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SOLUTIONS to HOMEWORK 7

1. Let S be a bounded subset of R™ and let f,g: S — R be integrable functions
over S.
(a) Show that if f(z) = g(x) for all x € S\ D where D has measure 0, then

Jsf=Js9-
(b) Show that if f(z) < g(z) for all z € S and [y f = [ g, then f and g agree

except on a set of measure zero.

Solution:
Let @ be a rectangle containing S. Denote by

) f(@) z €S ~)g(x) z €S
fS(x)_{o cgs M gS(x)_{o 2 dS’

The fact that f and g are integrable means that Fs and Gg are integrable over Q.
(a) Since f =g on S\ D, the functions fg and gg agree everywhere except the set
D which is of measure 0. So fQ fs = fQ gs and this means that [ f = [qg.

(b) Note that fs(z) < gs(z) for all z € S and fs(z) = gs(x) for z € @\ S. The
equality [ f = [4 g means fQ fs = fQ gs. Hence fs(z) = gs(z) for all z € Q \ D
where D is a subset of @) of measure 0. Since fs = gg outside of S, it follows that
D C S and that f and g agree except on the set D.

2. Let A be a rectangle in R* and let B be a rectangle in R". Set Q = A x B and
assume that f: @ — R is a bounded function. Show that if fQ f exists, then

/Bf(%y)

exists for every x € A\ D where D is a set of measure zero in R™.

Solution: 3 o
By Fubini’s theorem, the functions I(z) = fo(x,y)dy and I(z) = [, f(z,y)dy
are integrable over the rectangle A and [, f = [, I = [, 1. Since I(z) < I(x) for

all z € A, it follows that I(x) = I(z) for x € A\ D where D is a subset of A of
measure 0. Hence for every x € A\ D, the function y — f(z,y) is integrable over
B and so fB f(x,y) exists for those values of x.

3. Let S be bounded subsets of R™ and let f : S — R be a bounded function. Show
that if f is integrable over S, then it is integrable over int S and fS f= fint s/

Solution:
Abbreviate A = int S. Choose a rectangle ) such that S C @ and let

S CA I C RS (A



2

Both functions fs and fi,; s agree at points belonging to @ \ S and A. Clearly,
they are continuous at every z € Q \'S. If x € A, then fs is continuous at z if
and only if f4 is continuous at z. Since f is integrable over S, the function fg is
integrable over (). Hence the set E of points where fg fails to be continuous is of
measure 0. The function fg is equal to 0 outside of S hence it is continuous at every
point belonging to the complement of S. This means that the set D is a subset of
S. Write D = EU F where E C S and F C A. Hence fg and f4 are continuous
at every point x € S\ B. Assume that z € 9A\ F. Then fg is continuous at x
and fg(z) = 0. By definition, fa(z) = 0. Let (z,,) be any sequence of points in @
converging to x. Since fa(xz,) is equal either fg(x,) or 0, and fs(x,) — fs(x) =0,
it follows that fa(z,) — 0 = fa(z). Hence f4 is also continuous at x. This implies
that fa is continuous at every point except on the set D = F U F which is of
measure zero. This mean that f4 is integrable and that |, sf= Juf

4 Let S be a bounded subset of R™ that is the union the countable collection of
rectifiable sets Sp, .5, .. ..

(a) Show that S; U---U S, is rectifiable.
(b) Give an example showing that S need not be rectifiable.

Solution:

(a) Note that 9(S1U---US,) C 9S1U---UIS,. Since each 9S; has measure zero,
it follows that 9(S; U--- U S,,) has also measure zero.

(b) Let A be the set of rational numbers in (0,1), say A = {r;};en. Choose
0 < a < 1 and for each i € N, let (a;,b;) be an open subinterval of (0,1) of
length b; — a; < a/2" and containing r;. ¢; € (a;,b;). Set S = J;cn(ai, b;). Then S
is bounded and every (a;, b;) is rectifiable. However, 9.5 does not have measure zero.

5. Let A and B be rectangles in R¥ and R", respectively. Let S be a subset
contained in A x B. For each y € B, define the cross-section of S by

Sy ={z|x € A and (z,y) € S}.
Show that if S is rectifiable, and if Sy, is rectifiable for every y € B, then

o(S) = /Bv(sy).

Solution:

Since S is rectifiable, the constant function equal to 1 is integrable over S and
v(S) = [¢1 = [, 1ls. By Fubini’s theorem, [, pls = [ [iAls(z,y)dx]dy.
Note that Is(z,y) = Is,(x). So, [, [iAls(x,y)dm}dy =[5 MAlsy (z)dz]dy. Since
Sy is rectifiable for every y € B, the function constant function 1 is integrable over
S, which means that !g, is integrable over A for every y € B. Hence [ AI s, (z)dr =

S Is, (x)de = fsy ldz = v(Sy) and v(S) = [, [iAlsy(:zz)d:c]dy = [pv(Sy)dy as

claimed.



