
Comput. Methods Appl. Mech. Engrg. 200 (2011) 2458–2470
Contents lists available at ScienceDirect

Comput. Methods Appl. Mech. Engrg.

journal homepage: www.elsevier .com/locate /cma
Finite element approximation of the Cahn–Hilliard equation on surfaces q

Qiang Du a, Lili Ju b,⇑, Li Tian a

a Department of Mathematics, Pennsylvania State University, University Park, PA 16802, USA
b Department of Mathematics, University of South Carolina, Columbia, SC 29208, USA

a r t i c l e i n f o a b s t r a c t
Article history:
Received 17 August 2010
Received in revised form 25 March 2011
Accepted 14 April 2011
Available online 24 April 2011

Keywords:
Cahn–Hilliard equation on surface
Finite element approximation
Phase transition
Fully discrete approximation
Pointwise bound
Convergence analysis
Error estimate
0045-7825/$ - see front matter � 2011 Elsevier B.V. A
doi:10.1016/j.cma.2011.04.018

q This work is partially supported by the US Nation
Grant numbers DMS-0913491 and DMS-1016073.
⇑ Corresponding author.

E-mail addresses: qdu@math.psu.edu (Q. Du), ju
math.psu.edu (L. Tian).
In this paper, we consider the phase separation on general surfaces by solving the nonlinear Cahn–Hil-
liard equation using a finite element method. A fully discrete approximation scheme is introduced,
and we establish a priori estimates for the discrete solution that does not rely on any knowledge of
the exact solution beyond the initial time. This in turn leads to convergence and optimal error estimates
of the discretization scheme. Numerical examples are also provided to substantiate the theoretical
results.
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1. Introduction

The Cahn–Hilliard equation introduced in [7] is a very general
mathematical model that describes phase separations. It has found
many applications in various fields, such as foams modeling, solid-
ification processes, dendritic flow, image processing, planet forma-
tion and so on [5,8,13,28,32,35,38,43,47]. The phase separation
processes have been successfully investigated with the Cahn–Hil-
liard equation in a wide variety of non-equilibrium systems. There
have been many algorithms and simulations performed using a
variety of discretization methods including finite difference, finite
volume, finite element and spectral methods, see, e.g., [1,2,8,10,
24–27,33,35,36,40,44–46] and the references cited therein.

Various experimental studies have shown that interesting
phase separations could occur on static or dynamic surfaces, such
as phase separation on lipid bilayer membranes, crystal growth
on curved surfaces, and phase separations within thin films, see
[3,4,21,41]. Thus, theoretical analysis and numerical implementa-
tion of the phase transition models on general surfaces are attract-
ing more and more attentions. For instance, a finite volume
method for Cahn–Hilliard equations on the sphere was studied in
ll rights reserved.
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[42], the numerical approximations of the Ginzburg–Landau model
for a superconducting hollow sphere were studied using a gauge
invariant finite volume discretization on a spherical centroidal
Voronoi tesselation [16]. The finite element method has been used
for the discretization of partial differential equations (PDEs) de-
fined on surfaces including the Cahn–Hilliard equation [12,11,21].

Development of fully discrete approximation schemes for non-
linear PDEs is important because these schemes not only directly
reduce differential equations to systems of algebraic equations,
but also suggest what kinds of ordinary differential equation solv-
ers are needed for the semi-discrete approximation schemes. For
fully discrete approximations of the Cahn–Hilliard equation that
are most relevant to the work presented here, let us mention that
in [18], Du and Nicolaides proposed and analyzed a fully discrete
approximation scheme for one dimensional Cahn–Hilliard equa-
tions. One of its features is the existence of a Lyapunov functional
associated with the approximation scheme. This leads to some
estimates for the discrete solution in a certain Sobolev space. Com-
bining these with a Sobolev imbedding theorem in one space
dimension, they are able to prove the point-wise boundedness of
the discrete solution, and consequently, they obtain the Lipschitz
property of the nonlinear term, which guarantees the existence
and uniqueness of a discrete solution and make the error analysis
possible. This idea was studied further in [29]. We note that a
point-wise estimate for solutions of fully discrete schemes is
important for the mathematical analysis, since, as pointed out in
[37], the linear part of the equation does not always control the
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nonlinear term automatically. Nevertheless, in higher dimensional
spaces, the imbedding theorem used in [18] is no longer valid and
point-wise boundedness does not follow directly from the exis-
tence of the Lyapunov functional. Thus, new a priori estimates
for the discrete solution are needed.

In this paper, we demonstrate wellposedness and convergence
of a fully discrete finite element approximation scheme of the
Cahn–Hilliard equation defined on a general surface. Our approach
requires a combination of both standard and nonstandard tech-
niques due to the lack of maximum principle for fourth-order
equations. On one hand, the approach is similar to the usual argu-
ments for establishing a priori estimates of discrete solutions of
PDEs. For example, some estimates for the discrete potential func-
tion are provided first, then we apply the idea of elliptic regularity
to get high order estimates. On the other hand, we present a more
delicate analysis of the initial approximation in our derivation. This
type of analysis is an important part of the estimation, but it ap-
pears rarely in the literature on the approximation of non-linear
or semi-linear parabolic type equations. It is done here through
some technical discussions on the approximation space.

We now give an outline of this paper. In Sections 2 and 3, we
present the model problem on general surfaces, and the fully dis-
crete finite element approximation scheme. In Section 4, we discuss
some properties of the initial approximation, some estimates on the
discrete chemical potential p, and then the desired point-wise
boundedness of the discrete solution. Then we show the existence
and uniqueness of the solution to the fully discrete scheme, and
give the error analysis in Section 6. Finally, some numerical exper-
iments are presented to validate our theoretical results in Section 7.

