
Analysis of Linear and Quadratic Finite
Volume Methods for Elliptic Equations

Jinchao Xu� and Qingsong Zouy

December 10, 2005

Abstract

In this paper, we analyze the convergence error of the widelyused
�nite volume methods. Regarding �nite volume methods as special
Petrov-Galerkin methods, we �nd that the convergence error analy-
sis can be reduced to the proof of the inf-sup conditions for speci�c
�nite volume schemes. For linear �nite volume methods in any arbi-
trary dimensional space, we prove the inf-sup condition by using some
equivalence between the linear �nite volume sti� matrix and that of
the linear �nite element method. For quadratic �nite volume meth-
ods in 2D, we prove the inf-sup condition by analyzing the property of
each element sti� matrix. We also obtain a super-convergence result
for linear �nite volume method by a simple proof.

Key words .
AMS subject classi�cation .

1 Introduction

The �nite volume method has been one of the most commonly usednumerical
methods for solving partial di�erential equations. One of the most attractive
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properties of the �nite volume method is that it satis�es the main conser-
vation laws that exist in a given application as the �nite volume method is
constructed based on conservation laws.

Along their wide applications in many domains, the theory of�nite vol-
ume methods are developing. Recently, the theory of �nite volume methods
based on piecewise linear polynomials has been studied a lot. There are
two monographs which systematically study the linear �nitevolume meth-
ods (c.f., [13, 17]). There are a lot of papers (c.f., [3, 5, 9,14, 24] and the
papers cited therein) which discuss the convergence theoryof the linear �nite
volume methods. We feel it is necessary to give an abstract framework for
�nite volume methods. Likewise, we can give a uni�ed presentation of the
�nite volume methods and a uni�ed study of the convergence theory of the
linear �nite volume method.

It is, however, interesting to note that only piecewise linear �nite volume
methods have been mostly studied in the literature. Higher order �nite
volume methods on simplicial grids have been used very oftenin recently on
hyperbolic conservation laws(c.f., [11, 18, 19, 21, 15, 20]).

High order �nite volume methods have been derived for solving one-
dimensional elliptic equations by Plexousakis and Zouraris in ([19]). In their
paper, they did both a prior and a posterior error estimates for their schemes
and studied the super-convergence e�ects of their schemes.

Higher order �nite volume methods on rectangular elements were recently
derived and analyzed from the mixed �nite element method by Cai, Douglas
and Park [6]. In this paper, the authors �nd that di�erent mix ed �nite
element methods lead to a variety of �nite volume schemes. They discuss
some special cases such as a quadrature �nite volume method based on the
Brezzi-Douglas-Fortin-Marini space of index two and �nitevolume methods
of all orders from the Raviart-Thomas two dimensional rectangular elements.
For all the high-order �nite volume schemes they obtained, the optimal error
estimates are given.

The theoretical aspects of higher order �nite volume methods on simpli-
cial grids have been studied by R. Li and his collaborators inChina. In the
monograph of Li, Chen and Wu [17], they set up high order �nitevolume
schemes (which they callgeneralized �nite di�erence method) for di�erent
di�erential equations in 1 and 2D. For 1-D case, the proved they inf-sup
condition of the corresponding FVM and from this they provedthat the con-
vergence error estimate of 1D quadratic and cubic FVM is similar to that
of �nite element methods. For 2D high order FVM, their proof of the inf-
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sup condition for quadratic �nite volume method needs a restricted condition
that the proportion of the length of two edges of a triangle need to be greater

that
q

2
3 but less than

q
3
2. However, a lot of numerical examples show that

the grids which does not satisfy this condition have the sameorder of conver-
gence as that of those grids which does not satisfy this condition. By a deep
analysis the element sti� matrix, we obtain the inf-sup condition without
this restricted condition.

We organized this paper in 4 sections. In section 2, we give a general
mathematic framework for the �nite volume method: we regardit as a special
Petrov-Galerkin method and from this point of view, the analysis of the
corresponding non self-adjoint FVM bilinear form is given. In particular,
we will give a uni�ed proof for the continuity of the FVM bilin ear form. In
section 3, we analyze the linear FVM in arbitrary dimensions. For Poisson
equation, we build an equivalence between sti�ness matrix of FVM and that
of the corresponding �nite element method. Based on this equivalence, the
inf-sup condition of variable coe�cient elliptic equation is proven. In section
4, we analyze the quadratic FVM in 2 dimensions. We prove thatif the
initial triangulation is shape regular and if each triangleis non-obtuse, then
the quadratic inf-sup condition is valid. Then the condition on the proportion
of the length of two neighbored edges is not necessary for proving the inf-sup
condition of quadratic FVM.

2 The �nite volume method as a Petrov-Galerkin
method: a general framework

In this section, following Bank and Rose [3], we use the Petro-Galerkin
method to present and analyze the �nite volume element method(FVM).

Let 
 be a polygonal bounded domain inRd; d � 1. We consider to solve
by FVM the second-order elliptic boundary value problem

� 5 � (a 5 u) = f in 
 ; (2.1)

u = 0 on � D ; (2.2)

wherea is a function satisfying the following property: (i)a 2 L1 (
), (ii) a
is piecewise uniformly continuous, (iii) There exists a constant a0 > 0 such
that a(x) � a0 for almost all x 2 
. We will mention that here, we choose
homogenous Dirichlet boundary condition only for simplicity of presentation.
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Since FVM is a somehowlocalmethod, we can also build similar �nite volume
schemes for Neumann boundary condition and any other boundary conditions
and we can get the same convergence analysis for those boundary conditions
as the below results for homogenous Dirichlet boundary condition.

