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Polynomial parametrization
for the solutions of Diophan tine equations
and arithmetic groups

By Leonid Vaserstein*

In tro duction

This paper was motivated by the following open problem ([8], p.390):

\CNT A 5.15 (Frits Beukers). Prove or disprove the following statemert:
There exist four polynomials A; B; C; D with integer coe cien ts (in any num-
ber of variables) such that AD BC = 1andall integersolutionsofad bc= 1
can be obtained from A; B;C;D by specialization of the variables to integer
values."

Actually, the problem goes badk to Skolem ([13], p.23). Zannier [21]
showed that three variables are not su cien t to parametrize the group SL »Z
which is the set of all integer solutions to the equation X1X»> X3X4 = 1:

Apparently Beukers posedthe question becauseSL ,Z (more precisely
a congruencesubgroup of SL,Z) is related with the solution set X of the
equation x2 + x3 = x3+ 3; and he (like Skolem) expected the negative answer
to CNTA 5.15as indicated by the following remark ([8], p.389) on the set X :

\ | have begunto believe that that it is not possibleto cover all solutions
by a nite number of polynomials simply becausel have never seena polyno-
mial parametrisation of all two by two determinant one matrices with integer
entries."

In this paper (Theorem 1 below) we obtain the armativ e answer to
CNTA 5.15. As a consequenceave prove, for many polynomial equations, that
either the set X of integer solutions is a polynomial family or (more generally)
X is a nite union of polynomial families. It is also possibleto cover all
solutions of x2 + x2 = x4 + 3 by two polynomials, seeExample 15 below.

A few words about our terminology. Let

beak-tuple of polynomialsin N variableswith integercoe cien ts. Pluggingin
all N -tuples of integers,we obtain a family X of integerk-tuples, which we call
a polynomial family (de ned over the integersZ) with N parameters. We also

*The paper was conceived in July of 2004 while the author enjoyed the hospitalit y of Tata
Institute for Fundamental Researd, India
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say that the set X admits a polynomial parametrization with N parameters. In
other words, a polynomial family X is the image(range) P (ZN) of a polynomial
map P : ZN 1 Zk: We call this map P a polynomial parametrization of X:

Given a Diophantine equation or a system of Diophantine equations we
can ask whether the solution set (over Z) is a polynomial family. In other
words, we can seard for a generalsolution (i.e., a polynomial parametrization
for the set). In the caseof a polynomial equation, the polynomials in any
polynomial parametrization form a polynomial solution.

If no polynomial parametrization is known or exists, we can ask whether
the solution setis a nite union of polynomial families. Loosely speaking, are
the solutions covered by a nite number of polynomials?

Also we can ask about polynomial parametrization of all primitiv e solu-
tions. Recall that a k-tuple of integersis called primitive (or unimodular) if
its GCD is 1. For any homogeneousequation, a polynomial parametrization
of all primitiv e solutions leadsto a polynomial parametrization of all solutions
with one additional parameter.

The open problem CNTA 5.15 quoted above is the question whether the
group SL»Z is a polynomial family, i.e., admits a polynomial parametrization.
Our answer is \y es":

Theorem 1. SL,Z is a polynomial family with 46 parameters.

We will prove this theorem in Section 1. The proof re nes computations
in [10], [2], [17], [4], especially, the last two papers. Now we consider some
applications of the theorem and someexamples.

It is easyto seethat the solution set for any linear system of equations
(with integer coe cien ts) either is empty or admits a polynomial parametriza-
tion of degree 1 with the number of parametersN lessthan or equalto the
number of variablesk: In Section 2, using our Theorem 1, we obtain

Cor ollar y 2. The setof all primitive solutions for any linear system
of eguations with integer coe cients either consists of 2 solutions or is a
polynomial family.

For example, the set Um,Z of all primitiv e (unimodular) n-tuples of in-
tegersturns out to be a polynomial family provided that n  2: When n = 1;
the setUm;Z = f 1g consistsof two elemens. This set is not a polynomial
family but can be covered by two (constart) polynomials. In general,a nite
set which cardinality 6 1 is not a polynomial family but can be covered by
a nite number of (constart) polynomials (the number is zero in the caseof
empty set).

The set Um,Z is a projection of the set of all integer solutions to the
quadratic equationx1Xo+  + Xy 1X2n = 1: Soif the latter setis a polynomial
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family then obviously Um,Z is a polynomial family. We will show that this is
the caseprovided that n  2: (When n = 1 the solution setUmZ = GL,Z =
f 19 to the equation x1x, = 1 is not a polynomial family.)

Corollar y 3. Whenn 2; the setof all integer solutions of
X1X2+  + Xon 1Xon = L
is a polynomial family.

In fact, Theorem 1 implies that for many other quadratic equations,the set
of all integer or all primitiv e solutions is a polynomial family or a nite union of
polynomial families. A useful concepthereis the the conceptof Q-unimodular
vector X, where Q(x) is a quadratic form, i.e., a homogeneousdegree two
polynomial with integer coe cien t. An integervector x is called Q-unimodular
if there exists exists a vector x°such that Q(x + x9 Q(x) Q(x9 = 1: Our
Corollary 3 is a particular caseof the following result, which we will prove in
Section 3:

Cor ollar vy 4. Consider the set X of all Q-unimodular solutions to
Q(x) = Qp wher Q(x) is a quadmtic form in k variablesand Qg is a given
number. Assumethat k 4 and that Q(x) = X1X2 + X3Xa + QUXs;::::XK):
Then the set of all Q-primitive solutions of the equation is a polynomial family
with 3k + 80 parameters.

without using Theorem 1 (seeProposition 3.4 below).

Example 5. The solution set for the Diophantine equation x1x» = X3
admits a polynomial parametrization with three parameters:

(X1; X2; X3) = Y1(Y3; y3; Y2Ya):

Among these solutions, the primitiv e solutions are those with y; = 1 and
(y2;¥3) 2 UmyZ: Soby Theorem 1 (or Corollary 1 with n = 2); the set of all
primitiv e solutions is the union of 2 polynomial families. The set of primitiv e
solutionsis not a polynomial family. This follows easily from the fact that the

within any polynomial family either all x; Oorall x; O:
The number 2 hereis related with the fact that the group SL »Z actson the
X1 X3

X3 Xa
matrices. The action is

symmetric matrices with 2 orbits on the determinant O primitiv e

X1 X3 7T X1 X3
X3 Xa ’ X3 Xa
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for 2 SL,Z where T is the transposeof
An alternativ e description of the action of SL,Z is

X3 X1 4 1 X3 X1
X2 X3 X2 X3

for 2 SL,Z: The trace 0 and the determinant x1x» x§ are presened under
this action.

Example 6. The solution set for x1x» + X3X4 = 0 admits the following
polynomial parametrization with 5 parameters:

(X15X2;X3;X4) = Y5(Y1Y2; Y3Ya; Y1Y3; Y2Y4):

Sudh a solution is primitiv eif andonly if ys =  1and (y1;VYa); (Y2;Y¥3) 2 UmoZ:
Soby Theorem 1, the set of all primitiv e solutions is a polynomial family with
92 parameters. By Theorem 2.2 below, the number of parameters can be
reducedto 90.

