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Abstract

In this paper, we analyze the convergence error of the widelysed
nite volume methods. Regarding nite volume methods as speial
Petrov-Galerkin methods, we nd that the convergence error analy-
sis can be reduced to the proof of the inf-sup conditions for ®eci c
nite volume schemes. For linear nite volume methods in any arbi-
trary dimensional space, we prove the inf-sup condition by sing some
equivalence between the linear nite volume sti matrix and that of
the linear nite element method. For quadratic nite volume meth-
ods in 2D, we prove the inf-sup condition by analyzing the prgerty of
each element sti matrix. We also obtain a super-convergene result
for linear nite volume method by a simple proof.
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1 Introduction

The nite volume method has been one of the most commonly usedmerical
methods for solving partial di erential equations. One of he most attractive
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properties of the nite volume method is that it satis es the main conser-
vation laws that exist in a given application as the nite voume method is
constructed based on conservation laws.

Along their wide applications in many domains, the theory ofnite vol-
ume methods are developing. Recently, the theory of nite Yome methods
based on piecewise linear polynomials has been studied a Iothere are
two monographs which systematically study the linear nitevolume meth-
ods (c.f., [13, 17]). There are a lot of papers (c.f., [3, 5, 94, 24] and the
papers cited therein) which discuss the convergence thearythe linear nite
volume methods. We feel it is necessary to give an abstracaifmework for
nite volume methods. Likewise, we can give a uni ed preseation of the
nite volume methods and a uni ed study of the convergence thory of the
linear nite volume method.

It is, however, interesting to note that only piecewise lin@ nite volume
methods have been mostly studied in the literature. Higherrder nite
volume methods on simplicial grids have been used very oftanrecently on
hyperbolic conservation laws(c.f., [11, 18, 19, 21, 15, 20]

High order nite volume methods have been derived for solvin one-
dimensional elliptic equations by Plexousakis and Zourain ([19]). In their
paper, they did both a prior and a posterior error estimatesof their schemes
and studied the super-convergence e ects of their schemes.

Higher order nite volume methods on rectangular elementsave recently
derived and analyzed from the mixed nite element method by @i, Douglas
and Park [6]. In this paper, the authors nd that dierent mix ed nite
element methods lead to a variety of nite volume schemes. By discuss
some special cases such as a quadrature nite volume methoasbd on the
Brezzi-Douglas-Fortin-Marini space of index two and nitevolume methods
of all orders from the Raviart-Thomas two dimensional rectagular elements.
For all the high-order nite volume schemes they obtained,ite optimal error
estimates are given.

The theoretical aspects of higher order nite volume methoglon simpli-
cial grids have been studied by R. Li and his collaborators i€@hina. In the
monograph of Li, Chen and Wu [17], they set up high order nitevolume
schemes (which they calgeneralized nite di erence method) for di erent
di erential equations in 1 and 2D. For 1-D case, the proved thy inf-sup
condition of the corresponding FVM and from this they provedhat the con-
vergence error estimate of 1D quadratic and cubic FVM is sitar to that
of nite element methods. For 2D high order FVM, their proof d the inf-
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sup condition for quadratic nite volume method needs a resicted condition
that t&e_proportion of tae_length of two edges of a triangle ned to be greater

that % but less than g However, a lot of numerical examples show that

the grids which does not satisfy this condition have the sanwder of conver-
gence as that of those grids which does not satisfy this cohdn. By a deep
analysis the element sti matrix, we obtain the inf-sup condion without
this restricted condition.

We organized this paper in 4 sections. In section 2, we give angral
mathematic framework for the nite volume method: we regardt as a special
Petrov-Galerkin method and from this point of view, the analsis of the
corresponding non self-adjoint FVM bilinear form is given.In particular,
we will give a uni ed proof for the continuity of the FVM bilin ear form. In
section 3, we analyze the linear FVM in arbitrary dimensionsFor Poisson
equation, we build an equivalence between sti ness matrixf&VM and that
of the corresponding nite element method. Based on this egalence, the
inf-sup condition of variable coe cient elliptic equation is proven. In section
4, we analyze the quadratic FVM in 2 dimensions. We prove thaf the
initial triangulation is shape regular and if each triangles non-obtuse, then
the quadratic inf-sup condition is valid. Then the conditian on the proportion
of the length of two neighbored edges is not necessary for yirgy the inf-sup
condition of quadratic FVM.

2 The nite volume method as a Petrov-Galerkin
method: a general framework

In this section, following Bank and Rose [3], we use the Pet@alerkin
method to present and analyze the nite volume element mettd{FVM).

