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Abstra ct. We considerthe model Dirichlet problem for Poisson'sequation on a plane
polygonal convex domain 
 with data f in a spacesmoother than L 2. The regularity
of the problem dependson the measureof the maximum angleof the domain. Interpo-
lation theory and multilev el theory are used to obtain estimates including the critical
case.As a consequence,sharp error estimates for corresponding discrete problems are
proved. Someclassicalshift estimatesare also proved using the tools of interpolation
theory and mutilevel approximation theory. The results can be extended to a large
classof elliptic boundary value problems.

1. Intr oduction

Regularity estimatesof the solutions of elliptic boundary value problemsin terms of
Sobolev norms of fractional order are known as shift theoremsor shift estimates. The
shift estimatesfor the Laplace operator with Dirichlet boundary conditions with non-
smooth data on polygonal domains are well known (see,e.g, [21], [23],[27], [2]). The
classicalregularity estimate for the casewhen 
 is a convex polygonal domain in

� 2 ,
with boundary @
, is as follows: If u is the variational solution of

(1.1)
�

� � u = f in 

u = 0 on @
 ;

then, u 2 H 2(
) and

(1.2) kukH 2 � Ckf kH 0 ; for all f 2 H 0(
) = L2(
) :

If ! is the radian measureof the largest corner of 
 ( ! < � ), s0 = minf 1; � =! � 1g
and u is the variational solution of (1.1), then for 0 < s < s0, it is known (seee.g. [16])
that

(1.3) kukH 2+ s � C(s)kf kH s ; for all f 2 H s(
) :

Here,H s(
) is the interpolation spacebetweenH 1(
) andL2(
) s� distancefrom L 2(
).
In this paper we will prove a stronger versionof (1.3) and approach the problem in the
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critical value situation s = s0. We prove that, for s0 < 1, the following estimateholds.

(1.4) kukB 2+ s0
1 (
) � ckf kB s0

1 (
) ; for all f 2 B s0
1 (
) ;

where B 2+ s0
1 (
) and B s0

1 (
) are standard interpolation spacesde�ned in Section3. It
is worth noting here that the spaceB s0

1 (
) contains all the Hilbert spacesH s with
s > s0. The estimate (1.4) leads to new �nite element convergenceestimates. The
method presented in this paper can be extendedto other boundary conditions such as
Neumannor mixed Neumann-Dirichlet conditions.

The technique involved in proving shift results is the real method of interpolation of
Lions and Peetre ([3], [24] and [25]), combined with multilevel approximation theory.
The casesq = 2, q = 1 and q = 1 , where q is the secondindex of interpolation, are
of special importance for our problem. The following type of interpolation problem is
essential for our approach. If X and Y are Sobolev spacesof integer order and X K is
a subspaceof codimensionone of X , then how can one characterize the interpolation
spacesbetweenX K and Y for q = 2 and q = 1 ? The problem was studied in [21], [20]
and [1] for q = 2 and particular spacesX and X K . This paper gives an interpolation
result of this type for the caseq = 1 .

The remaining part of the paper is structured as follows. The interpolation results
presented in Section 2 give a formulas for the norms on the intermediate subspaces
[X K ; Y ]s;2 and [X K ; Y ]s;1 when X K is of codimensionone. In Section3 the main result
concerningthe codimension-onesubspaceinterpolation problem is presented. Shift the-
oremsfor the Poissonequationon polygonaldomainsareconsideredin Section4. In the
last section, a straightforward application of the interpolation results is shown to lead
to somenew estimatesfor �nite element approximations.

2. Interpola tion resul ts

In this section we give somede�nitions and results concerninginterpolation spaces
via real method of interpolation of Lions and Peetre(see[3], [4]), [24]).

2.1. In terp olation between Banac h spaces. Let X ; Y be Banach spacessatisfying
for somepositive constant c,

(2.1)
�

X is a densesubsetof Y and
kukY � ckukX for all u 2 X ;

where kukX and kukY are the norms on X and Y respectively.
The interpolation spaces[X ; Y]s;q, 1 � q � 1 and s 2 (0; 1) are de�ned using the K

function, wherefor u 2 Y and t > 0,

K (t; u) := inf
u02 X

(ku0k2
X + t2ku � u0k2

Y )1=2:

Then, for q < 1 , the space[X ; Y]s;q consistsof all u 2 Y such that
Z

0

1

(t � sK (t; u))q dt
t

< 1 ;

and [X ; Y]s;1 consistsof all u 2 Y such that

sup
t> 0

t � 2sK (t; u)2 < 1 ;

The norm on [X ; Y ]s;q is de�ned by
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kuk2
[X ;Y ]s;q

:=
Z

0

1

(t � sK (t; u))q dt
t

;

and the norm on [X ; Y]s;1 is de�ned by

kuk[X ;Y ]s; 1
:= sup

t> 0
t � sK (t; u):

Remark 2.1. Since K (t; u) � tkukY for all u 2 Y, the interval (0; 1 ) in the above
de�nitions can be replaced by any subinterval (A; 1 ). The new norms obtained are
equivalentwith the original norms.