Example 7. Consider the equation x;x; = x5+ D with a givenD 2 Z:
The caseD = 0 was consideredin Example 5, soassumenow that D 6 0: We
can identify solutions with integer symmetric 2 by 2 matrices of determinant
D: The group SL,Z acts on the set X of all solutions asin Example 5. It is

easyto seeand well-known that every orbit contains either a matrix E 3
with a6 Oand (1 jaj)=2 b jaj=2 jdj=2 or a matrix 0 b with

b 0
2 = D:Inthe rst case,jDj = jad b a® a’=4 = 3a’°=4 3¥=16
and d is determined by a;b; hencethe number of orbits is at most 8D j=3:
Therefore the total number of orbit is boundedby 8Dj=3+ 2. (Better bounds
and connectionswith the classnumber of the eld Q[ D] are known.)

By Theorem 1, ewery orbit is a polynomial family with 46 parameters,
so the set X can be covered by a nite set of polynomials and the subset
of primitiv e solutions can be covered by a nite set of polynomials with 46
parameterseadcr. When D = 1 or 2; the number of orbits and hencethe
number of polynomials is two. When D =  3; the number of orbits is four.

When D is squarefree, every integer solution is primitiv e.

Example 8. Considerthe equation x1x, + X3X4 = D with a given integer
D (i.e., the equation in Corollary 4 with k = 4,Qg = D): The caseD = 0 was
consideredin Example 6, soassumenow that D 6 0: The group SL,Z SL»Z

. X X
acts on the solutions ! 3 by
X4 X2
X1 X3

7! 1 X1 X3
X4 X2 X4 X2
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where ; 2 SL,Z:

o .
0 D=d ’
whered = GCD(X1;X2; X3; X4): Sothe number of orbits is the number of squares
d? dividing D: By Theorem 1, the set X of integerssolutionsis a nite union
of polynomial families and the subsetX %is a polynomial family with 92 pa-
rameters. When D is square-free, X °= X: When D = 1; Theorem 1 givesa
better number of parameters, namely, 46 instead of 92.

It is well known that every orbit contains the diagonal matrix

Example9. Let D 2beasquare- freelnteger It is con\/%nert to Wnte
solutions (x1;x7) = (a;b) of Pell's equationx? Dx%= lasa+b D 2 Z[ DI
Then they form a group under multiplication. All solutions are primitiv e, and
they are parametrized by two integers,m and n; as follows:

a+ b D= (a0+ by D)"(ay+ by D)

where ag + bop D is a solution of in nite order and a; + blp D is a solution of
nite order (this is not a polynomial parametrization!).

We claim that eyery polynomial solution to the equation is constart. In-
deed,it isclearthat jaj < 1 forany " > 0, wherethe sum is taken over
all solutionsa+b D: On the other hand, if we have a non- constaH”[ polynomial
solution, we have a non-constart univariate solution f (y) + g(y) D: If g(x) is

ot constart, then f (y) is not constart. Letd 1 bethe degreeof f (x): Then

if(2)j " = 1 wherethe sumis over all z 2 Z provided that 0 < "  1=d:

Sincef (z) takesevery value at most d times, we obtain a contradiction which
provesthat d= O:

Sincethe set X of all integer solutions is in nite, it cannot be covered by
a nite number of polynomials.

Remarks. Let aj;;ay;::: be a sequenceof integers satisfying a linear re-
currence equation a, = cia, 1+ + ckan k With somek 1,¢ 2 Z for
all n k+ 1. Then the argumert in Example 9 shawvn that the set X of all
integersa; either is nite or is not a nite union of polynomial families. Note
that X is nite if and only if any of the following conditions holds:

the sequencds bounded,

the sequencds periodic,

the sequencesatis es a linear recurrence equation with all zeros of the
characteristic polynomial being roots of 1,

the sequencesatis es a linear recurrence equation with all zeros of the
characteristic polynomial on the unit circle.

The partition function p(n) provides another set of integers which is not
a nite union of polynomial families (use the well-known asymptotic for p(n)
and the argumert in in Example 9).
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S. Frisch proved that every subsetof ZK with a nite complemer is a
polynomial family.
The set of all positive composite numbersis parametrized by the polyno-
mial
(Vi+ Yo+ Y5+ Yi+ 2)(ye+ Ve +ys+y5+ 2)

It is known [9] that the union of the set of (positive) primes and a set of
negative integersis a polynomial family. On the other hand, the set of primes
is not a polynomial family. Moreover, it is not a nite union of polynomial
families, seeCorollary 5.15 below.

Corollaries 2{4 and Examples 5{9 above are about quadratic equations.
The next three examplesare about higher degreepolynomial equations.

Example 10. The Fermat equation y] + y5 = y§ with any givenn 3
has three \trivial" polynomial families of solutions with one parameter eah
whenn is odd, and it hasfour polynomial families of solutions when n is even.
The Last Fermat Theorem tells that thesepolynomial families cover all integer
solutions.

Example 11. It is unknown whether the solution set of x3 + x3 + x3 +
x3 = 0 can be covered by a nite set of polynomials. A negative answer was
conjecturedin [7].

Example 12. It is unknown whether the solution set of x3 + x3 + x3 =
1 can be covered by a nite number of polynomials. It is known (see[11],
Theorem 2) that the set cannot by covered by a nite number of univariant
polynomials.

To dealwith equationsx?+ x3 = x% and x3+ x3 = x+ 3 (which are equiv-
alent over the rational numbers Q to the equationsin Examples5 and 7 with
D = 3 respectively) we need a polynomial parametrization of a congruence

subgroup of SL,Z: Recall that for any nonzerointeger g; the principal con-
10

01
modulo g: A congruene sulgroup of SL »Z is a subgroup containing a principal

congruencesubgroup.

gruence sutgroup SL»(gZ) consistsof 2 SL,Z such that 1, =

Theorem 13. Every principal congruene sulgroup of SL ,Z admits a
polynomial parametrization with 94 parameters.

We will prove this theorem in Section5 belon. Theorem 13 implies that
ewvery congruencesubgroupis a nite union of polynomial families. There are
congruencesubgroupswhich are not polynomial families, seeProposition 5.13
and Corollary 5.14 below.
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Example 14. Consider the equation x3 + x3 = x3: Its integer solutions

are known asPythagorean triples; sometimesthe nameis resened for solutions
that are primitiv e and/or positive. Let X be the set of all integer solutions
The equation can be written asx? = (xp + Xx3)(X3 X2) Soewery elemen
of X givesa solution to the equation in Example 5.
The setX is not a polynomial family but canbe coveredby two polynomial
families:

(X1;X2;X3) = Y3(2y1Y2; Y2 Y5 Y5+ ¥3) or ya(y2 Y3 2y1ya;yi + y3):

The subsetX ©of all primitiv e solutions is the disjoint union of 4 families
described by the same polynomials but with y3 = 1 and (y1;y2) 2 UmyZ
with odd y; + yo:

To get a polynomial parametrization of these pairs (y1;y2) and henceto
cover X ®by 4 polynomials we useTheorem 13. Let H bethe subgroupof SL ,Z

generatedby SL »(2Z) and the matrix 01 (1) : The rst rows of matricesin

H areexactly (a;b) 2 Um,Z sud that a+ bis odd. It follows from Theorem 13
(seeExample 5.12 below) that H is a polynomial family with 95 parameters.
Thus, the set X © of primitiv e solutions is the union of 4 polynomial families
with 95 parametersead.

Example 15. Now we considerthe equation x7 + x3 = x3+ 3: Finding its
integer solutions was a famous open problem stated as a limerick a long time
ago;it is CNTA 5.14in [8]. Using the obvious connectionwith the equation in
our Example 7, Beukers [8] splits the set of solutions X into two families eah
of them parametrized by the group H above (Example 14).