2. The model problem

Before setting up the model, we introduce some basic notations
first, where we closely follow the framework introduced in [20,21],
see also the discussion in [17]. Given an open connected and
bounded Cm,a surface S in R3 with m 2 N [ f0g and 0 < a 6 1, we as-
sume that it can be represented globally by some oriented distance
function (level set function) d = d(x) defined in an open subset X in
R3, such that S = {x 2Xjd(x) = 0} with d 2 Cm,a and rd – 0 in X
with r being the standard gradient operator in R3. Moreover, we
assume that on a strip (band)

U ¼ fx 2 R3kdðxÞj < dg; for some d > 0;

around S, there is a unique decomposition for any x 2 U,

x ¼ pðxÞ þ dðxÞ~nðpðxÞÞ ð2:1Þ

with p(x) 2 S and ~nðpðxÞÞ being the unit outward normal to the sur-
face S at p(x). The parameter d is usually determined by the surface
curvature if S is sufficiently smooth. One can prove that given @X is
smooth enough, there always exists d > 0 such that d(x) is smooth in
U, see Lemma 14.16 in [30] for details. Without loss of generality,
we assume that jrdj � 1 in U. Let rs ¼ ðrs;1;rs;2;rs;3Þ ¼
r� ð~n � rÞ~n denote the tangential (surface) gradient operator,
and Ds =rs � rs be the so-called Laplace–Beltrami operator on S.
We use the standard notation for Lq(S) on S, and we define the
Sobolev spaces as follows:

Wm;qðSÞ ¼ fu 2 LqðSÞju possesses weak tangential
derivatives up to order m which are in LqðSÞg:

We denote, in addition, that Hm(S) = Wm,2(S) on S. To make the
space Hm(S) well defined, it is customary to assume
m + a P max{1,m} [34]. To avoid technical complications, we fur-
ther assume that S and @S are sufficiently smooth (say with m = 4)
and @S – £ for the rest of the paper unless stated otherwise.
To introduce the Cahn–Hilliard equation, we begin with the free
energy functional

IðuÞ ¼
Z

S
HðuðxÞÞ þ r

2
jrsuðxÞj2

n o
ds ð2:2Þ

for any u = u(x) 2 H1(S) with H being the bulk free energy density,
and a positive constant r > 0 which symbolizes the so-called diffuse
interfacial width. Let u = u(x, t) be a function for x on S at time t
which, in the original works of [6,7], denotes the concentration of
one species of the binary mixture. The chemical potential of the sys-
tem is then of the form

p ¼ @I
@u
¼ H0ðuÞ � rDsu ¼ /ðuÞ � rDsu: ð2:3Þ

By assuming a constant unit mobility, we get the dynamic equation

ut ¼ Dsp; ð2:4Þ

which leads to a simple form of the Cahn–Hilliard equation:

ut ¼ Dsð/ðuÞ � rDsuÞ: ð2:5Þ

As a model case, the function / is assumed to be of the form:

/ðuÞ ¼ H0ðuÞ ¼ c2u3 þ c1u2 þ c0u; ð2:6Þ

where c0, c1 and c2 are given constants and c2 > 0 is assumed which
implies that H(u) reaches its minima at finite values of u. Then we
state a property of function H in the following lemma,

Lemma 1. There exists a constant k > 0 such that

HðxÞ � HðyÞ � /ðyÞðx� yÞP �kðx� yÞ2; 8x; y 2 R:
Proof. For any x 2 R, we have

H00ðxÞ ¼ /0ðxÞ ¼ 3c2x2 þ 2c1xþ c0 P c0 �
1

3c2
c2

1:

By the mean value theorem, we can always find a constant k > 0
such that

HðxÞ � HðyÞ � /ðyÞðx� yÞP �kðx� yÞ2 ð2:7Þ

for any x; y 2 R. h

It is worth noting that Lemma 1 is typical for gradient flows and
similar result was proven in [25,40]. The initial condition for u is
given by

uðx;0Þ ¼ u0ðxÞ; for x 2 S: ð2:8Þ

For technical analysis, we assume that u0 2 H1
0ðSÞ \ H2ðSÞ and

Dsu0 2 H1
0ðSÞ \W1;2þ�ðSÞ for � 2 (0,1).

As for boundary conditions, the Cahn–Hilliard equation is usu-
ally supplemented by either conditions on u and p (the Dirichlet
case) or their normal derivatives (the Neumann case), with the for-
mer corresponding to specifying a given concentration at the
boundary while the latter corresponding to the more popular case
of conserved dynamics. For simpler presentation, here we study
the homogenous Dirichlet type boundary value problem for both
the concentration and the chemical potential, that is,

uðxÞ ¼ 0; for x 2 @S ð2:9Þ

and

pðxÞ ¼ 0; for x 2 @S: ð2:10Þ

Our method and analysis are directly applicable to the case of Neu-
mann boundary condition as well.

In order to introduce numerical discretization to the above
equations, we first uniquely extend the functions defined on S to
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Fig. 1. Surface S and its discretization Sh.
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U. That is, given a function u defined on S, its extension in U is gi-
ven by

ulðxÞ ¼ uðpðxÞÞ; 8x 2 U: ð2:11Þ

The same extension can be done for the unit normal. For simplicity,
we still use the same notation for the extension, that is, for x 2 U,
we simply let ~nðxÞ ¼ ~nðpðxÞÞ.

Let Sh be a polyhedral approximation to S having triangular
faces. We assume that for each point y 2 S there is at most one
point x 2 Sh such that p(x) = y as suggested in [21], and vertices
of each triangular face of Sh are on S, as shown in Fig. 1. The mesh
size of Sh is often defined to be

h ¼ max
Q2Sh

hQ ;

where hQ denotes the diameter of the circumscribed circle of the tri-
angular face Q.

We then do the similar extension from Sh to U. Given a function
uh defined on Sh, first project it onto S by ~uhðpðyÞÞ ¼ uhðyÞ for y 2 Sh,
then we apply (2.11) again to extend ~uh to U, i.e.,

uh;lðxÞ ¼ ~uhðpðxÞÞ; 8x 2 U: ð2:12Þ

We may equivalently write uh,l(x) = uh(y) for any pair of x 2 U and
y 2 Sh such that p(x) = p(y) 2 S. Note that all extensions of functions
to U are constant along normals to S, thus, extensions of functions
defined on S and those on Sh share much the same properties.