2.2. In terp olation between Hilb ert spaces. An extendedHilbert interpolation the-
ory can be found in [24]. For completenessand consistenceof notation we present in
this sectionthe interpolation results usedin this paper.

Let X ; Y be separableHilbert spaceswith inner products (�; �)X and (�; �)Y , respec-
tively, and satisfying (2.1). Let D(S) denotethe subsetof X consistingof all elements
u such that

(2.2) v ! (u; v)X ; v 2 X

is continuous in the topology induced by Y.
For any u in D(S) the anti-linear form (2.2) can be uniquely extendedto a continuous
anti-linear form on Y. Then by Rieszrepresentation theorem, there exists an element
Su in Y such that

(2.3) (u; v)X = (Su; v)Y for all v 2 X :

In this way S is a well de�ned operator with domain D(S) in Y. The next result
illustrates the properties of S (see[24]).
Prop osition 2.1. The domain D(S) of the operator S is densein X and consequently
D(S) is densein Y. The operator S : D(S) � Y ! Y is a bijective, self-adjoint and
positive de�nite operator. The inverse operator S� 1 : Y ! D(S) � Y is a bounded
symmetric positive de�nite operator and

(2.4) (S� 1z; u)X = (z; u)Y for all z 2 y; u 2 X :

The next lemma provides the relation between K (t; u) and the connectingoperator
S. A proof of the lemma is given in [2].
Lemma 2.1. For all u 2 Y and t > 0 ,

K (t; u)2 = t2
�
(I + t2S� 1)� 1u; u

�
Y

:

For the special caseq = 2 (X, Y Hilbert spaces),due to the spectral or multilevel
representation of the norm on [X ; Y ]s;2, the de�nition of the norm is slightly changedas
follows:

kuk2
[X ;Y ]s; 2

:= c2
s

Z

0

1

t � (2s+1) K (t; u)2 dt;

where

cs :=
� Z

0

1 t1� 2s

t2 + 1
dt

� � 1=2

=

r
2
�

sin(� s):
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With the new de�nition for the norm of [X ; Y ]s;2 it is natural (seethe multilevel repre-
sentation casein Section3) to de�ne

[X ; Y ]0;2 := X ; and [X ; Y ]1;2 := Y:

Remark 2.2. Lemma2.1 yieldsother expressionsfor thenormson [X ; Y]s;2 and [X ; Y]s;1 .
Namely,

(2.5) kuk2
[X ;Y ]s; 2

= c2
s

Z

0

1

t � 2s+1
�
(I + t2S� 1)� 1u; u

�
Y

dt;

and

(2.6) kuk2
[X ;Y ]s; 1

= sup
t> 0

t2(1� s)
�
(I + t2S� 1)� 1u; u

�
Y

:

2.3. In terp olation between subspaces of a Hilb ert space. Let K = spanf ' g be
a one-dimensionalsubspaceof X and let X K be the orthogonal complement of K in X
in the (�; �)X inner product. We are interested in determining the interpolation spaces
of X K and Y, where on X K we consideragain the (�; �)X inner product. To apply the
interpolation results from the previoussectionwe needto check that the density part of
the condition (2.1) is satis�ed for the pair (X K ; Y).

For ' 2 K, de�ne the linear functional � ' : X ! C, by

� ' u := (u; ' )X ; u 2 X :

The following result is an extensionof Kellogg's lemma [21]. The proof can be found
in [1].
Lemma 2.2. Let K be a closed subspace of X and let X K be the orthogonalcomplement
of K in X in the (�; �)X inner product. The space X K is densein Y if and only if the
following condition is satis�ed:

(2.7)
�

� ' is not bounded in the topology of Y
for all ' 2 K; ' 6= 0:

For the remaining part of this section we assumethat � ' is not bounded in the
topology of Y, so the condition (2.1) is satis�ed for the pair (X K ; Y). We denoteX K by
X ' . It follows from the previoussectionthat the operator S' : D(S' ) � Y ! Y de�ned
by

(2.8) (u; v)X = (S' u; v)Y for all v 2 X ' ;

has the same properties as S. Consequently, the norms on the intermediate spaces
[X ' ; Y ]s;2 and [X ' ; Y ]s;1 are given by:

(2.9) kuk2
[X ' ;Y ]s; 2

= c2
s

Z

0

1

t � 2s+1
�
(I + t2S� 1

' )� 1u; u
�

Y
dt;

and

(2.10) kuk2
[X ' ;Y ]s; 1

:= sup
t> 0

t2(1� s)
�
(I + t2S� 1

' )� 1u; u
�

Y
:

Our aim in this section is to determine su�cien t conditions for ' such that the norm
[X ' ; Y ]s;q (for q = 2 and q = 1 ) can be comparedwith more familiar intermediate
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norms which are independent of ' . First, we note that the operators S' and S are
related by the following identit y:

(2.11) S� 1
' = (I � Q' )S� 1;

whereQ' : X ! K is the orthogonalprojection onto K = spanf ' g. The proof of (2.11)
follows easily from the de�nitions of the operators involved.

Next, (2.11) leadsto a new formula for the norms on [X ' ; Y ]s;1 and [X ; Y ]s;2.

Theorem 2.1. For any u 2 Y we have,

(2.12) kuk2
[X ' ;Y ]s; 2

= kuk2
[X ;Y ]s; 2

+ c2
s

Z

0

1

t � 2s+3 j(u; ' )Y;t j
2

('; ' )X ;t
dt:

and

(2.13) kuk2
[X ' ;Y ]s; 1

= sup
t> 0

 

t2� 2s(u; u)Y;t + t4� 2s j(u; ' )Y;t j
2

('; ' )X ;t

!

:

In particular for u 2 X ' we have

(2.14) kuk2
[X ' ;Y ]s; 2

= kuk2
[X ;Y ]s; 2

+ c2
s

Z

0

1

t � (2s+1) j(u; ' )X ;t j
2

('; ' )X ;t
dt

and

(2.15) kuk2
[X ' ;Y ]s; 1

= sup
t> 0

 

t2� 2s(u; u)Y;t + t � 2s j(u; ' )X ;t j
2

('; ' )X ;t

!

;

where

(2.16) (u; v)X ;t :=
�
(I + t2S� 1)� 1u; v

�
X

for all u; v 2 X ;

and

(2.17) (u; v)Y;t :=
�
(I + t2S� 1)� 1u; v

�
Y

for all u; v 2 Y:

Proof. The �rst two formulas follows immediately from Remark 2.2 and the following
identit y

�
(I + t2S� 1

' )� 1u; u
�

Y
= (u; u)Y;t + t2 j(u; ' )Y;t j

2

('; ' )X ;t
:

The proof of the identit y is basedon (2.11). A detailed proof of it can be found in [2].
Using (2.4) and a simple manipulation of the operator S we get

t2(u; ' )Y;t = (u; ' )X � (u; ' )X ;t ;

which, for for u 2 X ' leadsto (2.14) and (2.15).
�

Theorem2.1 canbe easilyextendedto the casewhenK is of �nite dimension(see[1]).
Such an extensionwould be needed,for example,to treat the caseof mixed Neumann-
Dirichlet conditions or the caseof the biharmonic problem.



6 C. BACUTA, J.H. BRAMBLE, AND J. XU

3. Mul tilevel represent ation of interpola tion spaces

Let 
 be a domain in
� 2 with boundary @
 . Assumethat

M1 � M 2 � ; : : : ; � M k � : : :

is a sequenceof �nite dimensionalsubspacesof H 1(
) whoseunion is densein H 1(
),
and assumethat an equivalent norm on H 1(
) is given by

(3.1) kuk1 :=

 
1X

k=1

� kk(Qk � Qk� 1)uk2

! 1=2

;

whereQk denotesthe L2(
) orthogonal projection onto M k , k�k = k�kL 2(
) , Q0 = 0 and
� k = 4k� 1.

The sequencef M kg can be taken for example the standard sequenceof piecewise
linear functions associated with a sequenceof nestedmeshes.Proofs for the multilevel
representation of the norm on H 1, for speci�c choicesof the spacesM k can be found in
[1], [10], [28] and [30] .

3.1. Scales of multilev el norms. On H 1(
) we consider the norm given by (3.1)
and de�ne H � 1(
) to be the dual of H 1(
). The elements of L 2(
) can be viewed as
continuous linear functionals on H 1(
) and we have the natural continuous and dense
embeddings

H 1(
) � L2(
) � H � 1(
) :
The projection Qk , k = 1; 2; : : :, can be extendedto be de�ned on H � 1(
) by

(Qku; v)L 2 = (u; v); 8 u 2 H � 1(
) ; v 2 M k ;

where(�; �) on the right hand side represents the duality betweenH � 1(
) and H 1(
) .
One can easily check that the induced inner product on H � (
) is given by

