < k < n,

{71' | T e Bg:.b),’irgk_g > 7T2k_1} U {ﬁ ‘ T e Bé?,ﬂgk_g < 7T2k_1}
=Cy P uDg T ug, ™

k—1 k—1
= A, U\ By
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Therefore,

E qinv(ﬂ)+des(7r17r3~--7r2k_1)+(n—k)

TrGBéI:B
— § : qinv(w)+des(7r17r3---7r2k,3)+(n7k+1)+ § : qinv(ﬂ)eres(Trlﬂ'g---7r2k,3)+(nfk:)
WGB;? ﬂ'EBéIZ)

T2k—3>T2k—1 T2k—3<T2k—1

_ E qinv(ﬂ')+des(7r17r3-~-7r2k,3)+(nfk+1)+ E : qinv(ﬁ)+des(ﬁ1ﬁ3--~7’r2k,3)+(nfk+1)

resth) restt)

T2k—3>T2k—1 T2k—3<T2k—1

_ Z qinv(w)+des(7r17r3~~~7r2k_3)+(n—k:+1) _ Z qinv(ﬂ)+des(7r17r3~--7r2k_3)+(n—k+1)‘

re A reBlE=b
(3.5)
By iterating (3.5), for any n > 1, we deduce
n—1
Z qinv(w)—l-des(ﬂ'o) _ Z(_l)n—k—l Z qinv(w)+des(7r17r3~--7r2k,1)+(n—k)
reB{M k=1 e Ag,)
+ (_1)71—1 Z qiTw(Tr)—&—n—l7
TI'EBSl)
which is equivalent to
n—1 m
n—k—1_(n—k)>? n—1_n?—
o) = 32 [ 3R] (-0 )+ (1
k=1
n—1 9
n n—k—1_(n—k)?
- {2/{} (=)™ 1" gai(g),
k=0
where the second equality holds since go(q) = ¢ . O

Theorem 3.2. Define

Then, forn > 1,
on(@) = 'S5, (q).

Proof. Using the recurrences satisfied by 55,(¢q) and 52 (¢), we can easily prove that
¢ (q) = q'7"S% (q) for n > 1. We omit the details. O

The other half descent des(w.) is discussed in the following theorem.
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Theorem 3.3. Define
2€n(Q) — Z qinv(w)—kdes(we)‘ (36)

T€EAo,

Then we have

on(q) = 455, ().

Proof. For a permutation m € As,, define the map o by o(7) = (2n + 1 — m9,)(2n +
1 —mon1) - (2n+1—m)(2n+ 1 —m). Then o(m) is an alternating permutation in

inv(m) =inv(o(m)) and  des(m,) + 1 = des(o(m).),

since o(m)e = (00)(2n + 1 — mop—1)2n + 1 — mop_3)---(2n + 1 — m3)(2n + 1 — m).
Therefore, it follows that S5, (¢) = ¢55,(q). O

It follows from Theorems 3.1 and 3.3 that

55,0027 [~ (D"
nzo (a5 9)2n _<§ (5 9)2n )

4. NEW g-TANGENT NUMBERS ASSOCIATED WITH ODD INDICES
Define T3, (q) by
n n 24n,.2n+1

oo
Z -
n=

q q 2n+1

Z T3, (@)
— (¢ @2t =L (—1)g
—  (¢:q)2m

Then, by the definition of S$,(¢) in Theorem 3.1,

0 (qvq 2n+1 - q)2nt1 "m0 (¢ @)2n
Thus
; ~ [2n +1 nk (K2 (k)41 o
Tl =3 |yt | (-1t e g ), 1)
k=0

In [17], Huber proves that the coefficients (q; q)51 1%~ 2(q) in yapt1 in (1.2) are Ty, (q),
whose combinatorial interpretation is given the following theorem.

Theorem 4.1. For each nonnegative integer n, we have

inv(m)+des(mo
2n+1 Z 4q (m-+ ),

TEAn11
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Proof. Let
f2n+1 Z qznfu(w +des(7ro)

TE€A2n+1

For n = 0, it is clear that
fila) =1=T7(q).

For any positive integer n, we will show that fs,,1(q) satisfies the equation (4.1).

