REGULARITY ESTIMA TES FOR ELLIPTIC BOUND ARY VALUE
PROBLEMS WITH SMOOTH DATA ON POLYGONAL DOMAINS

CONSTANTIN BACUTA, JAMES H. BRAMBLE, AND JINCHAO XU

Abstra ct. We considerthe model Diric hlet problem for Poisson'sequation on a plane
polygonal corvex domain  with data f in a spacesmoother than L2. The regularity
of the problem dependson the measureof the maximum angle of the domain. Interpo-
lation theory and multilev el theory are usedto obtain estimatesincluding the critical
case.As a consequencesharp error estimatesfor corresponding discrete problems are
proved. Someclassicalshift estimatesare also proved using the tools of interpolation
theory and mutilevel approximation theory. The results can be extendedto a large
classof elliptic boundary value problems.

1. Intr oduction

Regularity estimatesof the solutions of elliptic boundary value problemsin terms of
Sololev norms of fractional order are known as shift theoremsor shift estimates. The
shift estimatesfor the Laplace operator with Dirichlet boundary conditions with non-
smooth data on polygonal domains are well known (see,e.qg, [21], [23],[27],[2]). The
classicalregularity estimate for the casewhen is a corvex polygonal domainin 2,

with boundary @, is asfollows: If u is the variational solution of

(1.1) 322 (i)nn @ ;
then,u2 H?() and
(1.2) kuky2 Ckfkygo; forall f 2 HO() =L?%) :
If ! is the radian measureof the largestcornerof (! < ), sp= minfl;, =!I 19

and u is the variational solution of (1.1), then for 0 < s < s, it is known (seee.qg. [16])
that

(1.3) Kukpya+s  C(S)Kf Kyss; forall f 2 H3() :

Here,HS() isthe interpolation spacebetweenH () andL?() s distancefromL?().
In this paper we will prove a stronger versionof (1.3) and approad the problemin the
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critical value situation s = sg. We prove that, for so < 1, the following estimate holds.
(1.4) Kukgzeso,  Ckfkgso(y 5 forall f 2 B() ;

where B2*0() and B°() are standard interpolation spacesde ned in Section3. It
is worth noting here that the spaceB°() cortains all the Hilbert spacesH® with
S > so. The estimate (1.4) leadsto new nite elemem corvergenceestimates. The
method preserted in this paper can be extendedto other boundary conditions sud as
Neumannor mixed Neumann-Dirichlet conditions.

The technique involved in proving shift resultsis the real method of interpolation of
Lions and Peetre ([3], [24] and [25]), conmbined with multilevel appraximation theory.
The casesg = 2,q= landg= 1, whereq is the secondindex of interpolation, are
of special importance for our problem. The following type of interpolation problem is
essetial for our approad. If X and Y are Sololev spacesof integer order and X is
a subspaceof codimensionone of X, then how can one characterize the interpolation
spaceshetweenX andY for g= 2andg= 1 ? The problem was studied in [21], [20]
and [1] for g = 2 and particular spacesX and X . This paper givesan interpolation
result of this type for the caseq= 1

The remaining part of the paper is structured as follows. The interpolation results
presered in Section 2 give a formulas for the norms on the intermediate subspaces
[Xk;Y]s2 and [Xk;Y]s: whenXy is of codimensionone. In Section3 the main result
concerningthe codimension-onesubspacdnterpolation problemis preseried. Shift the-
oremsfor the Poissonequation on polygonaldomainsare consideredn Section4. In the
last section, a straightforward application of the interpolation results is shovn to lead
to somenew estimatesfor nite elemem appraximations.

2. Interpola tion resul ts

In this sectionwe give somede nitions and results concerninginterpolation spaces
via real method of interpolation of Lions and Peetre (see[3], [4]), [24]).

2.1. Interp olation between Banach spaces. Let X;Y be Banad spacessatisfying
for somepositive constart c,

X is a densesubsetof Y and
kuky ckuky forallu2 X;

where kuky and kuky arethe normson X and Y respectively.
The interpolation spaceqX;Y]sq, 1 q 1 ands2 (0;1) are de ned usingthe K
function, whereforu2 Y andt > 0O,

K (t;u) := ulor;fx (kuokZ + t?ku  ugk? )

(2.1)

Then, for g< 1 , the space[X;Y]s,q consistsof all u2 Y sud that

Z
1(t sK(t;u))qg< 1;
0 t

and [X;Y]s1 consistsof all u2 Y sud that

supt BK(t;u)? <1 ;
t>0

The norm on [X; Y ]sq is de ned by
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21 dt
KUKy 1, 1= i (t K (t; u))d -
and the normon [X;Y]s.1 is de ned by
kuKpy vy, = iug)t *K (t; u):

Remark 2.1. Since K(t;u) tkuky for all u2 Y, theinterval (0;1 ) in the alove
de nitions can be replacd by any subinterval (A; 1 ). The new norms obtained are
equivalentwith the original norms.