So Theorem 13 implies that X is the union of two polynomial families
contrary to the belief of Beukers [8].

Example 16. A few results of the last millennium [6], [3] together with
our results show that for arbitrary integersa;b;c and any integers ; ; 1;
the setof primitiv e solutionsto the equationax, + bx, = cx; canbe coveredby
a nite (possibly empty) set of polynomial families. The minimal cardinality
of the setis not always known; in the caseof = = 3; the cardinality
is 8 for eeen and 6 for odd (Last Fermat Theorem).

In afuture paper, usinga generalizationof Theorem 1 to rings of algebraic
numbers, we will prove that many arithmetic groups are polynomial families.
In this paper, in Section5 we with consideronly Chevalley{Demazure groups of
classicaltypes,namely SL ,Z; the symplectic groups Spon Z; orthogonal groups
SO, Z; and the corresponding spinor groups SpinpZ:
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Recall that:
SponZ is a subgroup of SL o, Z preservingthe bilinear form
X1Y2 YiXao+ T Xon 1Y2n  Yon 1Xon;
SOy, Z is a subgroup of SL,,Z preserving the quadratic form x;Xo +
+ Xon 1Xon;
SOyn+1 Z is a subgroup of SL,n+1 Z preservingthe quadratic form
X1X2 + + Xon 1Xon + X%n+1;
there is a homomorphism (isogery) Spinp,Z ! SO,Z with both the
kernel and the cokernel of order 2 (see[16]),
SpingZ = SLoZ = SppZ (seeExample 5),
SpingZ = SLoZ SL,Z (seeExample 8),
SpinsZ = SpsZ and SpingZ = SL4Z (see[20]).
From Theorem 1, we easily obtain (seeSection 4 belaw)

Corollar y 17. Foranyn 2
(a) the group SL,Z is a polynomial family with 39+ n(3n + 1)=2 parameters,
(b) the group Spinan+1 Z is a polynomial family with 4n? + 41 parameters.
(c) the group SpanZ is a polynomial family with 3n2 + 2n + 41 parameters.
(d) the group Spinan+2 Z is a polynomial family with 4(n + 1)> (n+ 1)+ 36
parameters.

S0 SOp+1 Z is the union of two polynomial families

The polynomial parametrization of SL ,Z implies obviously that the group
GLZ is aunion of two polynomial familiesfor alln  1: (It is alsoobvious that
GLnZ is not a polynomial family.) Lessobvious is the following consequence
of Corollary 17a:

Cor ollar y 18. For any integer n 1 the set M, of all integer
n n matrices with nonzeo determinant is a polynomial family in Z" with
2n? + 6n + 39 parameters,

Proof. When n = 1; M1 is the set of nonzerointegers. It is parametrized
by the the following polynomial

f (Y1 Y2; Y3 Varys) = (Y3+ Y3+ Y5+ yi+ 1)(2ys + 1)

with 5 parameters. (We usedLagrange'stheoremassertingthat the polynomial
y? + y3 + y2 + y7 parametrizesall integers  0; but did not use Corollary 17.)
Assumenow that n  2: Every matrix 2 M, hastheform = ; where

2 SLyZ and is an upper triangular matrix with nonzerodiagonal ertries.
Using 39+ 3n(n + 1)=2 parametersfor (seeCorollary 17a), v e parameters
for eadh diagonalentry in  (seethe casen = 1 above), and one parameter for
eat o -diagonal entry in ; we obtain a polynomial parametrization for M,
with 39+ 3n(n+ 1)=2+ 5n+ n(n 1)=2 = 2n?+ 6n + 39 parameters. O
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Remark. Similarly, every system of polynomial inequalities (with the in-
equlity signsé; ; ;>; < instead of the equality signin polynomial equations)
canbecorverted to a systemof polynomial equationsby intro ducing additional
variables. For examplethe set M, in Corollary 18 is a projection of the set of
all integer solutions to the polynomial equation

det((xi?j )= (Xﬁ2+1 + Xﬁ2+2 + Xﬁ2+3 + Xﬁ2+4 + 1)(2Xp245 + 1)
with n? + 5 variables.

The polynomial parametrization of SL,Z with n 3 is related with a
bounded generation of this group. In [4], it is proved that ewvery matrix in
SL,Z,n 3isaproduct of 36+ n(3n 1)=2 elemenary matrices (for n = 2; the
number of elemeriary matrices is unbounded). Sincethere aren? n of types
for elemenary matrices z' ;i 6 j; this givesa polynomial parametrization of
SLh,Z;n 3; with (N2 n)@36+ n(@n 1)=2) parameters. Conversely any
polynomial matrix

(Yui:iiyn) 2 SLa(Z]yss i xn])

is a product of elemenary polynomial matrices [14] provided that n 3:
When (zN) = SL,Z; this givesa represenation of every matrix in SL,Z as
a product of a bounded number of elemenary matrices.

We concludethe introduction with remarks on possiblegeneralization of
Theorem 1 to commutative rings A with 1. When A is semi-local (which
includesall elds and local rings) or, more generally, A satis es the rst Bass
stable range condition sr(A) = 1 (which includes, e.g., the ring of all algebraic
integers, see[18]), then every matrix in SL,A hasthe form

1 ug 1 O 1 us 10_
0 1 u 1 0 1 ug 1 °

which gives a polynomial matrix P (y1;Y2;Y3;Y4) 2 SL2(Z[y1;Y2;Y3;Yal) sudh
that P(A%) = SL,A: For any commutative A with 1, any N; and any polyno-
mial matrix P(y1;:::;Yn) 2 SLo(Z[y1;:::;yn]); all matrices 2 P(A™) have
the sarTE—:Whnehead determinant wh( ) 2 SK 1A [1]. There arerings A, e.g.,
A = Z[ D] for someD [2], such that wh(SL,A) = SK1A 6 0: For suc
rings A, there in no N and P sud that P(AN) = SL,A:

Allowing coe cien ts in A; doesnot help much. For any matrix

all matricesin P(AN) have the sameimagein SK 1A=Nill1A; whereNil l{A is
the subgroup of SK ;A consisting of wh( ) with unipotent matrices : There
are rings A such that wh(SL,A) = SK;A 6 Nill;A [2]. For sudh a ring A;
there in no N and P sud that P(AN) = SL,A:
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1. Pro of of Theorem 1

We denote elemenrary matrices as follows:

2_ 1 b ;10
bl‘01’02‘c1

It is clear that ead of the subgroup Z¥? and Z%* of SL,Z is a polynomial
family with one parameter.

