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Abstract

Several known constructions of phase spaces are merged into the framework of
Poisson fiber bundles and coupling Dirac structures. Functorial properties of our
construction are discussed and examples are provided. Finally, applications to fibered
symplectic groupoids are given.
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1 Introduction

In symplectic geometry, the formulation of the so-called minimal coupling principle uses
principal bundles over symplectic manifolds and Hamiltonian G-spaces (see [10] and [14]).
By a classical Yang-Mills-Higgs setup, we mean a triple (G, @, F') formed by a Lie group
G, a principal G-bundle @ over a smooth manifold M, and a Hamiltonian Poisson G-space
F (see [15]). Given any classical Yang-Mills-Higgs setup, there is an induced Hamiltonian
G-action on T*M x F with momentum map J : T*M x F' — g*, where g* is the dual
of the Lie algebra of G. The quotient J~!(0)/G is a Poisson manifold. This is the
Yang-Mills-Higgs phase space of a particle with configuration space M and internal phase
space F. Every connection 6 on @, called a gauge potential, induces a diffeomorphism
g : J710)/G — P x¢ F, where P denotes the pull-back of Q to T*M by the canonical
projection map T*M — M. When F is symplectic, one gets the Sternberg-Weinstein
phase space of a particle in a Yang-Mills field (see [14]). Moreover, when F' is a Lie-
Poisson manifold, one gets a gauged Poisson structure as defined in [7]. The key data
in this model for the phase space of a particle interacting with a gauge field is the pull-
back principal G-bundle P — (T*M,wcan) together with the gauge potential 6. The
symplectic manifold (T*M,wcan) is considered as the canonical phase space of a particle
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with configuration space M. However, the evolution space in the sense of Souriau [9] is
a presymplectic manifold. Pre-symplectic structures naturally appear in the study of the
Hamiltonian dynamics of particles with gauge degrees of freedom.

In this paper, we describe the global geometric object induced on the associated bundle
P x¢ F if, instead of the pull-back bundle P — (T*M, wcan), one works with a principal
bundle P’ over a given presymplectic manifold (B = P'/G,wpg). We are naturally led to the
theory of Dirac structures on manifolds, which allows us to extend Sternberg’s construction
of a coupling form. We obtain Theorem 3.1, which generalizes a result proven in [13] and
[1]. Connections between the minimal coupling construction and the theory of Dirac
structures were first observed in [4], extending Vorobjev’s setting [12] from the Poisson
category to the Dirac category. In [1], Brahic and Fernandes discuss Poisson fibrations
based on gauge theory and Dirac geometry. While they emphasize the integration problem
for Poisson fibrations, we focus on the gauge transformations and the functorial property
of our construction of Poisson fiber bundles. We show that submersive (resp. immersive)
morphisms of Yang-Mills-Higgs setups having presymplectic base together with Ehresmann
connections induce forward (resp. backward) Dirac maps of coupling structures. In Section
2, we present basic definitions and results needed here. Our main results with examples
are established in Sections 3 and 4. Applications to fibered symplectic groupoids are given
in Section 5.

2 Coupling Dirac structures

2.1 Dirac structures

Let N be a smooth finite-dimensional manifold. Given (X7, 1), (X2, @2) smooth sections
of TN @& T*N, we consider the symmetric pairing

(X1, 1), (X2, 02)) = 5 (@1 (Xa) +az(X0))

and the Courant bracket

(X1, 1), (X2, q0)] = ([X1, X2], Lx 00 —ix,dar).

A Dirac structure on N (see [3]) is a sub-bundle L € TN @& T*N which is maximally
isotropic with respect to the symmetric pairing (-, -) and whose space of sections is closed
under the Courant bracket.

If (N1, L1) and (Na, La) are two Dirac manifolds then a smooth map ¢ : Ny — Nj is called
a forward Dirac map if

Ly ={(TY(X),8) | X € TNy, B €T*Ny, and (X, (T¥)*3) € L1}
and a backward Dirac map if

Ly ={(X,(TY)*B) | X € TN1, B€T"N2, and (TY(X),3) € La}.