Let be a polygonal bounded domain inR% d 1. We consider to solve
by FVM the second-order elliptic boundary value problem

5 (@s5u= f in ; (2.1)

u= 0 on p; (2.2)

wherea is a function satisfying the following property: ()a2 L* (), (i) a
is piecewise uniformly continuous, (iii) There exists a catant ap > 0 such

that a(x) ag for almost all x 2 . We will mention that here, we choose
homogenous Dirichlet boundary condition only for simplity of presentation.
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Since FVM is a somehovocal method, we can also build similar nite volume
schemes for Neumann boundary condition and any other boungaconditions
and we can get the same convergence analysis for those boupd@anditions
as the below results for homogenous Dirichlet boundary coitidn.

Let T be a conforming simpliciakriangulation of which is shape \regu-
lar" but may not be \quasi-uniform". With respectto T, we de ne a function
space

Uri= v2C(): Vvj 2Py; forall 2T; vjg =0 (2.3)

wherek is some given positive integer an@ is the set of all polynomials of
degree equal or less than k. It is easy to see thdf  H2(). Now suppose
that T %is another partition of . The element °of T %is often calledcontrol
volumeand it is not necessary to be a simplex but it is often to be ches
as a polygon. LetVro be a piecewise constant function space with respect to
T%de ned by

Vio:= v2Ly(): vjo=constant forall °2T?°

Normally, we require that dimU; = dim ;o and we callUr trial space Vo
test space respectively.
We de ne a bilinear form for allu 2 H3() ;vro2 Vyo by
z
ar (U; vro) = a5 u nfvrq (2.4)
E2E;o0 E

whereEro is the set of all interiord 1 dimensional faces il © n is the unit
normal direction on the hyperplaneE and [vro] is the jump of vyo On E.
Then the nite volume method(FVM) for solving (2.1) and (2.2 reads
as:
Find ur 2 Ut such that

ar (ur;vro) =(f;vro); 8vro2 Vyo (2.5)

Before the presentation of a convergence analysis theoreon FVM, we
de ne the following two semi-norms: we denote byH#() the piecewise
H?() space with respect to the partition T. Our rst semi-norm j jr is
de ned forall v2 H3() \ H2() by

N

it = Gvig+ h%iviz
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whereh is the diameter of . Our second semi-norm jtois de ned for all
the function vro 2 Vro by

0 « ~ l%
Vrijro= @ het [vr oA

E2E o E

where hg is the diameter ofE.

Remark 1The norm similar toj jr has been used in the discontinuous
Galerkin method(c.f. [1]). In the casek = 1, we have jvrjr = jvrj, for
all v 2 Ur. In the casek > 1, we still havejvrjr | vrji by the inverse
inequality in the piecewise polynomial spact .

Remark 2We introduce the semi-normj jro since the bilinear form (2.4)
is de ned on the facesE 2 Eto. An equivalent norm ofj j+o will be de ned
in the later context.

Theorem 2.1 The nite volume bilinear form ar satis es the following
properties:

1. It is variationally exact:
ar(U;vro) =(fivro) 8 vro2 Vo (2.6)
2. Itis bounded : for allv2 H3() \ HZ() ; vro2 Vro,
jar(vivroj  Mjvjrjvroro (2.7)
whereM > 0 is a constant independent of .
Furthermore, if it satis es the inf-sup condition

inf sup STV (2.8)
vt 2Ur vro2vpo JVT)T)VT 10

where > 0is a constant which may or may not depend oh or T°
Then

. : M .. ,
ju urjr  — inf ju  vyjr: (2.9)
VT 2UT



Proof:  First we verify the variational exactness (2.6). Multiplynhg the
equation (2.1) by an arbitrary function vro 2 Vyo and then using Green's
formula in each control volume °and noticing that 5 vyo = 0 on each ° we

obtain (2.6).
Second, we prove the boundedness (2.7). By Cauchy-Schwartequality,
0 1.
x Z x £ ’
ar (V; Vo) = a5 v nfvro j vrojro@ he ja5 v nj%A
E2E;0 E E2E; 0 E

Sincea 2 L!, there exists a constantc; > 0 such thatja(x)j < c; almost
everywhere. On the other hand, by trace theorem, there is atih@r constant
¢, > 0 such that for allw 2 H1(),
z
w2 cp(heliwjd + hejwi? )
E

where 2T satisesE\ 6 ;. SinceT is regular, we haveh hg. Thus
X 2 X X X

he jabvj®. cic ( Vit +h?jvis ) 2¢c,  jvii +hjvii
E2Ero E E2E o0 E\ 6; 2T

Then there is a constantM > 0 which depends only orty; ¢, such that
X 2 X

he jab vji*. M?  (jvj + hjvjz )*

E2Ero E 2T

Thus inequality (2.7) follows.

