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 The Legendre6Stirling nu;<ers >ere discovered in 2002 as a result oE a pro<le; in6
volving the spectral theorG oE po>ers oE the classical second6order Legendre diHerential eIpression%
SpeciJcallG, these nu;<ers are the coeLcients oE integral co;posite po>ers oE the Legendre eIpres6
sion in Lagrangian sG;;etric Eor;% Muite re;arNa<lG, theG share ;anG si;ilar properties >ith the
classical Stirling nu;<ers oE the second Nind >hich, as sho>n in OPQ, are the coeLcients oE integral
po>ers oE the Laguerre diHerential eIpression% An open question, regarding the Legendre6Stirling
nu;<ers, has <een to o<tain a co;<inatorial interpretation oE these nu;<ers% In this paper, >e
provide such an interpretation%

S% 

The Legendre6Stirling nu;<ers ! " >ere Jrst discovered Tsee O7QV as a result oE an application
oE leEt6deJnite operator theorG to the classical second6order Legendre diHerential equation

TS%SV   ##       $ # 

Here,  is a JIed, non6negative constant% In ;ost special Eunctions settings, >e taNe   W Eor
operator6theoretic purposes, it is so;eti;es useEul to have    and >e can do so, >ithout loss oE
generalitG, since >e can negate the additional ter;  <G also including it as part oE the spectral
ter;  The classical TJrstV leEt6deJnite setting Eor this eIpression is in the So<olev space

  !  # %  &  $ #  

#   $ # "

>ith inner product

  

 




#    


   $ 

notice that this inner product T>hen    is generated Ero; the leEt6hand side oE TS%SV, pro;pting
the notation XleEt6deJniteY% LeEt6deJnite theorG has its origins in diHerential equations and can <e
traced <acN to so;e Eunda;ental >orN oE )eGl in OSZQ% Muestions a<out the eIistence oE sG;;etric
or selE6ad[oint operators, generated <G TS%SV, in  and a<out their spectral properties are the central
issues in a leEt6deJnite analGsis oE the Legendre diHerential eIpression% This leEt6deJnite studG oE
TS%SV in  >as initiated <G Plei[el in a series oE papers OSSQ and OS2Q and Eurther studied <G Everitt
in O5Q% SpeciJcallG, these authors sought a selE6ad[oint operator in , generated <G TS%SV, that has
the Legendre polGno;ials !" as TorthogonalV eigenEunctions in 
In OPQ, Little[ohn and )ell;an generali^ed leEt6deJnite theorG Ero; its traditional roots in diHer6

ential equations to a ;ore a<stract setting, na;elG to ar<itrarG selE6ad[oint operators  that are

SPPS    Pri;arG: 05A05, 05AS5, ZZCa5 SecondarG: ZaB2a, ZaL05, a7E05%
    Legendre6Stirling nu;<ers, Stirling nu;<ers oE the second Nind, Legendre polGno;ials,

leEt6deJnite theorG, selE6ad[oint operator%
S
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<ounded <elo> in a Hil<ert space  ' ' <G a positive constant W that is to saG,

  (    $ )

TheG sho> that the appropriate TJrstV leEt6deJnite setting Eor such operators is the Hil<ert space
  ) endo>ed >ith the inner product

   
   $ 

coreover, using the Hil<ert space spectral theore;, theG prove that there is, in Eact, a continuu;
oE leEt6deJnite spaces ! ' '" associated >ith the pair  these spaces are eIplicitlG
given <G

  )
>ith corresponding inner products

TS%2V    
   $ 

In practice, unless the spectral resolution oE the identitG is eIplicitlG Nno>n Eor the selE6ad[oint
operator  it is diLcult to deter;ine  Eor everG    Ho>ever, as the authors sho> in OPQ
Tsee also OZQ, OdQ, O7Q, and OeQV, it is possi<le to co;pute these spaces and inner products Eor several
>ell6Nno>n selE6ad[oint operators Eor each positive integer  Indeed, Eor  $ ) * ) and
 $ ) the selE6ad[ointness oE  Gields

   
 

ConsequentlG, the  leEt6deJnite inner product, as >ell as the  leEt6deJnite space is generated
<G the  po>er oE In particular, >hen  is generated <G a diHerential eIpression ' liNe TS%SV,
this ;eans that Nno>ing the eIplicit Eor; oE the  po>er oE ' is necessarG in order to Jnd <oth
the  leEt6deJnite space and the  leEt6deJnite inner product% It is preciselG these integral po>ers
oE the Legendre eIpression that involves the Legendre6Stirling nu;<ers%
The contents oE this paper are as Eollo>s% In Section 2, >e discuss the integral po>ers oE the