We use ds(x) and dsh(y) to denote the surface measures of S and
Sh respectively at the points x 2 S and y 2 Sh. Let

lhðpðxÞÞ ¼
dsðpðxÞÞ
dshðxÞ

ð2:13Þ

for any x 2 Sh. We then assume, since S and @S are sufficiently
smooth, that

j1� lhðxÞj 6 ch2
; ð2:14Þ

where h is the mesh size parameter. Moreover, here and in the se-
quel, c is used to denote a generic postive constant which is inde-
pendent of h as h ? 0, that is, it may take different values but
remain uniformly bounded as the discretization gets refined. We
note that the assumption (2.14) is generally true for regular and
quasi-uniform triangulations of a smooth surface S [20].

3. The fully discrete approximation scheme

Let U denote a finite dimensional subspace of H1 (Sh). In the con-
text of finite element approximations, we take U to be a continuous
finite element space with respect to a certain triangulation of the
general surface S with mesh size parameter h. In this paper, we
take U to be continuous piecewise linear function space, equipped
with the corresponding boundary condition, for simplicity. Let
(0,T) be the time interval of interest, which is discretized into N
subintervals, each with a step size Dt = T/N. The choice of a uniform
time step size is not essential to our following discussion.

For notational convenience, for any v ;w 2 H1
0ðSÞ, and any

Vh;Wh 2 U, we let

ðv ;wÞs ¼
Z

S
vðxÞ �wðxÞds; ðVh;WhÞsh

¼
Z

Sh
VhðxÞWhðxÞdsh:

To approximate the nonlinear term in the equation, we define the
function ~/ : R2 ! R by (see [18] for the original formulation which
was reviewed in [23])

~/ðx; yÞ ¼
ðHðxÞ � HðyÞÞ=ðx� yÞ; if x–y;

/ðxÞ; if x ¼ y;

�
ð3:1Þ

where H is as in Eq. (2.2). We note that for such an H; ~/ðx; yÞ is in
fact a single globally defined cubic polynomial of x and y. With this
notation, we obtain the following fully discrete scheme: find

Uh
nþ1; P

h
n

� �
2 U � U;n ¼ 0;1; . . . ;N � 1, such that for any Vh;Wh 2 U:

Uh
0 ¼ uh;l

0 ; ð3:2Þ
dtU

h
n;V

h
� �

sh

þ rsh
Ph

n;rsh
Vh

� �
sh

¼ 0; ð3:3Þ

� Ph
n;W

h
� �

sh

þ r rsh
Uh

nþ1=2;rsh
Wh

� �
sh

þ ~/ Uh
n;U

h
nþ1

� �
;Wh

� �
sh

¼ 0;

ð3:4Þ
where uh;l

0 is an approximation to the initial condition u0 onto Sh

given by the H1 projection,

Uh
nþ1=2 ¼

Uh
n þ Uh

nþ1

2
and dtU

h
n ¼

Uh
nþ1 � Uh

n

Dt
:

Similar notations are used for Ph
n.

Notice that (3.2)–(3.4) is an extension to surfaces of the one-
dimensional Cahn–Hillard formulation with Dirichlet boundary
conditions presented and analysed in [18,23].

Define the Lyapunov functional: 8Uh 2 U, let

IhðUhÞ ¼
Z

Sh
HðUhÞ þ r

2
jrsh

Uhj2
n o

dsh;

thus we have the following lemma (see also Lemma 3.1 in [18]),
assume that there exists a solution of (3.2) and (3.3):

Lemma 2. For n = 0,1, . . . ,N � 1, we have

Ih Uh
nþ1

� �
� Ih Uh

n

� �
Dt

þ krsh
Ph

nk
2
0 ¼ 0: ð3:5Þ
Proof. From Eqs. (2.2), (3.3) and (3.4), we have

Ih Uh
nþ1

� �
� Ih Uh

n

� �
¼ rDt rsh

Uh
nþ1=2;rsh

dtU
h
n

� �
sh

þ Dt ~/ Uh
n;U

h
nþ1

� �
; dtU

h
n

� �
sh

¼ Dt Ph
n; dtU

h
n

� �
sh

¼ �Dt rsh
Ph

n;rsh
Ph

n

� �
sh

¼ �Dt rsh
Ph

n

��� ���2

L2ðShÞ
:

Hence, we obtain (3.5) which proves the lemma. h

One can easily verify that Lemma 2 implies the following theo-
rem (see also Corollary 3.1 in [18]):

Theorem 1. Let u0ðxÞ 2 H1
0ðSÞ. Assuming that there is a constant

c > 0, independent of h, such that uh;l
0

��� ���
H1ðSÞ

6 cku0kH1ðSÞ. Then, the

solution Uh
n; P

h
n�1

� �
of (3.3) and (3.4) satisfies for n = 1,2, . . . ,N,

Uh
n

��� ���
H1ðShÞ

6 c ð3:6Þ
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and

Xn

j¼0

Dt rsh
Ph

j

��� ���2

L2ðShÞ
6 c; ð3:7Þ

where the generic constant c in the above two equations is independent
of h, n, Dt and N.
Proof. By summing up (3.5) over n, we get (3.7) and also that

Ih Uh
n

� �
6 c for some generic constant c. It is easy to establish the

coercivity of the functional Ih in H1(Sh) which then gives (3.6). h
4. Pointwise boundedness of discrete solutions

As stated in [18], one needs to prove the point-wise bounded-
ness of Uh

n for any n, such that ~/ Uh
n;U

h
nþ1

� �
becomes Lipschitz con-

tinuous with some Lipschitz constant independent of h, n and Dt,
then the error estimates of the proposed fully discrete finite ele-
ment scheme can be analyzed in a standard manner. Since the
imbedding theorem used in [18] is no longer valid in the manifold
case, we see that the point-wise boundedness does not follow di-
rectly from the existence of the Lyapunov functional. Thus, some
further estimates are needed.