Now we show (2.9). Babuska and Aziz proved in [2] that if (2.62.7) and
(2.8) hold, then (2.9) holds with the constant™- replaced by 1 +™. In [25],
Xu and Zikatanov proved that the constant 1 +™ can be improved toM .
Here, for self-containing, we repeat the proof in [25]. Cadering the linear
projector Pt : H3() ! U;r dened forall u2 H}() by Pru:= ur. By
inf-sup condition (2.8), it is easy to prove the existence ahuniqueness ofit
from a standard method. ThusP+ is well-de ned. For allur 2 Uy, ut itself
is a solution of (2.5). Then,Prur = uyr. It is easy to check thatPr 6 O.
SinceUr is only a nite dimensional subspace oH}(), thus P; can not be
an identity operator. Namely, Pt is an idempotent satisfyingPr 6 0 and



Pr 6 |. Therefore, we have the identitykPt kt = kI Pt ky; (c.f., [25]) and
thus for all v¢ 2 Uy,

ku UTkT = k(l PT)(U VT)kT k PTkaU VTkT:

On the other hand, we obtain from the inf-sup condition (2.8}hat

1 ar(ur;vro 1 ar(u;vro) M
kPt uk — sup ————==— sup ——— —Kuks:
T vy 02\[/::0 kv okt o vy 02\‘/::0 kv okt o !
Then the inequality (2.9) follows. 2

Remark 3If the solution u 2 H**1 (), then by the de nition of the norm
j jt,we have

N

X
inf ju  wvrjr. h?jujg,. h jujicsa; ;
VT 2UT oT ’

whereh := max >t h . Then by (2.9),

ju urjs ju urir . hjUjer;

From this theorem, we know that the inf-sup condition (2.8) fay criti-
cal important role in the convergence analysis. We will angte the inf-sup
condition (2.8) in the later sections since it depends on thspeci c FVM
schemes.

3 Linear nite volume methods in Rd:-d 1

The linear nite volume method in two dimensions, as rst dixovered by
Bank and Rose [3], is closely related to the nite element mod. In fact,

for the Poisson equation on a polygonal domain of two dimewsis, Bank
and Rose proved that the sti ness matrices are identical foboth the nite

element and the nite volume method for very general grids ahhence these
two types of methods are in some sense equivalent. In this e, we gener-
alize this equivalence to arbitrary dimensiord 1 with a very simple proof.
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Figure 1: Contribution from one simplex to the control volumé®p,. Q is
an arbitrary point in the interior of , Qi3 is the barycenter of the trian-
gle P;P,P3, 1, and i3 are three dimensional interfacesQi,; Q13 are the
middle points of the segmentB;,P, and P,Ps respectively.

Then we will use this equivalence to verify the inf-sup contion (2.8) for
linear FVM and to get a super-convergence result.

For linear FVM, the trial function space Ur is de ned by (2.3) with k = 1.
The test spaceVso depends on the di erent construction of the partition T °
whose elements are often called control volumes. Here, we ke method
introduced in [7] to obtain the dual partiton T® Let 2 T be a simplex
of d-dimensions. For eacm(n < d) dimensions faceK, of , we choose
Qk, as the barycenter ofK,. For instances, ifn = 1, Qg, is selected to
be the middle point of the segmenK; if n = 2, Q, is selected to be the
barycenter of the triangleK ,; if n = 3, Q. is selected to be the barycenter of
the tetrahedron K 3;:::. We rst choose an arbitrary point Q in the interior
of the simplex , then we connectQ with the barycenters Qx, , of those
d 1 dimensions face&y ;1 by straight lines. In eachKy 1, we connect by
straight lines Qg , , with the barycenters Qx, , of thosed 2 dimensional
faces ofK4 ;. Continue this process, till all the barycenters of the triagles
connect with the middle points of their edges. Then the conitsution of to
the control volume Dp of the vertex P of is the volume surroundingP by
the above straight lines. AndDp is the union of all the contributions from
those °2 T which haveP as a vertex. (See Figure 1 for the construction of
the control volume in 3D).

We denote byNt the set of all the interior vertices. For allP 2 N1, we
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denote by p the casual used nodal basis satisfying
p2Ur; and p(Xpo) = ppo; 8P°2N7
and we de ne p as the characteristic function onDp. Then we have
Ur =spanf p :P2Ntg and Vyo=spanf p:P 2N+g:

It is easy to see that dimUy = dim Vyo and thus we can de ne a linear
bijective 1 :Ur ! V5oby

7( P2n:Cr P)= pPon:Cp Py 8CG2R;P 2Ny

The bilinear form (2:4) for linear FVM can be rewritten as:
Z

X
ar(u;v) = (a5 u) nvds: (3.10)
PNy @R

Next we show the equivalence of the linear FVM sti matrix andthat of
the linear FEM for the casea = 1.