Let T be a conforming simplicialtriangulation of 
 which is shape \regu-
lar" but may not be \quasi-uniform". With respect to T , we de�ne a function
space

UT :=
�

v 2 C(
) : vj � 2 Pk ; for all � 2 T ; vj@
 = 0
	

(2.3)

wherek is some given positive integer andP k is the set of all polynomials of
degree equal or less than k. It is easy to see thatUT � H 1

0 (
). Now suppose
that T 0 is another partition of 
. The element � 0 of T 0 is often calledcontrol
volumeand it is not necessary to be a simplex but it is often to be chosen
as a polygon. LetVT 0 be a piecewise constant function space with respect to
T 0 de�ned by

VT 0 :=
�

v 2 L2(
) : vj � 0 = constant for all � 0 2 T 0
	

:

Normally, we require that dimUT = dim VT 0 and we callUT trial space, VT 0

test space respectively.
We de�ne a bilinear form for all u 2 H 1

0 (
) ; vT 0 2 VT 0 by

aT (u; vT 0) := �
X

E 2ET 0

Z

E
a 5 u � n[vT 0] (2.4)

whereET 0 is the set of all interior d � 1 dimensional faces inT 0, n is the unit
normal direction on the hyperplaneE and [vT 0] is the jump of vT 0 on E.

Then the �nite volume method(FVM) for solving (2.1) and (2.2) reads
as:

Find uT 2 UT such that

aT (uT ; vT 0) = ( f; v T 0); 8 vT 0 2 VT 0: (2.5)

Before the presentation of a convergence analysis theorem for FVM, we
de�ne the following two semi-norms: we denote byH 2

T (
) the piecewise
H 2(
) space with respect to the partition T . Our �rst semi-norm j � j T is
de�ned for all v 2 H 1

0 (
) \ H 2
T (
) by

jvjT :=

 
X

� 2T

(jvj21 + h2
� jvj22;�

! 1
2
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whereh� is the diameter of� . Our second semi-normj � j T 0 is de�ned for all
the function vT 0 2 VT 0 by

jvT 0jT 0 :=

0

@
X

E 2ET 0

h� 1
E

Z

E
[vT 0]2

1

A

1
2

wherehE is the diameter ofE.
Remark 1The norm similar to j � j T has been used in the discontinuous

Galerkin method(c.f. [1]). In the casek = 1, we have jvT jT = jvT j1 for
all vT 2 UT . In the casek > 1, we still have jvT jT � j vT j1 by the inverse
inequality in the piecewise polynomial spaceUT .

Remark 2We introduce the semi-normj � j T 0 since the bilinear form (2.4)
is de�ned on the facesE 2 ET 0. An equivalent norm of j � j T 0 will be de�ned
in the later context.

Theorem 2.1 The �nite volume bilinear form aT satis�es the following
properties:

1. It is variationally exact:

aT (u; vT 0) = ( f; v T 0) 8 vT 0 2 VT 0 (2.6)

2. It is bounded : for allv 2 H 1
0 (
) \ H 2

T (
) ; vT 0 2 VT 0,

jaT (v; vT 0)j � M jvjT jvT 0jT 0 (2.7)

whereM > 0 is a constant independent ofT .

Furthermore, if it satis�es the inf-sup condition

inf
vT 2 UT

sup
vT 02 VT 0

aT (vT ; vT 0)
jvT jT jvT 0jT 0

� � (2.8)

where� > 0 is a constant which may or may not depend onT or T 0.
Then

ju � uT jT �
M
�

inf
vT 2 UT

ju � vT jT : (2.9)
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Proof: First we verify the variational exactness (2.6). Multiplying the
equation (2.1) by an arbitrary function vT 0 2 VT 0 and then using Green's
formula in each control volume� 0 and noticing that 5 vT 0 = 0 on each� 0, we
obtain (2.6).

Second, we prove the boundedness (2.7). By Cauchy-Schwartzinequality,

aT (v; vT 0) = �
X

E 2ET 0

Z

E
a 5 v � n[vT 0] � j vT 0jT 0

0

@
X

E 2ET 0

hE

Z

E
ja 5 v � nj2

1

A

1
2

:

Sincea 2 L1 , there exists a constantc1 > 0 such that ja(x)j < c1 almost
everywhere. On the other hand, by trace theorem, there is another constant
c2 > 0 such that for all w 2 H 1(
),

Z

E
w2 � c2(h� 1

E jwj20;� + hE jwj21;� )

where� 2 T satis�es E \ � 6= ; . SinceT is regular, we haveh� � hE . Thus

X

E 2ET 0

hE

Z

E
ja5 vj2 . c2

1c2

X

E 2ET 0

(
X

E \ � 6= ;

jvj21;� + h2
� jvj21;� E

) � 2c2
1c2

X

� 2T

jvj21;� + h2
� jvj21;� E

:

Then there is a constantM > 0 which depends only onc1; c2 such that

X

E 2ET 0

hE

Z

E
ja 5 vj2 . M 2

X

� 2T

(jvj1;� + h� jvj2;� )2:

Thus inequality (2.7) follows.
Now we show (2.9). Babuska and Aziz proved in [2] that if (2.6),(2.7) and

(2.8) hold, then (2.9) holds with the constantM
� replaced by 1 + M

� . In [25],
Xu and Zikatanov proved that the constant 1 + M

� can be improved to M
� .

Here, for self-containing, we repeat the proof in [25]. Considering the linear
projector PT : H 1

0(
) ! UT de�ned for all u 2 H 1
0 (
) by PT u := uT . By

inf-sup condition (2.8), it is easy to prove the existence and uniqueness ofuT

from a standard method. ThusPT is well-de�ned. For all uT 2 UT , uT itself
is a solution of (2.5). Then,PT uT = uT . It is easy to check thatPT 6= 0.
SinceUT is only a �nite dimensional subspace ofH 1

0 (
), thus PT can not be
an identity operator. Namely, PT is an idempotent satisfyingPT 6= 0 and
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PT 6= I . Therefore, we have the identitykPT kT = kI � PT kT ; (c.f., [25]) and
thus for all vT 2 UT ,

ku � uT kT = k(I � PT )(u � vT )kT � k PT kT ku � vT kT :

On the other hand, we obtain from the inf-sup condition (2.8)that

kPT ukT �
1
�

sup
vT 02 VT 0

aT (uT ; vT 0)
kvT 0kT 0

=
1
�

sup
vT 02 VT 0

aT (u; vT 0)
kvT 0kT 0

�
M
�

kukT :

Then the inequality (2.9) follows. 2

Remark 3If the solution u 2 H k+1 (
), then by the de�nition of the norm
j � j T , we have

inf
vT 2 UT

ju � vT jT .