2.2 Geometric data

Let # : E — B be a smooth fiber bundle. We denote Vert = Ker(T'7) C TE. An
Ehresmann connection on E is a surjective bundle map I' : TE — Vert such that, at each
point e € E, T2 =T, and given any smooth path

c: [0,1] — B

t —et)

joining x¢ to x1 and for any yo € m!(x¢), there exists a unique horizontal lift ¢ +— ~(¢)
in E so that v(0) = yo and w(v(t)) = c(¢t) for all . The second condition allows us
to preclude the case where horizontal lifts go to infinity in finite time. Considering the
horizontal sub-bundle Horp = ker I'; one gets the splitting:

TFE = Horr & Vert.

Define the operator dr : Q%(B) @ C®(E) — Q*1(B) @ C®(E) by setting

k
ora(Xo,..., Xx) = > (1) Lhorpxy(@(Xo, .o, Xiy o, Xp))

1=0
+Z(—1)i+j0é([Xi,Xj],X0,...,XZ‘,...,X]‘,...,Xk),
1<j
where horp(X) is the I'-horizontal lift of X € X(B).

Definition 2.1 Geometric data on the fiber bundle 7 : E — B consists of a triple (V,I", F)
formed by an Ehresmann connection I', a vertical bivector field V, and a C*°(FE)-valued
2-form F on B. It is integrable if the following properties are satisfied:

e V is a Poisson tensor, i.e. [V,V] = 0;

e V is preserved by parallel transport, i.e. Ly (xy V =0, VX € X(B);
e OrF = 0;

e Curvp(X,Y) = VHd(F(X,Y))), VX,Y € X(B).

Remark.
a) In contrast with Vorobjev’s definition [12], we do not assume that F is non-degenerate
in the above definition.

b) The third property of Definition 2.1 means that the 2-form F defined by
F(Z,72") =F(reZ, 72" (e), VZ,7' € T.E (1)

is horizontally-closed. n



2.3 Coupling Dirac structures

Definition 2.2 Let 7 : E — B be a smooth fiber bundle. A Dirac structure L on F is
called a coupling Dirac structure if there exists geometric data (IF,I", V) such that

L= {(Y, iF) + (V'a,a) | X € Horr, a € Ann(HorF)}. (2)

We refer the reader to Vaisman’s paper [11] for more details about the properties of
coupling Dirac structures.

Remark. Given a coupling Dirac structure L on F, the distribution D generated by the
horizontal vector fields X satisfying iF = 0 defines a foliation F called the characteristic
foliation or the null foliation of L. When L is reducible [6], the quotient E/F is a Poisson
manifold called the space of motion.

|

We will use the following result that can be found in [13].

Proposition 2.3 [13] Let 7 : E — B be a smooth fiber bundle. The integrability of
geometric data (V,T,TF) is equivalent to the fact that the space of smooth sections of the
corresponding sub-bundle L C TE & T*E (defined as in Equation (2)) is closed under the
Courant bracket.

3 Construction of phase spaces

First, we will prove the following result:

Theorem 3.1 Let (G, P, F) be a classical Yang-Mills-Higgs setup. Assume that the base
manifold B = P/G is equipped with a pre-symplectic form wp. Then every connection
0 on P induces a coupling Dirac structure on the associated bundle E = P xXg F which
restricts to the Poisson structure along the fibers of E inherited from the Poisson manifold

(F,Vp).

Under the notations and assumptions of Theorem 3.1, the connection # on P induces a
connection I' on £ = P xg F. We have the splitting

TE = Horr & Vert.
Moreover, the I'-horizontal lift of X € X(B) is given by
horr (X)p. ) = Tip, 1) T (Xp: 0p) (3)

where 7, . : P x F — P xg F is the canonical projection, X is the #-horizontal lift of
X € X(B) and 0y is the zero tangent vector at f. Define the vertical bivector field V as
follows

V= (WPXF)*VF (4)

We have the following lemma:



Lemma 3.2 Under the above notations, we have
e V is a vertical Poisson tensor;
® Liorp(x) V=0, for any X € X(B).

Proof. The fact that the Schouten bracket [V,V] vanishes follows immediately from
[Vr, Vr| = 0. Furthermore, it follows from Equations (3)-(4) that one has L., (x) V = 0,
for any X € X(B). [

Lemma 3.3 Under the assumptions of Theorem 3.1, there exist induced integrable geo-
metric data on E.