Legendre eIpression ' and <riefG introduce the Legendre6Stirling nu;<ers Ero; the conteIt oE
leEt6deJnite theorG% As a ;eans oE co;parison, >e also discuss the classical Stirling nu;<ers
oE the second Nind in Section 2W these co;<inatorial nu;<ers are >ell Nno>n and >e discuss a
relativelG ne> result involving these nu;<ers and the po>ers oE the classical second6order Laguerre
diHerential eIpression% In Section Z, >e co;pare various properties oE the classical Stirling nu;<ers
oE the section Nind >ith the Legendre6Stirling nu;<ersW as >e >ill see, these t>o sets oE nu;<ers are
si;ilar in ;anG >aGs% One such propertG 6 the triangular recurrence relation TTRRV 6 is para;ount
in esta<lishing a co;<inatorial interpretation oE the Legendre6Stirling nu;<ers so >e prove the
TRR Eor the Legendre6Stirling nu;<ers in Section Z% In Section a, >e derive our co;<inatorial
interpretation oE the Legendre6Stirling nu;<ers and illustrate this result >ith several eIa;ples%

2% 

In O7Q, the authors prove the Eollo>ing result >hich is the NeG prerequisite to esta<lishing the leEt6
deJnite theorG oE the Legendre diHerential eIpressionW it is in this result that the Legendre6Stirling
nu;<ers are Jrst introduced%

    $           
      

T2%SV   




#

 # 


 $ # 
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                 

  


    
    

   





    














    
 $ !     "

    $        

T2%2V  





#
  

    #


 

  




#

 # 




 $ # 

            

T2%ZV  







# 


&& 



  




)e call the nu;<ers ! " the  % gro; T2%ZV, >e see that >e can
eItend the deJnition oE these nu;<ers to include the initial conditions

T2%aV    and     eIcept      $ 

The Eocus oE this paper is on the co;<inatorics oE these Legendre6Stirling nu;<ersW ho>ever,
Eor the saNe oE co;pleteness, >e note that the  leEt6deJnite inner product and space are readilG
o<tained Ero; Theore; 2%S% Indeed, Ero; T2%SV, it can <e sho>n that the  leEt6deJnite inner
product is given <G

  





 


 #  

coreover, as sho>n in O7Q, >ith the  Legendre polGno;ial deJned <G

 


 







## 
# # 

  $ 

the Legendre polGno;ials !" satisEG the orthogonalitG relationship

      
   $ 

and Eor; a co;plete orthogonal set in the  leEt6deJnite space eIplicitlG given <G

  !  # %  &         $ # 

#   $ #         "

The Legendre6Stirling nu;<ers have several properties si;ilar to the classical Stirling nu;<ers
oE the second Nind ! " Tsee OS, pp% e2a6e25Q and Oa, Chapter iQV% Indeed, in a ne> application
oE the Stirling nu;<ers oE the second Nind, it is reported in OPQ that the Stirling nu;<ers oE the
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second Nind ! " are the coeLcients oE the integral co;posite po>ers oE the second6order Laguerre
diHerential eIpression:

 





#




 


 $ +

SpeciJcallG, the authors in OPQ sho> that, Eor each  $ 


  









#

 






>here

  


 iE   
 iE   

and   




 iE   












 iE   
        

In particular,


  









#

 






)e note that the Stirling nu;<ers oE the second Nind also appear in the co;posite integral po>ers
oE the classical second6order Her;ite diHerential equation

 


#

##   #




see OdQ Eor Eurther details%

Z%            
 

)e <egin this section >ith the Eollo>ing ta<le that co;pares various properties oE the Stirling
nu;<ers oE the second Nind and the Legendre6Stirling nu;<ersW details and prooEs oE these properties
are Eorthco;ing in O2Q%

      
  


 


 


  


 


 


   

 






# 


 


 







#   


 


 

  

  


  


 


  


    






  


   


   


  


   


  

   

 


  >here  


 


 ,- >here

  #     #    ,-  #     #  # 
    


 


  ,- 


 


 