(u; v)� :=
1X

k=1

� �
k (qku; qkv); for all u; v 2 H � (
) ; � = � 1; 1;

whereqk = Qk � Qk� 1.
Then the pair (H 1(
) ; L2(
)) satis�es the condition (2.1) and the operator S associ-

ated with the pair is given by

(3.2) Su =
1X

k=1

� k qku; for all u 2 D(S):

Thus, for X = H 1(
) and Y = L2(
), we have

(u; v)Y;t =
1X

k=1

� k

� k + t2
(qku; qkv); u; v 2 Y:

and

(u; v)X ;t =
1X

k=1

� 2
k

� k + t2
(qku; qkv); u; v 2 X :

For any s 2 (0; 1), q = 1 or q = 1 , let

H s(
) := [H 1(
) ; L2(
)] 1� s;2 ; H 2+ s(
) := [H 3(
) ; H 1(
)] 1� s;2



SHIFT THEOREMS 7

and

B s
q(
) := [H 1(
) ; L2(
)] 1� s;q ; B 2+ s

q (
) := [H 3(
) ; H 1(
)] 1� s;q:

By using (2.5) and (2.6), onecan easily check that

(3.3) kuk2
H s (
) =

1X

k=1

� s
kkqkuk2;

and

(3.4) kuk2
B s

1 (
) = sup
t> 0

 

t2s
1X

k=1

� k

� k + t2
kqkuk2

!

:

One can verify using the above formula that B 0
1 (
) = L2(
) and B 1

1 (
) = H 1(
). In
addition we have

sup
t> 0

t2s

� k + t2
= ss(1 � s)1� s� � 1+ s

k ;

which leadsto

(3.5) kuk2
B s

1 (
) � ss(1 � s)1� skuk2
H s (
) for all u 2 H s(
) ;

a well known embedding property.

Remark 3.1. If we assumethat the sequence of subspaces f M kg is chosenso that the
following approximation and inverse inequalities hold with a constant c independent
of j .

(Ap): ku � Qj uk � c 2� j kukH 1 ; for all u 2 H 1(
) ,

(In v): kuk � c 2j kukH 1 ; for all u 2 M j ,

then, by a well known approximation theory result, an equivalent norm on [H 1; L2]1� s;q

is given by

kf 2sj kqj ukgj � 1klq ; 0 < s < 1; 1 � q � 1 :

In particular, an equivalent norm on B s
1 := [H 1; L2]1� s;1 is given by

1X

j =1

2sj kqj uk; 0 < s < 1:

One can verify now that we havethe following norm-inequality:

(3.6) kukB s
1

� c� � 1=2kukH s+ � ; for all u 2 H s+ � ;

with c independentof � .
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3.2. Subspace in terp olation results. Next, we focusour attention on a speci�c case
of subspaceinterpolation associated with the pair (X ; Y), whereX = H 1(
) and Y =
L2(
). For a �xed s0 in the interval (0; 1), let � 0 = 1 � s0 and ' 2 H � 1(
). By the
Rieszrepresentation theoremthere exists a function � 2 H 1(
) such that

(v; ' ) = (v; � )1 =
1X

k=1

� k(qk �; v); 8v 2 H 1(
) :

Sinceqi qj = 0 for i 6= j , we deducethat in fact

(3.7) qk � = � � 1
k qk '

Next, we assumethat the function ' satis�es the following condition:
(C): There exist two positive constants c1; c2 such that

c1�
s0
k � kqk ' k2 � c2�

s0
k ; k = 1; 2; : : : :

Note that the above condition is equivalent to

c1�
� � 0
k � kqk � k2

1 � c2�
� � 0
k ; k = 1; 2; : : : :

Lemma 3.1. Let ' 2 H � 1(
) satisfy (C) and let � be the correspondingH 1-representa-
tion. Then the following conditions are also satis�ed.

(C.0): H 1
� is densein [H 1; L2]1� s for s < s0. (Here, H 1

� is the kernel of ' . )
(C.1): There exist two positive constantsc1; c2 suchthat

c1t � 2� 0 � (�; � )X ;t =
1X

k=1

� 2
k

� k + t2
k qk � k2 � c2t � 2� 0 ; f or t > 1:

Proof. The constants involved in this proof might changeat di�erent occurrences.
To prove (C.0) , by Lemma 2.2, it is enoughto show that the functional

(3.8) u ! (u; � )1 = (u; ' ); u 2 H 1(
) ;

is not continuousin the topology inducedby H s(
), (s < s0). Let f ung be the sequence
in H 1(
) de�ned by

un :=
nX

k=1

� � s0
k qk ':

Then,

(un ; � )1 = (un ; ' ) =
nX

k=1

� � s0
k kqk ' k2 ! 1 ; as n ! 1 :

On the other hand

kunk2
H s =

nX

k=1

� s� 2s0
k kqk ' k2

is uniformly bounded. Therefore, the functional de�ned in (3.8) is not continuous and
(C.0) is proved.