Proof. Taking into account Lemma 3.2, we only have to find a suitable 2-form F &€
O2?(B) x C*®(E). To construct such a 2-form we will use the momentum map associated
with the Hamiltonian G-action on F', denoted by J : F' — g*, where g* is the dual of the
Lie algebra of G. The infinitesimal action op : g — X(F') transforms an element ¢ € g
into a Hamiltonian vector field Vﬁﬂ (dJ¢), where

Je(f) = (J(F), &),

for all f € F. Consider the connection 1-form 6 € Q1 ,(P) ® g. The curvature of 6 is the
horizontal g-valued 2-form given by

Curvy (X, ¥) = 0,([X. V], — [X.Y],). (5)
where X, Y € X(P) are the -horizontal lifts of X, Y € X(B), respectively. Next, we define
(X)), 1)) = (I(F), Curvy (X, 7)), (6)

for all X,Y € X(B). Let wp be the pre-symplectic form on B. Define
F=wp®1+G. (7)

We will show that Curvp(X,Y)) = V! (d(IF(X, Y))), for all X,Y € X(B). Notice that the

curvature of 8 and that of I' are related as follows

(Cuer(X, Y)) ([, 1) = Too. )T <0p7 (oF o CurVe(Ypa?p))(f))v (8)

where 0, is the zero tangent vector at p, o is the infinitesimal action associated to the
G-action on F'. Since it is enough to work with local coordinates, we pick a local system

of coordinates (z1,...,T2s) on B. Set
o 0 o 0



From Equations (4) and (6), one gets

Curve (5 oo )0 1) = Ty (O Vi) (1))

81'1' ’ 8xj
= T r (O VEWE()).
since the components (wg);; of wp satisfy Vg(d(wg)ij) = 0. Therefore,
Curvr(X,Y) = VH(d(F(X,Y))), VX,Y € X(B).

Moreover,

OrF = dwp ® 1 + OrG.

Since wp is closed, we get OpFF = OrG. To show that OrG = 0, we use classical arguments.
Precisely, we define the vertical 1-form ® on P xg F' as follows:

4.1 (X Z)) = (I 0p(X5)),
where [(Xp, Zy)] = T ;)T py p (Xp, Zf). One can easily check that
G(X,Y) = d®(horr(X), horr(Y)).

Consequently OrG = 0 since d?® = 0. Hence the triple (V,T,F) defines integrable geo-
metric dataon £ = P xg F.
|

Theorem 3.1 follows immediately from Proposition 2.3 and Lemma 3.3.

Examples 3.4 Consider the trivial principal bundle SU(2) x R3 — R3 together with
the Hamiltonian SU(2)-space su(2)*, that is, the dual of the Lie algebra su(2) endowed
with its canonical linear Poisson structure. Here R? is equipped with the exact form
w = dn defined in the standard linear coordinates (z,y,z) by n = = A dy. Given any
connection 6 on SU(2) x R3, we can apply Theorem 3.1 which provides a Dirac structure
on (SU(2) x R?) x su(2)*.

SU(2)

Examples 3.5 Consider the principal U(1)-bundle S5 — CP? and F = S?. We equip
CP? with its canonical homogeneous Kéhler metric and the 2-sphere with its canonical
symplectic structure. By Theorem 3.1, any connection on S% — CP? determines a Dirac
S2.

structure on the associated bundle S° X

Remark 3.6 The proof of Theorem 3.1 is quite similar to that of Theorem 3.2 in [13].
However, the fact that the base manifold B is presymplectic leads to a major improve-
ment. Indeed, Theorem 3.1 includes both the construction of the phase space for minimal
coupling for gauge fields and Theorem 3.2 in [13]. These two known results correspond to

the extremal cases where the rank of the presymplectic form wp is equal to zero or dim
B.



Another consequence of Theorem 3.1 is:

Corollary 3.7 (Weak coupling Poisson structures)

Let (G, P, F) be a classical Yang-Mills-Higgs setup and 6 a connection on P — B. Assume
that both F' and P are compact and the base B is equipped with a symplectic form wg. Then
there is 1-parameter family of Poisson structures 11, on the associated bundle E = P xg F
such that each Poisson structure 1. restricts to the Poisson structure along the fibers of
E which is inherited from (F,Vr).