4.1. Some technical lemmas

We first present some technical results that are of later use.
For any u 2 H1

0ðSÞ \ H2ðSÞ, we define the projection of u, say Phu,
onto the finite element space U as follows: let f = � Dsu 2 L2(S),
then Phu is defined by

ðrsh
Phu;rsh

WhÞsh
¼ ðf l;WhÞsh

; 8Wh 2 U:

As discussed in [20], one can easily deduce that if u 2 H2(S), Phu
actually is the discrete solution of �Dsu = f over the triangulation
Sh and one has the following energy norm error estimate: for
u 2 H1

0ðSÞ \ H2ðSÞ, there exists a generic constant c > 0, such that

ku� ðPhuÞlkH1ðSÞ 6 chkukH2ðSÞ: ð4:1Þ

Furthermore, concerning the extension defined earlier, we have the
following two lemmas (see [20])

Lemma 3. For any u, v 2 H1(S), there exist generic constants c1, c2 > 0
such that

c1ku� vkH1ðSÞ 6 kul � v lkH1ðShÞ 6 c2ku� vkH1ðSÞ: ð4:2Þ
Proof. From the definition of k � kH1ðShÞ, we have

kul � v lkH1ðShÞ ¼
Z

Sh
jul � v lj2dsh

� �1=2

þ
Z

Sh
jrsh
ðul � v lÞj2dsh

� �1=2

¼
Z

S

1
lh
ju� v j2ds

� �1=2

þ
Z

S

1
lh
jPhðI� dHÞrsðu� vÞj2ds

� �1=2

;

ð4:3Þ

where PhðxÞ ¼ I�~nhðxÞ �~nhðxÞ;H ¼ D2dðxÞ : R3 ! R3 denotes the
Weingarten map [12], d = d(x) is the oriented distance function
we defined before, and H is well-defined by Lemma 14.17 in [30].

From the discussions in [20], we know that when h is sufficiently
small, there always exists a generic constant c0 > 0 such that

1
c0
6 lh 6 c0;

1
c0
6 PhðI� dHÞ 6 c0;

which implies the existence of generic constants c1, c2 > 0 satisfying
(4.2). h
Lemma 4. For � 2 (0,1), there exist some generic constants c1, c2 > 0
such that for any U 2 H1(Sh),

c1kUlkW1;2þ�ðSÞ 6 kUkW1;2þ�ðShÞ 6 c2kUlkW1;2þ�ðSÞ: ð4:4Þ
Proof. Since the surface is sufficiently smooth, we have Ul 2 H1(S),
therefore Ul 2W1,2 +�(S). By using the fact (see [20]) that when h is
sufficiently small, there always exists a generic constant c > 0 such
that
1
c
rsU

l
��� ��� 6 jrsh

Uj 6 c rsU
l

��� ���;
we can easily obtain the conclusion. h
Lemma 5. For � 2 (0,1), there exists a generic constant c > 0, such
that for any u 2 H1

0ðSÞ \ H2ðSÞ,

kPhukW1;2þ�ðShÞ 6 ckukH2ðSÞ: ð4:5Þ
Proof. For u 2 H1
0ðSÞ \ H2ðSÞ, by the inverse inequality for finite

element functions, the Lemmas 4, 3 and the inequality (4.1), we
can find a generic constant c > 0 satisfying

kPhukW1;2þ�ðShÞ 6 ku
lkW1;2þ�ðShÞ þ ku

l �PhukW1;2þ�ðShÞ

6 kulkW1;2þ�ðShÞ þ ch
2

2þ��
2
2kul �PhukH1ðShÞ

6 kulkW1;2þ�ðShÞ þ ch
2

2þ��1ku� ðPhuÞlkH1ðSÞ

6 ckukW1;2þ�ðSÞ þ ch
2

2þ�kukH2ðSÞ: ð4:6Þ
Now, using the Sobolev imbedding theorem H2(S) ,! W1,2 +�(S), we
have

kPhukW1;2þ�ðShÞ 6 ckukH2ðSÞ

for some constant c > 0. h

We would like to note that some results equivalent to Lemmas
3–5 can be found in [20]. Similarly, we define another projection
Kh, onto Sh, as follows: for any u 2 H1

0ðSÞ,

ðKhu;VhÞsh
¼ ðu;Vh;lÞs; 8Vh 2 U; ð4:7Þ

i.e., equivalently,

ðKhu;VhÞsh
¼ ðlhul;VhÞsh

; 8Vh 2 U; ð4:8Þ

then for any Vh 2 U , we have

kKhu� VhkL2ðShÞ 6 klhul � VhkL2ðShÞ:

Then we can prove the following lemma:

Lemma 6. For � 2 (0,1), there exists a generic constant c > 0 such that
for any u 2 H1

0ðSÞ \W1;2þ�ðSÞ;

kKhukH1ðShÞ 6 ckukW1;2þ�ðSÞ: ð4:9Þ
Proof. By the best approximation property, the inverse theorem in
finite element space [9] and (2.14), we can always find Uh 2 U sat-
isfying the following inequality:

kKhukH1ðShÞ 6 ku
lkH1ðShÞ þ ku

l � UhkH1ðShÞ þ kK
hu� UhkH1ðShÞ

6 ckulkW1;2þ�ðShÞ þ ckul � UhkW1;2þ�ðShÞ þ ch�1kKhu� UhkL2ðShÞ

6 ckulkW1;2þ�ðShÞ þ ch�1klhul � UhkL2ðShÞ 6 ckulkW1;2þ�ðShÞ

þ ch�1kul � UhkL2ðShÞ þ ch�1kð1� lhÞulkL2ðShÞ 6 ckulkW1;2þ�ðShÞ

þ ckulkH1ðShÞ 6 ckulkW1;2þ�ðShÞ 6 ckukW1;2þ�ðSÞ

for some constant c > 0. h
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4.2. Estimates on the initial approximation

In order to get energy type estimates for the discretization
scheme, first we consider the approximation of the initial condi-
tion, especially the initial chemical potential.

Let Uh
0 ¼ Phu0 ¼ uh;l

0 ; p
h
0 ¼ Khp0 where p0 ¼ /ðUh;l

0 Þ � rDsu0. Then
we have.