Note that the conjugatesof all elemertary matrices are covered by a poly-
nomial matrix

1+ yiysy>  Y3ys

3(y1:y2:y3) = yays 1 yiyay2

in 3 variables. Namely,

eliz 1_ 1 aec a%e L2l 1- 1+ bed e
c’e 1+ aec '’ d?e 1 bed
_ awb .
for = c d 2 SLoZ:

Remark. Conversely every value of 3 is a conjugate of b%2 in SL»Z for
someb?2 Z:

Next we denote by X 4 the set of matrices of the form

r_ ab ac_[_Ol]_ 0 1 . 0 1
~c¢cd bd "V 10 ' 10 1 0 °
where 2 SL,Z: Since
o 1 _ 1 0 11 1 0
10 11 01 11"
we have
+_ 1 bd P 1 ac a? 1 bd P 0 1
B d> 1+ bd 2 1+ ac @ 1+bd 1 O
= 4(a;b;c;d);

hencethe set X 4 is covered by a polynomial matrix  4(y1;y2;VY3;Y4) in 4 vari-
ables: X 4 4(Z%):
1

Remark. 2 0o - 4(0;0;0;0) 2 4(Z* while reduction modulo 2
1

shows that X 4 doesnot corntain 1 0
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Note that 4( 1,0;0; 1) = 0 1

nomial matrix

: Therefore we can de ne the poly-

0 0
5(Y1,Y2: Y3, Y4 Ys) = yé’ 1 4(1 + y1ys,Y2Ys; Y3ys; 1+ Yays) {f’ 1

2 SLo(Z[y1;Y2;Y3; Ya; ys)):
By the de nition,

e O 1+ ae be 1+ ae ce e O

01 ce 1+ de be 1+ de 01

_ 1+ae bé 1+ ae c€ 5

- c 1+de b 1+de 2 5%

whenewer a;b;c;d;e2 Z;e6 0O; and 1+ ae be 2 SL,Z:
ce 1+ de

We denoteby X5 5(Z°) the set of matrices of the form
1+ ae Dbé 1+ ae c€

c 1+ de b 1+ de
with a;b;c;d;e 2 Z; 1+ae be 2 SL,Z: The casee = 0 is included
c 1+ de
because 5(0;b;c;0;0) = 1 0
SWEBERET bt 1

Note that X 1= X5 SetYs:= Xd (the transposeof the set Xs):
Our next goal is to prove that every matrix in SLoZ is a product of a
small number of elemerary matrices and matrices from X5 and Ys:

+
Lemma 1.1. Leta;c;e2 Z; = 1+ ae ce 2 SL,Z: Then there

areu;v2 Z;" 211, 1g;and' 2 Xs suchthat the matrix

(eu)l;ZVZ;l( Cle)l;Zl( nev)l;Z( uu)2;l

hasthe form ; wher ¢; ;= ¢+ u(l+ ae):
c 1+ ae

Proof. The casel+ ae= Oistrivial (wecantakeu=v=0and" = e);
sowe assumethat 1+ ae6 0: By Dirichlet's theorem on primes in arithmetic
progressions,we nd u 2 Z sud that eitherc; ;= ¢+ u(1+ ae) 1 modulo
4and cpisaprimeorc; = c+ u(l+ ae) 3 modulo 4 andc; isaprime.
Then GL1(Z=¢ 2Z) is a cyclic group, and the image of -1 in this group is not a
square. Soa= aZ modulo c; for somea; 2 Z: We write a+ vc; = "a? with
v2Zand" 2 GL1Z: Then (ue)b?vZl( cie)t?

_ l+"afe cpe ( cie)t? = 1+ "a?e "cie%a? _.

by d;



12 LEONID VASERSTEIN

for someby;d; 2 Z:

"o a2
Note that 1= Cl?ﬂf . Sincedet( ) = 1; we concludethat
bh 1+ "age
d 12eZ:
We set
_ t  bate®
"c; 1+"a?e  "c; 1+ (a+vg)e
Then' = 1 2Xsand = "
" 12 " \21 = 2l
Now ( "ev)~<( "u) e, 1+ ae ( "u)
= ( "u)?l=
"(c+u(l+ae) 1+ ae "c 1+ ae
Lemma 1.2. Let = a b 2 SLoZ;m 1 an integer. Then there

arezi 2 Z;' 2 X5, and 2 Ys suchthat the matrix

m512_2,1_1,2,, 1;2_2;1_1;2_2;1 2;,1_1,2_2;1
21257237 4 L5725 I Zg'Zg Zjg

m
has the form a b

Proof. By the Cayley-Hamilton theorem and mathematical induction on
m;

Mo 1,4+ g f+oa gb

with f;g 2 Z where 1, is the identity matrix. Sincel = det( ™) f 2 modulo

g; we canwrite g= gi1g with f 1 modulo g; and f 1 modulo gy:
By Lemma 1.1, there are z;;2;23,24;k1 2 Z and ' 1 2 X5 such that the
. m51,2_2;1_1;2, 1;2,2,1 _. —
matrix Mzy°zy7zz3 7 1z kT = hasthe form = @b f+ga
Now we apply Lemma 1.1 to the matrix
0 1 0 1 ' f ga b
N 10 10 -

insteadof : Sothereareky; zg; z7; zs; z92 Z and' °2 X5 such that the

matrix ky2( z)21( z7)¥2 A zg)Y2( 20)%! hasthe form b f g
1

Negating this and conjugating by 01 (1) we obtain that

21,1221 21152

f+ga b o1 *, 0 1

— — 0 .
hasthe form = where = 10 10 2 Ys:
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The matrix is low triangular modulo b, sof + ga a™ modulo b: We
nd z;02 Z such that f + ga z;0b= a™ and setzs = k; k, to obtain our
conclusion.

Corollar y 1.3. Let = a b 2 SL,Z;m 1 an integer,

"2 f 1g: Assumethat am " modulo b: Thentherearez 2 Z and'; 2 X5
suchthat
m-;1,2_2;1_1;2, 1,2_2;1_1;2_2;1, 2,1_1;2_21_1;2_21 _ wq .
2172725 1272572527 2257297 215 211 215 = "o

Proof. By Lemmal.2,we nd t1;z12Z (1 i 9);' 2Xsg;and 2 Y5
such that the matrix
= mZ%;ZZS;lzsl,;Z-Z i;Zzg;lzé;ZZ%l Zg;lzé;ztfl
a b
has the form : Now we can nd t»;z11;212 2 Z sudc that
2; 221 _ wq .
Setting z19 = t; + to we obtain the conclusion. O

For any integer s 1, we denote by the ¢ the following polynomial
matrix in s parameters:
..... - iz, 21, ..
s(Y1i:1ys) = Yy
where the last factor is the elemenary matrix y=2 (resp., y>*) when s is odd
(resp., even). We set

0 1 o 1 b

Corollar y 14. Let = i db 2 SLpZ; " 2 f 1g. Assumethat
for some coprime integersm;n 1 we havea™ 1 modulo b and a" 1

modulo c: Then thereare " 2 f 1g, ; 2 i(Z); i 2 i(Z');'; 2 X5 and
i 2 Y5 suchthat
="5 14271423

Proof. Replacingm and n by their positive multiples, we can assumethat
n=m 1. By Corollary 1.3,

= 51423
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with ' 15" 22 X5, 32 3(Z3); 42 4(Z%; 52 s5(Z°):
Applying Corollary 1.3to T instead of ; we get

T — 000 0 0O
( )n_ 514 23

with ' 92 Xs5; 92 3(2%); 22 (Z"):

Conjugating by ; we obtain that

10
1
"= Ol(T)n01 = 51423
10 10
with 2 VYs; 32 352 4(Z'):
Therefore
— m n — ' [
= = 51427 1423
where 7:= 352 7(27)Z O
Pr oposition 1.5. Every matrix =2 SL,Z can be representa as
follows:

= 514271426
with {2 (Z"); i2 i(Z):;'i2Xsand ;2 Ys:

Proof. Let = 2 g : The casea = Ois trivial solet a& 0: As in the
proof of Lemma 1.1, can nd an integeru such that jb+ auj is a positive prime
3 modulo 4. Then we nd an integer v suc that c+ av is a positive prime

such that
GCD(c+ av 1ljjb+auj 1)= 1lor2.
Let nowm = (jb+ auj 1)=2;n=c+ av 1. Then GCD(m;n) =1, i.e.,
m; n are coprime, i.e., (m;n) 2 Um,Z: Moreover a™ 1 modulo b+ au and
a™ 1 modulo c+ av:
By Corollary 1.4,

2;1 1,2

OI 1
veTu = 5 14 27 14 23

with 2 i(Zi); i i02 i(Zi);‘i2X5and i 2 Ys:

Set 5 = (V¥ 2 s5and 2= 3( uh? 2 4(Z%: It remains to
obsenethat 1,2 4(Z%\ 4(Z%;hence (Z') i+2(Z*2) foralli 1
In particular, both ¢ 92 £25): 0

Note that Theorem 1 follows from Proposition 1.5. The polynomial para-
metrization of SL»>Z in Proposition 1.5is explicit enoughto seethat the num-
ber of parametersis 46 and the total degreeis at most 78. This is becausethe
degreesof ¢ and ¢ areboth s and the degreeof 5 is 13.
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2. Primitiv e vectors and systems of linear equations

First, we useProposition 1.5 to obtain
Lemma 2.1. For any (a;b) 2 Um,Z there are ; 22 i(ZV): 4 62
i(Z%;' i 2 Xsand ; 2 Ys suchthat

(@b)=(0) 14271426

Proof. Let beamatrix in SL,Z with the rst row (a;b): We write  as
in Proposition 1.5. Multiplying by the row (1;0) on the left, we obtain
(@b =(50) =105 1427 14 26

Since

we canreplace s by 2 4(Z%: O
The lemma implies the following result:

Theorem 2.2. The set UmyZ of coprime pairs of integers admits a
polynomial parametrization with 45 parameters.

Forn 3;it is easyto show that Um,Z admits a polynomial parametriza-
tion with 2n parameters. This is becausethe ring Z satis es the secondBass
stable range condition. Now we intro duce this condition.

modular if a;A + + a,A = A; i.e., there arely 2 A sud that ab = 1
Let Um,A denotesthe set of all unimodular rows in A":
We write sr(A) n if for any (ai;:::;an+1) 2 Ump+1 A therearec 2 A

For example, it is easyto seethat sr(A) 1 for any semi-lccal ring A and
that sr(Zz) 2

It is shown in [15] that for any m the condition sr(A) m implies that
sr(A) nforeveryn m: Moreover,if sr(A) mandn m+ 1; then for any

wherea’= aj + a,G fori= 1;::gymandal= a fori=m+ 1;:::; 1
Using now b 2 A such that  a%y = 1; we obtain that
ool oyl .
b ¢ (b@ a)™ ( a)™ = (0;:::;0;1):
i=1 i=1 i=1

Herex' denotesan elemerary matrix with x at position (i; j ): We denote
by EnA the subgroup of GL,A generatedby theseelemertary matrices.
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Thus, there is a polynomial matrix 2 En(Z < y1;:::;Yon+m 2>) (with
non-comruting y;) which is a product of 2n+ m 2 elemenary matrices, such
that UmpA is the set of last rows of all matricesin (Z2"*™ 2):

In particular, taking A = Z and m = 2 we obtain

Pr oposition 2.3. Foranyn 3;thesetUm,Z is a polynomial family
with 2n parameters.

Now we are ready to prove Corollary 2. Considernow an arbitrary system
of linear equationsfor k variables x with integer coe cien ts. We write x and
solutions as rows. Reducingthe coe cien t matrix to a diagonal form by row
and column addition operations with integer coe cien t, we write our answer,
describing all integer solutions, in one of the following three forms:

(1) 0= 1 (there are no solutions),

(2) x = c wherec 2 ZX is only solution,

(8) x = c+y wherecisasabove, isaN k integermatrix of rank N,
andy is arow of N parameters(N  k):

Thus, the set X of all solutions, when it is not empty is a polynomial
family with N 0 parametersand the degreeof parametrization is at most 1.

Now we are interestedin the setY primitiv e solutions. In Case(1), Y is
empty. In Case(2), Y either is empty or consistsof a single solution.

Case(3) in details looks like either

(4) x=y with 2 SLyZ;

or

(5) x = (a;y) with 2SLyZ;a2zX N:1 N k 1

In Case(4), N = kand is parametrizedby Umy Z which is a polynomial
family by Theorem2.2and Proposition 2.3providedthat N 2. WhenN = 1;
wehave = 1, andthesetY = Um;Z = f 1gis not a polynomial family,
but consistsof two constart polynomial families.

In Case(5) with a = 0 (the homogeneousase),we have N < k and the
setY is also parametrized by Umy Z:

Now we have to deal with the case(5) with a6 0: Let d = GCD(a): Then
Y is parametrized by the setfZ = fb2 zZN : GCD(d; GCD(b)) = 1g: We nd
a polynomial f (t) 2 Z[t] whoserange reducedmodulo d is GL 1(Z=dZ): (Find
f (t) modulo every prime p dividing d and then usethe Chinese Remainder
Theorem; the degreeof f (t) is at most the largestp 1.)

Then the range of the polynomial fo(tq1;to) := f (t1) + dt, consistsof all
integersz such that GCD(d;z) = 1: Thereforethe setZ consistsof f »(z1;z2)u
with z1;z, 2 Z and u 2 UmyZ: Thus, any polynomial parametrization of
Umy Z yields a polynomial parametrization of Z (and hence Y) with two
additional parameters. By Theorem 2.2 and Proposition 2.3, the number of
parametersis at most 41+ 2k (at most 2k when N  3)):
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3. Quadratic equations

In this section we prove Corollary 4 which includes Corollary 3 as a par-
ticular casewith Qg = 1;k = 2n;

QYXs;::1;Xk) = XsXg+  + Xon 1X2n
(Q°= Owhenn = 2):
We write the k-tuples in ZX asrows. Let eg;::: ; & be the standard basis

in zk:

We denote by SO(Q; Z) the subgroup of SL,Z consisting of matrices
a2 SLpZ sudh that Q(x ) = Q(x): In the end of this section, we prove that,
under the conditions of Corollary 4, the group SO(Q; Z) consistsof two disjoint
polynomial families.

We de ne a bilinear form (; )g on Z* by (a; Do = Q(at+;b) Q(a) Q(b):

Following [19], we introduce elemerary transformations

(e;u) 2 SO(Q; 2);
wheree = e or & and (e;u)q = 0; asfollows
v (e;u) = v+ (e;v)ou  (u;v)ge  Q(u)(e;v)ge:

Lemma 3.1. LetQ beas iri3 Corollary 4. Then for any Q-unimodular
rowv 2 ZK there are u;u®2 U = !(:5 Ze  ZK suchthat the rst 4 entries

of therowv (er;u) (e;ud form a primitive row.

that Zv§ + Zvz + Zvs 6 0; wherevP= (v = v (ey;u) (note that v0=v; for
i=2,34): If Zvy + Zvz3+ Zv4 6 O; we cantakeu = O:

Otherwise, sincev is Q-unimodular, Zv, + Z(v;w)q 6 0 for somew 2 U:
For vO= (V) = v (e;cw) with c2 Z; wehave v = v (v;w)gCc  Q(w)vaC?
is a no-constart polynomial in ¢ (with v; = 0) soit takesa nonzerovalue for
somec: Therefore we can set u = cw with this c:

Now we want to nd u®2 U sud that

(vOvIVVIY = (v vPvaiv]) 2 Um,z;

where
wo%= (v = O (e2;u9) = v (er;u) (ez;ud):
Sincev?is Q-unimodular, there is w°2 U suc that
(v v2; v3; va; (Vw9 g 2 UmsZ:

SinceZv{+ Zvz+ Zv, 6 0; thereis c®2 Z such that (v¥;vo  cAv8wOq;vs;vs) 2
UmyZ: We setu®= ¢ Then v0 (e;u9 = (vO9 with

vV = (Vv V8wl cCBQWOHVY; v vs) 2 UmyZ:
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Lemma 3.2. Let k  4;,Qq 2 Z; QY any quadatic form in k 4

of integer solutions for the equation Q(x) = Qg with (X1;X2;X3;X4) 2 UmyZ
is a polynomial family with k + 88 parameters.