Lemma 3.1 Suppose the coe cient functiona = 1. Let ur;vy 2 Uy and
Vr = 1VT 2 Vyo, then

Z
ar (UT;VT) = 5ur 5vr: (311)
In particular, for all P;P°2 N,
Z
ar( p; P)= 5 p 5 pq

namely, the sti ness matrix of the nite volume method is idstical to that
of the nite element method.

Proof: Forany 2T, letP 2N+ be an arbitrary vertex of . Becauseur
is linear in , by Green's formula, we have
Z Z
@ _" @
@n

@D\ prr@ @n



Noting that %“ is a constant and by the construction of the dual mesh,

n
Z Z
@y 1 @)

pie @n d g, @n
whereFp is a face of which opposites to the vertexP. Noting that
1
P= = 1;
@ nFp d @ nFp

and p =0 on Fp, we have that

Z Z Z
@lﬂ: @hi = 5UT 5 p-

L —_ P
i@ @ g @n

where in the last equality we used Green formula again. Thug (ur; p) =
5ur 5 p and (3.11) follows. 2

Next we will prove the inf-sup condition (2.8). To this end, v need the
following norm equivalence.

Lemma 3.2 For any vy 2 Uy, we have

iy, ] v (3.12)
Proof: For any simplex 2T, we denote byP,;P,;:::;P,,, all the vertices
of . SinceT is regular andvy is linear on , it is easy to deduce that in ,
H 12 2)(d XFl 2
j5 vrj© h (v(P) V(P )~
i=1 j=i+l

Therefore, by the factj j hY, we have

XX e
jvrid. he 2 (v(P) V(P )%

2T i=1 j=i+1

Now let E; be the face common of the control volumeBp and Dp and

dene E; = Ej \ . Itis easy to see from the regularity ofl that hg,
he, h.Thus
; 12 X 1Z 2 X le X‘-l z 2
VTl = he [vr] h [vr ]
E2E; E 2T i=1 j=i+1 Ej
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Noting that jE;j  (hg,)* * h? *and that on E;, j[vr]j = jvr(P;)
vr (P, )j, we obtain that

H i2 X d ZXd XHL 2
v h (V(P) V(P

2T i=1 j=i+1
Thus (3.12) holds. 2

Now we are ready to prove inf-sup condition (2.8) for linear ¥M.

Theorem 3.3 Suppose the coe cient functiona(x) satis es the three condi-
tions (i)-(iii) of page 3 and let denote the discontinuous interfaces @&. Let
T be a shape regular and conforming triangulation of the potymal domain

, let the dual partition T?is constructed as above. We suppose E
whereEr is the set of all interiord 1 dimensional faces inT. Then when
the mesh sizér := max ,1 h is su ciently small, the inf-sup condition (2.8)
holds. In particular, when the coe cient function a is piecewise constant, the
inf-sup condition (2.8) holds for arbitrary h.

Proof: By Lemma 3.2 and Remark 1, we only need to prove that there
exists > 0 such that

inf ar (Ve Wr) (3.13)
vr2Ur wr 2vpo JV1 JWr )3,
Sincea is uniformly continuous in  n , the modulus of continuity
m(a;t) :=supfia(x) a(y)j:x;y2 n ;kx yk tg (3.14)

wherek k is the classic Euclidean norm irRY, will converge to 0 ast tends
to O.
Forall 2T, we dene
Z

.i a(x):

a = —
]

Noting that E 1, then a is uniformly continuous in the interior of
Therefore
jax) aj m(a;h) m(a;h); 8x2 :
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For all v 2 Ur, we have

X X z x £
a 5vir nfvy]= a |5 vj?
2T  E2E;0E\ 6; FE Al

where in the last equality, we have used Lemma 3.1. By the fatitat a
ao, 8 2T, we obtain that

X x £ X
a Svr nlvr] a  jviL
2T  E2E;0E\ 6; FE 2T

On the other hand, forall 2T,

Z

\ (a(x) a)5 vr n[vr] . m(ah)jvrj jrivej jro. m(a h)jvrjg; :
E2E;0 E

Then whenh is su ciently small,

do. .
ar (Vr;vr) EJVJi :

And thus inf-sup condition (3.13) holds for = .

Note that when a is piecewise constantm(a;t) = 0, then the inf-sup
condition (3.13) holds for arbitrary mesh sizé. 2

Next we will estimate the di erence of the nite element appoximate
solution and that of the nite volume method. Let u.r 2 Uy be the solution
of the following equation:

(a5 Uet;5vr)=(f;vr); 8 vy 2 Ur:
Ue IS the so-called nite element approximate solution.