2.2. Interp olation between Hilb ert spaces. An extendedHilbert interpolation the-
ory can be found in [24]. For completenessand consistenceof notation we presen in
this sectionthe interpolation results usedin this paper.

Let X;Y be separableHilbert spaceswith inner products (; )x and (; )y, respec-
tively, and satisfying (2.1). Let D(S) denotethe subsetof X consistingof all elemeits
u sud that

(2.2) vl (uv)x; v2 X

is cortinuousin the topology inducedby Y.

For any u in D(S) the anti-linear form (2.2) can be uniquely extendedto a cortinuous
anti-linear form on Y. Then by Rieszrepresetation theorem, there exists an elemen
Suin Y sud that

(2.3) (u;v)x = (Su;v)y forallv2X:
In this way S is a well de ned operator with domain D(S) in Y. The next result
illustrates the properties of S (see[24]).

Prop osition 2.1. The domain D (S) of the operator S is densein X and consejuently
D(S) is densein Y. The operator S : D(S) Y ! Y is a bijective, self-adjoint and
positive de nite operator. The inverseoperator S 1 : Y | D(S) Y is a bounda
symmetric positive de nite operator and

(2.4) (S 'zzu)x = (zzu)y forallz2y; u2 X:

The next lemma provides the relation betweenK (t; u) and the connecting operator
S. A proof of the lemmais givenin [2].
Lemma 2.1. Forallu2 Y andt> 0,

K(tu?=1t* (1 +tS ) tuu ¢
For the special caseq = 2 (X, Y Hilbert spaces),due to the spectral or multilevel
represetation of the norm on [X; Y ]s.2, the de nition of the norm is slightly changedas
follows:
Z

1
KUk vy, = €2t CSDK(t u)® dt;
0
where

dt = Esin( S):
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With the new de nition for the norm of [X;Y]s., it is natural (seethe multilevel repre-
sentation casein Section3) to de ne
[X;Y]o2:= X; and [X;Y]e2:=Y:

Remark 2.2. Lemmaz2.1yieldsother expressiongor thenormson [X;Y]sz. and[X; Y]s1 .
Namely,

Z 1
(2.5) kuk? vy., = Cs ) t =% (1 +t*S ) tuu dt;
and
(2.6) KUK vy, = supt®® ¥ (I +t*S %) tuju

>0

2.3. Interp olation between subspaces of a Hilb ert space. Let K = sparf' g be
a one-dimensionakubspaceof X and let X be the orthogonal complemen of K in X
in the (; )x inner product. We are interestedin determining the interpolation spaces
of Xx and Y, whereon X we consideragain the (; )x inner product. To apply the
interpolation results from the previoussectionwe needto ched that the density part of
the condition (2.1) is satis ed for the pair (Xk;Y).

For' 2 K, de ne the linear functional . : X ! C, by

U= (Ut )xs u2 X
The following result is an extensionof Kellogg'slemma [21]. The proof can be found
in [1].
Lemma 2.2. Let K be a closal subspce of X and let X be the orthogonal complement

of K in X in the (; )x inner product. The spaee Xk is densein Y if and only if the
following condition is satis ed:

. is not bounde in the topology of Y
forall' 2K;"' 60:

For the remaining part of this section we assumethat . is not boundedin the
topology of Y, sothe condition (2.1) is satis ed for the pair (Xk;Y). We denoteX by
X. . It follows from the previoussectionthat the operatorS :D(S) Y ! Y dened
by
(2.8) (uvV)x = (S uv)y forallv2 X ;

has the same properties as S. Consequetly, the norms on the intermediate spaces
[X:;Y]s2and [X. ;Y]s1 are givengy:
1

2.7)

(2.9) kuk?(y. vy, = €2 i t 2% (1 +t°s ) tuu dt;

and

2.10 kuk? ;. :=supt®®> S (1 +t2s Y y;u
X Ylsia >0 Y

Our aim in this sectionis to determine su cient conditions for ' sud that the norm
[X:;Y]sq (for g= 2and q = 1) can be comparedwith more familiar intermediate
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norms which are independen of ' . First, we note that the operators S and S are
related by the following identit y:

(2.11) Sl=(0 Q)s?t

whereQ: : X I K isthe orthogonal projection onto K = sparf' g. The proof of (2.11)
follows easily from the de nitions of the operatorsinvolved.
Next, (2.11) leadsto a new formula for the normson [X: ;Y]s1 and [X;Y ]s..