Proof. When k = 4; seeExamples6 and 8. Assumenow that k 5: Let
v= (V)2 X% SetD = vivo + v3vs 2 Z: We can write

V1 V3 1 1 0
Va Vo o 0 D
with ; 2 SL,Z: Then we can write

Xk
(1;D;0;0;vs; 1115 w) = (1,Qo;0;:::50) (62, vie):
i=5
So X is parametrized by k 5 parameters vs;:::;vx and two matrices in
SL,Z: By Theorem 1, X is a polynomial family with k 4+ 2 46= k+ 88
parameters. O

Combining Lemmas 3.1 and 3.2, we obtain Corollary 4.

Lemma 3.3. Under the conditions of Lemma3.2, assumethat k 6 and

family with k + 2 parameters.

Proof. Let (v;) 2 X& There is an orthogonal transformation 2 SO4Z
(coming from SpinsZ = SL,Z SL,Z, seeExample 8) suc that

(V1;V2;v3;va) = (1;V1Va + Vavy; 0;0):
We set (wWi; Wo; Wa;ws) = (0;1;0;0) ! and
W= W + &Wp + e3W3 + eqw, 2 ZX:

Then Q(w) = 0= (w;V)qg:

Considerthe row vO= (V) = v (vs;(1 vs)w): Wehavev?= vi+ (1 vs)w;
fori=1234w=1andv=yfori 6

SovP (eg; i65.6 V") = es; henceX Ois parametrizedby 4+ (k  2) = k+ 2
parameters. O

Combining Lemmas 3.1 and 3.3, we obtain

Pr opositon 3.4. Letk 6;,Qq 2 Z Q%a quaditic form in k 6

set of all Q-unimodular solutions for the equation Q(x) = Qg is a polynomial
family with 3k 6 parameters.
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4. Chev alley{Demazure groups

We prove here Corollary 17. Let n  2; and ey;:::;e, the standard basis
of Z":

First we prove by induction on n that SL,Z admits a polynomial fac-
torization with 39+ n(3n + 1)=2 parameters. The casen = 2 is covered by
Theorem 1. Letn 3

We considerthe orbit e,SL(n; Z):

The orbit admits a parametrization by 2n parametersby Proposition 2.3.
Moreover, there is a polynomial matrix 2 En(Z[y1;:::;¥2n]) which is a
product of 2n elemerary matrices, such that Um,Z = e, (Z?"):

The stationary group of e, consistsof all matrices of the form 0 \1 ;
wherev’ 2 z" 1.

By the induction hypothesis, the stationary group can be parametrized
by 39+ (n 1)(8nh 2)=2+ n 1 parameters. SoSL,Z can be parametrized
by

39+ (n 1DBn 2)2+n 1+ 2n= 39+ n(3n+ 1)=2
parameters.

Now we considerthe symplectic groups SponZ: We prove Corollary 17¢
by induction on n: When n = 1;Sp,Z = SL,Z: Assumenow that n 2

As in [2], using that sr(Z) =2, we have a matrix

sut that e;n = YmoyZ: The stationary group consistsof all matrices of the
0 v

form @vT 1 cA ;wherev' 2 22 2;¢2 Z; soby the induction hypothesis

0 01
it is parametrized by

2(n 1%+ 2(n 1)+41+2n 1

parameters.
Therefore SpynZ is parametrized by

2(n 12+ 2(n 1)+39+2n 1+4n=3n’+2n+ 41

parameters.
Now we discusspolynomial parametrizations of the spinor groups

SpinonZ = Spin(Q2n;Z);n 3

We prove Corollary 17d by induction on n: When n = 3; SpinynZ = SL4Z:
Namely SL 4Z actson alternating 4 4 integer matrices preservingthe pfa an,
which is a quadratic form of type x1X» + X3x4 + X5Xg (cf., €.g.,[20]).
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Assumenow that n  4: The group Spino,Z acts on Z2" via SO,,Z: The
orbit e,S0,,Z of e, is the set of all unimodular (= Q2n-unimodular) solu-
tions for the equation Q2 = 0: By Proposition 3.4, the orbit is parametrized by
6n 6 parameters. Moreover the matrices ( ; ) comefrom Spin,,Z sothere
is a polynomial matrix in Spin,,Z with 6n 6 parameterswhich parametrizes
the oghit. The stagonary subgroupin SO»,Z consistsof the matrices of the

v
form @viT 1 cA ; where
0O 0 1

v 222" 2:c= Qo 2(VT) 2 Z; 2SO0y, 2Z:

By the induction hypothesis, the stationary subgroup of e; in Spinyo,Z is
parametrized by
4n 1> (n 1)+ 34+2n 2

parameters. So SpinonZ is a polynomial family with
4n 1> (n 1)+36+2n 2+6n 3=4n°> n+ 36

parameters.

Finally, we prove Corollary 17b by induction on n: Whenn = 2; SpingZ =
SpsZ (the group SpsZ  SL4Z actson the alternating matricesasabove, xing
a vector of length 1) and the formula works.

Let now n 3. The orbit ;S0O,4+1 Z of €1 is the set of all unimodular
(= Q2n-unimodular) solutions for the equation Q2n+1 = 0: By Proposition 3.4,
the orbit is parametrized by 3(2n + 1) 6 = 6n 3 parameters. Moreover
the matrices ( ; ) come from Spin,,Z so there is a polynomial matrix in
SpinznZ with 6n 3 parameterswhich parametrizesthe orbit. grhe stationgry

1 0 O
subgroupof e; in SO2n+1 Z consistsof the matricesoftheform @ ¢ 1 vA ;
vl 0

where
y2 zZ2n 1;C: Qon 1(V) 2 Z; 2 SOy, 1Z:

By the induction hypothesis, the stationary subgroup of e; in Spiny, 1Z is
parametrizedby 4(n  1)?+ 41+ 2n 1 parameters. SoSpin,,Z is a polynomial
family with

4n 1)°+ 41+ 2n 1+6n 3=4n’+ 41

parameters.