Lemma 3.4 Forall vy 2 Uy and all 2T, there hold

kvt vrko, . hjvrjy (3.15)

kvr  vrkoe . hZjvriy . (3.16)

where g is the union of the two simplex which have as their common face.
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roof: In fact, let fP.gd”Pbe the vertices of the simplex . Ig’hen VT

o b d+1 L vr(P) p and vr = VT(P) p.. Noting the fact fj+11 Pi
f'*ll p, =1, we have
X
Vi Vi = (vr(P)  vr(P)( » P P P )

i<j

Noting j p p, p p)  lforallijj, we have

1
2

X
kvr  vrko, v (P) w(P)? i

i<j

On the other hand, since is shape regular, it is easy to check that
!

1
2

X
jvr vty (vr(P) vr(P)? i
i<j
Hence (3.15) is veried. The proof of (3.16) can be shown by ¢hsame
reasoning as above and by using the trace theorem. 2

Now we are ready to prove the following result.

Theorem 3.5 Let the coe cient function a satisfy the properties (i)-(iii) of
page 3 and the triangulationl is chosen such that E 1, we have

X
juer Urjr. . hkRtkoe + m(a;h)h J[
E2E+t

@ O;E; (317)

whereRt = f+5 (5 ut) is the residual,m(a; h) is the modulus of continuity
de ned in (3.14), and [Z}] is the jump of &t on the faceE.

In particular, if f 2 H () ,a2 Wt*l ‘and T %is constructed by choosing
the arbitrary interior point Q as the barycenter of each simplex(see Figure
1), then

: : o X @y
uer urjy . W%Rrjn +m@mh il (3.18)
E2Er @
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Proof: By the facta ay,

(a5 Uer a5 ur;5vy).

. . 1
Ue: u . — Su . :
JUeT Tl szt?T Vi

By the de nition of uer, we have

(@5 uUer a5 ur;5vr)=(five vr)+(f;vr) (@5 ur;5vy):

Now since
X X 2 @y
(a5 ur;5vy) = 5 (a5 ur)vr + a[——]vr
e @n
2T E2Er
and X x Z Qv
(f; vr) = 5 (ad5 ur)vr + a[——]vr:
2T E2er E @n
Thus
X X % oy
(a5 Uer a5 ur;5vr)= (Rt;vr  vr)+ a[@](vT V1)
2T E2er E
Since in eachE, 7
(vr vr)=0
E
and [Z1] is a constant onE, thus
Z
X Q@ .
J a[@](VT vr)j
E2ET ZE
X @y .
= j (a a )[@](VT Vr)]
E2e;r E
. X @
m@mhijvriy JE g Do
E2Et
where we have used (3.16) in the last inequality. Moreovery{3.15),
(RT;VT VT). hkRTko; jVj]_; . (319)

Thus we obtain (3.17).
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Next we prove (3.18). Noting that when the interior pointQ is be chosen
as the barycenter of the simplex , then

Z Z
_ 1.
P = P, = dj )
and thus Z Z
V1 = VT
Therefore, X
(Rrivr vr)= (Rt Rrivr vr)

2T
By (3.15), we obtain

jGve vo)j. hiif o flio jvris . b%Rejs jvrjy
Therefore the inequality (3.18) is proved. 2

Remark 5Inequality (3.18) tells us that we can obtain by FVM the same
order super-convergence result as that by the nite elememhethod.

4  Quadratic FVMs

This section is dedicated to discuss the inf-sup conditior?(8) for quadratic
FVMs in 1 or 2 dimensions.

4.1 Quadratic FVMs in 1D

Quadratic and Cubic FVMs in 1D has been studied in [17] and thgeneral
high order nite volume methods for elliptic equations in 1Dhas been studied
in [19]. In this subsection, we will rst describe brie y howto construct the
guadratic FVMs in 1D and then give a simple proof for the infigp condition.
Figure 2 shows how to construct the control volumes. LeE be a primal
partition of the interval R. Each element ; of T is a segment in .
Suppose; = [X;j; Xj+1 ] and we de neh; := jxj+; Xx;jforalli =0;1;:::;N 1.
We denote byxi+% the middle point of . Then for each interior pointx;, its
control volume isD; :=[X; %;XH%] wherex; LI X %(xi Xi 1) Xi+
Xi + %(Xiﬂ Xi); for each middle pointxi+%, its control volume isD,,

[

N N
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D D_,

] |-|-2

)%—l XII%1 )Iﬂ XI|+%1 X|I+% )I(H.% )%+l

Figure 2: Control VolumesD; and Di+%

[Xis 13X, 2] wherex;, s := x; + 3(Xis1  Xi). The dual partition T ®includes
all the D;;i = 1;:::|\1 1 and aIIDi+%;i =0;:::N 1. Let §; ;,: be

the classic nodal basis and let; = p; i+l 1T D, 3 where A is the
characteristic function on the setA  R. Then the trial function space

Ur =spanf ;:i=1;:::;N 1g|[f i+%:izo;l;:::;N 19
and the test function space

Vio=spanf ;:i=1;:::;N 1g[f i+%:i:O;l;:::;N 1g:

P P P
Foreachvr = L ‘v + iN:OlvH% 1, We de nevy := Nt

iNzolvi,,% .+ 1. The quadratic bilinear form is de ned for allur 2 Ur by

ar (ur; )= ax %)UO(Xi %) a(xi+%)uo(xi+%)
and
ar(ur; | %) = a(x; %)UO(Xi %) a(x; %)Uo(xi %)3

In the following, we will give a simple proof of the inf-sup aadition which
has been presented both in [17] and [19].

