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Polynomial parametrization
for the solutions of Diophan tine equations

and arithmetic groups

By Leonid Vaserstein*

In tro duction

This paper was motivated by the following open problem ([8], p.390):
\CNT A 5.15 (Frits Beukers). Prove or disprove the following statement:

There exist four polynomials A; B ; C; D with integer coe�cien ts (in any num-
ber of variables) such that AD � B C = 1 and all integer solutions of ad� bc= 1
can be obtained from A; B ; C; D by specialization of the variables to integer
values."

Actually , the problem goes back to Skolem ([13], p.23). Zannier [21]
showed that three variables are not su�cien t to parametrize the group SL 2Z
which is the set of all integer solutions to the equation x1x2 � x3x4 = 1:

Apparently Beukers posed the question becauseSL 2Z (more precisely,
a congruencesubgroup of SL 2Z) is related with the solution set X of the
equation x2

1 + x2
2 = x2

3 + 3; and he (lik e Skolem) expected the negative answer
to CNTA 5.15 as indicated by the following remark ([8], p.389) on the set X :

\ I have begun to believe that that it is not possibleto cover all solutions
by a �nite number of polynomials simply becauseI have never seena polyno-
mial parametrisation of all two by two determinant one matrices with integer
entries."

In this paper (Theorem 1 below) we obtain the a�rmativ e answer to
CNTA 5.15. As a consequencewe prove, for many polynomial equations, that
either the set X of integer solutions is a polynomial family or (more generally)
X is a �nite union of polynomial families. It is also possible to cover all
solutions of x2

1 + x2
2 = x2

3 + 3 by two polynomials, seeExample 15 below.
A few words about our terminology. Let

(P1(y1; : : : ; yN ); : : : ; Pk (y1; : : : ; yN ))

bea k-tuple of polynomials in N variableswith integercoe�cien ts. Plugging in
all N -tuples of integers,we obtain a family X of integer k-tuples, which we call
a polynomial family (de�ned over the integersZ) with N parameters. We also

*The paper was conceived in July of 2004 while the author enjoyed the hospitalit y of Tata
Institute for Fundamental Research, India
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say that the set X admits a polynomial parametrization with N parameters. In
other words,a polynomial family X is the image(range) P(Z N ) of a polynomial
map P : ZN ! Zk : We call this map P a polynomial parametrization of X :

Given a Diophantine equation or a system of Diophantine equations we
can ask whether the solution set (over Z) is a polynomial family. In other
words, we can search for a generalsolution (i.e., a polynomial parametrization
for the set). In the caseof a polynomial equation, the polynomials in any
polynomial parametrization form a polynomial solution.

If no polynomial parametrization is known or exists, we can ask whether
the solution set is a �nite union of polynomial families. Looselyspeaking, are
the solutions covered by a �nite number of polynomials?

Also we can ask about polynomial parametrization of all primitiv e solu-
tions. Recall that a k-tuple of integers is called primitive (or unimodular) if
its GCD is 1. For any homogeneousequation, a polynomial parametrization
of all primitiv e solutions leadsto a polynomial parametrization of all solutions
with one additional parameter.

The open problem CNTA 5.15 quoted above is the question whether the
group SL 2Z is a polynomial family, i.e., admits a polynomial parametrization.
Our answer is \y es":

Theorem 1. SL2Z is a polynomial family with 46 parameters.

We will prove this theorem in Section 1. The proof re�nes computations
in [10] , [2], [17], [4], especially, the last two papers. Now we consider some
applications of the theorem and someexamples.

It is easy to seethat the solution set for any linear system of equations
(with integer coe�cien ts) either is empty or admits a polynomial parametriza-
tion of degree� 1 with the number of parametersN lessthan or equal to the
number of variables k: In Section 2, using our Theorem 1, we obtain

Cor ollar y 2. The set of all primitive solutions for any linear system
of equations with integer coe�cients either consists of � 2 solutions or is a
polynomial family.

For example, the set UmnZ of all primitiv e (unimodular) n-tuples of in-
tegersturns out to be a polynomial family provided that n � 2: When n = 1;
the set Um1Z = f� 1g consistsof two elements. This set is not a polynomial
family but can be covered by two (constant) polynomials. In general,a �nite
set which cardinality 6= 1 is not a polynomial family but can be covered by
a �nite number of (constant) polynomials (the number is zero in the caseof
empty set).

The set UmnZ is a projection of the set of all integer solutions to the
quadratic equation x1x2+ � � �+ x2n� 1x2n = 1: Soif the latter set is a polynomial
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family then obviously UmnZ is a polynomial family. We will show that this is
the caseprovided that n � 2: (When n = 1 the solution set Um1Z = GL 1Z =
f� 1g to the equation x1x2 = 1 is not a polynomial family.)

Cor ollar y 3. When n � 2; the set of all integer solutions of

x1x2 + � � � + x2n� 1x2n = 1:

is a polynomial family.

In fact, Theorem1 implies that for many other quadratic equations,the set
of all integeror all primitiv esolutions is a polynomial family or a �nite union of
polynomial families. A useful concepthere is the the conceptof Q-unimodular
vector x, where Q(x) is a quadratic form, i.e., a homogeneousdegree two
polynomial with integer coe�cien t. An integer vector x is calledQ-unimodular
if there exists exists a vector x0 such that Q(x + x0) � Q(x) � Q(x0) = 1: Our
Corollary 3 is a particular caseof the following result, which we will prove in
Section 3:

Cor ollar y 4. Consider the set X of all Q-unimodular solutions to
Q(x) = Q0 where Q(x) is a quadratic form in k variables and Q0 is a given
number. Assume that k � 4 and that Q(x) = x1x2 + x3x4 + Q0(x5; : : : ; xk ):
Then the set of all Q-primitive solutions of the equation is a polynomial family
with 3k + 80 parameters.

Under an additional condition that k � 6 and Q0(x5; : : : ; xk ) = x5x6 +
Q00(x7; : : : ; xk ); it is easyto get a better bound (with 3k � 6 instead of 3k + 80)
without using Theorem 1 (seeProposition 3.4 below).

Example 5. The solution set for the Diophantine equation x1x2 = x2
3

admits a polynomial parametrization with three parameters:

(x1; x2; x3) = y1(y2
2; y2

3; y2y3):

Among these solutions, the primitiv e solutions are those with y1 = � 1 and
(y2; y3) 2 Um2Z: So by Theorem 1 (or Corollary 1 with n = 2); the set of all
primitiv e solutions is the union of 2 polynomial families. The set of primitiv e
solutions is not a polynomial family. This follows easily from the fact that the
polynomial ring Z[y1; : : : ; yN ] is a unique factorization domain from any N; so
within any polynomial family either all x1 � 0 or all x1 � 0:

The number 2 hereis related with the fact that the group SL 2Z actson the

symmetric matrices
�

x1 x3

x3 x4

�
with 2 orbits on the determinant 0 primitiv e

matrices. The action is
�

x1 x3

x3 x4

�
7! � T

�
x1 x3

x3 x4

�
�
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for � 2 SL 2Z where � T is the transposeof � :

An alternative description of the action of SL 2Z is
�

x3 � x1

x2 � x3

�
7! � � 1

�
x3 � x1

x2 � x3

�
�

for � 2 SL 2Z: The trace 0 and the determinant x1x2 � x2
3 are preserved under

this action.

Example 6. The solution set for x1x2 + x3x4 = 0 admits the following
polynomial parametrization with 5 parameters:

(x1; x2; x3; x4) = y5(y1y2; y3y4; y1y3; y2y4):

Such a solution is primitiv e if and only if y5 = � 1 and (y1; y4); (y2; y3) 2 Um2Z:
Soby Theorem 1, the set of all primitiv e solutions is a polynomial family with
92 parameters. By Theorem 2.2 below, the number of parameters can be
reducedto 90.

Example 7. Consider the equation x1x2 = x2
3 + D with a given D 2 Z:

The caseD = 0 was consideredin Example 5, so assumenow that D 6= 0: We
can identify solutions with integer symmetric 2 by 2 matrices of determinant
D : The group SL 2Z acts on the set X of all solutions as in Example 5. It is

easyto seeand well-known that every orbit contains either a matrix
�

a b
b d

�

with a 6= 0 and (1 � jaj)=2 � b � jaj=2 � jdj=2 or a matrix
�

0 b
b 0

�
with

b2 = � D : In the �rst case, jD j = jad � b2j � a2 � a2=4 = 3a2=4 � 3b2=16
and d is determined by a;b; hence the number of orbits is at most 8jD j=3:
Therefore the total number of orbit is boundedby 8jD j=3+ 2: (Better bounds
and connectionswith the classnumber of the �eld Q[

p
D ] are known.)

By Theorem 1, every orbit is a polynomial family with 46 parameters,
so the set X can be covered by a �nite set of polynomials and the subset
of primitiv e solutions can be covered by a �nite set of polynomials with 46
parameters each. When D = � 1 or � 2; the number of orbits and hencethe
number of polynomials is two. When D = � 3; the number of orbits is four.