Lemma 7. There exists a constant c > 0 such that

kph
0kH1ðShÞ 6 c:
Proof. Under the assumptions on u0, we have from Lemmas 4–6

kUh
0kW1;2þ�ðShÞ 6 c; kKhDsu0kH1ðShÞ 6 c;

where the constant c is independent of h. Since

W1;2þ�ðShÞ ,! L1ðShÞ;

we then get

kUh
0kW0;1ðShÞ 6 c:

This implies that /0 Uh
0

� ���� ���
W0;1ðShÞ

is bounded, and so is

/0 Uh
0

� �
rsh

Uh
0

��� ���
W0;2þ�ðShÞ

for arbitrary � 2 (0,1). Thus,

k/ðUh
0ÞkW1;2þ�ðShÞ 6 c;

where the generic constant c does not depend on h.
Using Lemma 6 again, we also have

Kh/ Uh
0

� ���� ���
H1ðShÞ

6 c;

and by the definition of ph
0, we get that

ph
0

�� ��
H1ðShÞ 6 c;

for a generic constant c independent of h. h

By the definition of p0, for any v 2 H1(S), we have

�ðp0; vÞs þ rðrsu0;rsvÞs þ / Uh;l
0

� �
;v

� �
s
¼ 0: ð4:10Þ

Using the definition of Ph and under the assumption that u0 2 H2(S),
we have that for any Vh 2 U ,

r rsh
Uh

0;rsh
Vh

� �
sh

¼ p0 � / Uh;l
0

� �� �l
;Vh

� �
sh

¼ pl
0;V

h
� �

sh

� / Uh
0

� �
;Vh

� �
sh

: ð4:11Þ

Using the definition of Kh, the following equation also holds

� ph
0;V

h
� �

sh

þ r rsh
Uh

0;rsh
Vh

� �
sh

þ / Uh
0

� �
;Vh

� �
sh

¼ 1
lh
� 1

� �
p0;V

h;l
� �

s

: ð4:12Þ

Next we want to show the boundedness of Ph
0, which is an impor-

tant component of the discrete solution to the fully discrete scheme
(3.2)–(3.4) when n = 0.

Theorem 2. Let Dt be sufficiently small, i.e. Dt < r/(4k2), where k is as
stated in Lemma 1, then there exists a generic constant c > 0, such that
krsh
Ph

0k
2
L2ðShÞ 6 c 1� 4k2Dt

r

 !�1=2

krsh
ph

0kL2ðShÞ þ hkpl
0kL2ðShÞ

0
@

1
A:
Proof. Let g ¼ Uh
1 � Uh

0

� �
=Dt. By (3.4), it holds that for any Vh 2 U,

� Ph
0;V

h
� �

sh

þ r
2
rsh

Uh
1 þ Uh

0

� �
;rsh

Vh
� �

sh

þ ~/ Uh
0;U

h
1

� �
;Vh

� �
sh

¼ 0:

Subtracting the above equation from (4.12) and setting Vh = g, we
then obtain

Ph
0�ph

0;g
� �

sh

¼r
2
rsh

Uh
1�Uh

0

� �
;rsh

g
� �

sh

þ ~/ Uh
0;U

h
1

� �
�/ Uh

0

� �
;g

� �
sh

þ 1
lh
�1

� �
p0;V

h;l
� �

s

¼Dt
2

rðrsh
g;rsh

gÞsh

þ ð1�lhÞpl
0;g

	 

sh
þ 1

Dt

Z
Sh
½H Uh

1

� �
�H Uh

0

� �

�/ Uh
0

� �
Uh

1�Uh
0

� �
�dsh P

Dtr
2
krsh

gk2
L2ðShÞ

�2kDtkgk2
L2ðShÞ �ch2kpl

0k
2
L2ðShÞ;

where the last step is a result of Lemma 1, and c > 0 is a generic con-
stant derived from (2.14) and Cauchy’s inequality.

Now, from Eq. (3.3), it follows that for any Vh 2 U,

ðg;VhÞsh
¼ � rsh

Ph
0;rsh

Vh
� �

sh

:

Letting Vh = g and using Cauchy’s inequality, we have

kgk2
L2ðShÞ 6

r
4k
krsh

gk2
L2ðShÞ þ

k
r
krsh

Ph
0k

2
L2ðShÞ:

So we obtain

Ph
0 � ph

0;g
� �

sh

P
Dtr

2
krsh

gk2
L2ðShÞ �

Dtr
2
krsh

gk2
L2ðShÞ � ch2kpl

0k
2
L2ðShÞ

� 2k2Dt
r krsh

Ph
0k

2
L2ðShÞ

¼ �2k2Dt
r

rsh
Ph

0

��� ���2

L2ðShÞ
� ch2 pl

0

�� ��2

L2ðShÞ:

With (3.3), we get

g; Ph
0 � ph

0

� �
sh

¼ � rsh
Ph

0;rsh
Ph

0 � ph
0

� �� �
sh

and so

rsh
Ph

0

��� ���2

L2ðShÞ
¼ rsh

Ph
0;rsh

ph
0

� �
sh

þ rsh
Ph

0;rsh
Ph

0 � ph
0

� �� �
sh

6 rsh
Ph

0

��� ���
L2ðShÞ

rsh
ph

0

�� ��
L2ðShÞ � g; Ph

0 � ph
0

� �
sh

6 rsh
Ph

0

��� ���
L2ðShÞ

rsh
ph

0

�� ��
L2ðShÞ þ

2k2Dt
r

rsh
Ph

0

��� ���2

L2ðShÞ

þ ch2 pl
0

�� ��2

L2ðShÞ:

Since Dt < r/(4 k2), we then get for a = 1/4 � k2Dt/r > 0,

rsh
Ph

0

��� ���
L2ðShÞ

rsh
ph

0

�� ��
L2ðShÞ 6 2akrsh

Ph
0k

2
L2ðShÞ þ

1
8a
rsh

ph
0

�� ��2

L2ðShÞ;

which leads to

rsh
Ph

0

��� ���2

L2ðShÞ
6 2a rsh

Ph
0

��� ���2

L2ðShÞ
þ 1

8a
rsh

ph
0

�� ��2

L2ðShÞ

þ 2k2Dt
r

rsh
Ph

0

��� ���2

L2ðShÞ
þ ch2 pl

0

�� ��2

L2ðShÞ:

We then obtain

rsh
Ph

0

��� ���2

L2ðShÞ
6

1
4a
rsh

ph
0

�� ��2

L2ðShÞ þ ch2 pl
0

�� ��2

L2ðShÞ;
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or equivalently,

krsh
Ph

0kL2ðShÞ 6 c 1� 4k2Dt
r

 !�1=2

rsh
ph

0

�� ��
L2ðShÞ þ h pl

0

�� ��
L2ðShÞ

0
@

1
A:
ð4:13Þ

Notice that the above c’s are not essentially the same.
This completes the proof of the theorem. h

Finally, utilizing the boundary condition, we may apply the
Poincaré inequality, Lemma 7 and Theorem 2 to obtain:

Corollary 1. There exists a generic constant c > 0, independent of h,
Dt and N, such that for sufficiently small Dt,

kPh
0kH1ðShÞ 6 c: ð4:14Þ
4.3. Estimates on the discrete chemical potential

In this section, we derive estimates for the discrete chemical po-
tential function Ph

n when n P 1.
Let us use the notation

d2tU
h
n ¼

Uh
nþ2 � Uh

n

2Dt
¼

dtU
h
nþ1 þ dtU

h
n

2
; 8n P 0:

From the discrete approximation scheme (3.3) and (3.4), it holds
that for n = 0,1,2, . . . ,N � 2,

d2tU
h
n;V

h
� �

sh

þ rsh
Ph

nþ1=2;rsh
Vh

� �
sh

¼ 0; 8Vh 2 U; ð4:15Þ

� dtP
h
n;W

h
� �

sh

þ r rsh
d2tU

h
n;rsh

Wh
� �

sh

þ ðdt
~/nþ1;W

hÞsh

¼ 0; 8Wh 2 U; ð4:16Þ

where ~/nþ1 ¼ ~/ Uh
nþ2;U

h
nþ1

� �
and

dt
~/nþ1 ¼

~/ Uh
nþ2;U

h
nþ1

� �
� ~/ Uh

nþ1;U
h
n

� �
Dt

:

Theorem 3. There exists a constant c > 0, independent of h, Dt, n and
N, such that when Dt is sufficiently small, it holds

rsh
Ph

n

��� ���
L2ðShÞ

6 c; 8n ¼ 0;1;2; . . . ;N: ð4:17Þ
Proof. Take Vh ¼ dtP
h
n;W

h ¼ d2tU
h
n in (4.15) and (4.16), then it

holds

rsh
Ph

nþ1

��� ���2

L2ðShÞ
� rsh

Ph
n

��� ���2

L2ðShÞ

2Dt
¼ � d2tU

h
n; dtP

h
n

� �
sh

¼ �r rsh
d2tU

h
n;rsh

d2tU
h
n

� �
sh

� dt
~/nþ1; d2tU

h
n

� �
sh

:

For the last term of the above equation,

dt
~/nþ1 ¼ d2tU

h
n �

c2

4
Uh

nþ2 þ Uh
nþ1 þ Uh

n

� �2
þ c2

4
Uh

nþ2

� �2
þ Uh

nþ1

� �2
��

þ Uh
n

� �2
�
þ 2c1

3
Uh

nþ2 þ Uh
nþ1 þ Uh

n

� �
þ c0

�
; ð4:18Þ

so we get

dt
~/nþ1 � d2tU

h
n P c0 �

64c2
1

3c2

� �
� d2tU

h
n

� �2
;

which leads us to
rsh
Ph

nþ1

��� ���2

L2ðShÞ
� rsh

Ph
n

��� ���2

L2ðShÞ

2Dt

6 �r rsh
d2tU

h
n

��� ���2

L2ðShÞ
þ c d2tU

h
n

��� ���2

L2ðShÞ
ð4:19Þ

for some constant c > 0.
Let Vh ¼ d2tU

h
n in (4.15), and make use of the Young’s inequality,

we get that for some k > 0,

d2tU
h
n

��� ���2

L2ðShÞ
6 k rsh

d2tU
h
n

��� ���2

L2ðShÞ
þ 1

4k
rsh

Ph
nþ1=2

��� ���2

L2ðShÞ
:

Combining the above two inequalities, we easily obtain

rsh
Ph

nþ1

��� ���2

L2ðShÞ
� rsh

Ph
n

��� ���2

L2ðShÞ

2Dt

6 ðck� rÞ rsh
d2tU

h
n

��� ���2

L2ðShÞ
þ c

4k
rsh

Ph
nþ1=2

��� ���2

L2ðShÞ
: ð4:20Þ

Taking k = r/2c, the above inequality then becomes

1
Dt

rsh
Ph

nþ1

��� ���2

L2ðShÞ
� rsh

Ph
n

��� ���2

L2ðShÞ

� �
þ r rsh

d2tU
h
n

��� ���2

L2ðShÞ

6
c2

2r
rsh

Ph
nþ1

��� ���2

L2ðShÞ
þ rsh

Ph
n

��� ���2

L2ðShÞ

� �
:

Thus,

1
Dt

rsh
Ph

nþ1

��� ���2

L2ðShÞ
� rsh

Ph
n

��� ���2

L2ðShÞ

� �

6
c2

2r
rsh

Ph
nþ1

��� ���2

L2ðShÞ
þ rsh

Ph
n

��� ���2

L2ðShÞ

� �
:

Multiplying Dt to both sides of the above inequality, and summing
the results over n from 0 to m � 1 for any integer m > 1, we get

rsh
Ph

m

��� ���2

L2ðShÞ
6 rsh

Ph
0

��� ���2

L2ðShÞ
þ c2

r
Dt
Xm

n¼0

rsh
Ph

n

��� ���2

L2ðShÞ

 !
:

Using Theorem 1, it holds that there is a constant c > 0, independent
of h, n, Dt and N, such that

rsh
Ph

m

��� ���2

L2ðShÞ
6 rsh

Ph
0

��� ���2

L2ðShÞ
þ c:

Combining this with Corollary 1, the proof of theorem is then
complete. h
4.4. Pointwise boundedness of the discrete solution

In this section, we aim to prove the point-wise boundedness for
the discrete solution fUh

n;n ¼ 1;2; . . . ;Ng for (3.2)–(3.4). Assume
the solution exists.