Proof. The additional condition saying that P and F' are compact ensures that we can
choose a real number € > 0 sufficiently small so that the 2-form

FEZWB®1+€G

is non-degenerate. Replacing F by F. in the proof of Theorem 3.1, we conclude that the
triple (V,T',F) is integrable. Furthermore, its corresponding coupling Dirac structure L.
satisfies

L.N(TE & {0}) = {0}.

This is equivalent to the fact that L. is the graph of a Poisson structure Il.. There follows
Corollary 3.7. ]

Remark 3.8 The associated bundle P x F obtained in Theorem 3.1 is a Poisson fiber
bundle (also called Poisson fibration) [1, 13]. Recall that a Poisson fibration is a fiber
bundle whose fiber is a Poisson manifold and which has an atlas of local trivializations
whose transition maps induce Poisson isomorphisms of the fibers.

4 Morphisms

4.1 Gauge transformations

Let A = (G, P, F) be a classical Yang-Mills-Higgs setup together with a pre-symplectic
form on B = P/G and a connection § on P. Consider a diffeomorphism h : P — P which
descends to the identity map on B. The map h x id : P x F — P x F, canonically,
induces a fiberwise Poisson diffeomorphism ¢ : P xg F' — P Xg F. Moreover, we have
two connections on P, namely 6 and 6/ = h*0. They induce connections on P x¢g F
denoted by I'y and I'y,. Applying Theorem 3.1, one gets two Dirac structures on L; and
Ly corresponding to geometric data (V,T'y,F) and (V, F9/7F,), respectively. Precisely,

L= {(Y, iF) + (Via,a) | X € Horr, a € Ann(HorF)}

and
L2 = {(Y/’Z’Y,F/) + (Vuaﬂ O[) ’ Y, € HOI'F/7 Q< AHH(HOTF/)}.
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We know that there are 2-forms F and F’ € Q?(B) x C®(P x¢ F) such that
F(horr(X), horp(Y)) ~F(X,Y) and F (horp (X), horp/(Y)> — F'(X,Y).

Setting
B=TF—-TF,

we can rewrite L1 as
L= Span{(horp(X), ixF +ixB) + (V'a,a) | X € X(B), a € Ann(HorF)},
where ixF’ and ixB are the horizontal I-lift of i x[F’' and ix B, respectively, i.e.
ixF'(horp(Y)) = F/(X,Y) and ixB(horr(Y)) = B(X,Y).

We say that L; and Ly are gauge equivalent Dirac structures.

4.2 Functorial Property

We begin by recalling classical facts on principal fiber bundles with connection 1-forms.
Given a principal fiber bundle with connection 1-form (G, P, #) the curvature Curvy defined
in Equation (5) satisfies the structure equation

2Curve(X,Y) = dO(X,Y) + [0(X),0(Y)] VX,Y € X(P). (9)

Definition 4.1 A morphism from a principal fiber bundle with connection 1-form (G, P, 0)
to (G',P',0") is a pair (¢, h), where ¢ : G — G’ is a homomorphism of Lie groups, and
h : P — P'is a ¢-equivariant map such that the connection 1-forms satisfy the pullback
condition

h*¢ = ¢, 06. (10)

From equation (10) it follows that the induced map h : P/G — P’/G’ satisfies
hX =hX, VX €X(B). (11)
The structure equation (9) and (11) imply that the curvatures are related as follows:
Curvy (m, m) = ¢y (Curve (71, 72)) VX1, Xy € X(B). (12)

Let A= (G, P, F) and X = (G', P', F') be two classical Yang-Mills-Higgs setups. Suppose
that the principal bundles are equipped with connections 6 (resp. €’) on P (resp. P’), and
assume that B = P/G and B’ = P'/G’ are equipped with pre-symplectic forms wp and
wpr, respectively.

Definition 4.2 A morphism from (\,wp,0) to (N,wp,0') is a triple (¢, f, h), where



e (¢,h) is a morphism of principal bundles with connection 1-forms such that the
induced map h : B — B’ is a morphism of pre-symplectic manifolds, that is, h*wpg =

WB;
e f:F — F'is a ¢-equivariant Poisson map such the following diagram commutes

f

F — F
Jl L (13)
g <« 9

where ¢* : g’* — g is the canonical map induced by ¢.