Theorem 2.1. For anyu 2 Y we have,

ST W
(2.12) Kuk?y. vy, = KUK?y .y, + €2t 282 T g
v e 0 (5 " Ixy
and |
- 2
(2.13) KRR 1o, = SUP 2 25(u; Uy + t¢ I vl
T >0 (5 " Ixu
In particular for u2 X. we have
VA 1 St 2
(2.14) kuk?ix. vy, = KUKy vy, + €5t @ 17(9’ .)X;tj dt
e o 0 (5 " Ixx
d
an !
. 1 .2
(2.15) KUKB v, = sup £ 5(u;u)y, + t 20000 Dad”
T >0 (5 " Ixu
whele
: U;V)xt = +t u;v or all u;v ;
(2.16) (u; v)x. (I+t*s ) tuv  for all 2 X
and
(2.17) (UV)ye:= (1+t2S 1Y) fuv , forallupv2y:

Proof. The rst two formulas follows immediately from Remark 2.2 and the following
idertity

(U )vad®,

(5 " Ixy

The proof of the identity is basedon (2.11). A detailed proof of it can be found in [2].
Using (2.4) and a simple manipulation of the operator S we get

U v = (U )x o (U )xas

which, for for u 2 X. leadsto (2.14) and (2.15).

(I +t2S Y fuju = (UU)yy + t2

Theorem2.1 canbe easilyextendedto the casewhenK is of nite dimension(sedl]).
Sud an extensionwould be needed,for example,to treat the caseof mixed Neumann-
Dirichlet conditions or the caseof the biharmonic problem.
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3. Mul tilevel represent ation of interpola tion spaces

Let beadomainin 2 with boundary @ . Assumethat
My Mo i Mg
is a sequenceof nite dimensionalsubspaceof H1() whoseunion is densein H1(),
and assumethat an equivalert norm on H() is given by
(3.1) kuk; = K(Qe Qe Juk®
k=1

where Q, denotesthe L?() orthogonal projection onto My, k k = k ki 2(y , Qo = 0 and

kK = 4k L

The sequencef Mg can be taken for example the standard sequenceof piecewise
linear functions assaiated with a sequenceof nested meshes.Proofs for the multilevel

represetation of the norm on H?, for speci ¢ choicesof the spacesM, can be found in
[1], [10Q], [28] and [30].

3.1. Scales of multilev el norms. On H() we considerthe norm given by (3.1)
anddene H () to bethe dual of H(). The elemens of L?() can be viewed as
cortinuous linear functionals on H() and we have the natural cortinuous and dense
embeddings
H'() L) H )
The projection Qy, k = 1;2;:::, canbe extendedto bede ned onH () by
(Qu;V)z = (U;v); 8u2H () ; v2 My

where( ; ) on the right hand side represets the duality betweenH () and H!()
One can easily che that the inducedinner product onH () is given by
X
(u;v) = k (U; kv); forallu;v2H () ; = 1,1,
k=1
wheredk = Qv Qxk 1.
Then the pair (H2() ;L?()) satis es the condition (2.1) and the operator S ass@i-
ated with the pair is given by

X
(3.2) Su= k u;  forall u2 D(S):
k=1
Thus, for X = HY() andY = L2(), we have
X- k
(UiV)yie = 5(GU;Gv); u;v2Y:
er kH T
and % :
(U;V)xt = e (U gv); uv2 X

Foranys2 (0;1),g=1org=1, let
HS() = [H'() iL20)] 1 s2; HZ*() =[H30) ;H'Ol 1 s2
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and
Bi() =[HY) ;L2 1 sq; BZ™() =[H30) ;HY()] 1 s

By using (2.5) and (2.6), one can easily chedk that

X
(3.3) kukfs() = ko uk?;
k=1
and
!
2 — 25>4 k 2 .
(3.4) kukBi() = iug:) t k+tzkokuk :
k=1

One can verify using the above formula that B () = L?() andBi () = HY(). In

addition we have
2s

- oS 1 1 s 1+s.
?>u(§) K+ t2 S S) K ’
which leadsto
(3.5) kukg: ,  s°(1  s)' *kukis, forallu2 H3() ;

a well known embedding property.