When D is squarefree, every integer solution is primitiv e.

Example 8. Consider the equation x1x2 + x3x4 = D with a given integer
D (i.e., the equation in Corollary 4 with k = 4; Q0 = D): The caseD = 0 was
consideredin Example 6, soassumenow that D 6= 0: The group SL 2Z � SL 2Z

acts on the solutions
�

x1 x3

� x4 x2

�
by

�
x1 x3

� x4 x2

�
7! � � 1

�
x1 x3

� x4 x2

�
�
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where �; � 2 SL 2Z:

It is well known that every orbit contains the diagonalmatrix
�

d 0
0 D=d

�
;

whered = GCD(x1; x2; x3; x4): Sothe number of orbits is the number of squares
d2 dividing D : By Theorem 1, the set X of integerssolutions is a �nite union
of polynomial families and the subset X 0 is a polynomial family with 92 pa-
rameters. When D is square-free,X 0 = X : When D = � 1; Theorem 1 givesa
better number of parameters,namely, 46 instead of 92.

Example 9. Let D � 2 be a square-freeinteger. It is convenient to write
solutions (x1; x2) = (a;b) of Pell's equation x2

1 � Dx2
2 = 1 asa+ b

p
D 2 Z[

p
D]:

Then they form a group under multiplication. All solutions are primitiv e, and
they are parametrized by two integers,m and n; as follows:

a + b
p

D = (a0 + b0
p

D)m (a1 + b1
p

D)n

where a0 + b0
p

D is a solution of in�nite order and a1 + b1
p

D is a solution of
�nite order (this is not a polynomial parametrization!).

We claim that every polynomial solution to the equation is constant. In-
deed,it is clear that

P
jaj � " < 1 for any " > 0 , where the sum is taken over

all solutions a+ b
p

D: On the other hand, if we have a non-constant polynomial
solution, we have a non-constant univariate solution f (y) + g(y)

p
D : If g(x) is

not constant, then f (y) is not constant. Let d � 1 be the degreeof f (x): ThenP
jf (z)j � " = 1 where the sum is over all z 2 Z provided that 0 < " � 1=d:

Sincef (z) takesevery value at most d times, we obtain a contradiction which
proves that d = 0:

Sincethe set X of all integer solutions is in�nite, it cannot be covered by
a �nite number of polynomials.

Remarks. Let a1; a2; : : : be a sequenceof integers satisfying a linear re-
currence equation an = c1an� 1 + � � � + ckan� k with some k � 1; ci 2 Z for
all n � k + 1: Then the argument in Example 9 shown that the set X of all
integersai either is �nite or is not a �nite union of polynomial families. Note
that X is �nite if and only if any of the following conditions holds:

the sequenceis bounded,
the sequenceis periodic,
the sequencesatis�es a linear recurrence equation with all zeros of the

characteristic polynomial being roots of 1,
the sequencesatis�es a linear recurrence equation with all zeros of the

characteristic polynomial on the unit circle.
The partition function p(n) provides another set of integers which is not

a �nite union of polynomial families (use the well-known asymptotic for p(n)
and the argument in in Example 9).
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S. Frisch proved that every subset of Z k with a �nite complement is a
polynomial family.

The set of all positive composite numbers is parametrized by the polyno-
mial

(y2
1 + y2

2 + y2
3 + y2

4 + 2)(y2
5 + y2

6 + y2
7 + y2

8 + 2):

It is known [9] that the union of the set of (positive) primes and a set of
negative integers is a polynomial family. On the other hand, the set of primes
is not a polynomial family. Moreover, it is not a �nite union of polynomial
families, seeCorollary 5.15 below.

Corollaries 2{4 and Examples 5{9 above are about quadratic equations.
The next three examplesare about higher degreepolynomial equations.

Example 10. The Fermat equation yn
1 + yn

2 = yn
3 with any given n � 3

has three \trivial" polynomial families of solutions with one parameter each
when n is odd, and it has four polynomial families of solutions when n is even.
The Last Fermat Theorem tells that thesepolynomial families cover all integer
solutions.

Example 11. It is unknown whether the solution set of x3
1 + x3

2 + x3
3 +

x3
4 = 0 can be covered by a �nite set of polynomials. A negative answer was

conjectured in [7].

Example 12. It is unknown whether the solution set of x3
1 + x3

2 + x3
3 =

1 can be covered by a �nite number of polynomials. It is known (see [11],
Theorem 2) that the set cannot by covered by a �nite number of univariant
polynomials.

To deal with equationsx2
1+ x2

2 = x2
3 and x2

1+ x2
2 = x2

3+ 3 (which are equiv-
alent over the rational numbers Q to the equations in Examples 5 and 7 with
D = 3 respectively) we need a polynomial parametrization of a congruence
subgroup of SL 2Z: Recall that for any nonzero integer q; the principal con-

gruence subgroup SL 2(qZ) consistsof � 2 SL 2Z such that � � 12 =
�

1 0
0 1

�

modulo q: A congruence subgroup of SL 2Z is a subgroupcontaining a principal
congruencesubgroup.

Theorem 13. Every principal congruence subgroup of SL 2Z admits a
polynomial parametrization with 94 parameters.

We will prove this theorem in Section 5 below. Theorem 13 implies that
every congruencesubgroup is a �nite union of polynomial families. There are
congruencesubgroupswhich are not polynomial families, seeProposition 5.13
and Corollary 5.14 below.
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Example 14. Consider the equation x2
1 + x2

2 = x2
3: Its integer solutions

are known asPythagorean triples; sometimesthe nameis reserved for solutions
that are primitiv e and/or positive. Let X be the set of all integer solutions

The equation can be written as x2
1 = (x2 + x3)(x3 � x2) so every element

of X givesa solution to the equation in Example 5.
The setX is not a polynomial family but canbecoveredby two polynomial

families:

(x1; x2; x3) = y3(2y1y2; y2
1 � y2

2; y2
1 + y2

2) or y3(y2
1 � y2

2; 2y1y2; y2
1 + y2

2):

The subsetX 0 of all primitiv e solutions is the disjoint union of 4 families
described by the same polynomials but with y3 = � 1 and (y1; y2) 2 Um2Z
with odd y1 + y2:

To get a polynomial parametrization of these pairs (y1; y2) and henceto
cover X 0by 4 polynomials we useTheorem13. Let H be the subgroupof SL 2Z

generatedby SL 2(2Z) and the matrix
�

0 1
� 1 0

�
: The �rst rows of matrices in

H are exactly (a;b) 2 Um2Z such that a+ b is odd. It follows from Theorem13
(seeExample 5.12 below) that H is a polynomial family with 95 parameters.
Thus, the set X 0 of primitiv e solutions is the union of 4 polynomial families
with 95 parameterseach.

Example 15. Now we considerthe equation x2
1 + x2

2 = x2
3 + 3: Finding its

integer solutions was a famous open problem stated as a limerick a long time
ago; it is CNTA 5.14 in [8]. Using the obvious connectionwith the equation in
our Example 7, Beukers [8] splits the set of solutions X into two families each
of them parametrized by the group H above (Example 14).

So Theorem 13 implies that X is the union of two polynomial families
contrary to the belief of Beukers [8].

Example 16. A few results of the last millennium [6], [3] together with
our results show that for arbitrary integersa;b;c and any integers�; � ; 
 � 1;
the setof primitiv e solutions to the equation ax �

1 + bx�
2 = cx


3 canbecoveredby
a �nite (possibly, empty) set of polynomial families. The minimal cardinality
of the set is not always known; in the caseof � = � = 
 � 3; the cardinality
is 8 for even � and 6 for odd � (Last Fermat Theorem).

In a future paper, using a generalizationof Theorem1 to rings of algebraic
numbers, we will prove that many arithmetic groups are polynomial families.
In this paper, in Section5 wewith consideronly Chevalley{Demazuregroupsof
classicaltypes,namely SL nZ; the symplectic groupsSp2nZ; orthogonal groups
SOnZ; and the corresponding spinor groups Spin nZ:
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Recall that:
� Sp2n Z is a subgroup of SL 2nZ preserving the bilinear form

x1y2 � y1x2 + � � � + x2n� 1y2n � y2n� 1x2n ;
� SO2n Z is a subgroup of SL 2nZ preserving the quadratic form x1x2 +

� � � + x2n� 1x2n ;
� SO2n+1 Z is a subgroup of SL 2n+1 Z preserving the quadratic form

x1x2 + � � � + x2n� 1x2n + x2
2n+1 ;

� there is a homomorphism (isogeny) Spin nZ ! SOnZ with both the
kernel and the cokernel of order 2 (see[16]),

� Spin3Z = SL 2Z = Sp2Z (seeExample 5),
� Spin4Z = SL 2Z � SL 2Z (seeExample 8),
� Spin5Z = Sp4Z and Spin 6Z = SL 4Z (see[20] ).
From Theorem 1, we easily obtain (seeSection 4 below)

Cor ollar y 17. For any n � 2:
(a) the group SL nZ is a polynomial family with 39+ n(3n + 1)=2 parameters,
(b) the group Spin 2n+1 Z is a polynomial family with 4n2 + 41 parameters.
(c) the group Sp2nZ is a polynomial family with 3n2 + 2n + 41 parameters.
(d) the group Spin 2n+2 Z is a polynomial family with 4(n + 1)2 � (n + 1) + 36
parameters.