For a positive integer k < n, let AL .1 be the set of permutations 7 on [2n + 1] such
that

T < Tg >m3 <+ > Top—1 < Mok,

Tok+2 > Toktd >+ + > Mop > Mopyl > Mop—1 > *** > Mok41. (4.2)

Figure 5 shows the conditions for 7 € Aé’fl) +1- From Lemma 1.1 and Theorem 3.1, we

T2k+2

T2k+4
o Tok—2 T2k : s
/\ /\/ A -
/e 7T2n73 Ton—1 |20t
1 3 Tok-3  T2k-1 gt T2k+3
FIGURE 5. Ag;)+1
see that for k < n,
Z qim;(7r)+des(7r17r3~~7r2k71) — |:2n22— 1:| q(n—k)2 gk(Q)' (43)

TEAS),
We decompose A%l into disjoint subsets as follows:
A2n+1 ={7 | mon > Topt1} U{m | man < Toni1}
={7 | won > Topy1 > Ton_1} U{m | man > Ton_1 > Mops1} U {m | m2n < moni1}
= B%H U DQnJrl U EgnH (4.4)

Note that Ay, 11 = 82n 1 UDéZ)Jrl. For k < n, we decompose Ag;) 1 into disjoint subsets
as follows:

'Ag:z—&—l ={7 | mor, > Topy1} U {7 | Mok < Topt1}
={7 | o, > Mopy1 > Mop_1} U{m | mor > mop_1 > Topy1 } U {m | mop < mopr1}
={7 | ok > Tokqa > Tokt1 > Top—1} U {7 | Topro > Top > Mopp1 > Top—1}
U {7 | mar > Mop—1 > Toppr } UA{T | T < Toppr}

k k k
BZn-l—l U Cén)—i—l U Dén)—i-l U 82(71)—1—1 (45)
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Note that, since the permutations in BS:L)H satisfy the conditions of (4.2), Béi)ﬂ is the
set of alternating permutations 7 on [2n + 1] such that
T < T >y < - < Tog,

Mok > Togy2 >+ > Mo > Mopy1 > Mop—1 > **+ > Mog—1.

Figure 6 shows the conditions for 7 € Bg’;ﬁl.

T
21? T2k+2
T2 T2k—2 BERREEE

7N

™ 3 T2k—3

o .7T2n+1
Ton—3 Ton—1

T2k+1 2k+3

T2k—1
k
FIGURE 6. Bén)ﬂ

Furthermore, for any positive k, 1 < k <n+1,
Bé’;ﬁl ={7 | Map—3 > Top—1} U {7 | Mop_3 < Top_1}
:Dg:;i) U7 | mop-3 < Tar—1},
where Bt = A,, 1. For k > 1, we now compute the generating function for permu-
tations m € Bgi)ﬂ
Z () des(mmg o)
res ),

Let m € Béﬁrl. If mop_3 > o1, namely m € Dg;;ll), then

inv(m) 4+ des(mms - - - Top_1) = inv(w) + des(mms - - - Top_3) + 1.
However, if mo,_3 < mor_1, then

inv(m) + des(mms - - Mop—1) = tnv(m) + des(myms - - - Top_3).

In this case, we look for a permutation o such that

inv(m) 4+ des(myms - - - mop_1) = inv(o) + des(o103 -+ - oo_3) + 1.
Let the positive integer m be defined by

Toktm = MAX{ Mgy | Topsj < Tok—2, J > —1}.

Since moy_1 < To_9, there exists such an m. We switch mop1,, with mo,_o and denote
the resulting partition by 7. Switching 7or_o With mog,,, results in a decrease of the
inversion number, namely

inv(m) = inv(T) + 1.
Moreover, if mo_o was switched with mop,, for m > —1, it is trivial that

d€8(7T17T3 tee 7T2k,1) = d68(7_'('177'3 s 77'2]9,3),
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since To;11 = To;y1 for ¢ < k and mop_3 < mop_1. If mop_o was switched with mo,_1, since
Tok—3 < Tok—1 < M2k—2,

des(myms -+ - Top—1) = des(M173 - -+ Tog—3).
Thus, in either case,
inv(m) 4+ des(mms - - - Top_1) = inv(T) + des(T173 - - - Top_3) + 1.
From the definition of 7, if mo,_s was switched with mo,_1, then