             
 

gro; this ta<le, notice the rational generating Eunctions Eor the Stirling nu;<ers oE the second
Nind and Eor the Legendre6Stirling nu;<ersW in particular, note the coeLcients  and   
in the deno;inators oE these products% Re;arNa<lG, and perhaps so;e>hat ;GsteriouslG, these
coeLcients are, respectivelG, the eigenvalues that produce the Laguerre and Legendre polGno;ial
solutions oE degree  in the Laguerre and Legendre diHerential equations )e Jnd it even ;ore
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re;arNa<le that the co;putation oE the integral co;posite po>ers oE <oth the Laguerre and Le6
gendre diHerential equations 6 these are co;pletelG alge<raic calculations 6 are thereEore inti;atelG
connected to these classical orthogonal polGno;ial solutions% gurther;ore, in the case oE the Le6
gendre eIpression, the !la^;an6jrein6'ai;arN theorG OS0Q i;plies that there is an uncounta<le
nu;<er oE selE6ad[oint operators in #  generated <G the Legendre eIpression ', each oE
>hich has a purelG discrete Tthat is, eigenvalues onlGV spectru;% EIactlG one oE these selE6ad[oint
operators, na;elG the XLegendre polGno;ialY operator  deJned <G

    a%e%  $ # 

)  !  # %  &    $ #     $ #  


#    "

has spectru; !   &  $ " )hG does the hori^ontal generating Eunction involve the eigen6
values   oE this operator  )hG doesnYt this generating Eunction involve the eigenvalues oE
one oE the other selE6ad[oint operatorsk It see;s that there is an interesting connection here that
deserves Eurther attention%
The Eollo>ing t>o ta<les list several Legendre6Stirling nu;<ers and, Eor co;parison purposes,

Stirling nu;<ers oE the second Nind%

                              

            
   #         
   # #        
   # # #       
   # # # #      
   # # # # #     
   # # # # # #    
   # # # # # # #   
   # # # # # # # #  
   # # # # # # # # # 

       TEor eIa;ple,    

  V

                              

            
   #         
   # #        
   # # #       
   # # # #      
   # # # # #     
   # # # # # #    
   # # # # # # #   
   # # # # # # # #  
   # # # # # # # # # 

            TEor eIa;ple,   



  V
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The neIt le;;a esta<lishes the triangular recurrence relation Eor the Legendre6Stirling nu;<ersW
>e need this result Eor our ;ain theore; in the neIt section%

          

  

    


   $   . TZ%SV

  

  


     $ TZ%2V

 The initial conditions given a<ove are part oE the deJnition oE   given in 2%a On the
other hand, Eor   $  and  . 



    










#
    

   # # 
   





#
    

     # 
TZ%ZV

A routine calculation sho>s that, Eor  .  .  # 

#
    

   # # 
   #

    

     # 

 #
    

     # 
TZ%aV

coreover, the ter; corresponding to    in the second su; in Z%Z is

TZ%5V   #
    

  

    

  

>hich is the sa;e as the ter; in Z%a >hen    ConsequentlG, the right6hand side oE Z%Z
si;pliJes to





#
    

     # 
  



a%       

The Stirling nu;<er oE the second Nind  counts the nu;<er oE >aGs oE putting  o<[ects into
 non6e;ptG, indistinguisha<le sets% gor an eIcellent account oE these nu;<ers, and a Eull account
oE their properties, see the teIt oE Co;tet Oa, Chapter iQ% gro; Ta<les 2 and Z in the previous
section, it is i;;ediatelG clear that, Eor     is considera<lG larger than   It is natural
to asN: >hat do the Legendre6Stirling nu;<ers countk In this section, >e ans>er this question%
To descri<e a co;<inatorial interpretation oE the Legendre6Stirling nu;<er  , Eor each  $ 

>e consider t>o copies oE each positive integer <et>een  and  

         

>e ;aG saG that these are the integers !      " >ith t>o colors% gor positive integers   . 
and   $ ! " >e saG that    iE   )e no> descri<e t>o rules on ho> to Jll  X<oIesY
>ith the nu;<ers !         ":

TSV the X^ero <oIY is the onlG <oI that ;aG <e e;ptG and it ;aG not contain <oth copies oE anG
nu;<er%
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T2V the other  <oIes are indistinguisha<le and each is non6e;ptGW Eor each such <oI, the
s;allest ele;ent in that <oI ;ust contain <oth copies Tor colorsV oE this s;allest nu;<er
<ut no other ele;ents have <oth copies in that <oI%

        As the ta<le <elo> sho>s, there are eight diHerent >aGs to satisEG the
a<ove t>o rules%

lero BoI Other t>o <oIes lero BoI Other t>o <oIes
 !  " !  " !" !  " ! "
 !  " !  " !" !  " ! "
!" !  " ! " !" ! " !  "
!" !  " ! " !" ! " !  "