 
X

� 2T

h2k
� juj2k+1 ;�

! 1
2

� hk jujk+1 ;
 ;

whereh := max� 2T h� . Then by (2.9),

ju � uT j1 � j u � uT jT . hk jujk+1 ;
 :

From this theorem, we know that the inf-sup condition (2.8) play criti-
cal important role in the convergence analysis. We will analyze the inf-sup
condition (2.8) in the later sections since it depends on thespeci�c FVM
schemes.

3 Linear �nite volume methods in Rd; d � 1

The linear �nite volume method in two dimensions, as �rst discovered by
Bank and Rose [3], is closely related to the �nite element method. In fact,
for the Poisson equation on a polygonal domain of two dimensions, Bank
and Rose proved that the sti�ness matrices are identical forboth the �nite
element and the �nite volume method for very general grids and hence these
two types of methods are in some sense equivalent. In this section, we gener-
alize this equivalence to arbitrary dimensiond � 1 with a very simple proof.
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2P

3P

12Q

13Q

Q

1P
D

123Q

!

!

12

13

Figure 1: Contribution from one simplex to the control volumeDP1 . Q is
an arbitrary point in the interior of � , Q123 is the barycenter of the trian-
gle � P1P2P3, 
 12 and 
 13 are three dimensional interfaces,Q12; Q13 are the
middle points of the segmentsP1P2 and P1P3 respectively.

Then we will use this equivalence to verify the inf-sup condition (2.8) for
linear FVM and to get a super-convergence result.

For linear FVM, the trial function space UT is de�ned by (2.3) with k = 1.
The test spaceVT 0 depends on the di�erent construction of the partitionT 0

whose elements are often called control volumes. Here, we use the method
introduced in [7] to obtain the dual partition T 0. Let � 2 T be a simplex
of d-dimensions. For eachn(n < d ) dimensions faceK n of � , we choose
QK n as the barycenter ofK n . For instances, if n = 1, QK 1 is selected to
be the middle point of the segmentK 1; if n = 2, QK 2 is selected to be the
barycenter of the triangleK 2; if n = 3, QK 3 is selected to be the barycenter of
the tetrahedron K 3; : : :. We �rst choose an arbitrary point Q in the interior
of the simplex � , then we connectQ� with the barycenters QK d� 1 of those
d � 1 dimensions facesK d� 1 by straight lines. In eachK d� 1, we connect by
straight lines QK d� 1 with the barycenters QK d� 2 of thosed � 2 dimensional
faces ofK d� 1. Continue this process, till all the barycenters of the triangles
connect with the middle points of their edges. Then the contribution of � to
the control volume DP of the vertex P of � is the volume surroundingP by
the above straight lines. AndDP is the union of all the contributions from
those� 0 2 T which haveP as a vertex. (See Figure 1 for the construction of
the control volume in 3D).

We denote byNT the set of all the interior vertices. For allP 2 N T , we
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denote by� P the casual used nodal basis satisfying

� P 2 UT ; and � P (xP 0) = � P;P 0; 8 P0 2 N T

and we de�ne  P as the characteristic function onDP . Then we have

UT = spanf � P : P 2 N T g and VT 0 = spanf  P : P 2 N T g:

It is easy to see that dimUT = dim VT 0 and thus we can de�ne a linear
bijective � T : UT ! VT 0 by

� T (� P 2N T cP � P ) = � P 2N T cP  P ; 8 cp 2 R; P 2 N T :

The bilinear form (2:4) for linear FVM can be rewritten as:

aT (u; v) = �
X

P 2N T

Z

@DP

(a 5 u) � n vds: (3.10)

Next we show the equivalence of the linear FVM sti� matrix andthat of
the linear FEM for the casea = 1.

Lemma 3.1 Suppose the coe�cient functiona = 1. Let uT ; vT 2 UT and
�vT := � T vT 2 VT 0, then

aT (uT ; �vT ) =
Z



5 uT � 5 vT : (3.11)

In particular, for all P; P0 2 N T ,

aT (� P ;  P 0) =
Z



5 � P � 5 � P 0;

namely, the sti�ness matrix of the �nite volume method is identical to that
of the �nite element method.

Proof: For any � 2 T , let P 2 N T be an arbitrary vertex of � . BecauseuT

is linear in � , by Green's formula, we have

�
Z

@DP \ �

@uT
@n

=
Z

D P \ @�

@uT
@n

:
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Noting that @u
@n is a constant and by the construction of the dual mesh,

Z

D P \ @�

@uT
@n

=
1
d

Z

@�nFP

@uT
@n

whereFP is a face of� which opposites to the vertexP. Noting that
Z

@�nFP

� P =
1
d

Z

@�nFP

1;

and � P = 0 on FP , we have that
Z

D P \ @�

@uT
@n

=
Z

@�

@uT
@n

� P =
Z

�
5 uT � 5 � P :

where in the last equality we used Green formula again. ThusaT (uT ;  P ) =R

 5 uT � 5 � P and (3.11) follows. 2

Next we will prove the inf-sup condition (2.8). To this end, we need the
following norm equivalence.