So SOn+1 Z is the union of two polynomial families

The polynomial parametrization of SL nZ implies obviously that the group
GL nZ is a union of two polynomial families for all n � 1: (It is alsoobvious that
GL nZ is not a polynomial family.) Lessobvious is the following consequence
of Corollary 17a:

Cor ollar y 18. For any integer n � 1 the set M n of all integer
n � n matrices with nonzero determinant is a polynomial family in Z n2

with
2n2 + 6n + 39 parameters,

Proof. When n = 1; M 1 is the set of nonzero integers. It is parametrized
by the the following polynomial

f (y1; y2; y3; y4; y5) = (y2
1 + y2

2 + y2
3 + y2

4 + 1)(2y5 + 1)

with 5 parameters. (WeusedLagrange'stheoremassertingthat the polynomial
y2

1 + y2
2 + y2

3 + y2
4 parametrizesall integers � 0; but did not useCorollary 17.)

Assumenow that n � 2: Every matrix � 2 M n hasthe form � = � �; where
� 2 SL nZ and � is an upper triangular matrix with nonzerodiagonal entries.
Using 39+ 3n(n + 1)=2 parameters for � (seeCorollary 17a), �v e parameters
for each diagonal entry in � (seethe casen = 1 above), and oneparameter for
each o�-diagonal entry in �; we obtain a polynomial parametrization for M n

with 39+ 3n(n + 1)=2 + 5n + n(n � 1)=2 = 2n2 + 6n + 39 parameters.
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Remark. Similarly, every system of polynomial inequalities (with the in-
equlity signs6= ; � ; � ; >; < insteadof the equality sign in polynomial equations)
canbeconverted to a systemof polynomial equationsby introducing additional
variables. For example the set M n in Corollary 18 is a projection of the set of
all integer solutions to the polynomial equation

det((x i;j ) = (x2
n2+1 + x2

n2+2 + x2
n2+3 + x2

n2+4 + 1)(2xn2 +5 + 1)

with n2 + 5 variables.

The polynomial parametrization of SL nZ with n � 3 is related with a
bounded generation of this group. In [4], it is proved that every matrix in
SL nZ, n � 3 is a product of 36+ n(3n� 1)=2 elementary matrices(for n = 2; the
number of elementary matrices is unbounded). Sincethere are n2 � n of types
for elementary matrices zi;j ; i 6= j; this gives a polynomial parametrization of
SL nZ; n � 3; with (n2 � n)(36 + n(3n � 1)=2) parameters. Conversely, any
polynomial matrix

� (y1; : : : ; yN ) 2 SL n (Z[y1; : : : ; xN ])

is a product of elementary polynomial matrices [14] provided that n � 3:
When � (ZN ) = SL nZ; this givesa representation of every matrix in SL nZ as
a product of a bounded number of elementary matrices.

We conclude the introduction with remarks on possiblegeneralization of
Theorem 1 to commutativ e rings A with 1. When A is semi-local (which
includes all �elds and local rings) or, more generally, A satis�es the �rst Bass
stable range condition sr(A) = 1 (which includes, e.g., the ring of all algebraic
integers,see[18]), then every matrix in SL 2A has the form

�
1 u1

0 1

� �
1 0
u2 1

� �
1 u3

0 1

� �
1 0
u4 1

�
;

which gives a polynomial matrix P(y1; y2; y3; y4) 2 SL 2(Z[y1; y2; y3; y4]) such
that P(A4) = SL 2A: For any commutativ e A with 1, any N ; and any polyno-
mial matrix P(y1; : : : ; yN ) 2 SL 2(Z[y1; : : : ; yN ]); all matrices � 2 P(An ) have
the sameWhitehead determinant wh(� ) 2 SK 1A [1]. There are rings A, e.g.,
A = Z[

p
� D ] for some D [2], such that wh(SL 2A) = SK 1A 6= 0: For such

rings A, there in no N and P such that P(AN ) = SL 2A:
Allowing coe�cien ts in A; doesnot help much. For any matrix

P(y1; : : : ; yN ) 2 SL 2(A[y1; : : : ; yN ]);

all matrices in P(AN ) have the sameimage in SK 1A=N il l1A; whereN il l1A is
the subgroup of SK 1A consisting of wh(� ) with unipotent matrices �: There
are rings A such that wh(SL 2A) = SK 1A 6= N il l1A [2]. For such a ring A;
there in no N and P such that P(AN ) = SL 2A:
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1. Pro of of Theorem 1

We denote elementary matrices as follows:

b1;2 =
�

1 b
0 1

�
; c2;1 =

�
1 0
c 1

�
:

It is clear that each of the subgroup Z 1;2 and Z2;1 of SL 2Z is a polynomial
family with one parameter.

Note that the conjugatesof all elementary matrices are coveredby a poly-
nomial matrix

� 3(y1; y2; y3) :=
�

1 + y1y3y2 y2
1y3

� y2
2y3 1 � y1y3y2

�

in 3 variables. Namely,

�e 1;2� � 1 =
�

1 � aec a2e
� c2e 1 + aec

�
; �e 2;1� � 1 =

�
1 + bed � b2e

d2e 1 � bed

�

for � =
�

a b
c d

�
2 SL 2Z:

Remark. Conversely, every value of � 3 is a conjugate of b1;2 in SL 2Z for
someb 2 Z:

Next we denote by X 4 the set of matrices of the form

�� T =
�

a b
c d

� �
a c
b d

�
= [�;

�
0 1

� 1 0

�
] = �

�
0 1

� 1 0

�
� � 1

�
0 � 1
1 0

�
;

where � 2 SL 2Z: Since
�

0 1
� 1 0

�
=

�
1 0

� 1 1

� �
1 1
0 1

� �
1 0

� 1 1

�
;

we have

�� T =
�

1 � bd b2

� d2 1 + bd

� �
1 � ac a2

� c2 1 + ac

� �
1 � bd b2

� d2 1 + bd

� �
0 � 1
1 0

�

=: � 4(a;b;c;d);

hencethe set X 4 is covered by a polynomial matrix � 4(y1; y2; y3; y4) in 4 vari-
ables: X 4 � � 4(Z4):

Remark.
�

0 � 1
1 0

�
= � 4(0; 0; 0; 0) 2 � 4(Z4) while reduction modulo 2

shows that X 4 doesnot contain
�

0 � 1
1 0

�
:
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Note that � 4(� 1; 0; 0; � 1) =
�

1 0
0 1

�
: Therefore we can de�ne the poly-

nomial matrix

� 5(y1; y2; y3; y4; y5) =
�

y5 0
0 1

�
� 4(1 + y1y5; y2y5; y3y5; 1 + y4y5)

�
y5 0
0 1

� � 1

2 SL 2(Z[y1; y2; y3; y4; y5]):

By the de�nition,
�

e 0
0 1

� �
1 + ae be

ce 1 + de

� �
1 + ae ce

be 1 + de

� �
e 0
0 1

� � 1

=
�

1 + ae be2

c 1 + de

� �
1 + ae ce2

b 1 + de

�
2 � 5(Z5)

whenever a;b;c;d;e 2 Z; e 6= 0; and
�

1 + ae be
ce 1 + de

�
2 SL 2Z:

We denote by X 5 � � 5(Z5) the set of matrices of the form
�

1 + ae be2

c 1 + de

� �
1 + ae ce2

b 1 + de

�

with a;b;c;d;e 2 Z;
�

1 + ae be2

c 1 + de

�
2 SL 2Z: The casee = 0 is included

because� 5(0; b;c;0; 0) =
�

1 0
b+ c 1

�
:

Note that X � 1
5 = X 5: Set Y5 := X T

5 (the transposeof the set X 5):
Our next goal is to prove that every matrix in SL 2Z is a product of a

small number of elementary matrices and matrices from X 5 and Y5:

Lemma 1.1. Let a; c;e 2 Z; � =
�

1 + ae ce
� �

�
2 SL 2Z: Then there

are u; v 2 Z; " 2 f 1; � 1g; and ' 2 X 5 such that the matrix

� (eu)1;2v2;1(� c1e)1;2' (� "ev)1;2(� "u )2;1

has the form
�

� �
"c 1 + ae

�
; where c1 := c + u(1 + ae):