Given two such classical Yang-Mills-Higgs setups, we denote by L = L(\,wp,0) and
L' = L(N,wp, ¢) the corresponding Dirac structures on E = PXg F and E' = P’ x ¢ F”,
respectively. We denote by ¢ = [h, f] : (E,L) — (E', L") the canonical map induced on
the associated bundles endowed with their coupling Dirac structure. Then the diagram

below commutes.
P

EFE — F
L L (14)
B X B

Lemma 4.3 Under the above notations, one has F = (¢, h)*F" where (¢,h) : E x B —
E' x B’ is the canonical product map.

Proof. Let X1, X2 € Ty B, let e = [p, f] be a point in the fiber of E = P x F over b, and
let ¢/ = [p/, f'] = 1 (e). We compute that

(1, h)'F' (X1, X2)(e) = F'(h,X1,h,X2)(1(e))

= w'(hX1, b, Xo) + G (b X1, b, X2)([p, f]) by (7)
= (W) (X1, Xa) + (), Curvy (B, X1y o Xay)) by (6)
— w(X1, Xa) + (T 0 ))(f) 6. Curve(Kip Xzp)) Dy (12)
= w(X1, X2) +((¢" 0 J o f)(f), Curvg(X1p, X3,))

= UJ(Xl,XQ) < ( ) Curve(le,Xgp» by (13)
= w(X1, X2) + G(X1, X2)([p, f1) by (6)
= F(X1,X2)(e) by (7)

which was to be shown. [ |



Proposition 4.4 Under the above notations, we assume that (¢, f,h) is a morphism from
(N, wg,0) to (N,wp,0"). Then the induced map on coupling Dirac structures

Y= [haf] : (E7L) - (E,,L,)
is forward (resp. backward) Dirac if ¢ is a submersion (resp. immersion).

Proof. We show here that 1 is forward Dirac when ¢ is a submersion. We must verify
that
L'={(¢.X,B)|X e TE, € T*E', (X,4*B) € L}.

Recall that the coupling Dirac structure L splits as a vector bundle into horizontal and
vertical components as

L ={(X,i%F)|X € Horr} ® {(V*a, a)|a € Horl} by (2),

and L' splits similarly. We will verify in turn that the forward Dirac condition is satisfied
for each component of the splitting.

(i) Suppose that X € TE, 3 € T*E’', Y € TB and

(X,9"B) = (Y, ivF). (15)
We wish to show that (¢.X,3) € L', that is,
B = iy xF by (2)

= i, y(™F) by (15)
= " (in,yF') by (14).

To this end, suppose that Z!, € TeE'. Since 9, : T,E — Tu E' is surjective there exists
Z. € T, E such that

Zé/ = PuLe. (16)
We compute that
B(Z,) = B:Ze) by (16)
— W*B)(Z.)
— (iyF)(Z.) by (15)
= F(mY,m.Z.)(e) by (1)

(*, h)*F' (Y, 7.Z.)(e) by Lemma 4.3
F'(h.Y, h,mZe)(¢(€))

= F'(h.Y, 7. Ze)(b(e)) by (14)
(i, vy F') (1 Ze)

7 (in, v F')(Z5)) by (16)

which was to be shown. Moreover, the entire horizontal component of L’ is hit as the map
1, surjects Horr onto Horpr.
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(ii) Suppose that X € TE, o/ € T*E', and (X,¢*a’) = (V*a,a) where a € Ann(Hory).
Then
Vi = (V) ) = . (VR*a!) = ¢, (Via) = ¢, X.

Hence (¢, X, ) = (V*a/,a’). We note that o/ € Ann(Hory,) since 1/*a’ € Ann(Horp) and
the map ¥, surjects Horr onto Horps. This also shows that the entire vertical component
of L' is hit.