        In this case, there are siIteen diHerent >aGs to satisEG the a<ove t>o
rules% To see this, Jrst note that no copG oE the nu;<er  can <e in the ^ero <oI% Indeed, <G
Rule S, it is not possi<le Eor <oth copies oE  to <elong to the ^ero <oI% coreover, iE the ^ero <oI
contains eIactlG one copG oE  then the onlG other <oI in this case ;ust contain the other copG
oE  >hich violates Rule 2% In Eact, since there is onlG one other <oI <esides the ^ero <oI, it is
straightEor>ard to see that the ^ero <oI is non6e;ptG and necessarilG has the Eor; !    "
>here     $ ! " There are t>o diHerent choices Eor each oE the nu;<ers    and  and,
consequentlG, there are preciselG    >aGs to <uild this ^ero <oI%

        gor this eIa;ple, there are  diHerent possi<ilities:

lero BoI Other  BoIes lero BoI Other  BoIes
 !  " !  " ! " !" !  " ! " ! "
 !  " !  " ! " !" !  " ! " ! "
 !  " !  " ! " !" ! " !  " ! "
 !  " !  " ! " !" ! " !  " ! "
 !  " ! " !  " !" ! " !  " ! "
 !  " ! " !  " !" ! " !  " ! "
 ! " !  " !  " !" ! " ! " !  "
 ! " !  " !  " !" ! " ! " !  "
!" !  " ! " ! " !" !  " ! " ! "
!" !  " ! " ! " !" !  " ! " ! "

)e no> co;e to the ;ain result oE this paper%

     $    .         
       

 Let  denote the nu;<er oE diHerent >aGs oE distri<uting the nu;<ers

         

into the m^ero <oIn and the other  indistinguisha<le <oIes according to the a<ove rules% ClearlG



   since there is onlG the ^ero <oI in this case and it is e;ptG% Also    Eor  $ 

since the rules stipulate that Gou cannot put  and  into the ^ero <oI, the onlG <oI availa<le
in this case% 'eIt,    Eor    since none oE the  indistinguisha<le <oIes can <e e;ptG%

Thus the initial conditions Eor  agree >ith those oE  see Z%2 'o> >e ;ust esta<lish
the recurrence relation Z%SW to do so, >e split the distri<utions into t>o eIhaustive, dis[oint sets:



e !EOR!E E% A'(RE)S A'( L% L% LITTLE.OH'

TIV those distri<utions >here  and  the t>o copies oE the largest integer  are in the sa;e
<oI%

TIIV those distri<utions >here  and  are in diHerent <oIes%

)e clai; that there are  distri<utions Eor Case TIV% Indeed, iE  and  are in the
sa;e <oI, it is necessarilG one oE the indistinguisha<le <oIes% The re;aining  #  <oIes plus
the ^ero <oI have distri<uted a;ong the; the entries Ero; !         #   # "
and this can <e done in  >aGs% In deter;ining the nu;<er oE distri<utions satisEGing the
conditions oE TIIV, suppose  and  are in diHerent <oIes% IE >e Jrst distri<ute the ele;ents
!        #  # " into the  indistinguisha<le <oIes plus the ^ero <oI T>hich >e
can do in  >aGsV, then >e can put  into anG oE the    <oIes and >e, independentlG,
can put  into anG oE the re;aining  <oIes% The total nu;<er oE distri<utions Eor Case TIIV is
thereEore    
Co;<ining these cases, >e see that

  

    


 

In conclusion, >e see that  and  satisEG the sa;e initial conditions and deJning recurrence
relation% ThereEore, Eor   ( 

   



  The argu;ent in EIa;ple a%2 easilG generali^es to sho> that    Eor anG
 $ 

  Our last eIa;ple gives a counting argu;ent to sho> that   





 oE

course, >e ;aG veriEG this directlG Ero; the triangular recurrence relation in Z%S In this case, >e
have the ^ero <oI and #  mothern non6e;ptG, indistinguisha<le <oIes to distri<ute t>o copies oE
each oE the integers        according to the a<ove rules% Since the least entrG in each mothern
<oI ;ust <e repeated in that <oI >e see that there is eIactlG one pair ! " >hich is split into
separate <oIes% jeep in ;ind that      can <e put into an mothern <oI onlG iE it is larger
than the ;ini;al pair put in that <oIW ;oreover, it is clear that  / % Hence, iE one oE the 
either  or  goes into the ^ero <oI, the other   or  can go into  #  oE the other <oIesW
the total count Eor all possi<le pairs in this instance is





 #  




 #   




# 

OE course, <oth  ;ight avoid the ^ero <oI% In this case, there are





# # 
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possi<le >aGs oE distri<uting the  in this instance% ThereEore, the total nu;<er oE distri<utions
in this case is

  




#  




# # 






#   










 


 






In particular,   





  and   






  see EIa;ples a%S and a%Z%
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