T < To > Ty < -+ < Tog—yg > Top—3 < T2k—2,

ok > Toky2 > +++ > Top > Mopy1 > Mop—1 > -+ > Tog—1,

Tok—2 < Tok—1,
which shows that 7 € Sz(fljr}) If mo_o was switched with mop,,, for m > —1, then it
follows from the maximality of 7oy, that

T < To >Tg < -+ < Top—q > Top—3 < Mok—2,
Tk > Togy2 > =+ > Top > Mopy1 > Mop—1 >+ > Tog—1,

Tok > Tok—2 > Mok—1 > M2k—3,
which shows 7 € Céf;ll) Thus, for any k,1 < k <n+1,
{m|me Bg;)ﬂ, Tok—3 > Mop—1} U{T | 7 € Bgi{rl,ﬂgk,g < Tok—1}
= Clat ULy L&Y
= Ay \ Bh (46)
where the last equality of (4.6) follows from (4.5). Therefore,

Z qim) (m)+des(m1m3Top_1)

“elgé];)+1

_ Z qi’n’v(ﬂ')eres(ﬂ'lﬂ'g---TI'2]€73)+1 + Z qinv(fr)eres(wlﬂg---ﬂgk,g)

(k) (k)
W€82n+1 W682n+1
Tk —3>T2k—1 T2k —-3<T2k—1

_ Z qinv(w)—l—des(wl7r3~~7r2k,3)+1 + Z qin’u(ﬁ)—i-des(ﬁlﬁg~--7'r2k,3)+1

rEBéI:L)+1 ”6352)-5-1
Tok—3>T2k—1 Tok—3<T2k—1
_ inv(mw)+des(m1mws - Top_3 inv(m)+des(miws - Tor_3
—q| 3 g ) _ g tes( L@

k-1 k-1
7I'€./4<2n+1) ”eBgn+1)
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By iterating (4.7), we deduce

Z qinv(ﬂ')eres(wo)

n+1
B£n+1)

_ (_1)717]{ Z qinv(ﬂ)+des(ﬂ'17r3---71'2;9,1)+(n7k)+1 + (_1)n Z qinv(ﬂ')+

k=1 WGA(;;)H KEB;QH

which is equivalent to
= [20 1] ynek ek ek go
fons1(q) = [ 2%k }(—1) R THERELSE (q)
k=0

by (4.3) and the definitions of B;lill : BSBH, and S9(q) = ¢ 1. O

Define 73, ,,(q) by

2n+1

e
2n+1 Z

i Tfml(Q)x _ n=0 (& Q)21
=0 (Q;Q)2n+1

2

(_1)nqn —nx2n ’
(¢ @)2n

NE

I
o

n

Theorem 4.2. For a nonnegative integer n, we have
T5011(0) = ¢ T4 (0)-

Proof. The theorem follows from the recursions satisfied by 7% ., (¢) and 79, (g, O

5. NEW ¢-TANGENT NUMBERS ASSOCIATED WITH EVEN INDICES

Let T5,.,(q) be the polynomial satisfying

io: 21
i T2en+1(Q)$2”+1 _ =0 (¢ 9@)2nt1 ‘
= @ (D
n=0 (Qa Q)Qn

From the generating function for 7%, ,,(¢), it follows that

e n n? 2n+1 n— n—=k)2 e
T2n+1(Q) q +Z l2k+1:| ) b 1q( k) 2k+1(q). (51)

Theorem 5.1. For a nonnegative integer n,

inv(m)+des( 71'5)
2n+1 q

TEA2n 11
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Proof. Let
Jont1(q) = Z g m)tdes(me)

TEA2n+1

For n = 0, it is clear that

filg) =1="T{(q).

For any positive integer n, we will show that fa,11(q) satisfies the recurrence (5.1).

For a nonnegative integer k < n, let Ag’:)ﬂ be the set of permutations 7 on [2n + 1]

such that

™ < Ty >y < e < Top > Mok41,

Tok+2 > Toktd > =+ > Mop > Mopy] > Mop—1 > > Mok43.