Remark 3.1. If we assumethat the sequene of subspoesf Mg is chosenso that the
following approximation and inverse inequalities hold with a constant ¢ independent
of j.

(Ap): ku Qjuk c2lkuky:; forallu2 HY() ,

(In v): kuk ¢ 2Zkuky:;  for allu2 My,

then, by a wel known approximation theory result, an equivalentnorm on [H1;L?]; ¢4
is given by

kf 2 kqukg tk,; O0<s<1 1 q 1:
In particular, an equivalentnorm on B := [H1;L?]; 1 is givenby
2kquk; 0<s< 1
j=1
One can verify now that we havethe following norm-inequality:
(3.6) kukes ¢ "Pkukyss ;  forallu2 H™ ;

with ¢ independentof .
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3.2. Subspace interp olation results. Next, we focusour attention on a speci c case
of subspacenterpolation assaiated with the pair (X;Y), whereX = H() andY =
L2(). Fora xed sq in the interval (0;1),let ¢ =1 spand' 2 H (). By the
Rieszrepresemation theoremthere existsa function 2 H!() sud that

X
(v;')= (v )1=  «(a; v);8v2 HY() :
k=1
Sinceqgq = Ofori 6 j, we deducethat in fact
(3.7) & = o

Next, we assumethat the function ' satis es the following condition:
(C): There exist two positive constarts c;; ¢, sud that

a P kg Koo k=120
Note that the above condition is equivalernt to

G ° ko ki ¢ k=125
Lemma 3.1. Let' 2 H () satisfy(C) andlet bethe corresmndingH -representa-
tion. Then the following conditions are also satis ed.

(C.0): H'isdensein [H;L?]; s for s< sq. (Here, H! is the kernelof ' . )
(C.1): There exist two positive constantsc;; ¢, suchthat

bS 2
at 20 (; Ixx = kftqu k? ot 29 fort> 1L
k=1

Proof. The constarts involved in this proof might changeat di erent occurrences.
To prove (C.0) , by Lemma2.2,it is enoughto shaw that the functional

(38) ul (U )a= (') u2 HY) ;

is not cortinuousin the topologyinducedby HS(), (s< sp). Let fu,g bethe sequence
in H() de ned by

Then,

xXo
(Un; )1= (un;' ) = kg K21 asn! 1
k=1
On the other hand

X
kunkZ s = b 2okg' k2
k=1
is uniformly bounded. Therefore, the functional de ned in (3.8) is not cortinuous and
(C.0) is proved.
To estimate (; )x. we obsenethat kgx k?= | 'kge k2 and that
h & 0 p (4k=t2)1 0 .

= 20 S A—
K+ t2 -1 (4k:t2+ 1)

k=1
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Using the standard corvergencecriteria for sums via integrals, the last sum can be
estimated below and above by constarts which are independen of t.

Next theoremis the main subspacenterpolation result of the paper.
Theorem 3.1. Let' 2 H 1() satisfy (C). Then

(39) [Hl;l—z]l s;2 = [H 1;|-2]1 s;2 = Hs() fOf s< SO;
and
(3.10) BY == [H%L g1 [HYL2 son

Proof. Recallthat L?() =Y andH?!() = X. In orderto prove (3.9) it is enough(by
the density property (C.0) , (2.14) and Remark 2.1) to prove that

! ju; )xa®
(3.11) | = t G o) 22 TR gt ckukis  forallu2 X :
1 (v xu
foru2 H3() denotety = Ezqu<uk and u := fucg. Then we have
kukys = kek,:
Here( ; ) is simply the L?() inner product. Then, we have
P
k

(U Ixe= (L+t28 )ty | = =1 kT tz(O‘<U;q< )x:

Foru2 X wehave (u; )x = 0. Then

X
(au; )x =0
k=1
Consequetly,
. 2>4 . 1.
(U Ixx= t . k+t2(CI<U,Ck ):