Lemma 3.2 For any vT 2 UT , we have

jvT j1;
 � j �vT jT 0: (3.12)

Proof: For any simplex� 2 T , we denote byP �
1 ; P �

2 ; : : : ; P �
d+1 all the vertices

of � . SinceT is regular andvT is linear on � , it is easy to deduce that in� ,

j 5 vT j2 � h� 2
�

dX

i =1

d+1X

j = i +1

(v(P �
i ) � v(P �

j ))2:

Therefore, by the factj� j � hd
� , we have

jvT j21;
 �
X

� 2T

hd� 2
�

dX

i =1

d+1X

j = i +1

(v(P �
i ) � v(P �

j ))2:

Now let E ij be the face common of the control volumesDP �
i

and DP �
j

and
de�ne E �

ij := E ij \ � . It is easy to see from the regularity ofT that hE ij �
hE �

ij
� h� . Thus

j �vT j2T =
X

E 2ET

h� 1
E

Z

E
[�vT ]2 �

X

� 2T

h� 1
�

dX

i =1

d+1X

j = i +1

Z

E �
ij

[�vT ]2:
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Noting that jE �
ij j � (hE �

ij
)d� 1 � hd� 1

� and that on E �
ij , j[�vT ]j = jvT (P �

i ) �
vT (P �

j )j, we obtain that

j �vT j2T �
X

� 2T

hd� 2
�

dX

i =1

d+1X

j = i +1

(v(P �
i ) � v(P �

j ))2:

Thus (3.12) holds. 2

Now we are ready to prove inf-sup condition (2.8) for linear FVM.

Theorem 3.3 Suppose the coe�cient functiona(x) satis�es the three condi-
tions (i)-(iii) of page 3 and let � denote the discontinuous interfaces ofa. Let
T be a shape regular and conforming triangulation of the polygonal domain

 , let the dual partition T 0 is constructed as above. We suppose� � E T

whereET is the set of all interior d � 1 dimensional faces inT . Then when
the mesh sizeh := max� 2T h� is su�ciently small, the inf-sup condition (2.8)
holds. In particular, when the coe�cient function a is piecewise constant, the
inf-sup condition (2.8) holds for arbitrary h.

Proof: By Lemma 3.2 and Remark 1, we only need to prove that there
exists � > 0 such that

inf
vT 2 UT

sup
�wT 2 VT 0

aT (vT ; �wT )
jvj1;
 jwT j1;


� �: (3.13)

Sincea is uniformly continuous in 
 n �, the modulus of continuity

m(a; t) := supfj a(x) � a(y)j : x; y 2 
 n � ; kx � yk � tg (3.14)

wherek � k is the classic Euclidean norm inRd, will converge to 0 ast tends
to 0.

For all � 2 T , we de�ne

a� :=
1

j� j

Z

�
a(x):

Noting that � � E T , then a is uniformly continuous in the interior of � .
Therefore

ja(x) � a� j � m(a; h� ) � m(a; h); 8 x 2 �:
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For all vT 2 UT , we have

�
X

� 2T

a�

X

E 2ET 0;E \ � 6= ;

Z

E \ �
5 vT � n[�vT ] =

X

� 2T

a�

Z

�
j 5 vj2

where in the last equality, we have used Lemma 3.1. By the factthat a� �
a0; 8 � 2 T , we obtain that

�
X

� 2T

a�

X

E 2ET 0;E \ � 6= ;

Z

E \ �
5 vT � n[�vT ] � a0

X

� 2T

jvj21;� :

On the other hand, for all � 2 T ,
�
�
�
�
�
�

X

E 2ET 0

Z

E \ �
(a(x) � a� ) 5 vT � n[�vT ]

�
�
�
�
�
�

. m(a; h)jvT j � jT j �vT j � jT 0 . m(a; h)jvT j21;� :

Then whenh is su�ciently small,

aT (vT ; �vT ) �
a0

2
jvj21;
 :

And thus inf-sup condition (3.13) holds for� = a0
2 .

Note that when a is piecewise constant,m(a; t) = 0, then the inf-sup
condition (3.13) holds for arbitrary mesh sizeh. 2

Next we will estimate the di�erence of the �nite element approximate
solution and that of the �nite volume method. Let ue;T 2 UT be the solution
of the following equation:

(a 5 ue;T ; 5 vT ) = ( f; v T ); 8 vT 2 UT :

ue;T is the so-called �nite element approximate solution.

Lemma 3.4 For all vT 2 UT and all � 2 T , there hold

kvT � �vT k0;� . h� jvT j1;� (3.15)

kvT � �vT k0;E . h
1
2
E jvT j1;� E (3.16)

where� E is the union of the two simplex which haveE as their common face.
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Proof: In fact, let f Pi gd+1
i =1 be the vertices of the simplex� . Then vT =P d+1

i =1 vT (Pi )� Pi and �vT =
P d+1

i =1 vT (Pi ) Pi . Noting the fact
P d+1

i =1 � Pi =
P d+1

i =1  Pi = 1, we have

vT � �vT =
X

i<j

(vT (Pi ) � vT (Pj ))( � Pi  Pj � � Pj  Pi ):

Noting j� Pi  Pj � � Pj  Pi j � 1 for all i; j , we have

kvT � �vT k0;� �

 
X

i<j

(vT (Pi ) � vT (Pj ))2

! 1
2

j� j:

On the other hand, since� is shape regular, it is easy to check that

jvT � �vT j1;� �

 
X

i<j

(vT (Pi ) � vT (Pj ))2

! 1
2

j� j:

Hence (3.15) is veri�ed. The proof of (3.16) can be shown by the same
reasoning as above and by using the trace theorem. 2

Now we are ready to prove the following result.

Theorem 3.5 Let the coe�cient function a satisfy the properties (i)-(iii) of
page 3 and the triangulationT is chosen such that� � E T , we have

jue;T � uT j1;
 . hkRT k0;
 + m(a; h)h
X

E 2ET

j[
@u
@n

]j0;E ; (3.17)

whereRT := f + 5� (5 uT ) is the residual,m(a; h) is the modulus of continuity
de�ned in (3.14), and [@u

@n] is the jump of @u
@n on the faceE.