To estimate (�; � )X ;t we observe that kqk � k2 = � � 1
k kqk � k2

1 and that

1X

k=1

� 1� � 0
k

� k + t2
= t � 2� 0

1X

k=1

(4k=t2)1� � 0

(4k=t2 + 1)
:
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Using the standard convergencecriteria for sums via integrals, the last sum can be
estimatedbelow and above by constants which are independent of t.

�

Next theorem is the main subspaceinterpolation result of the paper.
Theorem 3.1. Let ' 2 H � 1(
) satisfy (C) . Then

(3.9) [H 1
� ; L2]1� s;2 = [H 1; L2]1� s;2 := H s(
) for s < s0;

and

(3.10) B s0
1 := [H 1; L2]1� s0 ;1 � [H 1

� ; L2]1� s0 ;1 :

Proof. Recall that L 2(
) = Y and H 1(
) = X . In order to prove (3.9) it is enough(by
the density property (C.0) , (2.14) and Remark 2.1) to prove that

(3.11) I :=
Z 1

1
t � (2(1� s)+1)) j(u; � )X ;t j

2

(�; � )X ;t
dt � ckuk2

H s for all u 2 X � :

for u 2 H s(
) denote ~uk := � s=2
k kqkuk and ~u := f ukg. Then we have

kukH s = k~ukl2 :

Here (�; �) is simply the L 2(
) inner product. Then, we have

(u; � )X ;t =
�
(I + t2S� 1)� 1u; �

�
X

=
1X

k=1

� k

� k + t2
(qku; qk � )X :

For u 2 X � we have (u; � )X = 0. Then
1X

k=1

(qku; � )X = 0

Consequently,

(u; � )X ;t = � t2
1X

k=1

1
� k + t2

(qku; qk ' ):

Thus, using the Cauchy-Schwarz inequality and (C) we obtain the estimate

(3.12) j(u; � )X ;t j � c2t2
1X

k=1

� s0=2
k

� k + t2
kqkuk:

Now we are preparedto estimate the integral I . The constant c, to be usednext, may
have di�erent valuesat di�erent placesin which it appears. Let s1 = s0 � s. Then, by
(C.1) and the estimate (3.12), we have

I � c
Z 1

1
t � 3+2 � 2s0+4

 
1X

k=1

� 1� s0=2
k

� k + t2
kqkuk

! 2

dt

� c
Z 1

1
t3� 2s1

 
1X

m;n =1

(� m � n )s0=2

(� m + t2)( � n + t2)
kqmukkqnuk

!

dt

= c
1X

m;n =1

(� m � n )s0=2kqm uk kqnuk
Z 1

1

t3� 2s1

(� m + t2)( � n + t2)
dt:
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Next, we usethe formula

(3.13)
Z 1 t3� 2�

(a + t2)(b+ t2)
dt =

1
c2

�

a1� � � b1� �

a � b
; 0 < � < 2; � 6= 1; a;b> 0:

The integral can be calculatedby elementary calculusmethods. If a = b, then the right
sideof the above identit y is replacedby 1� �

c2
�

a� � . Thus,
Z 1

1

t3� 2s1

(� m + t2)( � n + t2)
dt �

Z 1

0

t3� 2s1

(� m + t2)( � n + t2)
dt = c� 2

s1

� 1� s1
m � � 1� s1

n

� m � � n
:

Combining the above inequalities,we get

I � c
1X

m;n =1

(� m � n )s1=2 � 1� s1
m � � 1� s1

n

� m � � n
� s=2

m kqm uk� s=2
n kqnuk:

Let

lmn = (� m � n)s1=2 � 1� s1
m � � 1� s1

n

� m � � n
:

Then, the above estimate becomes

I � c
1X

m;n =1

lmn ~um ~un :

An elementary calculation gives

lmn =
2(m� n)(1 � s1 ) � 2� (m� n)(1 � s1 )

2(m� n) � 2� (m� n)
� 2�j m� njs1 ; m; n = 1; 2; : : : :

and by elementary estimateswe obtain

I � ck~uk2
l2 = ck uk2

H s ;

which proves(3.9).
Next, we prove (3.10). Let u 2 B s0

1 . Then by (2.13) and Remark 2.1) we have that

kuk2
[X � ;Y ]1� s0 ;1

� c

 

sup
t> 1

t2s0 (u; u)Y;t + sup
t> 1

t4� 2� 0
j(u; � )Y;t j

2

(�; � )X ;t

!