Theorem 4. For � 2 (0,1), there exists a generic constant c > 0,
independent of h, n, Dt and N, such that

Uh
nþ1=2

��� ���
W1;2þ�ðShÞ

6 c; 8n ¼ 0;1; . . . ;N � 1 ð4:21Þ

and

Uh
nþ1=2

��� ���
L1ðShÞ

6 c; 8n ¼ 0;1; . . . ;N � 1: ð4:22Þ
Proof. With (3.4), we have that for n = 0,1, . . . ,N � 1 and any
Wh 2 U,

r rsh
Uh

nþ1=2;rsh
Wh

� �
sh

¼ Ph
n � ~/ Uh

n;U
h
nþ1

� �
;Wh

� �
sh

¼ ðFn;W
hÞsh

;

where Fn ¼ Ph
n � ~/ Uh

n;U
h
nþ1

� �
.
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Using Theorem 3 and the Poincaré inequality, we get

Ph
n

��� ���
L2ðShÞ

6 c:

Moreover, by the Sobolev embedding theorem, (3.6) indicates that

Uh
n

��� ���
L6ðShÞ

6 c;

which leads to

~/ Uh
n;U

h
nþ1

� ���� ���
L2ðShÞ

6 c; 8n ¼ 0;1; . . . ;N � 1;

since ~/ is actually a globally defined smooth cubic polynomial of its
two arguments for the free energy density function used in this pa-
per. Then we have for n = 0,1, . . . ,N � 1,

kFnkL2ðShÞ 6 c;

which is equivalent to

Fl
n

��� ���
L2ðSÞ
6 c:

For a fixed n, let ~u be the solution of the equation

�Ds~u ¼ Fl
n=r

over S with the homogeneous Dirichlet boundary condition, we can
show that such ~u exists and satisfies the following property

k~ukH2ðSÞ 6 c Fl
n

��� ���
L2ðSÞ

:

Using the weak form of the above equation

rðrs~u;rswÞs ¼ ðF
l
n;wÞs; 8w 2 H1ðSÞ;

as well as the definition of Ph(�), we can find that

Uh
nþ1=2 ¼ Ph~u:

Therefore, by Lemma 5, we get for n = 0,1, . . . ,N � 1,

Uh
nþ1=2

��� ���
W1;2þ�ðShÞ

¼ kPh~ukW1;2þ�ðShÞ 6 ck~ukH2ðSÞ 6 c Fl
n

��� ���
L2ðSÞ
6 c;

where c is independent of h, n, Dt and N.
Thus, (4.22) follows directly from (4.21) and from the Sobolev

imbedding Theorem, W1,2+�(Sh) ,! L1(Sh), for � > 0. h

Now, let us prove the the point-wise boundedness for the dis-
crete solution under some stability conditions.

Theorem 5. Let Dt be sufficiently small, i.e.

Dt < r=ð4k2Þ ð4:23Þ

and

Dt=h2
6 c0; ð4:24Þ

where c0 is a constant. Then, there exists a constant c > 0 which de-
pends on the initial condition u0 but is independent of h, n, Dt and N,
such that

Uh
n

��� ���
W0;1ðShÞ

6 c; 8n ¼ 1;2; . . . ;N: ð4:25Þ
Proof. In (3.3), set Vh ¼ @tU
h
n, we have

dtU
h
n

��� ���2

L2ðShÞ
6 rsh

dtU
h
n

��� ���
L2ðShÞ

rsh
Ph

n

��� ���
L2ðShÞ

: ð4:26Þ

By Theorem 3, we get the following inequality

dtU
h
n

��� ���2

L2ðShÞ
6 c rsh

dtU
h
n

��� ���
L2ðShÞ

: ð4:27Þ
Using the inverse inequality

rsh
dtU

h
n

��� ���
L2ðShÞ

6 ch�1 dtU
h
n

��� ���
L2ðShÞ

on the last term, we have

dtU
h
n

��� ���
L2ðShÞ

6 ch�1
:

Applying the inverse estimate in [9] (theorem 3.2.6), we further
obtain

kdtU
h
nkW0;1ðShÞ 6 ch�2

;

which leads to

Uh
nþ1 � Uh

n

��� ���
W0;1ðShÞ

6 cDth�2
6 cc0; 8n ¼ 0;1; . . . ;N � 1: ð4:28Þ

Combining (4.28) and Theorem 4, we have for any n = 0,1, . . . ,N � 1,

Uh
nþ1

��� ���
W0;1ðShÞ

6 Uh
nþ1=2

��� ���
W0;1ðShÞ

þ Uh
nþ1 � Uh

n

2

�����
�����

W0;1ðShÞ

6 c;

which proves the theorem. h

The stability condition (4.24) needed for proving the above the-
orem requires the time step increment be refined at a faster rate
than the spatial discretization parameter h, when refinement of
the discretization is used. Since the scheme is implicit, this may
not be essential to the stability of the approximation scheme. In
fact, the stability condition is not necessary for the one dimen-
sional problem. On the other hand, the stability condition for a typ-
ical fully explicit finite difference scheme for fourth-order
problems requires D t 6 ch4, which is considerably more restrictive
than the one specified here.