In particular, if f 2 H 1(
) , a 2 W 1;+ 1 and T 0 is constructed by choosing
the arbitrary interior point Q as the barycenter of each simplex(see Figure
1), then

jue;T � uT j1;
 . h2jRT j1;
 + m(a; h)h
X

E 2ET

j[
@u
@n

]j0;E : (3.18)
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Proof: By the fact a � a0,

jue;T � uT j1;
 �
1
a0

sup
vT 2 UT

(a 5 ue;T � a 5 uT ; 5 vT )
jvT j1;


:

By the de�nition of ue;T , we have

(a 5 ue;T � a 5 uT ; 5 vT ) = ( f; v T � �vT ) + ( f; �vT ) � (a 5 uT ; 5 vT ):

Now since

(a 5 uT ; 5 vT ) = �
X

� 2T

5 � (a 5 uT )vT +
X

E 2ET

Z

E
a[

@uT
@n

]vT

and

(f; �vT ) = �
X

� 2T

5 � (a 5 uT )�vT +
X

E 2ET

Z

E
a[

@uT
@n

]�vT :

Thus

(a 5 ue;T � a 5 uT ; 5 vT ) =
X

� 2T

(RT ; vT � �vT ) +
X

E 2ET

Z

E
a[

@uT
@n

](vT � �vT )

Since in eachE, Z

E
(vT � �vT ) = 0

and [@uT
@n ] is a constant onE, thus

X

E 2ET

j
Z

E
a[

@uT
@n

](vT � �vT )j

=
X

E 2ET

j
Z

E
(a � a� )[

@uT
@n

](vT � �vT )j

� m(a; h)h
1
2 jvT j1;


X

E 2ET

j[
@uT
@n

]j0;E :

where we have used (3.16) in the last inequality. Moreover, by (3.15),

(RT ; vT � �vT ) . hkRT k0;
 jvj1;
 : (3.19)

Thus we obtain (3.17).
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Next we prove (3.18). Noting that when the interior pointQ is be chosen
as the barycenter of the simplex� , then

Z

�
� Pi =

Z

�
 Pi =

1
d

j� j;

and thus Z

�
vT =

Z

�
�vT :

Therefore,
(RT ; vT � �vT ) =

X

� 2T

(RT � �RT ; vT � �vT ):

By (3.15), we obtain

j(f; v T � �vT )j . hjj f � �f jj 0;
 jvT j1;
 . h2jRT j1;
 jvT j1;
 :

Therefore the inequality (3.18) is proved. 2

Remark 5Inequality (3.18) tells us that we can obtain by FVM the same
order super-convergence result as that by the �nite elementmethod.

4 Quadratic FVMs

This section is dedicated to discuss the inf-sup condition (2.8) for quadratic
FVMs in 1 or 2 dimensions.

4.1 Quadratic FVMs in 1D

Quadratic and Cubic FVMs in 1D has been studied in [17] and thegeneral
high order �nite volume methods for elliptic equations in 1Dhas been studied
in [19]. In this subsection, we will �rst describe brie
y howto construct the
quadratic FVMs in 1D and then give a simple proof for the inf-sup condition.

Figure 2 shows how to construct the control volumes. LetT be a primal
partition of the interval 
 � R. Each element� i of T is a segment in 
.
Suppose� i = [ x i ; x i +1 ] and we de�nehi := jx i +1 � x i j for all i = 0; 1; : : : ; N � 1.
We denote byx i + 1

2
the middle point of � . Then for each interior point x i , its

control volume isD i := [ x i � 1
4
; x i + 1

4
] wherex i � 1

4
:= x i � 1

4(x i � x i � 1); x i + 1
4

:=
x i + 1

4(x i +1 � x i ); for each middle pointx i + 1
2
, its control volume is D i + 1

2
:=

15
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Figure 2: Control VolumesD i and D i + 1
2

[x i + 1
4
; x i + 3

4
] wherex i + 3

4
:= x i + 3

4(x i +1 � x i ). The dual partition T 0 includes
all the D i ; i = 1; : : : N � 1 and all D i + 1

2
; i = 0; : : : N � 1. Let � i ; � i + 1

2
be

the classic nodal basis and let i := � D i ;  i + 1
2

:= � D
i + 1

2
where � A is the

characteristic function on the setA � R. Then the trial function space

UT = spanf � i : i = 1; : : : ; N � 1g [ f � i + 1
2

: i = 0; 1; : : : ; N � 1g

and the test function space

VT 0 = spanf  i : i = 1; : : : ; N � 1g [ f  i + 1
2

: i = 0; 1; : : : ; N � 1g:

For eachvT =
P N � 1

i =1 vi � i +
P N � 1

i =0 vi + 1
2
� i + 1

2
, we de�ne �vT :=

P N � 1
i =1 vi  i +

P N � 1
i =0 vi + 1

2
 i + 1

2
. The quadratic bilinear form is de�ned for all uT 2 UT by

aT (uT ;  i ) := a(x i � 1
4
)u0(x i � 1

4
) � a(x i + 1

4
)u0(x i + 1

4
)

and
aT (uT ;  i � 1

2
) := a(x i � 3

4
)u0(x i � 3

4
) � a(x i � 1

4
)u0(x i � 1

4
):

In the following, we will give a simple proof of the inf-sup condition which
has been presented both in [17] and [19].

