MATH 404 ANALYSIS - SPRING 2008
SOLUTIONS to HOMEWORK 5

1. Abbreviate by Ry = (0,00). Define f : Rﬁ_ — Ri by
x

(a) Show that f is one-to-one and f(R%1) =R3.

(b) Find the inverse g : Ri — Ri of f and show that f and g are of class C*°.
Solution:
(a) If f(z1,91) = f(x2,92), then (1), z1 +y1 = 22 +y2 and (2) 21/y1 = 22/y2.
From (2), 1 = x2(y1/y2). Hence (1) becomes, x2(y1/y2) +y1 = 22 +y2. This gives
22)(y1/y2) — 1) = y2 — y11, that is, (v2/y2)(y1 — y2) = y2 — y1. If y1 # ya2, then
we can divide both sides by y; — y2 to get x2/ys = —1, i.e., £3 = —ya which is
impossible since za,y2 > 0. So y; = y2 and then (1) implies that 1 = z2. So, f
is one-to-one.Let (u,v) € R%. We will show that there is (z,y) € R% such that (1)
z4+y =wand (2) z/y = v. From (2), x = vy and (1) becomes, vy+y = y(v+1) = u.
Soy=u/(1+v) and z = uv/(1+v). Hence f(RL) =R3. The inverse is given by
9(u,v) = (u/(1 +v),uv/(1+v)).
2. Let f:R™ — R"™ be defined by f(z) = ||Jt:||2 -x. Show that f is of class C*° and
that f carries the unit ball B;(0) onto itself in a one-to-one fashion. Show that the
inverse function of f is not differentiable at 0.

Solution:
Assume that f(z) = f(y). Then |z|*z = |y|*y. Hence HHxHQxH = ||lz||® =

2 3 . : 2 2
1911 ]| = lly)> showing that |lal] = [lyll. Since al|” = = |ly|*y, one finds that
x =vy. So, f is one-to-one. Let ||u]| < 1. Then there is € B;1(0) such that f(z) =

u. Indeed, if u = 0, then 2 = 0. Otherwise, one has to have HHmHQmH = ||| = |ul

so that ||z]| = |Jul|'/* and = u/ |[u]|*’®. Hence f(B1(0)) = B;(0) and the inverse

function g : B1(0) — B1(0) of f is given by ¢(0) = 0 and g(u) = u/ HuHQ/g. The ith
component g; of g is equal to ¢;(0) = 0 and g;(u) = u;/ ||uH2/3 =ur />, usl?.
Then ( ) )
giO—Ftei —giO _ t B 1
r 7t't2/37t2?_>00 ast — 0.
Hence the partial derivative D;g;(0) does not exist and so, g is not differentiable at

0.
3. Let g : R? — R2 be given by

9(@,y) = (2ye**, we?),
and let f:R? — R? be given by

f(xa y) = (31’ - y2a 2z + Y, Y + yg)
(a) Show that there is a neighborhood of (0,1) that g carries in a one-to-one
fashion onto a neighborhood of (2, 0).
(b) Find D(fog™!) at (2,0).
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Solution:
(a) The function g is differentiable with

_ [4ye?  2e% (4 2
Dyg(z,y) = { oy JY so that Dg(0,1) = e ol
So, detDF(0,1) = —2e # 0. By the inverse function theorem there is an open

neighborhood U of the point (1,0) such that g(U) is an open neighborhood of the
point ¢g(0,1) = (2,0) such that g is one-to one on U.
(b) Let g7 : g(U) — U be the inverse of g. Then by the chain rule,

D(fog™")(2,0) =Df(g~"(2,0))Dg~"(2,0) = Df(0,1)[Dg(0,1)]".

Since i

3 2y 3 -2

Df(z,y)= |2 1 sothat Df(0,1)= |2 1],

y o+ 3y°) 1 3

one gets

3 —2 11 3 -2 —2% 18
preg o= 2 1l [H Al <o [0 Hen] e o
1 3 e O- 2e 1 3 c - 2e 3¢ —10

4. Let A be open in R™ and let f: A — R”™ be of class C". Assume that Df(x) is
non-singular for every x € A. Show that even if f is not one-to-one on A, the set
B = f(A) is open in R".