Thus, using the Caudy-Sdwarz inequality and (C) we obtain the estimate
>€' So=2
(3.12) ju; Ixal Got? . ﬁkq(uk:
Now we are preparedto estimatethe integral I. The constant ¢, to be usednext, may
have di erent valuesat di erent placesin which it appears. Let s; = so s. Then, by

(C.1) andthe estimate (3.12), we have
|

Z 1 >€' 1 sp=2 T2
3+2 2sp9t+4 k
| ¢ . t T t2k0kUk dt
k=1 |

Z ! 3 2s )4 ( m n)So=2 k kk k d

t ! t
© o Gt ) 1)

m;n=1

b Z, t3 2s1

=c ( m n)¥2Komuk kg, uk

L (D)
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Next, we usethe formula

Z 1
t3 2 1at bt
1 t= 5————; 0< <2 1, a;b>0:
(3.13) (a+t2)(b+t2)d z 3 p " ;, 61 ab>0
The integral can be calculatedby elememary calculusmethods. If a = b, then the right
side of the above idertity is replacedby 1—Cra . Thus,

YA 1 t3 251 Z 1 t3 2s1 1 s1 1 s1
> - dt > ~ dt = Cgl——
1 (m+t)(n+t) 0 (m+t)(n+t) m n
Combining the above inequalities, we get
)4 1 s1 1 s1
Il ¢ (w20 =Hquuk %Ko, uk:
m;n=1 m n
Let
1 s1 1 s1
lmn — ( m n)51:2 m n .
m n
Then, the above estimate becomes
Ps
| c [ mn Bm b
m;n=1

An elemetary calculation gives
o(m nA s1) 9 (m )1 s)
lmn = 2(m n) 2 (m n)
and by elemermary estimateswe obtain
| ckek? = ck ukgs;

20 m nist M= 15200

which proves(3.9).
Next, we prove (3.10). Let u 2 Bi°. Then by (2.13) and Remark 2.1) we have that
[

kuk[2X Vi C ?ulptZSo(u U)y: + supt4 201((. ))1”
> ) it
Note that
sup t®°(u;u)y;  Supt®°(u; u)yy = kuké;o ckukso ;
1 0 !
and, with the help of (C.1) we have
(3.14) sup t4 2 017((9, )):(t: ciuPt“j(U;' )y
Foru 2 Y, we have
X
(U; v = I tz(cw G )= i (AU )
and by using condition (C) , we obtain
)4- Sp=2
(3.15) ju; vid ¢ X Kauk:
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The function
)é- Sp=2
| 2:fi1- = t2 k
t! t9(u; Jyyj =1t k_l Y t2kokuk
is an increasingfunction of t. Ast ! 1, the limit of the above function is exactly
kukgso. Therefore,

2 2
kUK[X Y1 ospin CkUk[X Y1 osgn
and the proof is complete.

4. A shift theorem for the Lapla ce operator on convex polygonal
domains.

In this sectionwe will prove a stronger version of the estimate (1.3) and (1.4).

4.1. Shift estimates. Let be a convex polygonal domainin R?, with boundary @
andnoright angles.Let VK() := H*() \ H}(), k= 2andk = 3. It iswell known that
forf 2 L?() the variational problem hasa unique solutionu 2 V?() and (1.2) holds.
If is an acute triangular domain then one can prove that for f 2 H%() the solution
of (1.1) belongsto V3() and (1.3) holds for s = 1. Using (1.2) and interpolation we
obtain

kukpzes  c(S)kukyzyzy, o, C(S)kfkys; forall f 2HS() ;0 s 1

Thus, without restricting the generality of the problem, we can assumethat there exist
one corner of measure! with =2 < I < | In fact, by a partition of unity type
argumert and using the regularity results for domainswith smaoth boundary, we can
reducethe problem to the casewhen is a domain with only one corner of measure!

with =2<! < . Wewill callthis the\! -corner" and we will assumethat the vertex of
the ! -corner coincideswith the origin of polar systemof coordinates. Let = =! and
So = 1. Givenf 2 HY(), we considerthe Dirichlet problem (1.1). The variational
formulation of (1.1)%3 : Find u 2 H&(Z) sud that

(4.1) rurvdx= fvdx forallv2 H}() :