:

Note that
sup
t> 1

t2s0 (u; u)Y;t � sup
t> 0

t2s0 (u; u)Y;t = kuk2
B s0

1
� ckuk2

B s0
1

;

and, with the help of (C.1) we have

(3.14) sup
t> 1

t4� 2� 0
j(u; � )Y;t j

2

(�; � )X ;t
� c sup

t> 1
t4j(u; ' )Y;t j

2

For u 2 Y, we have

(u; � )Y;t =
1X

k=1

� k

� k + t2
(qku; qk � ) =

1X

k=1

1
� k + t2

(qku; qk ' );

and by using condition (C) , we obtain

(3.15) j(u; � )Y;t j � c2

1X

k=1

� s0=2
k

� k + t2
kqkuk:
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The function

t ! t2j(u; � )Y;t j = t2
1X

k=1

� s0=2
k

� k + t2
kqkuk

is an increasingfunction of t. As t ! 1 , the limit of the above function is exactly
kukB s0

1
. Therefore,

kuk2
[X � ;Y ]1� s0 ;1

� ckuk2
[X ;Y ]1� s0 ;1

and the proof is complete.
�

4. A shift theorem f or the Lapla ce opera tor on convex pol ygonal
domains.

In this sectionwe will prove a stronger versionof the estimate (1.3) and (1.4).

4.1. Shift estimates. Let 
 be a convex polygonal domain in R2, with boundary @

andno right angles.Let V k(
) := H k(
) \ H 1

0 (
), k = 2 and k = 3. It is well known that
for f 2 L2(
) the variational problem hasa unique solution u 2 V 2(
) and (1.2) holds.
If 
 is an acute triangular domain then onecan prove that for f 2 H 1(
) the solution
of (1.1) belongsto V 3(
) and (1.3) holds for s = 1. Using (1.2) and interpolation we
obtain

kukH 2+ s � c(s)kuk[V 3 ;V 2 ]1� s; 2 � C(s)kf kH s ; for all f 2 H s(
) ; 0 � s � 1:

Thus, without restricting the generality of the problem, we can assumethat there exist
one corner of measure! with � =2 < ! < � . In fact, by a partition of unity type
argument and using the regularity results for domains with smooth boundary, we can
reducethe problem to the casewhen 
 is a domain with only onecorner of measure!
with � =2 < ! < � . Wewill call this the \ ! -corner" and we will assumethat the vertex of
the ! -cornercoincideswith the origin of polar systemof coordinates. Let � = � =! and
s0 = � � 1. Given f 2 H 1(
), we considerthe Dirichlet problem (1.1). The variational
formulation of (1.1) is : Find u 2 H 1

0 (
) such that

(4.1)
Z



r u � r v dx =

Z



f v dx for all v 2 H 1

0 (
) :

Let � 2 D(
) be a cut-o� function, which depends only on the distance r to the ! -
corner, is identically equal to one in a neighborhood of the ! -corner and is identically
equal to zero closeto the part of @
 which doesnot contain the sidesof the ! -corner.
Let  = ' + uR , ' (r; � ) = � r � � sin(� � ) and uR 2 H 1

0 (
) be the variatonal solution
of (1.1) with f = � ' . One can check without di�cult y that  2 H � 1(
). Let H 1

 be
de�ned as the kernel of  as linear functional on H 1. Then, (seee.g., Theorem 9.8 in
[16]) for f 2 H 1

 the (variational) solution of (1.1) Belongsto V 3(
) and

(4.2) kukH 3(
) � ckf kH 1(
) for all u 2 H 1
 (
) :

Thus, by interpolation, we have

(4.3) kuk[V 3 (
) ;V 2 (
)] 1� s;q � ckf k[H 1(
)  ;L 2(
)] 1� s;q ;

for all f 2 [H 1(
)  ; L2(
)] 1� s;q. Then, we have the following theorem.
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Figure 1. Polygonal domain

Theorem 4.1. Let 
 be a convexpolygonaldomain in R2 with no right anglesand with
! the measure of the largestangleand let s0 = minf 1; � =! � 1g. If u is the variational
solution of (1.1) then, for 0 < s < s0 there exist positive constant c(s) and C(s) such
that

(4.4) kukH 2+ s � c(s)kuk[V 3 ;V 2 ]1� s; 2 � C(s)kf kH s ; for all f 2 H s(
) ;

and for 0 < s0 < 1,

(4.5) kukB 2+ s0
1 (
) � c(s0)kuk[V 3 ;V 2 ]1� s0 ;1 � C(s0)kf kB s0

1 (
) ; for all f 2 B s0
1 (
) :

Proof. Use (4.3) and apply Theorem 3.1 with ' =  . The proof that (C) is satis�ed
is given later. The lower part of (4.4) or (4.5) follows by comparing the K functions
associated with the two intermediate spaces.