Solution:

Let b € B = f(A). We have to show that there is § > 0 such that Bs(b) C B.
Let a € A be such that b = f(a). Since Df(a) is non-singular, we find £ > 0 such
that B. C A and f is one-to-one on B.(a). The boundary dB.(a) is compact so
that also f(0B:(a)) is compact and b & f(0B:(a)). Set 6 = (1/2)d(f(0B:(a)),b).
Then 6 > 0. We claim that if ¢ € Bs(b), then there is y € B.(a) such that
¢ = f(y) (which shows that Bs(b) C B = f(A). To see this consider ¢ : B.(a) — R
defined by e(z) = || f(z) — ¢||>. Since ¢ is continuous and defined on a compact
set there is y € ovBc(a) such that ¢(y) = min{p(x)|lx € owB.(a)}. At z =
a, o(a) = |fa)—c||> = |b—c|* < 62 Hence p(y) < 62, If |ly|| = &, then
If(y) —cll = If@) =b+b—cll = [If(y) = bl = [Ilb—c[| =20 =6 = 5. So in this
case p(y) > 6% contradicting ¢(y) < 62. So y € Bc(a) and Dp(y) = 0. Since
p(x) =37, (fi(x) = ¢;)?, one gets that

Dip(y) = QZ(fj(y) —¢;)Dif;(y)
so that
Det) =0 0 -0 (]
=230 (fily) —¢;))Difily) -+ i (fi(y) — i) Dafi(y)]
=2 [fl(y) —ca o faly) — Cn] -Df(y)

Since D f(y) is non-singular, it follows that

ily)—er o fuly) —eal =[0 - 0],
that is, f(y) = ¢. Hence the claim follows.



5. Let F: R? — R be of class C? with F(0,0) = 0 and DF(0,0) = [2 3]. Let
G : R? — R be defined by
G(z,y,2) = F(x+ 2y + 32— 1,2% + % — 2°).
(a) Note that G(—2,3,—1) = F(0,0) = 0. Show that one can solve the equation
G(z,y,z) for z, say z = g(z,y), for (z,y) in a neighborhood B of (-2, 3)
such that g(—2,-3) = —1.
(b) Find Dg(-2,3).
(C) If DlDlF = 3, DngF = —1, and DQDQF =5b5at (0, 0)7 find Dngg(—Z, 3)
Solution:
(a) Let H(z,y,2) = (v +2y + 32 — 1,2% + y?> — 22), Then G = F o H and, by
the chain rule, DG(x,y,2) = DF(H(z,y,2))DH (z,y, z) so that DG(-2,3,—1) =
DF(0,0)DH(-2,3,—1). Since

1 2 3
DH(x7yaZ) = |:3£L’2 2y —2Z:|

one gets

DH(p)—Ll2 2 ;’} and DG(p)=[2 3] [112 2 3]—[38 22 12]

where p = (—2,3,—1). Since D3G(—2,3,—1) = 12 # 0, from the implicit function
theorem there exist an open neighborhood B of the point (—2,3) and a unique
function g : B — R of class C? such that g(—2,3) = —1 and G(z,y, g(z,y)) = 0.
(b) Let h(z,y) = (z,y,9(x,y)) for (x,y) € B. Then h is of class C? and (G o
h)(z,y) = 0 for (z,y) € B. Abbreviating ¢ = (z,y) and p = h(q), one finds using
the chain rule

[0 0] = D(G o h)(q) = DG(p)Dh(q) [D1G(p) D2G(p) DsG(p)]

1 0

o }
Dig(q) D2g(q)

= [D1G(p) + D3G(p)D1g(q) D2G(p) + D3G(p)D2g(q)]
Hence
[0 0] = [DiG(p) D2G(p)] + D3G(p) [Drg(a) D2g(q)]
implying that when ¢ = (—=2,3) and p = h(q) = (-2, 3,—1), then
Dy(~2.3) = [Dig(~2.3) ng<—2,3>]
1

= [DIG(-2,3,-1) DyG(-2,3,-1)] =~ [38 2],