Let 2 D() beacut-o function, which dependsonly on the distancer to the ! -
corner, is idertically equalto onein a neighborhood of the ! -corner and is idertically
equalto zerocloseto the part of @ which doesnot cortain the sidesof the ! -corner.
Let ="' +uR,"(r; )= r sin( )anduR 2 H}() be the variatonal solution
of (1.1) with f = ' . Onecanchedk without dicult ythat 2 H (). LetH?! be
de ned asthe kernel of aslinear functional on H!. Then, (seee.g., Theorem 9.8 in
[16]) for f 2 H?! the (variational) solution of (1.1) Belongsto V3() and

(4.2) Kukpa(y — okf Ky forallu2 H*() :
Thus, by interpolation, we have
(43) kUk[V3() V2] 1 sq ckf k[Hl() L20)] 1 s;q;

forall f 2 [H'() ;L%()] 1 sq Then, we have the following theorem.
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Figure 1. Polygonaldomain

Theorem 4.1. Let be a convexpolygonaldomainin R? with no right anglesand with
I the measure of the largestangleand let so = minf1; =! 1g. If u is the variational
solution of (1.1) then, for 0 < s < sy there exist positive constant ¢(s) and C(s) such
that

(4.4) KuKy2rs  C(S)kuKpsyz), o,  C(S)KF kys; forall f2HS() ;
andfor 0< sp< 1,
(4.5) kukB?so() c(so)kukpsvzy o0 C(so)kf kBio() ; forall f 2 B°() :

Proof. Use (4.3) and apply Theorem 3.1 with * = . The proof that (C) is satis ed
is given later. The lower part of (4.4) or (4.5) follows by comparing the K functions
assaiated with the two intermediate spaces.

4.2. Proving condition (C). Let be a polygonal corvex domain with the only one
vertex O of measure! with =2 < ! <  and the remaining vertices denoted by
S50 S,. Let

let ; denotethe segmen [O; S;]. We assumewithout lossof generality, that S; lieson
the positive semi-axis(seeFigure 1, the casen = 2).

Let T, = f 4;:::; hgbetheinitial triangulation of . We de ne multilevel triangula-
tions recursiwely. For k > 1, the triangulation Ty is obtained from Ty, ; by splitting eath
triangle in Ty 1 into four triangles by connectingthe midpoints of the edges.The space
My is de ned to be the spaceof all functions which are piecewiselinear with respect
to Ty, vanishon @ and are cortinuouson . Let Q, denotethe L?() orthogonal
projection onto M.
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We verify that the function  satis es the condition (C) . To begin with, we will
prove that the function ' satis es (C) . First we will prove that there exist a function
wp 2 My which is supported in a ball of radius H = 1=2¢ 1 = 2h certered at origin
and w, is orthogonalon the spaceMy ;. Let 4;:::; ; bethe nodal functionsin My ,
corresnding to the nodal points in T, ; marked by © ®in the gure. Next, we consider
the eight nodal functions' 1;:::" g correspndingto the nodesmarked by . We de ne
wy to be a linear combination wy, of ' 1;:::;" g, with coe cien ts independen of h sud
that

(Wh; j)=0; j=1:::;70 and (wp;" ) 6 O
Hence,w;, is orthogonal on the spaceMy ; and consequetly gw, = wj,.
Then,

L (k' v) _ (v oav) G awn)i _ (s wa)j
e T S (" kwk  Kwik
Note further that
kwhk ch;

with ¢ independent of h and by making the change of variable x = h® in the integral
which de nes the inner product ('; w,) we get

iC; wa)ji ek
for another constart ¢. Combining the above estimateswe concludethat the lower part
of the condition (C) holds.

For the upper part of (C) we rst note that kg' ko = &zqu(' k ;. To estimate
ka' k ; welet = | tobeacuto function which dependsonly onr and satis es

h(r)=1 forr h=2; ,(r)=20 forr h;
j )i c=h; j XAr)j c=*  forall h=2 r h;
for somepositive constart ¢. Then,

. (a’; V) (a(");v) (a(@ )" )V
ko' kK 1= su sup ————=+ su =M+ My
* ! V2H 1?) kvky V2H 1?) kvky v2H1?) kvky ! ?
Using polar coordinates we have
zZ, Z,
(" V)= r "1 qgqv drsin( )d:
0 0

Next, we integrate by parts with respect to the r variable (write r! asthe derivative
ofr2 =2 )). Usingthe Caudy-Sdwarz inequality and the estimatefor °we get