Figure 7 shows the conditions for 7 € Ag;) 1

T2k+2
T
T2 Tok—2 T2k 2kt
- N 2n—2 Ton
T Ton1 2n+1
T UE] Tok—3 T2k—1 T2k+1 T2k+3

FIGURE 7. A&?H

From Lemma 1.1 and the definition of fy,,1, we see that

inv (T es(momomy T 2n+1 n—k)?®
Z q (m)+des(momamy mag) _ {2/64— J q( k) for+1(q)-

WGAéIfL)Jrl
For k£ < n, we decompose Ag;) 41 into disjoint subsets as follows:

k
Agn)—l-l ={7 | Top41 < Torto} U{T| Tops1 > Tonia}

(5.2)

={7 | Top41 < Topy2 < Mop} U{T | Taps1 < Mo < Togra} U {m | Tops1 > Topia}

={7 | Tort1 < Mokt < Mokt < Mo} U AT [ Topss < Topg1 < Mokt < Mok}
U {7 | Tops1 < Mo < Tapgo} U{T | Tapy1 > Topya}

k k k k
=Bl UChla UDGL UL
Note that Béﬁll is the set of alternating permutations 7 on [2n + 1] such that

T < Ty >y < e < Top > Mg+,

Mok > TMoky2 > =+ > Mop > Topyl > Top—1 > = > T2k4+3 > M2k+1-

Figure 8 shows the conditions for 7 € Béﬁlrl.

(5.3)
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T
2k T2k+2
Uy Tok—2

7N\

T T3 Mok-3 Mok—1 7,8 " Mok+3

FIGURE 8. Bgfblrl

We define Béz)ﬂ = As,41. For a permutation 7w € Béﬁll with 1 < k < n, if mop_o < 7o,
then

Top—1 < Tog—2 < Mok,

which shows that such 7 satisfies the conditions of Déi;ll) Thus

Bélfz)—l—l :{T( | Mop—2 < 7T2k} U {7T | Tok—2 > 7T2k}

=D Y U{r [ mor2 > mor ).

We now compute the generating function for permutations = € Bgiﬁrl
Z qinv(w)+des(7ro7r27r4-~~7r2k)
WGBQ:LLI

Let w € Bg’,ﬁl. If 7op_9 < moy, then

inv(m) 4+ des(momamy - - - o) = inv(w) + des(momamy - - Tok_2).
However, if mop,_o > o, then

inv(m) + des(momamy - - - o) = inv(mw) + des(momamy - - - Top—a) + 1.

In this case, we look for a permutation ¢ such that

inv(m) 4+ des(momamy - - - Tor) = inv(0) + des(coo904 -+ - Oop_2).
Let m be defined by

Toktm = Min{mops; | Topt; > map—1, 0 < j < 2n — 2k + 1}.

There exists such an m since 7 is an alternating permutation, namely o1 < mor. S0,
Tokim < Mol < Mok_9. We switch mogy,, Wwith mor_1 and denote the resulting partition
by 7. Switching o1 with mosy,, results in increasing of an inversion, namely

inv(m) + 1 = inv(T).
Moreover, since my; = 7o; for i < k,
des(momaTy - + - Top—o) = des(ToTaTy -+ - Tok—2)-
Thus
inv(m) 4+ des(mamy - - - mox) = inv(m) + des(momamy - - Top—2) + 1

= va(ﬁ') + d68(7_1'077'277'4 s 7_1'2k,2).
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If mop—1 was switched with mopyy, for m > 0, then mory; < mo,. Hence, from the
definition of 7, we see that

T < Tg > T3 < -+ < Mop_9 > Top_1,
ok > Togy2 > *++ > Top > Mopy1 > Mop—1 > * > Tk,
Tok—2 > Mok > Mok—1 > Mok+1,

(k—1)

which shows, from (5.3), that 7 € C2n 41 If mop—y and my, were switched, namely
m = 0, then mo,_1 > m; for ¢ > 2k. Hence, from the definition of 7, we see that