Theorem 4.1 There exist a constantC > 0 such that for su ciently small
h:=maxfh;:0 i N 1g,

ar (ur;ur) CJ'UTJE; ; 8ur 2 Ur:

Proof: For simplicity, we use the notationsu“% = Ut (xj+%) and PR
a(xj+§) forall j =0;1;:::;N 1andk=0;1;2;3. Then

u( 1 D( 1
ar(ur;ur) = Ui, 1ar (urs 1)+ uiar (ur; )]
i=0 i=1
y( 1
= [Zai+%(ui+% U %)zzhi+2ai+%(ui+1 ui+%)2:hi]
i=0
2apjur i
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4.2 Quadratic FVMs in 2D
4.2.1 Construction of Control Volumes

Now we focus on quadratic FVMs in 2-D. As in the previous secin, we
denote byT aregular and conforming triangulation of the polygonal booded
domain R?. The trial function spaceUs is de ned by (2.3) with k := 2.
We next present the construction of the dual partitionT ° so that we can
de ne the test spaceVro. We denote by Nt and M 1 the set of interior
vertices and the set of interior middle points respectivelyThe dual partition
consists of the polygonKp, surrounding P, 2 N+ and Ky, surrounding
Mo 2 M 1. These small polygons are called dual elements. Their ddéal
construction is as follows:

1) Construction of Dp,. Figure 3 gives an example. Suppose th&; (i =
1,2;:::;7) are adjacent vertices ofP,. Let Py be a point on the segment
PoP; such that

jPoPoij = JPoPi]

where jP Qj denotes the length of the line segment joining point® and Q

the barycenter of the triangle of PyP;P;+; and let Q; denote the barycenter
of PoP;P;. On each segmenP,Q;, we choose a poinMg such that

) . 3. ) )
JPOMOiJ=§ PoQij;1 i 7

where 0< < % is a given parameter. We connect successivéy;; M1 ; Poo;
Mo2; Pos; Moz; Poa,Moa; Pos; Mos; Pos; Mos; Po7; Mo7; Po1 to obtain a polygon
Dp, surrounding Py.

2) Construction of Dy,. Figure 4 gives an example. LeMy 2 M+

be a midpoint of a common side of two adjacent triangular elesmts | =

PoP.iP, and , = PoP.P3;. We denote by Q;; Q, the barycenter of ;
and , respectively. LetMgq; M11; Mg,; M1, be the points respectively on the
segments such thatPoMoij = 2 jPoQij;i = 1;2 andjPiMyj = 2 jP1Qij;i =
1;2. A polygon Dy, surrounding My is obtained by connecting successively
Po1; Mo1; Q1; M11; Pig; M12; Q2; Mgz and Po;.

We dene T%:= fDp : P 2N7g[f Dy : M 2M 1g. Itis easy to see
that T ° constitutes another partition of which we call the quadratic dual
partition of T. We can also see that di erent choice of the parameters
and leads to di erent quadratic dual partition. The test function space
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Figure 3: Control VolumeDp,, Figure 4: Control VolumeDy,

V7o contains all the piecewise constant functions with resped¢bd the dual
partition TC Precisely,

Vio=span(f p:P2N+tg[f m:M2M 1Q):

With the quadratic dual partition T © the bilinear form (4.1) of quadratic
FVM can be rewritten as : for allu 2 Ur;v 2 Vyo
x £ x Z
ar(u;v) = (a5 u) nv(P)ds (a5 u) nv(M)ds:
PNy @R M2m ;1 @
(4.1)
wheren is the outward unit normal on @R or @Ly .

4.2.2 Inf-Sup Condition

Now we turn to the analysis of the inf-sup condition (2.8) foquadratic FVM.
As for linear FVM, we de ne an operator 1 from Ut to Vyo by

7( PN7[M7r P P)= Pang[Mr P P; 8 p2R:

Then 1 isinvertible. As in the linear FVM case, we also have (semiform
equivalences:

JVvriT vl s Jvrito J Vg
forall vi 2 Uy andvr := tvr. Then, to prove the inf-sup condition (2.8),
we only need to prove that there exists some constaft > 0 such that

inf ar (vr,wr)

L (4.2)
V12Ut wr 2o JVI1; JWT 1

The next theorem veri es (4.2) for quadratic FVMs in 2D.
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Theorem 4.2 Suppose that the coe cient functiona satis es the three con-
ditions (i)-(iii) of page 3 and that each triangle in the reglar triangula-
tion T is non-obtuse, and the dual triangulatio ° is obtained by choosing

= = % Let the , the discontinuous interfaces of, be a part ofEr, the
set of all interior edges ofT . Then when the mesh sizh := max ,rh is
su ciently small, the inf-sup condition (4.2) holds. In particular, when the
coe cient function a is piecewise constant, the inf-sup condition (4.2) holds
for arbitrary h.