�

4.2. Pro ving condition (C). Let 
 be a polygonal convex domain with the only one
vertex O of measure! with � =2 < ! < � and the remaining vertices denoted by
S1; S2; : : : Sn . Let


 =
n[

i =1

� i ;

where,for i = 1; : : : ; n, � i is a triangular domainwith verticesSi ; O; Si +1 and O is taken
to be the origin of a Cartesiansystemof coordinates in the plane. For i = 1; : : : ; n + 1;
let � i denotethe segment [O; Si ]. We assume,without lossof generality, that S1 lies on
the positive semi-axis(seeFigure 1, the casen = 2).

Let T1 = f � 1; : : : ; � ng be the initial triangulation of 
. We de�ne multilevel triangula-
tions recursively. For k > 1, the triangulation Tk is obtained from Tk� 1 by splitting each
triangle in Tk� 1 into four triangles by connectingthe midpoints of the edges.The space
M k is de�ned to be the spaceof all functions which are piecewiselinear with respect
to Tk , vanish on @
 and are continuous on 
. Let Qk denote the L2(
) orthogonal
projection onto M k .
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We verify that the function  satis�es the condition (C) . To begin with, we will
prove that the function ' satis�es (C) . First we will prove that there exist a function
wh 2 M k which is supported in a ball of radius H = 1=2k� 1 = 2h centered at origin
and wh is orthogonalon the spaceM k� 1. Let � 1; : : : ; � 7 be the nodal functions in M k� 1

corresponding to the nodal points in Tk� 1 marked by 0� 0 in the �gure. Next, we consider
the eight nodal functions ' 1; : : : ' 8 corresponding to the nodesmarkedby 0?0). We de�ne
wh to be a linear combination wh of ' 1; : : : ; ' 8 , with coe�cien ts independent of h such
that

(wh; � j ) = 0; j = 1; : : : ; 7: and (wh; ' ) 6= 0:

Hence,wh is orthogonal on the spaceM k� 1 and consequently qkwh = wh.
Then,

kqk ' k = sup
v2 L 2 (
)

(qk '; v)
kvk

= sup
v2 L 2 (
)

('; qkv)
kvk

�
j('; qkwh)j

kwhk
=

j('; wh)j
kwhk

:

Note further that
kwhk � ch;

with c independent of h and by making the changeof variable x = hx̂ in the integral
which de�nes the inner product ('; wh) we get

j('; wh)j � ch2� � ;

for another constant c. Combining the above estimateswe concludethat the lower part
of the condition (C) holds.

For the upper part of (C) we �rst note that kqk ' k0 = � 1=2
k kqk ' k� 1. To estimate

kqk ' k� 1 we let � = � h to be a cut o� function which dependsonly on r and satis�es

� h(r ) = 1 for r � h=2; � h(r ) = 0 for r � h;

j� 0
h(r )j � c=h; j� 00

h(r )j � c=h2 for all h=2 � r � h;

for somepositive constant c. Then,

kqk ' k� 1 = sup
v2 H 1 (
)

(qk '; v)
kvk1

� sup
v2 H 1 (
)

(qk(� ' ); v)
kvk1

+ sup
v2 H 1 (
)

(qk((1 � � )' ); v)
kvk1

= M 1 + M 2:

Using polar coordinateswe have

(� '; qkv) =
Z !

0

� Z h

0
r � � +1 � qkv

�
dr sin(� � ) d� :

Next, we integrate by parts with respect to the r variable (write r 1� � as the derivative
of r 2� � =(2 � � ) ). Using the Cauchy-Schwarz inequality and the estimate for � 0 we get

j(� '; qkv)j � c
�
h� � +1 kqkvk + h� � +2 k(qkv)r k

�
:

The L2 and H 1 - stabilit y of the L 2 projection give

kqkvk � chkvk1; and kqkvk1 � ckvk1;

with c independent of h (or k). Thus,

j(� '; qkv)j � ch2� � kvk1 and M 1 � ch2� � :
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To estimateM 2, we observe �rst that (1 � � h)' 2 H 2(
). Let � h : H 2(
) ! M k be the
interpolant associated with Th = Tk . By applying standard approximation properties
and (1.2) we obtain

M2 = kqk(1 � � h)' k� 1 � hkqk(1 � � h)' k � hk(I � Qk� 1)(1 � � )' k

� chk(I � � h)(1 � � h)' k � ch3k(1 � � h)' kH 2 (
) � ch3k�(1 � � h)' )kL 2(
) :

Using a simple computation in polar coordinates, and the estimatesfor the derivative
of � h, we get

k�( � h ' )kL 2(
) � ch� 1� � :

Combining the above inequalities,we have that

M2 � ch2� � :

Hence,the upper part of the condition (C) holds and consequently, (C) holds for the
function ' . Sincethe function uR belongsto H 1(
), we have

kqkuRk2 � c� � 1
k ; k = 1; 2; : : : :

Therefore,the function  satis�es condition (C) .