Theorem 4.1 There exist a constantC > 0 such that for su�ciently small
h := maxf hi : 0 � i � N � 1g,

aT (uT ; �uT ) � CjuT j21;
 ; 8 uT 2 UT :

Proof: For simplicity, we use the notationsuj + k
4

:= uT (x j + k
4
) and aj + k

4
:=

a(x j + k
4
) for all j = 0; 1; : : : ; N � 1 and k = 0; 1; 2; 3. Then

aT (uT ; �uT ) =
N � 1X

i =0

[ui + 1
2
aT (uT ;  i + 1

2
) +

N � 1X

i =1

ui aT (uT ;  i )]

=
N � 1X

i =0

[2ai + 1
4
(ui + 1

2
� ui � 1

2
)2=hi + 2ai + 3

4
(ui +1 � ui + 1

2
)2=hi ]

� 2a0juT j21;
 :
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4.2 Quadratic FVMs in 2D

4.2.1 Construction of Control Volumes

Now we focus on quadratic FVMs in 2-D. As in the previous section, we
denote byT a regular and conforming triangulation of the polygonal bounded
domain 
 � R2. The trial function spaceUT is de�ned by (2.3) with k := 2.
We next present the construction of the dual partitionT 0 so that we can
de�ne the test spaceVT 0. We denote by NT and M T the set of interior
vertices and the set of interior middle points respectively. The dual partition
consists of the polygonsK P0 surrounding P0 2 N T and K M 0 surrounding
M0 2 M T . These small polygons are called dual elements. Their detailed
construction is as follows:

1) Construction of DP0 . Figure 3 gives an example. Suppose thatPi (i =
1; 2; : : : ; 7) are adjacent vertices ofP0. Let P0i be a point on the segment
P0Pi such that

jP0P0i j = � jP0Pi j

where jP Qj denotes the length of the line segment joining pointsP and Q
and 0< � < 1

2 is a given parameter. For eachi = 1; : : : ; 6, we denote byQi

the barycenter of the triangle of � P0Pi Pi +1 and let Q7 denote the barycenter
of � P0P7P1. On each segmentP0Qi , we choose a pointM0i such that

jP0M0i j =
3
2

� jP0Qi j; 1 � i � 7

where 0< � < 2
3 is a given parameter. We connect successivelyP01; M01; P02;

M02; P03; M03; P04,M04; P05; M05; P06; M06; P07; M07; P01 to obtain a polygon
DP0 surrounding P0.

2) Construction of DM 0 . Figure 4 gives an example. LetM0 2 MT

be a midpoint of a common side of two adjacent triangular elements � 1 =
� P0P1P2 and � 2 = � P0P1P3. We denote by Q1; Q2 the barycenter of � 1

and � 2 respectively. LetM01; M11; M02; M12 be the points respectively on the
segments such thatjP0M0i j = 3

2 � jP0Qi j; i = 1; 2 and jP1M1i j = 3
2 � jP1Qi j; i =

1; 2. A polygon DM 0 surrounding M0 is obtained by connecting successively
P01; M01; Q1; M11; P10; M12; Q2; M02 and P01.

We de�ne T 0 := f DP : P 2 N T g [ f DM : M 2 M T g. It is easy to see
that T 0 constitutes another partition of 
 which we call the quadratic dual
partition of T . We can also see that di�erent choice of the parameters�
and � leads to di�erent quadratic dual partition. The test functi on space

17



0P

1P

2P

3P

4P

5P
6P

7P

01P

02P
03P

04P

05P 06P

07P

1Q

2Q

3Q

4Q

5Q

6Q

7Q

01M02M

03M

04M
05M

06M

07M0PD 01P

10P

0P

1P

2P

3P

1Q

2Q

0M
01M

02M

11M

12M

0MD

Figure 3: Control VolumeDP0 , Figure 4: Control VolumeDM 0

VT 0 contains all the piecewise constant functions with respectto the dual
partition T 0. Precisely,

VT 0 = span(f  P : P 2 N T g [ f  M : M 2 M T g):

With the quadratic dual partition T 0, the bilinear form (4.1) of quadratic
FVM can be rewritten as : for all u 2 UT ; v 2 VT 0

aT (u; v) = �
X

P 2N T

Z

@DP

(a 5 u) � n v(P)ds�
X

M 2M T

Z

@DM

(a 5 u) � n v(M )ds:

(4.1)
wheren is the outward unit normal on @DP or @DM .

4.2.2 Inf-Sup Condition

Now we turn to the analysis of the inf-sup condition (2.8) forquadratic FVM.
As for linear FVM, we de�ne an operator � T from UT to VT 0 by

� T (� P 2N T [ M T � P � P ) := � P 2N T [ M T � P  P ; 8 � P 2 R:

Then � T is invertible. As in the linear FVM case, we also have (semi-)norm
equivalences:

jvT jT � j vT j1;
 ; j �vT jT 0 � j vT j1;


for all vT 2 UT and �vT := � T vT . Then, to prove the inf-sup condition (2.8),
we only need to prove that there exists some constantC > 0 such that

inf
vT 2 UT

sup
�wT 2 VT 0

aT (vT ; �wT )
jvj1;
 jwT j1;


� C: (4.2)

The next theorem veri�es (4.2) for quadratic FVMs in 2D.
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Theorem 4.2 Suppose that the coe�cient functiona satis�es the three con-
ditions (i)-(iii) of page 3 and that each triangle in the regular triangula-
tion T is non-obtuse, and the dual triangulationT 0 is obtained by choosing
� = � = 1

3 . Let the � , the discontinuous interfaces ofa, be a part ofET , the
set of all interior edges ofT . Then when the mesh sizeh := max� 2T h� is
su�ciently small, the inf-sup condition (4.2) holds. In particular, when the
coe�cient function a is piecewise constant, the inf-sup condition (4.2) holds
for arbitrary h.

Proof: We will only show (4.2) for the simple casea = 1, the proof for the
more general coe�cient a can be done by the same technique used in the
proof of Theorem 3.3.