T < To > T3 < -+ < Top_9 > Tok_1,
ok > Togy2 > =+ > Top > Mopy1 > Mop—1 > *** > Toktl,

Tok—2 > Tok—1 > Mok > Mokt1- (5.4)
Note that, since 52(21? C Agﬁ;ﬁ), we see that
52(7];1 = {7 | Tok—2 > Top—1 > Top > Mopy1}-

Therefore, (5.4) implies 7T € 52n+1 Hence, by (5.3), for any k,1 <k <n

{r|7eBY, oy <mutU{F | 7w B, mos > mor}

= Cinyd UDg Y UELTY

= Aj i \ By

Therefore,

Z qinv(w)+des(7ro7r2 T4 Tok)

WEBEI:L)-‘—l

_ § : qznv(w)+des(7r07r27r4 “Tok—2) + § : znv (m)+des(momama - wop_2)+1

(k) (k)
ﬂeBQn—‘—l ﬂeBQn-‘-l
Tok—2<T2k Tok—2> T2k
_ E qznv(w)+des(7r07r27r4 “Tok_2) + E znv (7)+des(RoToTaTak—2)
(k) (k)
7r€B2n+1 7r€B2n+1
T2k —2<T2k T2k —2> T2k
_ inv(m)+des(momama - Tog—2) inv(m)+des(momama - Tog—2)
= ) - q . (5.5)
(k—1) (k—1)
T€AS m€By, 11

By iterating (5.5), we deduce

Z qinv(ﬂ) +des(me)

ﬂ-EBé?L)-Fl

i
L

_ (_1)n—k—1 Z qinv(ﬂ)+des(7r07r27r4-~-7r2k) + (_1>n Z qinv(w)

0 k 0
ﬂeAén)+1 ”eBgn)-H

i
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which is equivalent to

>_A

«— [2n+1 k1 (k)2 L2
font1(q) = [2]{;_‘_1} (=1) " 1q( ¥ Jorri(q) + (=1)"¢".
k=0
O
Theorem 5.2. Define
i 1 nqn 24n 2n+1
Z T§n+1(q) 2l e (¢ @)2n+1
— (4 0)2n+1 i 1)”q" —ngn
n=0 ( 749
Then, forn > 1,
T5,1(q) = ¢ "' T5, 11 (q)-
Proof. Note that
e n n2 n 2n+1 n— n—k)2—(n— e
B, (0) = oy Z ] e 0. 6o
To prove Theorem 5.2, multiply both sides of (5.6) by ¢"*! to obtain, for n > 1,
n (& n n 2 2n _l_ 1 n— TL2
+1T2n+1((1) = (=)t + { 1 ] (=)™ g (5.7)

n—1
2n+1 e e .
+ |:2/<5 + 1} ) A ( k) +k+1T2k+1(Q)

k=1
Note that

(_1)nq(n+1)2 + {in—i— f| (_1)n—1qn2+1 — (_1)n71qn2+1(1 +qg+---+ q2n71)

2 2n+1

=t P et e

Inserting (5.8) into (5.7), we see that the recursion (5.1) for 75, ,(¢) is identical to the
recursion for ¢"+t'75 . (q) in (5.7). O

6. SYMMETRIES OF THE ¢-EULER NUMBERS

In [19], Ismail and Zhang conjectured that the polynomials 775, (¢) are symmetric
about the middle coefficient(s). We prove their conjecture in the following theorem.

Theorem 6.1. The polynomials To,11(q), 15,1 (q), and T3, ,(q) are symmetric about
the middle coefficient(s).
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Proof. For each alternating permutation m = mmy...mTo,11, the permutation 7 =
Tont1Ton - - - M1 1s also an alternating permutation. Recall that des(m.) = moms - - - oy,
and des(T.) = momay, - - - mo. From the definition of 7, it follows that

n(2n + 1) = inv(w) + inv(T),
2n(n + 1) = inv(m) 4+ des(m,) + inv(T) + des(T,),
2n(n+ 1) + 1 = inv(w) + des(m.) + inv(T) + des(Te).
Therefore, the inversion map m — 7 is a bijection between
{m |inv(m) = k} and {m |inv(r) =n2n+1) — k},