Proof. The case1+ ae = 0 is trivial (we can take u = v = 0 and " = � e);
so we assumethat 1 + ae 6= 0: By Dirichlet's theorem on primes in arithmetic
progressions,we �nd u 2 Z such that either c1 := c + u(1 + ae) � 1 modulo
4 and � c1 is a prime or c1 := c + u(1 + ae) � 3 modulo 4 and c1 is a prime.
Then GL 1(Z=c1Z) is a cyclic group, and the image of -1 in this group is not a
square. So a = � a2

1 modulo c1 for somea1 2 Z: We write a + vc1 = "a2
1 with

v 2 Z and " 2 GL 1Z: Then � (ue)1;2v2;1(� c1e)1;2

=
�

1 + "a2
1e c1e

� �

�
(� c1e)1;2 =

�
1 + "a2

1e � "c1e2a2
1

b1 d1

�
=: �
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for someb1; d1 2 Z:

Note that � � 1 =
�

d1 "c1a2
1e2

� b1 1 + "a2
1e

�
. Sincedet(� ) = 1; we concludethat

d1 � 1 2 eZ:
We set


 :=
�

d1 � b1a2
1e2

"c1 1 + "a2
1e

�
=

�
� �

"c1 1 + (a + vc1)e

�
:

Then ' := � � 1
 2 X 5 and 
 = � ':

Now 
 (� "ev)1;2(� "u )2;1 =
�

� �
"c1 1 + ae

�
(� "u )2;1

=
�

� �
" (c + u(1 + ae)) 1 + ae

�
(� "u )2;1 =

�
� �
"c 1 + ae

�
:

Lemma 1.2. Let � =
�

a b
� �

�
2 SL 2Z; m � 1 an integer. Then there

are zi 2 Z; ' 2 X 5; and  2 Y5 such that the matrix

� m z1;2
1 z2;1

2 z1;2
3 'z 1;2

4 z2;1
5 z1;2

6 z2;1
7  z2;1

8 z1;2
9 z2;1

10

has the form
�

am b
� �

�
:

Proof. By the Cayley-Hamilton theorem and mathematical induction on
m;

� m = f 12 + g� =
�

f + ga gb
� �

�

with f ; g 2 Z where12 is the identit y matrix. Since1 = det(� m ) � f 2 modulo
g; we can write g = g1g2 with f � 1 modulo g1 and f � � 1 modulo g2:

By Lemma 1.1, there are z1; z2; z3; z4; k1 2 Z and ' 1 2 X 5 such that the

matrix � m z1;2
1 z2;1

2 z1;2
3 ' 1z1;2

4 k2;1
1 =: � has the form � =

�
� �

� g2b f + ga

�
:

Now we apply Lemma 1.1 to the matrix

� = �
�

0 1
� 1 0

�
�

�
0 1

� 1 0

� � 1

=
�

� f � ga � g2b
� �

�

instead of �: Sothere are k2; � z6; � z7; � z8; � z9 2 Z and ' 0 2 X 5 such that the

matrix � k1;2
2 (� z6)2;1(� z7)1;2' 0(� z8)1;2(� z9)2;1 hasthe form

�
� �

� b � f � ga

�
:

Negating this and conjugating by
�

0 1
� 1 0

� � 1

we obtain that

� (� k2)2;1z1;2
6 z2;1

7  z2;1
8 z1;2

9

has the form � =
�

f + ga � b
� �

�
where  :=

�
0 1

� 1 0

� � 1

' 0
�

0 1
� 1 0

�
2 Y5:
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The matrix � is low triangular modulo b, so f + ga � am modulo b: We
�nd z10 2 Z such that f + ga � z10b = am and set z5 = k1 � k2 to obtain our
conclusion.

Cor ollar y 1.3. Let � =
�

a b
� �

�
2 SL 2Z; m � 1 an integer,

" 2 f� 1g: Assumethat am � " modulo b: Then there are zi 2 Z and ' i 2 X 5

such that

� m z1;2
1 z2;1

2 z1;2
3 ' 1z1;2

4 z2;1
5 z1;2

6 z2;1
7 ' 2z2;1

8 z1;2
9 z2;1

10 z1;2
11 z2;1

12 = "12:

Proof. By Lemma 1.2, we �nd t1; zi 2 Z (1 � i � 9); ' 2 X 5; and  2 Y5

such that the matrix

� := � m z1;2
1 z2;1

2 z1;2
3 'z 1;2

4 z2;1
5 z1;2

6 z2;1
7  z2;1

8 z1;2
9 t2;1

1

has the form
�

am b
� �

�
: Now we can �nd t2; z11; z12 2 Z such that

� t2;1
2 z1;2

11 z2;1
12 = "12:

Setting z10 = t1 + t2 we obtain the conclusion.

For any integer s � 1; we denote by the � s the following polynomial
matrix in s parameters:

� s(y1; : : : ; ys) = y1;2
1 y2;1

2 : : :

where the last factor is the elementary matrix y1;2
s (resp., y2;1

s ) when s is odd
(resp., even). We set

� s(y1; : : : ; ys) =
�

0 1
� 1 0

�
� s(y1; : : : ; ys)

�
0 1

� 1 0

� � 1

:

Note that � s(y1; : : : ; ys) = � s(y1; : : : ; ys)� 1 = � s(y1; : : : ; ys)T (transpose) for
even s and that � s(y1; : : : ; ys) = � s(y1; : : : ; ys)� 1 = � s(y1; : : : ; ys)T for odd s:
For any s; � s(y1; : : : ; ys) = � s+1 (0; y1; : : : ; ys):

Cor ollar y 1.4. Let � =
�

a b
c d

�
2 SL 2Z; " 2 f� 1g: Assume that

for somecoprime integers m; n � 1 we haveam � � 1 modulo b and an � � 1
modulo c: Then there are " 2 f� 1g; � i 2 � i (Z i ); 
 i 2 � i (Z i ); ' i 2 X 5 and
 i 2 Y5 such that

� = "
 5' 1
 4 2� 7 1� 4' 2
 3:

Proof. Replacingm and n by their positive multiples, we can assumethat
n = m � 1: By Corollary 1.3,

� m = � 
 5' 1
 4' 2� 3
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with ' 1; ' 2 2 X 5; � 3 2 � 3(Z3); 
 4 2 � 4(Z4); 
 5 2 � 5(Z5):
Applying Corollary 1.3 to � T instead of �; we get

(� T )n = � 
 0
5' 0

1
 0
4' 0

2� 0
3

with ' 0
i 2 X 5; � 0

3 2 � 3(Z3); 
 0
i 2 � i (Z i ):

Conjugating by
�

0 1
� 1 0

�
; we obtain that

� � n =
�

0 1
� 1 0

�
(� T )n

�
0 1

� 1 0

� � 1

= � � 5 1� 4 2
 3

with  i 2 Y5; 
 3 2 � 3; � i 2 � 4(Z i ):
Therefore

� = � m � � n = � 
 5' 1
 4' 2� 7 1� 4 2
 3

where � 7 := � 3� 5 2 � 7(Z7):

Pr oposition 1.5. Every matrix � = 2 SL 2Z can be represented as
follows:

� = 
 5' 1
 4' 2� 7 1� 4 2
 6

with � i 2 � i (Z i ); 
 i 2 � i (Z i ); ' i 2 X 5 and  i 2 Y5:

Proof. Let � =
�

a b
c d

�
: The casea = 0 is trivial so let a 6= 0: As in the

proof of Lemma 1.1, can �nd an integer u such that jb+ auj is a positive prime
� 3 modulo 4. Then we �nd an integer v such that c + av is a positive prime
such that

GCD(c + av � 1; jb+ auj � 1) = 1 or 2.

Let now m = (jb+ auj � 1)=2; n = c + av � 1: Then GCD(m; n) =1, i.e.,
m; n are coprime, i.e., (m; n) 2 Um2Z: Moreover am � � 1 modulo b+ au and
am � 1 modulo c + av:

By Corollary 1.4,

v2;1�u 1;2 = � 
 0
5' 1
 4' 2� 7 1� 4 2
 3

with � i 2 � i (Z i ); 
 i ; 
 0
i 2 � i (Z i ); ' i 2 X 5 and  i 2 Y5:

Set 
 5 = (� v)2;1 2 � 55 and 
 0
4 = 
 3(� u)1;2 2 � 4(Z4): It remains to

observe that � 12 2 � 4(Z4) \ � 4(Z4); hence� � i (Z i ) � � i +2 (Z i +2 ) for all i � 1:
In particular, both 
 0

4; � 
 0
4 2 � 6Z6):

Note that Theorem 1 follows from Proposition 1.5. The polynomial para-
metrization of SL 2Z in Proposition 1.5 is explicit enoughto seethat the num-
ber of parametersis 46 and the total degreeis at most 78. This is becausethe
degreesof � s and � s are both s and the degreeof � 5 is 13.
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2. Primitiv e vectors and systems of linear equations

First, we useProposition 1.5 to obtain

Lemma 2.1. For any (a;b) 2 Um2Z there are � i � 0
i 2 � i (Z i ); 
 4; 
 6 2

� i (Z4); ' i 2 X 5 and  i 2 Y5 such that

(a;b) = (1; 0)� 0
4' 1
 4 2� 7 1� 4' 2
 6:

Proof. Let � be a matrix in SL 2Z with the �rst row (a;b): We write � as
in Proposition 1.5. Multiplying by the row (1; 0) on the left, we obtain

(a;b) = (1; 0)� = (1; 0)
 5' 1
 4 2� 7 1� 4' 2
 6:

Since
(1; 0)� s(y1; : : : ; ys) = (1; 0)� s� 1(y2; : : : ; ys);

we can replace
 5 by � 0
4 2 � 4(Z4):

The lemma implies the following result:

Theorem 2.2. The set Um2Z of coprime pairs of integers admits a
polynomial parametrization with 45 parameters.