Proof: We will only show (4.2) for the simple casa = 1, the proof for the
more general coe cient a can be done by the same technique used in the
proof of Theorem 3.3.

It is easy to see that if forallvy 2 Uy andall 2T,

ar(vrj ;vri)  Civrif ; (4.3)
where C is a constant independent of and vy, then

P . .
sup ar(vr;wr)  ar(vrivr) _ o1 ar(Vrj ;vrj )
wr2Vro  JWrjg, vty Vi,

CjVle; .

Therefore, to prove (4.2), we only need to prove the inequsli(4.3) for all
vr 2 Ur andall 2T . We will leave this proof to the following two Lemmas
4.3 and 4.4. 2

The rest of this section is all for proving (4.3). To this endwe rst
analyze the restriction ofa on each triangle . Let fP;,g%; be the three
vertices of , oriented counterclockwise, and; M,; M3 the middle points
of the segmentsdP,P3; P3P, and P1P, respectively. It is well-known that the
nodal basis on vertices P;g>, and middle pointsf M;g>, are

p= (27 1) m =4 i1 i+2;1=1;2,3

wheref ;g>, are barycenter coordinates and the labeis 1 permute cycli-
cally. Sincevr 2 Uy, thusin ,

x3
Vr = vr(Pi) s + vr(Mi) wm:
i=1 i=1
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Then there exists a 6 6 matrix, the so-calledelement-sti matrix, A such
that

ar (Vrj ;Wro ) = VIA w: (4.4)
In the following, we study the properties ofA . Let f ;g be the three

interior angles of and denote byj j the area of . SinceT is a regular
triangulation of , there exists a minimal angle o> 0 such that ; > ;i =

1,2;3. The following identities hold for 1 i 3andi 1 permuted
cyclically:

Ctg i = 2] 15 i+1 5 i+2
and

ctg i+1 *Ctg 2 =2 j5 | 5 |

With these equalities, we can calculaté\ = ( & ,61 -,. To presentA , we
use the following notations: For1 i 3, welet ; :=ctg ;. Moreover, we
denote

aa=3 2?2 2:a,:= 2;a3:=22% 2
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Then we have

a;n = a( 2+ 3) ap=a 3+ajd i azgz = ag( 2+ 3)"'321
au= azg gt ay 2 5= azg gt ay 2 = a3 2t as 3
Q1= 3+ a 2 an=a 1+ 3) 3= a 1+ a5 2
ay= a3 3ta, 1 as=ag( 1+ 3)+a22 A= az 1t as 3
az = a 2+a23 ap=a 1+ a3 azgz= & 1+ 2)

py= a 2t a1 ps= a1t a2 age = a( 1+ 2)* &) 3

an=a( 2+ 3) =35 3t 3 1 z=a 2t 3 1
au=a 1+tag( 2+ 3) as=2a 2 @ 3 ae=3a 3 a2

A1 = a5 3t 3 2 as2=as( 1+ 3) Adz=a 1t 3 2

4=a 1 9 3 As=a 2t A( 1+ 3) =37 3 WA 1

Q1= a 2+ A 3 2= a 1+ 3 3 33 = as( 1t 2)

Qs = a7 1 38 2 Q5= A7 2 3 1 A= A 3+ ag( 1+ 2):

We see that the matrix A depends only on the shape of the triangle
and the selected parameters . Dierent choices of and corresponds
to di erent quadratic nite volume method. For simplicity, here we will only

discuss a speci ¢ FVM in which = = 1 (c.f., [17]). In this case, we have
— . — 1 0_n- — 2 — 6 0_n-
a; = §’a2‘ §,a2—0,a3— 9,a4— 9,a4—0,
and
. l,_._ 4__2_ 6 _8
a5'_ gyaﬁ-_ 9| 7 .= 9ya8-— g,ag.— 9.

It is easy to see thatA is a singular matrix, we can not obtain the (4.2)
directly from the property of A . It is necessary for us to construct a related
matrix B from which we can see inf-sup condition (4.2) more obviously

We dene a5 6 matrix

2 3

1 00 1 0 0
010 0O 1 0
G:zEOOl 0O O 12:
0 0O 1 1 0
0 0O 1 0 1
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Let B bea5 5 symmetric matrix satisfying
A + A"
5

We have the following result which build a bridge between theositive
de niteness ofB and the inf-sup condition (4.2).