Remark. As in Corollary 18, for any square-freeinteger D or D = 0O; we
obtain a polynomial parametrization of the set of all integer n by n matrices
with determinant D: If D is not square-free the setof matricesis a nite union
of polynomial families.
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5. Congruence subgroups

In this sectionwe x anintegerq 2. Denote by G(q) the subgroup of
g sudhthat b;c2 gZ anda 1;d 12 ¢?Z:
This group is denoted by G(gZ;qZ) in [17]. Note that SL»(q?Z) G(q) =

G( g SLogzZ:
We parametrize G(qg) by the solutions of the equation

SL»Z consisting of matrices

X1+ Xg + q2x1x4 XoX3=0

1+ X1 Ox2
X3 1+ ¢Pxg
We usethe polynomial matrices  4(y1;Y2;Ys;Ya) and  s(y1;Y2;Ys;Ya; Ys)
de ned in Section 1. We denote by

Xa(@)  a(1+ 9PZ;9Z;9Z;1+ ¢?Z) G(q)

the set of matrices of the form T with 2 G(g): Notice that X4(g)7 =

Xa(@) = Xa(0):
We denote by

Xs(@  s(6PZ;9Z;9Z;9°Z;Z)  G(0)
the set of matrices of the form

1+ acfe  bg? 1+ acfe  cofe?
cq 1+ dcfe bq 1+ dcfe

asfollows: X1;X2; X3, X4 7!

L . l+age bog? .
with a;b;c;d;e2 Z; &q 1+ dq2e 2 SL,Z: Set

1
Ys(@= (Xs@ 7= O o Xs@ O g

Notice that X5(q)" = Ys(q) * = Ys(q) and Ys(q)T = Xs(q) *= Xs5(0)
We also use the polynomial matrices ; ; de ned in Section 1. Notice
that

(@) (@) G
and that
22T = a(az?); a(@z?) = a(az?);
2 1a2? W= o (qz® Yy oz w(@z? ) t= g y(@z® Y

for all integersi 1.
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Lemma 5.1. Leta;c;e2Z;e6 0, = 1+ aqze coe 2 G(g): Then

thereare | 2

i(9Z);" 21 1g;and' 2 Xs(q) suchthat the matrix 3" »
has the form :

"cq 1+ acfe

Proof. As in the proof of Lemma 1.1 above, we nd u;v 2 Z sud that
jc+ u(l + acfe)j is a prime 3 modulo 4 and a + vg’c; = "a? where ¢; :=
c+ u(l+ acfe);a; 2 Z; and " 2 GL1Z: Set 3 = (uge)¥?(vg)?1( creqt? 2

3(qZ%): Then

1+ "a?q’e ci0e

w22 " 3.2
= 2G(g
for someby;d; 2 Z: . o a2ce?
Note that 1= tl)l 1+1 ..;C%qze . Set
.~ G bafeq _
T o"ciq 1+ "a?g?e "ciq 1+ (a+ vg)gle
Then' := ! 2Xsg(q)and = "

" 1,2 n 2,1 — " 2,1

"(c+ u(l+ aedd))qg 1+ ae ("u)st=

"cq 1+ acfe ;
sowe cantake ,:= ( "evq)2( "uq)?! 2 X(q):

Lemma 5.2 (reciprocity). Leta;b2 Z and
1+ad (L+bd)a 5 g0

Then there are "; ' 92 X5(q) suchthat

2 (gl ( gLz Y gl2= 1+ bt (1+ acf)q

Proof. We have

0= (gz= 1TAF (0 AT Hgq

1
Set' := 01 (1b+ ZC)IZ ng 2 Xs(q); hence

o o . 1+a cf ! d cf
- ~ (b aq d h (b a)q 1+ a¢?
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. . d° c%?
1,2 0 1,2 - :
Now g&2 % q) b ag 1+bd Set
oo L R G PV
= (b a)g 1+ b © 1+ b s(@:
- - © (b ag ‘_ 1+bd (b a)
= qli2 0 1,20 0= -
hence := g% % q) O 1+ b ) £
Finally, ( gt2= L*bf (+af)q . 0
a b
Lemma 5.3. Let = c d 2 G(q) . Then there are
2Xa(@); 12 i(a2'); 12 10Z; °2VYs();"= 1
suchthat
21 2 [ 21 21 0 _—

Proof. Set = ( T ) 12 X4(g); hence

2 = ( YT= 1+blc b alb o
dic b 1 c¢b o©

By Lemmab5.1with e= (b c)=q thereare ; 2 (qZ');" 2 f1; 1g; and
' 2 X5(0) sud that the matrix 3' 2 hasthe form

"ag 1+ b(c b

Now we apply Lemma5.2to the matrix ( 1T = 1+ e b aq

and nd ; ©2 Ys(qg) sudc that
— ( q)2;1 q2;1q 2;1 0q2;1 —

Sincel+ b(c b)=ad b we have

"(1+blc b)g a

CdpFl= a= L, o

Lemma 5.4. Leta;c;e2 Z;e6 0; = 1+ ag’e cce 2 G(q); and
"02 f 1g: Thenthereare ; 2 (gZ'); and' 2 Xs(g) suchthat the matrix

5' o hasthe form “%q 1+ ace
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Proof. We nd u;v asin the proof of Lemma 5.1. Now we nd w2 Z
sudh that jcyj is a prime 1 modulo 4 wherec; := ¢; + (1 + "aZg?e)w: Then
there are z;a, 2 Z sudch that "a? + zc2 = "%3: We set

5 = (Uge)“2(ve)ZL(wae) 2(z0) ¥ ceqt2 2 5(aZ%):

Then 022
1+ e Qe :
5= 29 20 ( cseq)t?
" 2 2 n 3 2
_ 1+ s;azq e 0czc]lezq A, G():
1
The rest of our proof is the sameasthat for Lemma5.1. O
Lemma 5.5. Let = 2 g 2 G(g): Then thereare | 2 (qZ');

32 3(9Z%);' 2 Xs(0); 2 X4(g); and 2 Ys(g) suchthat

2 _ a2 b

Proof. By Lemma5.4with e=" = 1; we nd

= 5 22 5(Z°)Xs(Q) 2(aZ?)

such that
B B dO C0
" b a b a
_ /T 1 : - o d c .
Set =( 7) 2 X4(q); hence =( H' = b a . Set
o dd O d ¢ * _
Then
, _d> & d0 O
! " b a b a ~ ba d a2 b®
B 0o 00 B
" Ka & 1+a@ & - 260

becausead® bd= 1:
By Lemma5.1,

( 1)T 100 _
3 2 b 1+a(a d9
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with ; 22 (gZ") and' °2 Xs(q); hence

o _ l+aa d b a2 bl b
3 27

with i; %2 i(gqz') and 2 Ys(0);
Finally, weset 4= 2 32 4(gZ*% and 3= ( A%t 2 3(gz3) to
obtain the conclusion. O

Lemma 5.6. Let = i g 2 G(g): Then thereare ; 2 (qZ');

12 1(9Z); % ' %2 Xs(g); 2 X4(a); and 2 Ys(g) suchthat

12 2 1,200 _
(9 3 2 Q 1 g a
— 1y 1T . _ T d c
Proof. Set = ( )" 2X4g;so =( )= b a and
, _ d ¢ _ 1 bb o ab o
= b oa T

By Lemmab5.1with e= (b c)=q thereare ;2 ;(qZ') and' 92 X5(q)

such that the matrix 2 3' has the form
32 1 bb o)g a

Now we apply Lemma5.2to the matrix ( 7) = 1 bb o aq

instead of : So

q1;2( T) 1|( q)1;2- 0( q)l;Z: a (1 db C))q

with ' 92 X5(q); hence
2,1 L2 21 2,1 _ = 0
( 9% o g** % 1 Kb oO)q a

with ; 92 Y5(g): Since(1 bb ¢)=ad b’ wehave °9= ?q a
for 9= ( dg?'2 1(gz): Finally, weset ;:= ¢®! 92 (2); 2= It O
Cor ollar y 5.7. Let 2 G(o): Then thereare ; 2 (qZ'); i 2