For n � 3; it is easyto show that UmnZ admits a polynomial parametriza-
tion with 2n parameters. This is becausethe ring Z satis�es the secondBass
stable range condition. Now we introduce this condition.

A row (a1; : : : ; an ) 2 An over an associative ring A with 1 is called uni-
modular if a1A + � � � + anA = A; i.e., there are bi 2 A such that

P
ai bi = 1:

Let UmnA denotesthe set of all unimodular rows in An :
We write sr(A) � n if for any (a1; : : : ; an+1 ) 2 Umn+1 A there are ci 2 A

such that (a1 + an+1 c1; : : : ; an + an+1 cn ) 2 UmnA.
For example, it is easyto seethat sr(A) � 1 for any semi-local ring A and

that sr(Z) � 2:
It is shown in [15] that for any m the condition sr(A) � m implies that

sr(A) � n for every n � m: Moreover, if sr(A) � m and n � m+ 1; then for any
(a1; : : : ; an ) 2 UmnA there are c1; : : : ; cm 2 A such that a0 = (a0

i ) 2 Umn� 1A
where a0

i = ai + anci for i = 1; : : : ; m and a0
i = ai for i = m + 1; : : : ; n � 1:

Using now bi 2 A such that
P

a0
i bi = 1; we obtain that

b
mY

i =1

cn;i
i

n� 1Y

i =1

(bi (1 � an )) i;n
n� 1Y

i =1

(� a0
i )

n;i = (0; : : : ; 0; 1):

Herex i;j denotesan elementary matrix with x at position (i; j ): Wedenote
by EnA the subgroup of GL n A generatedby theseelementary matrices.
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Thus, there is a polynomial matrix � 2 En (Z < y1; : : : ; y2n+ m� 2 > ) (with
non-commuting yi ) which is a product of 2n + m � 2 elementary matrices, such
that UmnA is the set of last rows of all matrices in � (Z 2n+ m� 2):

In particular, taking A = Z and m = 2 we obtain

Pr oposition 2.3. For any n � 3; the set UmnZ is a polynomial family
with 2n parameters.

Now we are ready to prove Corollary 2. Considernow an arbitrary system
of linear equations for k variables x with integer coe�cien ts. We write x and
solutions as rows. Reducing the coe�cien t matrix to a diagonal form by row
and column addition operations with integer coe�cien t, we write our answer,
describing all integer solutions, in one of the following three forms:

(1) 0 = 1 (there are no solutions),
(2) x = c where c 2 Zk is only solution,
(3) x = c+ y� where c is as above, � is a N � k integer matrix of rank N ,

and y is a row of N parameters(N � k):
Thus, the set X of all solutions, when it is not empty is a polynomial

family with N � 0 parametersand the degreeof parametrization is at most 1.
Now we are interested in the set Y primitiv e solutions. In Case(1), Y is

empty. In Case(2), Y either is empty or consistsof a single solution.
Case(3) in details looks like either
(4) x = y� with � 2 SL kZ;
or
(5) x = (a;y)� with � 2 SL kZ; a 2 Zk� N ; 1 � N � k � 1:
In Case(4), N = k and Y is parametrizedby UmN Z which is a polynomial

family by Theorem2.2and Proposition 2.3provided that N � 2. When N = 1;
we have � = � 1; and the set Y = Um1Z = f� 1g is not a polynomial family,
but consistsof two constant polynomial families.

In Case(5) with a = 0 (the homogeneouscase),we have N < k and the
set Y is also parametrized by UmN Z:

Now we have to deal with the case(5) with a 6= 0: Let d = GCD(a): Then
Y is parametrized by the set f Z = f b 2 Z N : GCD(d; GCD(b)) = 1g: We �nd
a polynomial f (t) 2 Z[t] whoserange reducedmodulo d is GL 1(Z=dZ): (Find
f (t) modulo every prime p dividing d and then use the Chinese Remainder
Theorem; the degreeof f (t) is at most the largest p � 1.)

Then the range of the polynomial f 2(t1; t2) := f (t1) + dt2 consistsof all
integersz such that GCD(d;z) = 1: Therefore the set Z consistsof f 2(z1; z2)u
with z1; z2 2 Z and u 2 UmN Z: Thus, any polynomial parametrization of
UmN Z yields a polynomial parametrization of Z (and hence Y) with two
additional parameters. By Theorem 2.2 and Proposition 2.3, the number of
parameters is at most 41+ 2k (at most 2k when N � 3:):
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3. Quadratic equations

In this section we prove Corollary 4 which includes Corollary 3 as a par-
ticular casewith Q0 = 1; k = 2n;

Q0(x5; : : : ; xk ) = x5x6 + � � � + x2n� 1x2n

(Q0 = 0 when n = 2):
We write the k-tuples in Z k as rows. Let e1; : : : ; ek be the standard basis

in Zk :
We denote by SO(Q; Z) the subgroup of SL nZ consisting of matrices

a 2 SL nZ such that Q(x� ) = Q(x): In the end of this section, we prove that,
under the conditions of Corollary 4, the group SO(Q; Z) consistsof two disjoint
polynomial families.

We de�ne a bilinear form ( ; )Q on Zk by (a;b)Q = Q(a+ ; b) � Q(a) � Q(b):
Following [19], we introduce elementary transformations

� (e;u) 2 SO(Q; Z);

where e = e1 or e2 and (e;u)Q = 0; as follows

v� (e;u) = v + (e;v)Qu � (u; v)Qe � Q(u)(e;v)Qe:

Lemma 3.1. Let Q be as in Corollary 4. Then for any Q-unimodular
row v 2 Zk there are u; u0 2 U =

P k
i=5 Zei � Zk such that the �rst 4 entries

of the row v� (e1; u)� (e2; u0) form a primitive row.

Proof . We write v = (v1; v2; : : : ; vk ): First we want to �nd u 2 U such
that Zv0

1 + Zv3 + Zv4 6= 0; where v0 = (v0
i ) = v� (e1; u) (note that v0

i = vi for
i = 2; 3; 4): If Zv1 + Zv3 + Zv4 6= 0; we can take u = 0:

Otherwise, sincev is Q-unimodular, Zv2 + Z(v; w)Q 6= 0 for somew 2 U:
For v0 = (v0

i ) = v� (e1; cw) with c 2 Z; we have v0
1 = v1 � (v; w)Qc � Q(w)v2c2

is a no-constant polynomial in c (with v1 = 0) so it takes a nonzerovalue for
somec: Therefore we can set u = cw with this c:

Now we want to �nd u0 2 U such that

(v00
1 ; v00

2 ; v00
3 ; v00

4) = (v0
1; v00

2 ; v3; v0
4) 2 Um4Z;

where
w00= (v00

i ) = v0� (e2; u0) = v� (e1; u)� (e2; u0):

Sincev0 is Q-unimodular, there is w0 2 U such that

(v0
1; v2; v3; v4; (v0; w0)Q 2 Um5Z:

SinceZv0
1+ Zv3+ Zv4 6= 0; there is c0 2 Z such that (v0

1; v2 � c0(v0; w0)Q ; v3; v4) 2
Um4Z: We set u0 = c0w0: Then v0� (e2; u0) = (v00

i ) with

(v00
1 ; v00

2 ; v00
3 ; v00

4 ) = (v0
1; v2 � c0(v0; w0)Q � c02Q(w0)v0

1; v3; v4) 2 Um4Z:
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Lemma 3.2. Let k � 4; Q0 2 Z; Q0 any quadratic form in k � 4
variables, and Q(x1; : : : ; xk ) = x1x2 + x3x4 + Q0(x5; : : : ; xk ): Then the set X 0

of integer solutions for the equation Q(x) = Q0 with (x1; x2; x3; x4) 2 Um4Z
is a polynomial family with k + 88 parameters.

Proof. When k = 4; seeExamples 6 and 8. Assumenow that k � 5: Let
v = (vi ) 2 X 0: Set D = v1v2 + v3v4 2 Z: We can write

�
v1 v3

� v4 v2

�
= � � 1

�
1 0
0 D

�
�

with �; � 2 SL 2Z: Then we can write

(1; D ; 0; 0; v5; : : : ; vk ) = (1; Q0; 0; : : : ; 0)� (e2;
kX

i =5

vi ei ):

So X is parametrized by k � 5 parameters v5; : : : ; vk and two matrices in
SL 2Z: By Theorem 1, X is a polynomial family with k � 4 + 2 � 46 = k + 88
parameters.