It is easy to see that if for allvT 2 UT and all � 2 T ,

aT (vT j � ; �vT j � ) � CjvT j21;� ; (4.3)

whereC is a constant independent of� and vT , then

sup
�wT 2 VT 0

aT (vT ; �wT )
j �wT j1;


�
aT (vT ; �vT )

j �vT j1;

=

P
� 2T aT (vT j � ; �vT j � )

jvj1;

� CjvT j1;
 :

Therefore, to prove (4.2), we only need to prove the inequality (4.3) for all
vT 2 UT and all � 2 T . We will leave this proof to the following two Lemmas
4.3 and 4.4. 2

The rest of this section is all for proving (4.3). To this end,we �rst
analyze the restriction ofa� on each triangle� . Let f Pi g3

i =1 be the three
vertices of � , oriented counterclockwise, andM1; M2; M3 the middle points
of the segmentsP2P3; P3P1 and P1P2 respectively. It is well-known that the
nodal basis on verticesf Pi g3

i =1 and middle points f M i g3
i =1 are

� Pi = � i (2� i � 1); � M i = 4� i +1 � i +2 ; i = 1; 2; 3

wheref � i g3
i =1 are barycenter coordinates and the labelsi � 1 permute cycli-

cally. SincevT 2 UT , thus in � ,

vT =
3X

i =1

vT (Pi )� Pi +
3X

i =1

vT (M i )� M i :
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Now let v := ( vT (P1); : : : ; vT (P3); vT (M1); : : : ; vT (M3)) t and
w := ( wT 0(P1); : : : ; wT 0(P3); wT 0(M1); : : : ; wT 0(M3)) t be two vectors in R6.
Then there exists a 6� 6 matrix, the so-calledelement-sti� matrix , A � such
that

aT (vT j � ; wT 0j � ) = v tA � w: (4.4)

In the following, we study the properties ofA � . Let f � i g3
i =1 be the three

interior angles of � and denote byj� j the area of � . Since T is a regular
triangulation of 
, there exists a minimal angle � 0 > 0 such that � i > � 0; i =
1; 2; 3. The following identities hold for 1 � i � 3 and i � 1 permuted
cyclically:

ctg � i = � 2j� j 5 � i +1 � 5 � i +2

and
ctg � i +1 + ctg � i +2 = 2j� j 5 � i � 5 � i

With these equalities, we can calculateA � = ( aij )6
i;j =1 . To present A � , we

use the following notations: For 1� i � 3, we let � i := ctg � i . Moreover, we
denote

a1 := 3� � 2� 2 � 2��; a 2 := � � 2��; a 0
2 := 2� 2 � 2��

a3 := � 2� 2; a4 := 4�� + 2 � 2 � 4�; a 0
4 := 4�� � 4� 2

a5 :=
1
3

� 2� + 2��; a 6 := 2�� �
2
3

;

a7 := �
2
3

+ 4� � 4��; a 8 := 2 � 4�; a 9 :=
4
3

� 4��:
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Then we have

a11 = a1(� 2 + � 3) a22 = a2� 3 + a0
2� 1 a33 = a3(� 2 + � 3) + a0

4� 1

a14 = � a3� 3 + a4� 2 a15 = � a3� 3 + a4� 2 a16 = � a3� 2 + a4� 3

a21 = a2� 3 + a0
2� 2 a22 = a1(� 1 + � 3) a23 = a2� 1 + a0

2� 2

a24 = � a3� 3 + a4� 1 a25 = a3(� 1 + � 3) + a0
4� 2 a26 = � a3� 1 + a4� 3

a31 = a2� 2 + a0
2� 3 a32 = a2� 1 + a0

2� 3 a33 = a1(� 1 + � 2)

a34 = � a3� 2 + a4� 1 a35 = � a3� 1 + a4� 2 a36 = a3(� 1 + � 2) + a0
4� 3

a41 = a5(� 2 + � 3) a42 = a5� 3 + a6� 1 a43 = a5� 2 + a6� 1

a44 = a9� 1 + a8(� 2 + � 3) a45 = a7� 2 � a8� 3 a46 = a7� 3 � a8� 2

a51 = a5� 3 + a6� 2 a52 = a5(� 1 + � 3) a53 = a5� 1 + a6� 2

a54 = a7� 1 � a8� 3 a55 = a9� 2 + a8(� 1 + � 3) a56 = a7� 3 � a8� 1

a61 = a5� 2 + a6� 3 a62 = a5� 1 + a6� 3 a63 = a5(� 1 + � 2)

a64 = a7� 1 � a8� 2 a65 = a7� 2 � a8� 1 a66 = a9� 3 + a8(� 1 + � 2):

We see that the matrix A � depends only on the shape of the triangle�
and the selected parameters�; � . Di�erent choices of � and � corresponds
to di�erent quadratic �nite volume method. For simplicity, here we will only
discuss a speci�c FVM in which� = � = 1

3 (c.f., [17]). In this case, we have

a1 =
5
9

; a2 =
1
9

; a0
2 = 0; a3 = �

2
9

; a4 = �
6
9

; a0
4 = 0;

and
a5 := �

1
9

; a6 := �
4
9

; a7 :=
2
9

; a8 :=
6
9

; a9 :=
8
9

:

It is easy to see thatA � is a singular matrix, we can not obtain the (4.2)
directly from the property of A � . It is necessary for us to construct a related
matrix B � from which we can see inf-sup condition (4.2) more obviously.

We de�ne a 5� 6 matrix

G :=

2

6
6
6
4

1 0 0 � 1 0 0
0 1 0 0 � 1 0
0 0 1 0 0 � 1
0 0 0 1 � 1 0
0 0 0 1 0 � 1

3

7
7
7
5

:
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Let B � be a 5� 5 symmetric matrix satisfying

GtB � G =
A � + A t

�

2
: (4.5)

We have the following result which build a bridge between thepositive
de�niteness ofB � and the inf-sup condition (4.2).

Lemma 4.3 If B � is uniformly positive de�nite depending only on� 0, that
is

x tB � x � c1kxk2 8 x 2 R5 (4.6)

wherec1 > 0 is a constant depending only on� 0, then

aT (vT j � ; �vT j � ) � c2k 5 vT k2
L 2(� ) ; 8 vT 2 UT (4.7)

wherec2 > 0 is a constant also depending only on� 0.