The proof that v is backward Dirac if ¢ is an immersion is a similar computation. In
particular, the injectivity of ¢, ensures that X is horizontal if (1, X, 3) is in the horizontal

component of L.
|

5 Applications to fibered symplectic groupoids

Recall that a Lie groupoid over a smooth manifold M is given by a smooth manifold G
together with two surjective submersions o, : G — M called the source map and the
target map, a multiplication m : Go — G, a unit section € : M — G and an inversion map
i:G — G, where Go = {(g,h) € G x G | B(9) = a(h)} is the set of composable pairs and
the following properties are satisfied:

L. a(m(g,h)) = a(h) and B(m(g,h)) = B(g), V(g,h) € Ga,

2. m(g, m(h, k)) = m(m(g, h), k), ¥ g,h, k € G such that a(g) = B(h) and a(h) = B(k),
3. a(e(z)) = 2 and Ble(z)) =z, Vo € M,

4. m(g,e(a(g))) = g and m(e(B(g)),9) =9, Vg €9,

5. m(g,u(g)) = €(B(g)) and m(c(g),g) = €(a(g)), Vg € G.

In other words, a Lie groupoid is a small category such that all morphisms are invertible,
the spaces are smooth manifolds and all structure maps are smooth. Here, the base mani-
fold M, the a-fibers and the §-fibers are supposed to be Hausdorff but G is not necessarily
Hausdorff. A symplectic groupoid G over a Poisson manifold M is a Lie groupoid such
that source and target maps are Poisson (resp. anti-Poisson) maps and such that the
graph of the groupoid multiplication is Lagrangian.

Given a smooth manifold B, we denote by Fib(B) the category of locally trivial fiber
bundles over B whose objects are the locally trivial fiber bundles F' — E — B and whose
morphisms are the fiber preserving maps ¢ : E — E’ over the identity map id : B — B.
By a fibered Lie groupoid G = E over B, we mean a small sub-category in Fib(B).

Definition 5.1 [1] A fibered symplectic groupoid G = E over B is fibered Lie groupoid
whose fiber F =3 F is a symplectic groupoid.

11



It is known that the base £ — B of any fibered symplectic groupoid G has naturally a
Poisson fibration structure (see [1]). A Poisson structure on F' is integrable if its induced
Lie algebroid is isomorphic to the Lie algebroid of some Lie groupoid. Up to isomorphism,
there is a unique source-simply connected Lie groupoid G(A) corresponding to an inte-
grable Lie algebroid A. By a source-simply connected Lie groupoid, we mean that the
source-fibers are simply connected. Given any classical Yang-Mills-Higgs setup (G, P, F)
such that the fiber F' admits an integrable Poisson structure Vg, the associated bundle

G=Px,F=33Px,F

is a source 1-connected fibered symplectic groupoid, where F is the unique source 1-
connected symplectic groupoid integrating F'. We will use that fact as well as following
definition:

Definition 5.2 [2] A Poisson manifold (F,Vr) is said to be of compact type if it is inte-
grable and its 1-source connected symplectic groupoid F is compact.

We have the following result:

Proposition 5.3 Let (G, P, F) be a classical Yang-Mills-Higgs setup and 6 a connection
on P. Assume that P is compact, F is of compact type and the base B is equipped with
a symplectic form wp. Then the associated bundle E = P xg F integrates into a source
1-connected fibered symplectic groupoid G = E. Furthermore, there is 1-parameter family
of symplectic forms on the total space G such that each of them restricts to the symplectic
structure along the fibers of Fp.

Proof. The Poisson fiber bundle £ = P xg F' — B integrates into a source 1-connected
fibered symplectic groupoid G = F since F' is of compact type. The existence of a 1-
parameter family of symplectic forms on the total space of G = E which is compatible
with its fibered symplectic groupoid structure can we shown by using exactly the same
method as in the proof of Corollary 3.7.

|

Examples 5.4 Consider the principal U(1)-bundle S?**! — CP", where the projective
space CP" is endowed with its natural Kahler form. Let F be the 2-sphere S2, with its
canonical symplectic structure. It’s known that S? is of compact type and its associated
source 1-connected symplectic groupoid is the pair groupoid F = S$2 x S2, where the
notation S2 means that we consider the opposite of the symplectic form wg on S?. Moreover
the associated fibered fibered symplectic groupoid is:

G =8t (8% x82)= 8t 52

U(1)

U(1)

It follows from Theorem 5.3 that, given any connection 6 on our principal circle bundle,
there is a 1-parameter family of symplectic forms on the total space of G == E which is
compatible with its induced fibered symplectic groupoid structure.

12
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