MATH 251 Name:
Examination Il Student Number:
April 7, 2009 Section:

This exam has 16 questions for a total of 100 points.order to obtain full credit for partial credit
problems, all work must be shown. Credit will not be given for an answer not supported by work.
The point value for each question is in parentheses to tie ogthe question number. A table of Laplace
transforms is attached as the last page of the exam.
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MATH 251 EXAMINATION I April 7, 2009

1. (5 points) Match the sketches of phase portraits for thilidear systemg’ = Ax, lettered A through
F, with the names of their critical points at the origin.
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node:

center:

proper node (star point):
saddle point:

spiral point:
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MATH 251 EXAMINATION I April 7, 2009

2. (5 points) Match the following general solutions of 2x#ar systemg’ = Ax with the sketches of the
phase portraits given in Problem 1.:

_ 1 t+1
o< (ol i]of471)

(b) Cet ; e [ i }

(c) Ciet (l) +Coet [ 2 ]

(d) et ; +Cy [ i ]
] 2 21

3. (5 points) Determine the stability of the critical poirttthe origin for each of the 2x2 linear systems
x' = Ax whose general solutions are given below. Use the léttiéthe point is asymptotically stable
U if it is unstable Sif it is (neutrally) stable

@ C1|: 2cog ] 2[ 2sint }

—sint cost

CEI IR S

(c) Ciet [ ; } +Coé [ i ]

(d) et [ (1) } LGt [ 2 ]

2cod 2sint
(e) Cré [ —sint ] +Coe [ cost }

Page 3 of 11



MATH 251 EXAMINATION I

4. (5 points) Consider the third order linear equation
y// _’_4)// — O

What is its general solution?

Ci+GCot+ Cgeféu
Ci+ Czezt + C3e‘2t
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5. (5 points) Evaluate the following definite integral

/ e 5t — E) cost dt.
0

2
(Hint: The expression is equal o{d(t — g) cost}.)
@ o
© e i 1
(@) e #7

Page 4 of 11

April 7, 2009



MATH 251 EXAMINATION I April 7, 2009

2s—6

6. (5 points) The inverse Laplace transformrak) = Jias18 is

(@) 2*cos2—4e?sin2,
(b) 2¢* cos2 —8e?sin2,
(c) 227%cos2 —10e %sin2,
(d) 26%cos2 —5e %sina.

7. (5 points) Find the Laplace transfortr{uy (t)(t*> —t)}.

(Recall:ug(t) = u(t—c).)

—~
&
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-

~—
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MATH 251 EXAMINATION I April 7, 2009

8. (5 points) Supposgt) is the solution of the second order linear initial value peoi

2y —y +2y=8(t—10), y0) =0, y(0)=1
What isY(s), the Laplace transform of(t)?
@Y=
) Y=
© Y9 = 9
@ V(o) = S22

9. (5 points) Suppose
f(t) = ug(t) + 2uz o (t) t + ug(t) t? + dus(t) t°.
What isf(2)?

(a) 3
(b) 5
(c) 17
(d) 49
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MATH 251 EXAMINATION I April 7, 2009

10. (5 points) Suppose the linear system below has a (ngitsthble center at0,0). What is/are the

value(s) ofy?
X = [ :g 3]x

@ o
(b) 4
(c) —2,2
(d) —4,4

11. (5 points) Which system of first order linear equationkWwes equivalent to the second order linear
equation

y' =7y +2y=0?
Xy = Xo
(@) { x’; = 2+ 7%
CR (.
© { 2 z )122x1+7x2
O {5 = %
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MATH 251 EXAMINATION I April 7, 2009

12. (5 points) Which of the points below it a critical point of the nonlinear system of equations

X = x2—y2 5
Yy = xy+x+y+1'

13. (5 points) Given that the poif®, 1) is a critical point of the nonlinear system of equations

X = x2y—xy2
y = Xy—x—3y+3°

This critical point(0,1) is a(n)
(a) unstable saddle point.
(b) unstable spiral point.

(c) asymptotically stable node.

(d) asymptotically stable proper node (star point).

Page 8 of 11



MATH 251 EXAMINATION I April 7, 2009

14. (15 points) True or false:
() (3 points) L{f(t) —6g(t)} = L{f(t)} —6L{g(t)}.

(b) (3 points) L{4f(t)g(t)} =4L{f(t)} L{g(t)}.

4
(s+1)°

} = }uz(t)t“e‘t.

(c) (3 points) L~ e % 5

-2

(d) (3 points) SupposA is a 2x2 matrix, and if the matrix-vector produatks[ _1 ] = [ 5

} and

A [ :1 } = [ j ],then the linear systexi = Ax has an asymptotically stable nodg@10).

(e) (3 points) The matri{ 43 4(2)] is an example of a matrix that have two linearly independent

eigenvectors.
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MATH 251 EXAMINATION I April 7, 2009

15. (12 points)

(&) (9 points) Find the general solution of the homogeneimesi system

x’—6_8x
=14 6"

(b) (3 points) Given that(0) = [ a5 },andtlirgx(t) = [ 8 },find the value ofx.

—
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MATH 251 EXAMINATION I April 7, 2009
16. (8 points) In the parts below, consider a certain systetwofirst order linear differential equations in

two unknownsyx’ = AX.

(&) (5 points) Suppose one of the eigenvalues of the coeffiomatrix A is r = 1+ 2i, which has a

corresponding eigenvect({r 2_:;' } . Write down the system'’s real-valuggneral solution.

(b) (3 points) Find the solution satisfying the initial catioh x(0) = [ 8 }
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