{m | inv(7) + des(m,) = k} and {m | inv(7) + des(m,) = 2n(n + 1) — k},

{m | inv(7) + des(m) = k} and {m | inv(m) + des(m.) = 2n(n + 1) + 1 — k}.
If k =n(2n+1)/2, then {7 | inv(7) = k} = {7 | inv(r) = n(2n + 1) — k}. Otherwise,
the two sets are disjoint. It follows that, if n is even, the coefficients of T5,.; are
symmetric about the term

{7 | inv(m) = n(2n +1)/2}] - "1/,

If n is odd, the coefficients are symmetric about the terms corresponding to ¢l™
and ¢l tD/2I+1 The coefficients of T3, 1 (q) and T%, ,(q) can similarly be seen to be
symmetric about the middle term(s). O

2n+1)/2]

The g-secant numbers discussed in Section 3 are symmetric about the middle coef-
ficient.

Theorem 6.2. The polynomials S3,(q) and S3,(q) are symmetric about the middle
coefficient.

Proof. 1t suffices to show that 59 (¢q) is symmetric. First note that the alternating
permutation with the least weight is

7=132547---(2n—1)(2n —2)2n

with inv(m) = n — 1 and des(m,) = 0; while the alternating permutation with the
largest weight is

T=02n—-1)2n(2n—-3)(2n—2) ---12
with inv(r) = 2n? — 2n and des(w,) = n — 1. Thus
So(q) =q" P4+
It is clear that S9(q) = 1 is symmetric. Suppose S.(¢) is symmetric about ¢**~! for

k < n. Since the ¢g-binomial coefficient z is symmetric,

2n n—k)2 oo
is symmetric. The exponent of the middle term is
(n— k) + (2nk —2k*) + k> —1=n> — 1.
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. . 2
Therefore, S§ (q) is symmetric about ¢™ ! O

Note: It would be interesting find a combinatorial proof of Theorem 6.2 analogous
to that of Theorem 6.1. We note in passing that the polynomials Sy, (q), S2(q) and
their dual polynomials Sgn( ), S des(q) appearing in Theorems 2.5, 2.6, and 2.7 are the
only polynomials considered in this paper that are not symmetric about the middle
coefficient(s).

Definition. A polynomial p : C — C of degree n is said to be reciprocal if

1
p(z) = +2"p (;) : (6.1)
The following corollary follows from Theorems 2.3, 3.2 4.2, 5.2, and 6.1.

Corollary 6.3. The polynomials Tgﬁil( ), T20n+1< ), T§n+1( ), and S9,(q) are recipro-

cal. More preciscly, if £(a) € {T351(a). Ts1(0). Ty (), S,(a) | 0 = 0}, and f has
degree n, then

f(/q) = f(q)/q"

7. HIGHER ORDER ¢-EULER NUMBERS

The tangent numbers of order k are defined by the Taylor series coefficients in the
expansion of tan® z about z = 0. Since

d ; d? ;
— tan’z = — tan z,
dz dz?
we see that for n > 1, the numbers
d2n d2n+1
tan® z = ——tanz (7.1)
dz2n L, dz o

each enumerate the alternating permutations on [2n + 1]. Equivalently, the first and
second order tangent numbers are identical. The g-extensions of second order g-tangent
numbers, in contrast, generate polynomials distinct from those of first order. In the fol-
lowing theorem, we offer a combinatorial interpretation for the second order g-tangent
numbers arising in the previous sections.

Before we state the theorem, we define the permutation statistics a, 3, and v on

Agpy1 by
a(m) = inv(r) + max(r) — 2n — 1,

3+ Sign(ﬂ-max(rr)fl - 7Tmax(7r)+1)

B(r) = inv(w) + des(m,) + max(r) — 2n — 5 :

y(m) = inv(m) + des(m.) + max(mw) — 2n — 2,

where max(7) denotes the index of 2n + 1 in 7. Throughout the section, we denote
7rg = m;m;y1 - - - m; for a given permutation 7.
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Theorem 7.1. Let T5,41(q),T5,.1(q), T5,.1(q) denote the g-analogues of the tangent
numbers defined by Theorems 2.1, 4.1, and 5.1, respectively. Define TQ(Z)(q), T"gl)(q), Tegi)(q)

by
o m(2) 2n ont1 2

3 Ty, (9)=™" S Tons1(9)2
— (4;9)2n (g q)2n41
OO 0(2) 2n 0 2n+1 2
3 %, (@)= _ 3 T5041(9)2
~ (@) — (@ Q21 ’
00 2
3 T (g)2>" - (> T5.(q)z*"
— (g q)2m — (¢ Q)2nt1

Then

2 ao(r o(2 ™ e(2 7T
=Y. ¢,  1T8= > 7 1= > .