5. Applica tions to finite element conver gence estima tes

Let 
 bea convex polygonaldomain in
� 2 , with boundary@
 and no right angles.Let

! be the measureof the largest corner and let s0 = minf 1; � =! � 1g and let u 2 H 1
0 (
)

be the variational solution of (4.1) with f 2 L 2(
). We let Vh to be a �nite dimensional
approximation subspaceof H 1

0 (
) and considerthe discreteproblem:
Find uh 2 Vh such that

(5.1)
Z



r uh � r v dx =

Z



f v dx for all v 2 Vh:

Further, let us assumethat

(5.2) ku � uhkH 1 (
) � chkukH 2(
) ; for all u 2 V 2(
) = H 2(
) \ H 1
0 (
) ;

and

(5.3) ku � uhkH 1(
) � ch2kukH 3(
) ; for all u 2 V 3(
) = H 3(
) \ H 1
0 (
) :

By interpolation with p = 2 and 0 < s < 1, from (5.3) and (5.2), we obtain that

(5.4) ku � uhkH 1(
) � ch1+ skuk[V 3(
) ;V 2 (
)] 1� s; 2 ;

for all u 2 [V 3(
) ; V 2(
)] 1� s;2, where c is a constant independent of h. Interpolating
with p = 1 and s = 1 � s0 we have

(5.5) ku � uhkH 1(
) � ch1+ s0 kuk[V 3 (
) ;V 2 (
)] 1� s0 ;1 ;

for all u 2 [V 3(
) ; V 2(
)] 1� s0 ;1 whereagain c is a constant independent of h.
We thus have the following result.
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Theorem 5.1. Let u; uh be the variational solutionsof problem(4.1) and (5.1), respec-
tively. Then, there existsa constant c independentof h suchthat

(5.6) ku � uhkH 1 � ch1+ skf kH s ; for all f 2 H s; 0 < s < s0;

(5.7) ku � uhkH 1 � ch1+ s0 kf kB s0
1

; for all f 2 B s0
1 :

Furthermore, for s0 < s � 1 there existsa constant c independentof h and s suchthat

(5.8) ku � uhkH 1 (
) � c(s � s0)� 1=2h1+ s0 kf kH s (
) ; for all f 2 H s(
) ;

and for h � e� 1
2(1 � s0 ) ,

(5.9) ku � uhkH 1 (
) � ch1+ s0 (log 1=h)1=2kf kH s0 (
) for all f 2 H s0 (
) :

Proof. The inequalities (5.6) and (5.7) follows from (5.4) and (5.5) respectively, as a
direct consequenceof Theorem4.1. The estimate(5.8) follows from (5.7) and (3.6) with
� = s � s0. The inequality (5.9) is obtained from (5.8) as follows. Let f 2 H s0 (
) and
write f = f � Qhf + Qhf . Next, we denoteby uh 2 H 1

0 (
) the solution of
Z



r uh � r v dx =

Z



Qhf v dx for all v 2 H 1

0 (
) :

Sinceu � uh is the solution of (4.1) with f � Qhf instead of f we have

ku � uhkH 1(
) � ckf � Qhf kH � 1 (
) ;

and from standard approximation properties we get

kf � Qhf kH � 1 (
) � ch1+ s0kf kH s0 (
) :

Combining the two inequalities we have

(5.10) ku � uhkH 1(
) � ch1+ s0 kf kH s0 (
) :

Next, using the estimate (5.8), a standard inverseinequality and the stabilit y of the
L2 projection in H s0 (
), we get

kuh � uhkH 1 (
) � c(s � s0)� 1=2h1+ s0 kQhf kH � 1+ s (
)

� ch1+ s0 (s � s0)� 1=2hs0 � skQhf kH s0 (
)

� ch1+ s0 (s � s0)� 1=2hs0 � skf kH s0 (
) ;

wherec is a constant independent of of h and s. The minimum of the function
s ! (s � s0)� 1=2hs0 � s on the interval (s0; 1] is (2elog1=h)1=2 and is attained for s =

s0 + (2 log1=h) � 1, with h � e� 1
2(1 � s0 ) . Thus,

(5.11) kuh � uhkH 1(
) � ch1+ s0 (log1=h)1=2kf kH s0 (
) :

Finally, (5.9) follows from (5.10) and (5.11).
�
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