GB G=

(4.5)

Lemma 4.3 If B is uniformly positive de nite depending only on o, that
is
x'B x cikxk® 8x 2 R® (4.6)

wherec; > 0 is a constant depending only ong, then
ar(vrj ;vrj ) k5 vrkf, y; 8vr 2 Ur (4.7)

wherec, > 0 is a constant also depending only on,.

X2 x3
z? = (vr(P) vr(M))?+(vr(My) vr(M2)?+(vr(My) vr(M3))*

i=1 i=1
(4.8)

By (4.5) and (4.4),

ar(vrj ;vrj )= VA v=Vv'Alv =
Therefore, by (4.6) and (4.8),

. . ﬁ 2 2
ar(vrjswrj) @ (vr(Pi)  vr(Mi))*+(vr(M1)  vr(M2))"+ (vr(My)
i=1

Thus to nish the proof of the Lemma, we only need to prove that

x3

k5 kaEZ() (vi (P)) vr(M))2+(vr (M) vr(M2))?+(vr(M1) vy (M3))?

=1
(4.9)

It is easy to verify (4.9) for a reference triangle ~=  P,P,P; with the edge

length equal to 1 and three interior angle$; = ", = " = 5. Now we consider
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an arbitrary triangle 2 T. Sincek5 v k_,() depends only on the three
interior angles of , we can suppose that one edge ofcoincides with that
of ~. Without loss of generality, we letP; = P;;P, = B,. Now let be the
a ne mapping from A onto and denotev:= vy . Itis easy to calculate
that

( xy)= C(xy),

where the matrix "
1 fg 1 ctg 2
2 3(c:tg2 1+ctg)

R CERET)
Then
5vr = C'5 (-
Therefore
Z 5 Z

i5 vji‘=p (5 M!CC'5 ¢:

3(ctg 1 +ctg 2) -

Notice that T is a regular triangulation, there exists a minimal angley > 0
such that ; o;1 =1;2;3. Thus the matrix C is uniformly positive de nite.
That is Z Z

5 vri?  j5 0% (4.10)
depending only on .
By (4.10), we obtain that

z z @
jBvit 505 (O(F) o(M)2+((M1) a(M)%+(t(My) a(My))%:

i=1

Then the equivalence (4.9) is valid by noting thav(P;) = v (P;) and (M;) =
vr(M;);i=1;2;3. 2

It remains to prove (4.6) for all 2 T . We have the following result:
Lemma 4.4 If 2T is an acute or right-angled triangle, then there exists

a constantc, > 0 which depends only ong such that the positive de niteness
(4.6) holds.
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Proof:
to

A simple calculation tells us that the systematic matrixB equals

2102+103 2 3 2 10, 3 3 103 3>

1 10 1 +10 ;3 21 73 71 10 3 3 1
1—8§ 10 1 +10 » 6 2+ 1 71 7 >
16( 1+ 2+ 3) 8( 1+ 2+

16( 1+ 2+

Let by; bp; bs; by; bs be the determinants of the principal minors of the matrix
18B . Using the commonly used softwarMaple or Mathematicg we compute

that

b_|_ = 10 2+10 3

b, = 100 ; ,+100 , 3+100 3 ;+96 3

by = 960 , 2+960 ; 5+2016 5 3 1
+960 3 3+960 3 7+960 3 ;+960 , 3

by = 40384 5 3 ;+47664 , 3 2
+48496 , 3 1+10080 , 3+14496 3 2
+4160 ; S+4160 3 ;+25376 2 2+10080 5 3
+20544 3 2+10400 3 ;+10400 , 3

by = 261744 3 5+39840 ;3 5+39840 3 |

7040 4 1+203632 3 2+261744 2 3 7040, 4

+480096 , 3 5+1094616 , 3 2+405536 , 5 ;
+480096 | 3 ;+39840 ; 5+158800 3 2+39840 , 1
+1094616 ; 5 5+899608 5 ; 2+158800 5 3
+203632 5 3:

Since foralli =1;2;3, ; =2,then ;=ctg ; Oandthush > 0;j =
1;2; 3;4. Note that in b, only two terms have negative coe cient. Since we
can always suppose that, 2 3 and thus 3 2 1. Therefore
b; > 0. Therefore,B is a positive de nite matrix and (4.6) holds. 2
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5 Concluding Remarks

It is a good starting point to build the whole theory of FVMs from the
Petrov-Galerkin method. The theory of linear FVM developedn this paper
is somehow perfect. The inf-sup condition of quadratic FVMm 2D needs to
be generalized to obtuse angle case. The theory of high-ardate volume
methods in high dimensions needs to be developed also.
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