TE€EAan+1 mEAon 1 TEA2n41
Proof. For a permutation 7 in Ay, 1, let mop = 2n + 1 for some £k, 1 < k <n. Then
inv(m) =[{(4,7) | 1 <2k < jand m >} + [{(i,7) | i <j <2k and m; > 7;}]
+{0,5) [ 2k <@ <jand m > 73| + [{(2, ) [ 2k < 7}
={(i,5) | i <2k < j and m; > m;}| + inv(7* ") + inv(mo i) + 2(n — k) + 1.

Thus,

a(r) = [{(i,7) | i <2k < j and m; > m;}| + inv(7}* ") + inv(mopt)).
We now show that T. 2(2)((]) is the generating function for permutations in Ag,,; with
weight «. The polynomials T3> (¢) satisfy

T () =) {zkzﬁ 1] Tote—1(0) Ta(n—ry+1(q)- (7.2)

By Lemma 1.1, the ¢g-binomial coefficient [ } in the summand on the right hand

2n
2k —1
2%k—1 2n+1

side of (7.2) counts the inversions between the two sub-permutations 7"~ and 75,7,
namely

{(i,5) | i <2k < j and m; > 7;}];

To,-1(q) and Tg(n,k)ﬂ(q) count the inversions of W%k_l and W%Eﬂ, respectively. There-

fore, T. 2(5) (q) is the generating function for permutations m in As,; with weight a(7).

The arithmetic interpretations for the polynomials T"gi) (¢) and Tegi)(q) are similarly

derived. We omit the details. O

In the next theorem, we present a corresponding interpretation for the second order
g-secant numbers studied in Sections 2 and 3. The proof for each interpretation is
similar to that of Theorem 7.1.
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Theorem 7.2. Let Sa,(q) and S3,(q) denote the g-analogues of the secant numbers
defined by Theorems 2.5 and 3.1, respectively. Define Séi)(q) and S"ggn)(q) by

— (q, — (4:9)2
Then
>,
TEA2n+1
¥ = ¥
mE€EAant1 T€A2n+1
where

§(m) = inv(r) — 2 - inv(x?" T

min(m)+1 2)
. min(m) + 3
v(r) = §(m) + des(m,) — 2 - des((wii:ér)ﬂ)o) o
min(ﬂ) + 2+ sign(ﬂmax(w)_l - Wmax(ﬂ)_;_l)

w(m) = () + des(m.) — 2 - des((wiﬁ:(;)ﬂ)e) +n—

2
+ sign(mon11 — 1) + sign(m — 1) — 2.

Proof. For a permutation 7 in Ay, 1, let mop 1 = 1 for some k, 0 < k < n. Then

inv(m) =H(,5) |i<2k+1<jand m >} +{(4,7) | i <j<2k+1and m > 7,}|
+{(i,j) | 2k+1<i<jandm >m} + [{(4,2k+1) | i < 2k + 1}

=|{(i,7) | i <2k +1 < jand m > 7} +inv(m") + inv(m ) + 2k.