Combining Lemmas3.1 and 3.2, we obtain Corollary 4.

Lemma 3.3. Under the conditions of Lemma3.2, assumethat k � 6 and
that Q0(x5; : : : ; xk ) = x5x6 + Q00(x7; : : : ; xk ): Then the set X 0 is a polynomial
family with k + 2 parameters.

Proof. Let (vi ) 2 X 0: There is an orthogonal transformation � 2 SO4Z
(coming from Spin 4Z = SL 2Z � SL 2Z, seeExample 8) such that

(v1; v2; v3; v4)� = (1; v1v2 + v3v4; 0; 0):

We set (w1; w2; w3; w4) = (0; 1; 0; 0)� � 1 and

w = e1w1 + e2w2 + e3w3 + e4w4 2 Zk :

Then Q(w) = 0 = (w; v)Q :
Considerthe row v0 = (v0

i ) = v� (v5; (1� v5)w): We have v0
i = vi + (1� v5)wi

for i = 1; 2; 3; 4; v0
5 = 1; and v0

i = vi for i � 6:
Sov0� (e6; �

P
i 6=5 ;6 v0

i ) = e5; henceX 0 is parametrizedby 4+ (k� 2) = k+ 2
parameters.

Combining Lemmas3.1 and 3.3, we obtain

Pr oposition 3.4. Let k � 6; Q0 2 Z Q00a quadratic form in k � 6
variables, and Q(x1; : : : ; xk ) = x1x2 + x3x4 + x5x6 + Q00(x7; : : : ; xk ): Then the
set of all Q-unimodular solutions for the equation Q(x) = Q0 is a polynomial
family with 3k � 6 parameters.
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4. Chev alley{Demazure groups

We prove here Corollary 17. Let n � 2; and e1; : : : ; en the standard basis
of Zn :

First we prove by induction on n that SL nZ admits a polynomial fac-
torization with 39 + n(3n + 1)=2 parameters. The casen = 2 is covered by
Theorem 1. Let n � 3:

We consider the orbit enSL(n; Z):
The orbit admits a parametrization by 2n parametersby Proposition 2.3.

Moreover, there is a polynomial matrix � 2 En (Z[y1; : : : ; y2n ]) which is a
product of 2n elementary matrices, such that UmnZ = en � (Z2n ):

The stationary group of en consistsof all matrices of the form
�

� v
0 1

�
;

where vT 2 Zn� 1:
By the induction hypothesis, the stationary group can be parametrized

by 39+ (n � 1)(3n � 2)=2 + n � 1 parameters. So SL nZ can be parametrized
by

39+ (n � 1)(3n � 2)=2 + n � 1 + 2n = 39+ n(3n + 1)=2

parameters.
Now we consider the symplectic groups Sp2nZ: We prove Corollary 17c

by induction on n: When n = 1; Sp2Z = SL 2Z: Assumenow that n � 2:
As in [2], using that sr(Z) =2, we have a matrix

� 2 Sp2n (Z[y1; : : : ; y4n ])

such that e2n � = Um2nZ: The stationary group consistsof all matrices of the

form

0

@
� 0 v
vT 1 c
0 0 1

1

A ; where vT 2 Z2n� 2; c 2 Z; so by the induction hypothesis

it is parametrized by

2(n � 1)2 + 2(n � 1) + 41+ 2n � 1

parameters.
Therefore Sp2nZ is parametrized by

2(n � 1)2 + 2(n � 1) + 39+ 2n � 1 + 4n = 3n2 + 2n + 41

parameters.
Now we discusspolynomial parametrizations of the spinor groups

Spin2nZ = Spin(Q2n ; Z); n � 3:

We prove Corollary 17d by induction on n: When n = 3; Spin 2nZ = SL 4Z:
Namely SL 4Z acts on alternating 4� 4 integer matrices preservingthe pfa�an,
which is a quadratic form of type x1x2 + x3x4 + x5x6 (cf., e.g., [20]).
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Assumenow that n � 4: The group Spin 2nZ acts on Z2n via SO2n Z: The
orbit e2n SO2n Z of e2n is the set of all unimodular (= Q2n -unimodular) solu-
tions for the equation Q2n = 0: By Proposition 3.4, the orbit is parametrizedby
6n � 6 parameters. Moreover the matrices � (� ; � ) comefrom Spin 2nZ so there
is a polynomial matrix in Spin 2nZ with 6n � 6 parameterswhich parametrizes
the orbit. The stationary subgroup in SO2n Z consistsof the matrices of the

form

0

@
� 0 v

vt T 1 c
0 0 1

1

A ; where

vT 2 Z2n� 2; c = Q2n� 2(vT ) 2 Z; � 2 SO2n� 2Z:

By the induction hypothesis, the stationary subgroup of e1 in Spin 2nZ is
parametrized by

4(n � 1)2 � (n � 1) + 34+ 2n � 2

parameters. So Spin 2nZ is a polynomial family with

4(n � 1)2 � (n � 1) + 36+ 2n � 2 + 6n � 3 = 4n2 � n + 36

parameters.
Finally, we prove Corollary 17b by induction on n: When n = 2; Spin 5Z =

Sp4Z (the group Sp4Z � SL 4Z actson the alternating matricesasabove, �xing
a vector of length 1) and the formula works.

Let now n � 3: The orbit e1SO2n+1 Z of e1 is the set of all unimodular
(= Q2n -unimodular) solutions for the equation Q2n+1 = 0: By Proposition 3.4,
the orbit is parametrized by 3(2n + 1) � 6 = 6n � 3 parameters. Moreover
the matrices � (� ; � ) come from Spin 2nZ so there is a polynomial matrix in
Spin2nZ with 6n � 3 parameterswhich parametrizesthe orbit. The stationary

subgroupof e1 in SO2n+1 Z consistsof the matrices of the form

0

@
1 0 0
c 1 v

vT 0 �

1

A ;

where
v 2 Z2n� 1; c = Q2n� 1(v) 2 Z; � 2 SO2n� 1Z:

By the induction hypothesis, the stationary subgroup of e1 in Spin 2n� 1Z is
parametrizedby 4(n � 1)2+ 41+ 2n� 1 parameters. SoSpin 2nZ is a polynomial
family with

4(n � 1)2 + 41+ 2n � 1 + 6n � 3 = 4n2 + 41

parameters.

Remark. As in Corollary 18, for any square-freeinteger D or D = 0; we
obtain a polynomial parametrization of the set of all integer n by n matrices
with determinant D : If D is not square-free,the set of matrices is a �nite union
of polynomial families.
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5. Congruence subgroups

In this section we �x an integer q � 2: Denote by G(q) the subgroup of

SL 2Z consistingof matrices
�

a b
c d

�
such that b;c 2 qZ and a� 1; d� 1 2 q2Z:

This group is denoted by G(qZ; qZ) in [17]. Note that SL 2(q2Z) � G(q) =
G(� q) � SL 2qZ:

We parametrize G(q) by the solutions of the equation

x1 + x4 + q2x1x4 � x2x3 = 0

as follows: x1; x2; x3; x4 7!
�

1 + q2x1 qx2

qx3 1 + q2x4

�
:

We usethe polynomial matrices � 4(y1; y2; y3; y4) and � 5(y1; y2; y3; y4; y5)
de�ned in Section 1. We denote by

X 4(q) � � 4(1 + q2Z; qZ; qZ; 1 + q2Z) � G(q)

the set of matrices of the form �� T with � 2 G(q): Notice that X 4(q)T =
X 4(q)� 1 = X 4(q):

We denote by

X 5(q) � � 5(q2Z; qZ; qZ; q2Z; Z) � G(q)

the set of matrices of the form
�

1 + aq2e bqe2

cq 1 + dq2e

� �
1 + aq2e cq2e2

bq 1 + dq2e

�

with a;b;c;d;e 2 Z;
�

1 + aq2e bqe2

cq 1 + dq2e

�
2 SL 2Z: Set

Y5(q) = (X 5(q)� 1)T =
�

0 1
� 1 0

� � 1

X 5(q)
�

0 1
� 1 0

�
:

Notice that X 5(q)T = Y5(q)� 1 = Y5(q) and Y5(q)T = X 5(q)� 1 = X 5(q)
We also use the polynomial matrices � i ; � i de�ned in Section 1. Notice

that

� i (qZ i ); � i (qZ i ) � G(q)

and that

� 2i (qZ2i )T = � 2i (qZ2i ); � 2i (qZ2i )� 1 = � 2i (qZ2i );

� 2i � 1(qZ2i � 1)T = � 2i � 1(qZ2i � 1); � 2i � 1(qZ2i � 1)� 1 = � 2i � 1(qZ2i � 1)

for all integers i � 1:
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Lemma 5.1. Let a; c;e 2 Z; e 6= 0; � =
�

1 + aq2e cqe
� �

�
2 G(q): Then

there are � i 2 � i (qZ i ); " 2 f 1; � 1g; and ' 2 X 5(q) suchthat the matrix �� 3'� 2

has the form
�

� �
"cq 1 + aq2e

�
:

Proof. As in the proof of Lemma 1.1 above, we �nd u; v 2 Z such that
jc + u(1 + aq2e)j is a prime � 3 modulo 4 and a + vq2c1 = "a2

1 where c1 :=
c + u(1 + aq2e); a1 2 Z; and " 2 GL 1Z: Set � 3 = (uqe)1;2(vq)2;1(� c1eq)1;2 2
� 3(qZ3): Then

�� 3 =
�

1 + "a2
1q2e c1qe

� �

�
(� c1eq)1;2 =

�
1 + "a2

1q2e � "c1e2q3a2
1

b1 d1

�

=: � 2 G(q)

for someb1; d1 2 Z:

Note that � � 1 =
�

d1 "c1a2
1q3e2

� b1 1 + "a2
1q2e

�
. Set

� :=
�

d1 � b1a2
1e2q2

"c1q 1 + "a2
1q2e

�
=

�
� �

"c1q 1 + (a + vc1)q2e

�
:

Then ' := � � 1� 2 X 5(q) and � = � ':

Now � (� "evq)1;2(� "uq)2;1 =
�

� �
"c1q 1 + aq2e

�
(� "uq)2;1

=
�

� �
" (c + u(1 + aeq2))q 1 + ae

�
(� "u )2;1 =

�
� �

"cq 1 + aq2e

�
;

so we can take � 2 := (� "evq)1;2(� "uq)2;1 2 X 2(q):

Lemma 5.2 (reciprocity). Let a;b 2 Z and

� =
�

1 + aq2 (1 + bq2)q
� �

�
2 G(q):

Then there are '; ' 0 2 X 5(q) such that

q1;2� (� q)1;2' (� q)1;2' 0(� q)1;2 =
�

1 + bq2 � (1 + aq2)q
� �

�
:

Proof. We have

� 0 = � (� q)1;2 =
�

1 + aq2 (b� a)q3

c d

�
2 G(q):

Set ' := � 0� 1
�

1 + aq2 cq2

(b� a)q d

� � 1

2 X 5(q); hence

� 00= � 0' =
�

1 + aq2 cq2

(b� a)q d

� � 1

=
�

d � cq2

� (b� a)q 1 + aq2

�
:
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Now q1;2� 00(� q)1;2 =
�

d0 c0q2

� (b � a)q 1 + bq2

�
: Set

' 0 :=
�

d0 c0q2

� (b� a)q 1 + bq2

� � 1 �
d0 � (b� a)q3

c0 1 + bq2

� � 1

2 X 5(q);

hence� := q1;2� 00(� q)1;2' 0 =
�

d0 � (b� a)q3

c0 1 + bq2

� � 1

=
�

1 + bq2 (b� a)q3

� c0 d0

�
:

Finally, � (� q)1;2 =
�

1 + bq2 � (1 + aq2)q
� �

�
:

Lemma 5.3. Let � =
�

a b
c d

�
2 G(q) . Then there are

� 2 X 4(q); � i 2 � i (qZ i ); 
 1 2 � 1qZ�; � 0 2 Y5(q); " = � 1

such that

(� q)2;1� 2 � 3'� 2q2;1 q2;1� 0
 1 =
�

� �
"b2 a

�
:

Proof. Set � = (� T � )� 1 2 X 4(q); hence

� 2� = � (� � 1)T =
�

1 + b(c � b) a(b� c)
d(c � b) 1 � c(b� c)

�
:

By Lemma 5.1 with e = (b� c)=q; there are � i 2 � i (qZ i ); " 2 f 1; � 1g; and
' 2 X 5(q) such that the matrix � � 3'� 2 has the form

� =
�

� �
"aq 1 + b(c � b)

�
:

Now we apply Lemma 5.2 to the matrix (� � 1)T =
�

1 + b(c � b) � "aq
� �

�

and �nd �; � 0 2 Y5(q) such that

� = (� q)2;1� q2;1�q 2;1� 0q2;1 =
�

� �
� " (1 + b(c � b))q a

�
:

Since1 + b(c � b) = ad � b2; we have

� ("dq)2;1 = �
 1 =
�

� �
"b2 a

�
:

Lemma 5.4. Let a; c;e 2 Z; e 6= 0; � =
�

1 + aq2e cqe
� �

�
2 G(q); and

"0 2 f� 1g: Then there are � i 2 � i (qZ i ); and ' 2 X 5(q) such that the matrix

�� 5'� 2 has the form
�

� �
"0cq 1 + aq2e

�
:
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Proof. We �nd u; v as in the proof of Lemma 5.1. Now we �nd w 2 Z
such that jc2j is a prime � 1 modulo 4 where c2 := c1 + (1 + "a2

1q2e)w: Then
there are z; a2 2 Z such that "a2

1 + zc2 = "0a2
2: We set

� 5 := (uqe)1;2(vq)2;1(wqe)1;2(zq)2;1(� c2eq)1;2 2 � 5(qZ3):

Then

�� 5 =
�

1 + "0a2
2q2e c2qe

� �

�
(� c3eq)1;2

=
�

1 + "0a2
2q2e � "0c2e2q3a2

1
b1 d1

�
2 G(q):

The rest of our proof is the sameas that for Lemma 5.1.

Lemma 5.5. Let � =
�

a b
c d

�
2 G(q): Then there are � i 2 � i (qZ i );


 3 2 � 3(qZ3); ' 2 X 5(q); � 2 X 4(q); and  2 Y5(q) such that

� 1� � 2� 5'� 4 
 3 =
�

a2 � b
� �

�
:

Proof. By Lemma 5.4 with e = " = 1; we �nd

� = � 5'� 2 2 � 5(qZ5)X 5(q)� 2(qZ2)

such that

�� =
�

� �
b a

�
=

�
d0 c0

b a

�
:

Set � = (� � 1)T � � 1 2 X 4(q); hence� � = (� � 1)T =
�

d � c
� b a

�
: Set

� 1 =
�

d0 c0

� b a

� �
d � c

� b a

� � 1

2 � 1(qZ):

Then

� 1� � 2� =
�

d0 � c0

� b a

� �
d0 c0

b a

�
=

�
� �

b(a � d0) a2 � bc0

�

=
�

d00 c00

b(a � d0) 1 + a(a � d0)

�
=: � 2 G(q)

becausead0 � bc0 = 1:
By Lemma 5.1,

(� � 1)T � 3' 0� 0
2 =

�
� �

� b 1 + a(a � d0)

�
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with � i ; � 0
i 2 � i (qZ i ) and ' 0 2 X 5(q); hence

� 
 0
3 
 2 =

�
1 + a(a � d0) � b

� �

� �
a2 � bc0 � b

� �

�

with 
 i ; 
 0
i 2 � i (qZ i ) and  2 Y5(q);

Finally, we set � 4 = � 2
 0
3 2 � 4(qZ4) and 
 3 = 
 2(� c0)2;1 2 � 3(qZ3) to

obtain the conclusion.

Lemma 5.6. Let � =
�

a b
c d

�
2 G(q): Then there are � i 2 � i (qZ i );


 1 2 � 1(qZ); '; ' 0 2 X 5(q); � 2 X 4(q); and  2 Y5(q) such that

(� q)1;2� 2� � 3'� 2 q1;2' 0
 1 =
�

� �
� b2q a

�
:

Proof. Set � = � � 1(� � 1)T 2 X 4(q); so �� = (� � 1)T =
�

d � c
� b a

�
and

� 2� = �
�

d � c
� b a

�
=

�
1 � b(b� c) a(b� c)

� �

�
:

By Lemma 5.1 with e = (b� c)=q; there are � i 2 � i (qZ i ) and ' 0 2 X 5(q)

such that the matrix � 2� � 3'� 2 has the form
�

� �
� (1 � b(b� c))q a

�
= � :

Now we apply Lemma 5.2 to the matrix (� T )� 1 =
�

1 � b(b� c) � aq
� �

�

instead of �: So

q1;2(� T )� 1' (� q)1;2' 0(� q)1;2 =
�

a � (1 � b(b� c))q
� �

�
;

with '; ' 0 2 X 5(q); hence

(� q)2;1� q1;2 q2;1 0q2;1 =
�

� �
� (1 � b(b� c))q a

�
=: � 0

with  ;  0 2 Y5(q): Since(1 � b(b� c)) = ad� b2; we have � 0
 0
1 =

�
� �

� b2q a

�

for 
 0
1 = (� dq)2;1 2 � 1(qZ): Finally, we set 
 1 := q2;1
 0

1 2 �( Z); � 2 = � 0
2q2;1:

Cor ollar y 5.7. Let � 2 G(q): Then there are � i 2 � i (qZ i ); 
 i 2

� i (qZ i ); '; ' 0 2 X 5(q); � 2 X 4(q);  2 Y5(q); � =
�

a bq
cq d

�
2 G(q) such that

� 2� � 0
2 (� q)1;2'
 2' 0� 3 = � 2;

jbj; jcj are positive odd primes not dividing q; and GCD(jbj � 1; jcj � 1j) = 2:
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Proof. Let � =
�

a0 b0q
c0q d0

�
:

The casec0 = 0 is trivial so we assumethat c0 6= 0: We �nd u; v; b 2 Z
such that a := d0 + c0uq2 is an odd prime and � b2q2 = c0 + av: Replacing,
if necessary, b by b + wa; we can assumethat b is a positive odd prime not
dividing q:

Then

� 0 := � (uq)1;2(vq)2;1 = � � 0
2 =

�
� �

� b2q3 a

�
:

Now we �nd c;d 2 Z such that � :=
�

a bq
cq d

�
2 G(q); c is a positive

odd prime not dividing q; and GCD(b� 1; c � 1) = 2:
By Lemma 5.6, there are � i 2 � i (qZ i ); 
 0

1 2 � 1(qZ); ' 0 2 X 5(q); � 0 2
X 4(q); and  0 2 Y5(q) such that

� 0 := (� q)1;2� 2� � 3'� 2 q1;2' 0
 0
1 =

�
� �

� b2q3 a

�
:

Conjugating, if necessary, this equality by the matrix
�

� 1 0
0 1

�
which

leaves invariant the sets � i (qZ i ); � i (qZ i ); X 5(q); X 4(q); Y5(q) we can assume
that the matrices � 0and � 0have the samelast row. Then 
 00

1 = � 0� 0� 1 2 � 1(qZ)
and 
 00

1 � 0 = � 0 hence


 00
1 � � 2 = � 0

1� 2� 0� 0
3' 0� 0

2
 0
3 0
 00

3 =
�

� �
� b2q a

�
:

Now we set � 2 := q1;2
 00
1 ; � 0

2 = � 00
2 
 0� 1

1 ;  =  0� 1; etc.

Lemma 5.8. Let � =
�

a b
� �

�
2 G(q); m � 1 an integer. Then there

are � i 2 � i (qZ i ); 
 6 2 � 6(qZ6); � 2 X 4(q); '; ' 0 2 X 5(q); and  2 Y5(q) such
that the matrix

� 1� � 2m � 5'� 4 
 6' 0� 3

has the form
�

� �
� b a2m

�
:

Proof. As in the proof of Lemma 1.2,

� := � m = f 12 + g� =
�

f + ga gb
� �

�

and f 2 � 1 2 gZ:
By Lemma 5.5, there are � i 2 � i (qZ i ); 
 3 2 � 3(qZ3); and ' 2 X 5(q) such

that the matrix � 1� � 2� 5'� 4 
 3 =: � 0 has the form � 0 =
�

(f + ga)2 � gb
� �

�
:
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Now by Lemma 5.1 with e = g; there are � i ; � 0
i 2 � i (qZ i ); and ' 0 2 X 5(q)

such that � 00= � 0� 0
3' 0� 2 has the form � 00=

�
� �

� b (f + ga)2

�
:

Since (f + ga)2 � a2m modulo b; we have � 00� 0
1 =

�
� �

� b a2m

�
with

� 0
1 2 � 1(qbf Z ): Now we set 
 6 := 
 3� 0

3 and � 3 := � 2� 0
1 to �nish our proof.

Pr oposition 5.9.

G(q) = C6X 5D4Y5C6X 5C6X 4C5Y5C4X 5D6Y5D6X 4C3X 5D2X 5q1;2Y5C2

where D i = � i (qZ i ); Ci = � i (qZ i ); X 5 = X 5(q); Y5 = Y5(q); X 4 = X 4(q):

Proof. Let � 2 G(q): By Corollary 5.7,

� 2 2 D2� D2Y5(� q)1;2X 5C2X 5C3

or (using that D � 1
2i = C2i and D � 1

2i � 1 = D2i � 1)

� 2 C2� 2C3X 5D2X 5q1;2Y5C2

with � =
�

a bq
cq d

�
; primes jbj; jcj not dividing q; GCD(jbj � 1; jcj � 1) = 2:

We pick positive m 2 (jbj � 1)Z; n 2 (jcj � 1)Z such that n � m = 1: Then
a2m � 1 modulo bqand a2n � 1 modulo cq and n � m = 1:

By Lemma 5.8,

� 1 =
�

� �
� b a2m

�
2 D1X 4� 2m D5X 5D4Y5C6X 5D3:

Sincea2m � 1 modulo b; we obtain easily that � 1 2 D3: So

� 2m 2 X 4D1D3D3X 5D6Y5C4X 5D5 = X 4D6X 5D6Y5C4X 5D5;

hence
� � 2m 2 D5X 5D4Y5C6X 5C6X 4:

Similarly,
(� T )2n 2= X 4D6X 5D6Y5C4X 5D5;

hence
� 2n 2= C5Y5C4X 5D6Y5D6X 4:

Therefore
� 2 C2(� � 2m � 2n )C3X 5D2X 5q1;2Y5C2

� C2(D5X 5D4Y5C6X 5C6X 4)(C5Y5C4X 5D6Y5D6X 4)C3X 5D2X 5q1;2Y5C2

= C6X 5D4Y5C6X 5C6X 4C5Y5C4X 5D6Y5D6X 4C3X 5D2X 5q1;2Y5C2:

We usedthat C2D5 = C6:
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Counting parameters,yields the following result:

Cor ollar y 5.10. G(q) is a polynomial family with 93 parameters.
Moreover, there are polynomial f i 2 Z[y1; : : : ; y93] such that

� :=
�

1 + q2f 1 qf 2

qf 3 1 + q2f 4

�
2 SL 2(Z[y1; : : : ; y93])

and � (Z93) = G(q):

Now to prove Theorem 13. Consider an arbitrary principal congruence
subgroupSL 2(qZ): The factor group SL 2(qZ)=SL 2(q2Z) is commutativ e, so it
is easyto seethat it is generatedby the imagesof G(q) and 12;1� 1(qZ)( � 1)2;1:
Using Corollary 5.11, we conclude that SL 2(qZ) is a polynomial family with
94 parameters. More precisely, we obtain

Cor ollar y 5.11. SL 2(qZ) is a polynomial family with 94 parameters.
Moreover, there are polynomial f i 2 Z[y1; : : : ; y94] such that

� :=
�

1 + qf 1 qf 2

qf 3 1 + qf 4

�
2 SL 2(Z[y1; : : : ; y94])

and � (Z94) = SL 2(qZ):

Example 5.12. Let H be the subgroup of SL 2Z in Example 14. The
group G(2) is a normal subgroup of index 4 in H : The group H is generated
by G(2) together with the subgroup (� 1)2;1� 1(Z)12;1: So H is a polynomial
family with 94 parameters.

Pr oposition 5.13. Every polynomial family H � Z k has the following
\str ong approximation" property:

if t 2 Z; t � 2; ps(1)
1 ; : : : ; ps(t)

t are powersof distinct primes pi ; and hi 2 H

for i = 1; : : : ; t; then there is h 2 H such that h � h i modulo ps(i )
i for i =

1; : : : ; t:

Proof. SupposeH = � (ZN ) with � 2 Z[y1; : : : ; yN ]:
Let t 2 Z; t � 2; ps(1)

1 ; : : : ; ps(t)
t powers of distinct primes pi ; and hi 2 H

for i = 1; : : : ; t:
We have hi = � (u(i ) ) for i = 1; : : : ; t with u(i ) 2 ZN : By the Chinese

Remainder Theorem, there is u 2 ZN such that u � u(i ) modulo ps(i )
i for

i = 1; : : : ; t:
Set h = � (u): Then h � hi modulo ps(i )

i for i = 1; : : : ; t:

Cor ollar y 5.14. Let H be a subgroup of SL 2Z generated by SL 2(6Z)

and the matrix
�

0 1
� 1 0

�
: Then H is not a polynomial family.
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Proof. We do not have the strong approximation property for H : Namely,
take t = 2; p1 = 2; p2 = 3; s(1) = s(2) = 1: The image of H in SL 2(Z=2Z) is
a cyclic group of order 2, and the image of H in SL 2(Z=3Z) is a cyclic group
of order 4. The strong approximation for H would imply that the the order of
the image of H in SL 2(Z=6Z) is at least 8, while the image is in fact a cyclic
group of order 4.

Cor ollar y 5.15. Let X � Z be an in�nite set of positive primes. The
X is not a polynomial family.

Proof. SupposeX is a polynomial family. Let p1; p2 are distinct primes in
X : By Proposition 5.13, there is z 2 X such that z � p1 modulo p1 and z � p2

modulo p2: Then z is divisible by both p1 and p2; henceit is not a prime. This
contradiction shows that X is not a polynomial family.

Penn St ate, University Park, PA
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