(GZ): s 02 Xs(@); 2 Xa(q); 2 Ys(q); = j‘q Zq 2 G(g) suchthat

2 3 (@ %= %

jbj;jc are positive odd primes not dividing g; and GCD(jj 1;jg 1j) = 2
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_a By

Proof. Let = & d
The casec® = 0 is trivial sowe assumethat c°6 0: We nd u;v;b2 Z
such that a := d°+ clug? is an odd prime and ©b¢? = ®+ av: Replacing,
if necessaryb by b+ wa; we can assumethat b is a positive odd prime not

dividing q:
Then
0.— 1,2 2,1 — 0_—
= (ug)~=(va) 2 Pe a
a bqg . .
Now we nd c;d 2 Z such that = cq d 2 G(q); c is a positive

odd prime not dividing g; and GCD(b 1jc 1)= 2
By Lemma 5.6, there are j 2 i(9Z'); 22 1(qZ); ' °2 Xs(g); °2
Xa(q); and  °2 Ys(q) sud that

0._ 12 2 1,20 0 0 —
=( 09 3 20 1 P a
. . . . . . 10 .
Conjugating, if necessarythis equality by the matrix 0 1 which
leaves invariant the sets ;(qZ'); i(9Z'); Xs5(q); X4(q); Ys(g) we can assume
that the matrices ®and Chavethe samelastrow. Then %= 0012 (gz)
and 999= Ohence

00 ,= 0200000 000
1 1 3 23 3 g a

Now we set ,:= ¢h2 90 9= 9001 = 01 g O
a b .

Lemma 5.8. Let = 2 G(g);m 1 an integer. Then there

are {2 (qZ'); 62 6(aZ°%; 2 Xa(d);; ' %2 Xs(q); and 2 Ys(q) such
that the matrix

has the form b a2m

Proof. As in the proof of Lemma 1.2,

= M=fl+g = f+oa gb

andf? 12 gzZ: _
By Lemmab5.5,thereare ; 2 (qZ'); 32 3(gZ%); and' 2 Xs5(qg) such
(f +ga)®> gb

that the matrix 1 25 4 3= Chasthe form 0=
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Now by Lemma 5.1 with e = g; thereare i; °2 (qZ'); and' °2 X5(q)

00— 000 00
such that = " 3' ¥, hasthe form ™= b (f + ga)?

Since (f + ga)> @™ modulo b; we have %9 = b g2m with
92 4(gbfZ): Nowweset ¢:= 3 Jand 3:= , {to nish our proof. O

Pr oposition  5.9.

G(Q) = CeX5D4YsCX5C6X 4Cs5Y5CaX 5D6Y5D6X 4C3X 5D 2X 52 Y5C,
where D; = {(qZ');Ci = (aZ");X5= Xs(Q); Y5 = Ys5(Q); X4 = X4(0):

Proof. Let 2 G(qg): By Corollary 5.7,

22 Dz D2Ys( 9)"?X5CoX5Cs
or (using that D> = Cy and D', = Dy 1)
2 C; %C3XsD2X5q2Ys5C;

with = ;I t;q ; primes jbj;j¢ not dividing g, GCD(j 1;jg 1)= 2
We pick positivem 2 (jij 1)Z;n 2 (jgg 1)Z suchthat n m = 1. Then
a®™ 1 modulo bgand a®® 1 modulo cqandn m= 1

By Lemma 5.8,

1= b a2m 2 D1X4 ®MDsX5D4Y5CeX5D3:

Sincea?™ 1 modulo b; we obtain easilythat 12 D3: So

M 2 X 4D1D3D3X5D6Y5C4X5Ds = X4DeX5D6YsCaX5Ds;

hence
2M 2 D5X5D4Y5CeX 5CeX 4:
Similarly,
( ") 2= X4DX5DgY5CsX5Ds;
hence
an 2= C5Y5C4X5D5Y5D6X4Z
Therefore

2 Cy( 2™ 2M)CsXsD2X5q2YsCo
C2(Ds5X5D4Y5C6X 5C6X 4)(CsY5CaX 5D6Y5D6X 4)CaX 5D 2X 5052Y5C
= CgX5D4Y5CsX 5C6X 4Cs5Y5C4X5D5Y5D X 4C3X 5D 52X 5q1;2Y5C2:
We usedthat C,D5 = Cg: O
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Counting parameters, yields the following result:

Cor ollar y 5.10. G(g) is a polynomial family with 93 parameters.

1+ a2 oo o
af 3 1+ ¢?fy .

and (2%) = G(0):

Now to prove Theorem 13. Consider an arbitrary principal congruence
subgroup SL »(gZ): The factor group SL »(gZ)=SL »(0¢?Z) is commutativ e, soit
is easyto seethat it is generatedby the imagesof G(g) and 121 1(gZ)( 1)%:
Using Corollary 5.11, we concludethat SL»(gZ) is a polynomial family with
94 parameters. More precisely we obtain

Cor ollar y 5.11. SL»(gZ) is a polynomial family with 94 parameters.

= 1;‘;‘“ lffé“ 2 SLo(Z[y1;:::;Yea])

and (Z°) = SL,(q2):

Example 5.12. Let H be the subgroup of SL,Z in Example 14. The
group G(2) is a normal subgroup of index 4 in H: The group H is generated
by G(2) together with the subgroup ( 1)%! 1(Z)1%!: SoH is a polynomial
family with 94 parameters.

Pr oposition  5.13. Every polynomial family H ~ Z* hasthe following
\str ong approximation" property:

ift22z;t 2 pi(l); il pf(t) are powers of distinct primes p;; and h; 2 H
for i = 1;:::;t; then thereis h 2 H suchthat h  h; modulo pf(i) for i =

Proof. SupposeH = (ZN) with 2 Z[y1;:::;yn]:

Lett2 Z;t 2 pi(l); s :;pts(t) powers of distinct primes p;; and h; 2 H
fori=1;:::;t _ _
We have h; = (u®) for i = 1;:::;t with u) 2 zN: By the Chinese

Remainder Theorem, there is u 2 ZN such that u  u® modulo p™" for
=1t
S

Seth= (u): Then h h; modulo p, ® forj = 1t O

Cor ollar y 5.14. LetH bea sulgroup of SL,Z geneated by SL »(62)

and the matrix 01 (1) : Then H is not a polynomial family.
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Proof. We do not have the strong approximation property for H: Namely,
taket = 2;p1 = 2,p2 = 3;5(1) = s(2) = 1. The image of H in SLo(Z=22Z) is
a cyclic group of order 2, and the image of H in SL,(Z=3Z) is a cyclic group
of order 4. The strong approximation for H would imply that the the order of
the image of H in SL,(Z=62) is at least 8, while the image s in fact a cyclic
group of order 4. O

Corollar y 5.15. LetX Z beaninnite setof positive primes. The
X is not a polynomial family.

Proof. SupposeX is a polynomial family. Let p1;p, aredistinct primesin
X: By Proposition 5.13,thereisz 2 X suchthat z p; modulop;andz p>
modulo p2: Then z is divisible by both p; and p2; henceit is not a prime. This
cortradiction shaws that X is not a polynomial family. O

Penn State, University Park, PA
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