(% agv)j ch *tkgvk+h *2k(gv)k :
The L2 and H?! - stability of the L? projection give
kagvk  chkvky; and kogivk;  ckvkg;
with c independen of h (or k). Thus,
ji( 5 ov)] ch® kvk, and M; ch?
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To estimate M,, we obsene rst that (1 )" 2 H?(). Let ,:H?() ! My bethe
interpolant assaiated with T, = Tyx. By applying standard appraximation properties
and (1.2) we obtain

Mz=ka( ) ki1 hkg(l )k hk(l Qg 1)(I )k
chk(l )@ 1)k ch®k(@ 1) Kyzy  chPk (L n)' kiz

Using a simple computation in polar coordinates, and the estimatesfor the derivative
of 1, we get

k( h )kLZ() ch 1
Combining the above inequalities, we have that
M- Ch2

Hence,the upper part of the condition (C) holds and consequetty, (C) holds for the
function ' . Sincethe function ug belongsto H(), we have
kaugk® ¢ ' k=120

Therefore,the function  satis es condition (C) .

5. Applica tions to finite element conver gence estimates

Let beacornvexpolygonaldomainin 2, with boundary @ andnoright angles.Let
I be the measureof the largestcornerand let s = minf1; =!' 1gandletu2 H3()
be the variational solution of (4.1) with f 2 L2(). Welet V; to bea nite dimensional
appraximation subspaceof H}() and considerthe discrete problem:
Find u, 2 W, suth thazt

z
(5.1) ru, rvdx=  fvdx forallv2V:
Further, let us assumethat
(5.2) ku unkyiy  chkukyzy 3 forallu2 VZ() =H?2() \ H3() ;
and
(5.3) ku unkyiy  chPkukysy 5 forallu2 V3() = H3() \ Hg() :
By interpolation with p= 2and0< s< 1, from (5.3) and (5.2), we obtain that
(54) ku Uthl() Ch1+skUk[V3() V2()] 1 s29

for all u 2 [V3() ;V2()] 1 s2, Wherec is a constant independen of h. Interpolating
with p=1 ands=1 sy we have

(5.5) ku Uthl() Chl+sokUk[V3() V20 1 spit ;

forallu2 [V3() ;V2()] 1 s,» Whereagainc is a constart independern of h.
We thus have the following result.
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Theorem 5.1. Let u;uy be the variational solutions of problem(4.1) and (5.1), resyec-
tively. Then, there existsa constant ¢ independentof h suchthat

(5.6) ku unky: ch'Skfkys; forallf 2 HS; 0< s< s

(5.7) ku unkys  ch'™*kfkgso; for all f 2 BY:
Furthermore, for so < s 1 there existsa constant c independentof h and s suchthat
(5.8) ku unkyiy (s so) hMkfkysy 3 forall f 2 HS() ;

andforh e 2<llso>,
(5.9) ku unkyiy — ch™®(log 1=h)'"kf kyso(y  for all f 2 H%() :

Proof. The inequalities (5.6) and (5.7) follows from (5.4) and (5.5) respectively, as a
direct consequencef Theorem4.1. The estimate (5.8) follows from (5.7) and (3.6) with
= s Sp. The inequality (5.9) is obtained from (5.8) asfollows. Let f 2 H%() and
write f = f  Quf + Quf. Next, we denoteby u" 2 H3() the solution of
z z

ru” rvdx= Qpfvdx forallv2 H}() :

Sinceu uM is the solution of (4.1) with f  Q,f insteadof f we have
ku u'kyiy  okf o Qnfky 1y ;
and from standard approximation properties we get
kf  Qnfky 1) ch™%kf Kyso(y :
Combining the two inequalities we have
(5.10) ku u'kpyiy  ChMSOKF Kyso(y

Next, using the estimate (5.8), a standard inverseinequality and the stability of the
L2 projection in H%()), we get

ku"  upkpiy oS So) TPhMKQnf Ky es(y
cht* SO(S SO) 1=2pso sthf Kn s0()
Ch1+SO(S So) 1=2h50 Skf kHso() ;

wherec is a constan independen of of h and s. The minimum of the function
s! (s sg) ¥?h% S on the interval (so;1] is (2elog1=h)*? and is attained for s =

o+ (2logl=h) 1, with h e 2@ 0. Thus,

(5.11) ku" upkpiy  cht(log 1=h)""2kf Kyyse(y
Finally, (5.9) follows from (5.10) and (5.11).
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