Thus,

§(m) =|{(i,j) | i <2k+1<jand m > m}| +inv(n") — inv(moity) + (

2(n2— k))

={(i,5) | i < 2k +1 < j and m; > 7;}| + inv(7iF) + mv(WSZjS) (7.3)

where ngigl Ton+1T2n * * ° T2k4+3T2k42-
We now show that Séi)(q) is the generating function of permutations in As,;; with

weight 0. The polynomials Séi) (q) satisty

s =3 [%} S2(0) o0ty 40). (7.4

k=0
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By Lemma 1.1, the ¢-binomial coefficient gﬂ in the summand on the right hand side

of (7.4) counts the inversions between the two sub-permutations 72* and W%ng, namely

H{(i,7) | i <2k+1<jand m > m;};

Sor(q) and Sa,—)(q) count the inversions of 72* and wggﬂ, respectively, since 72F € Agy

and W%Zill € Asm—r). Therefore, S ( ) is the generating function for permutations 7

in Ag,41 with Welght o(m).
To obtain the claimed arithmetic interpretation for the polynomials Sogl)(q), note
that, with the convention that des(()) = 0, where () denotes the empty permutation,

des(TMon41Mon—1 - - - Tmin(r)+2) + Sign(Tony1 — 1) — 1

2n —min(m) — 1
= 9 ( ) - des(ﬂ-min(ﬂ)—i—Qﬂ-min(ﬂ')—&-Al T 7r2n+1)-

Hence, by (7.3), we find that
v(m) =6(m) + des(m,) — 2 - des((ﬁﬁg:(;)w)o) +n—
2n — min(mr) — 1
2
= (7)) + des(m T3 -+ Tmin(m)—2) + deS(Ton+1Ton—1*** Tmin(r)+2) + Sign(Tony1 — 1) — 1

:5(7T) + dBS(ﬂ'lﬂ'g T 7Tmin(7r)—2) - des(ﬁmin(ﬂ)+2ﬂ-min(ﬂ')+3 T 7T2n+1) +

=1{(i,) | i <min(r) < j and 7; > m;}| + ino(x" ) + des((77),)
+ inv(ﬁ“;)ﬂ) + des((ﬁi’;’é)ﬂ)o) + sign(maper — 1) — 1,

min(

2n+1 . _ -1
where Tonin(m)+1 = T2n4172n " T2k43Mmin(m)4+1- Therefore, since S§(¢) = ¢~", by Lemma

1.1, Theorem 3.1, and the definition of Sogi)( ), we see that
SOQn Z q
TEA2m 11

By squaring the generating function for S5, (¢) defined by (3.6) and using the fact

that S5 (q) = S9,(q), we readily observe that the weight w(7) corresponds to the same
enumeration for A, 1 as v(m). We omit the details. O

8. CONCLUDING REMARKS

Define the Bell polynomials B,, i (1, %2, - - -, Tn_g+1) via the generating function [12]
o k n
T2 B z
exp (uz_l ) 1+21;Bnk 1,0, T gg1) .

Then, by Faa Di Bruno’s formula [12, p. 137] and Theorem 2.5,

SZn( ) - (q’ 4)on (1 + Z U'B2nv 0517 ce 7a2nv+1)) ) <8'1)
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where

(—=D)*2K/(q; @), if k is even,
0, if £ is odd.

o =
From (2.1) and (2.7), we obtain

Tonia(g) =) {2712; 1} (—1)"77S2(q). (8.2)

J=0

Closed formulas and relations for the other ¢-Euler numbers can be similarly derived.

As mentioned in the introduction, the generalized tangent numbers 7%, ., (q) are the
polynomials arising in the coefficient of ¥2(q) in (¢;q)anr1Y2ns1 of (1.2). Constant
multiples of the second order extensions 7' 0;?3 +1(q) appear in (1.2) as the coefficient of
1~*(q) in the corresponding expansion of (¢; q)a,Y2n for n > 2 [17, Theorem 3.4]. Ismail
and Zhang [19, Theorem 4.1] prove that each y; can be expressed as a polynomial in
certain elliptic parameters over the field of rational functions in ¢. The authors of [19]
suggest that polynomials appearing in the numerators of these expansions, denoted by
D, 5+(q), have interesting combinatorial properties. Our study of T3, (q) explicitly
addresses the combinatorics of the polynomials D, 1(¢) and D, 2(q). Recursion for-
mulas for y; appearing in [16, 17] show that, in general, the polynomials D, ;.(q) arise
as linear combinations of finite products [[;(73, .1(¢))™ . The results of the present
paper explain the symmetry of the polynomials appearing in expansions for y; observed
by the authors of [19].
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