Proof: Let z = ( z1; : : : ; z5) := Gv. Then

2X

i =1

z2
i =

3X

i =1

(vT (Pi ) � vT (M i ))2 +( vT (M1) � vT (M2))2 +( vT (M1) � vT (M3))2:

(4.8)
By (4.5) and (4.4),

aT (vT j � ; �vT j � ) = v tA � v = v tA t
� v = v t (A � + A t

� )
2

v = ztB � z:

Therefore, by (4.6) and (4.8),

aT (vT j � ; �vT j � ) � c1

 
3X

i =1

(vT (Pi ) � vT (M i ))2 + ( vT (M1) � vT (M2))2 + ( vT (M1) � vT (M3))2

!

:

Thus to �nish the proof of the Lemma, we only need to prove that

k5 vT k2
L 2(� ) �

3X

i =1

(vT (Pi )� vT (M i ))2+( vT (M1)� vT (M2))2+( vT (M1)� vT (M3))2:

(4.9)
It is easy to verify (4.9) for a reference triangle ^� := � P̂1P̂2P̂3 with the edge
length equal to 1 and three interior angleŝ� 1 = �̂ 2 = �̂ 3 = �

3 . Now we consider
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an arbitrary triangle � 2 T . Sincek 5 v� kL 2(� ) depends only on the three
interior angles of � , we can suppose that one edge of� coincides with that
of �̂ . Without loss of generality, we letP1 = P̂1; P2 = P̂2. Now let � be the
a�ne mapping from �̂ onto � and denotev̂ := vT � � . It is easy to calculate
that

�( x; y) = C(x; y)t ;

where the matrix

C :=

"
1 ctg� 1 � ctg� 2

2
p

3(ctg� 1+c tg)

0 2p
3(ctg� 1+c tg� 2 )

#

:

Then
5 vT = Ct 5 v̂:

Therefore
Z

�
j 5 vj2 =

2
p

3(ctg� 1 + ctg� 2)

Z

�̂
(5 v̂)tCCt 5 v̂:

Notice that T is a regular triangulation, there exists a minimal angle� 0 > 0
such that � i � � 0; i = 1; 2; 3. Thus the matrix C is uniformly positive de�nite.
That is Z

�
j 5 vT j2 �

Z

�̂
j 5 v̂j2; (4.10)

depending only on� 0.
By (4.10), we obtain that

Z

�
j5 vj2 �

Z

�̂
j5 ûj2 �

3X

i =1

(û(P̂i )� û(M̂ i ))2+( û(M̂1)� û(M̂2))2+( û(M̂1)� û(M̂3))2:

Then the equivalence (4.9) is valid by noting that ^v(P̂i ) = vT (Pi ) and v̂(M̂ i ) =
vT (M i ); i = 1; 2; 3. 2

It remains to prove (4.6) for all � 2 T . We have the following result:

Lemma 4.4 If � 2 T is an acute or right-angled triangle, then there exists
a constantc1 > 0 which depends only on� 0 such that the positive de�niteness
(4.6) holds.
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Proof: A simple calculation tells us that the systematic matrixB � equals
to

1
18

2

6
6
6
4

10� 2 + 10� 3 2� 3 2� 2 10� 2 � 3� 3 10� 3 � 3� 2

10� 1 + 10� 3 2� 1 � 7� 3 � 7� 1 10� 3 � 3� 1

10� 1 + 10� 2 6� 2 + � 1 � 7� 1 � 7� 2

16(� 1 + � 2 + � 3) � 8(� 1 + � 2 + � 3)
16(� 1 + � 2 + � 3)

3

7
7
7
5

:

Let b1; b2; b3; b4; b5 be the determinants of the principal minors of the matrix
18B � . Using the commonly used softwareMaple or Mathematica, we compute
that

b1 = 10� 2 + 10� 3

b2 = 100� 1� 2 + 100� 2� 3 + 100� 3� 1 + 96� 2
3

b3 = 960� 2� 2
1 + 960� 1� 2

2 + 2016� 2� 3� 1

+960� 2
2� 3 + 960� 3� 2

1 + 960� 2
3� 1 + 960� 2� 2

3

b4 = 40384� 2
2� 3� 1 + 47664� 2� 3� 2

1

+48496� 2� 2
3� 1 + 10080� 2� 3

1 + 14496� 2
2�

2
1

+4160� 1� 3
2 + 4160� 3

2� 3 + 25376� 2
2�

2
3 + 10080� 3� 3

1

+20544� 2
3�

2
1 + 10400� 3

3� 1 + 10400� 2� 3
3

b5 = 261744� 3
2�

2
3 + 39840� 3� 4

2 + 39840� 3� 4
1

� 7040� 4
3� 1 + 203632� 3

3�
2
1 + 261744� 2

3�
3
1 � 7040� 2� 4

3

+480096� 2� 3� 3
1 + 1094616� 2� 2

3� 2
1 + 405536� 2� 3

3� 1

+480096� 1� 3
2� 3 + 39840� 1� 4

2 + 158800� 3
2�

2
1 + 39840� 2� 4

1

+1094616� 1� 2
2� 2

3 + 899608� 2
2� 3� 2

1 + 158800� 2
2�

3
1

+203632� 2
2�

3
3:

Since for alli = 1; 2; 3,� i � �= 2, then � i = ctg � i � 0 and thusbj > 0; j =
1; 2; 3; 4. Note that in b5, only two terms have negative coe�cient. Since we
can always suppose that� 1 � � 2 � � 3 and thus � 3 � � 2 � � 1. Therefore
b5 > 0. Therefore,B � is a positive de�nite matrix and (4.6) holds. 2
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5 Concluding Remarks

It is a good starting point to build the whole theory of FVMs from the
Petrov-Galerkin method. The theory of linear FVM developedin this paper
is somehow perfect. The inf-sup condition of quadratic FVMsin 2D needs to
be generalized to obtuse angle case. The theory of high-order �nite volume
methods in high dimensions needs to be developed also.
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