5. Iterative Solution of the Nonlinear System

We have derived some nice properties of the discrete solution in
previous sections. However, to compute the discrete solution that
satisfies Eqs. (3.3) and (3.4), systems of nonlinear algebaic equa-
tions have to be solved. It is thus interesting to know what types
of iterative solution techniques are applicable. In this section, we
present an iterative scheme that can be used to solve the resulting
nonlinear systems at each time step. The iteration is based on a
contraction mapping theorem which can also be used to show
the existence and uniqueness of the discrete solution for the
scheme (3.3), (3.4). Our approach is very similar to that of [18].

For a given element V 2 U , we first consider the nonlinear map-
ping T V : U ! U defined as follows: for any U 2 U;U ¼ T V ðUÞ
satisfies

ðU;VhÞsh
þ Dtðrsh

P;rsh
VhÞsh

¼ ðV ;VhÞsh
; 8Vh 2 U ð5:1Þ

and

�ðP;WhÞsh
þ r rsh

U þ V
2

;rsh
Wh

� �
sh

þ ð~/ðU;VÞ;WhÞsh
¼ 0; 8Wh 2 U

ð5:2Þ

for some P 2 Sh.
In [18], T V was shown to be well-defined and the solution

(Un+1,Pn) for n = 0,1,2, . . . ,N � 1, of (3.2)–(3.4) is the fixed point of
the mapping T V for V ¼ Un�1. The proof remains valid in higher
space dimensions. Now, we show that under the proper assump-
tions, T V is in fact a local contraction mapping for all V in a
bounded subset UM of U where

UM ¼ fV 2 Ukmax kVkW0;1ðShÞ; kVkH1ðShÞ

n o
6 M:g:
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We define another subset of U by

U1;K ¼ fV 2 UjkVkH1ðShÞ 6 Kg:

Now, let us show that first of all, if w ¼ T V ðUÞ where U ¼ 0 2 U1;K ,
then w is bounded in some U1;K .

Lemma 8. Let V 2 UM, then

kwkH1ðShÞ 6 c1 ðM3 þ 1Þ

for some constant c1 > 0, independent of h, Dt and M.
Proof. In (5.1) and (5.2), let us take Wh = w � V and Vh = P respec-
tively, then add them together to get

r
2
ðrsh
ðwþVÞ;rsh

ðw�VÞÞsh
þDtðrsh

P;rsh
PÞsh
þð~/ð0;VÞ;w�VÞsh

¼0:

Noticing that w 2 H1
0ðXÞ and the definition of ~/, we have

krsh
wk2

L2ðShÞ 6 krsh
Vk2

L2ðShÞ þ
2
r
� ð~/ð0;VÞ;V � wÞsh

6 M2 þ 2
r
� k~/ð0;VÞkL2ðShÞkwkL2ðShÞ þ c

6 c þ cM6 þ 1
2
krsh

wk2
L2ðShÞ:

Therefore, we get

krsh
wk2

L2ðShÞ 6 cð1þM6Þ;

which implies the inequality in Lemma 8 for some constant c1. h

Next, let us define jkT V jkK as follows:

jkT V jkK ¼ Sup
kT V ðv1Þ � T V ðv2ÞkH1ðShÞ

kv1 � v2kH1ðShÞ
j 8v1;v2 2 U1;K ;v1–v2

( )
:

Using this notation, we have:

Lemma 9. Let V 2 UM, then, there exists a constant c2 > 0, indepen-
dent of h, Dt, K and M, such that

jkT V jkK 6 c2
Dt1=4

r3=4 ðK
2 þM2 þ 1Þ: ð5:3Þ
Proof. Let us take vi 2 U1;K ; i ¼ 1;2, and wi ¼ T V ðviÞ, then from
(5.1) and (5.2), we have

ðw1 � w2;V
hÞsh
þ Dtðrsh

ðq1 � q2Þ;rsh
VhÞsh

¼ 0; 8 Vh 2 U ð5:4Þ

for qi 2 U; i ¼ 1;2 and for all Wh 2 U

�ðq1 � q2;W
hÞsh
þ r rsh

w1 � w2

2
;rsh

Wh
� �

sh

¼ �ð~/ðv1;VÞ � ~/ðv2;VÞ;W
hÞsh

: ð5:5Þ

Taking Vh = w1 � w2 and Wh = � 2Dt(q1 � q2)/r, and adding the
above two equations together, we get

kw1 � w2k
2
L2ðShÞ þ

2Dt
r
kq1 � q2k

2
L2ðShÞ

¼ 2Dt
r
ð~/ðv1;VÞ � ~/ðv2;VÞ;q1 � q2Þsh

6
Dt
r
k~/ðv1;VÞ � ~/ðv2;VÞk

2
L2ðShÞ þ

Dt
r
kq1 � q2k

2
L2ðShÞ;

so

kw1 � w2kL2ðShÞ 6

ffiffiffiffiffiffi
Dt
r

r
k~/ðv1;VÞ � ~/ðv2;VÞkL2ðShÞ:
Now, taking Wh = w1 � w2 and Vh = q1 � q2 in (5.4) and (5.5), and
adding the two equations together, we get
r
2
krðw1 �w2Þk

2
L2ðShÞ ¼ ð~/ðv1;VÞ � ~/ðv2;VÞ;w1 �w2Þsh

�Dtkq1 �q2k
2
L2ðShÞ

6 k~/ðv1;VÞ � ~/ðv2;VÞkL2ðShÞkw1 �w2kL2ðShÞ;

therefore,

r
2
krðw1 � w2Þk

2
L2ðShÞ 6

ffiffiffiffiffiffi
Dt
r

r
k~/ðv1;VÞ � ~/ðv2;VÞk

2
L2ðShÞ: ð5:6Þ

This implies that

kw1 � w2kH1ðShÞ 6 c
Dt1=4

r3=4 k~/ðv1;VÞ � ~/ðv2;VÞkL2ðShÞ: ð5:7Þ

Since

j~/ðv1;VÞ � ~/ðv2;VÞj

¼ jv1 � v2j �
c2

8
ðv1 þ v2 þ VÞ2 þ c0

2
þ c1

3
ðv1 þ v2 þ VÞ

���
þ c2

8
v2

1 þ v2
2 þ V2

� ���� 6 cjv1 � v2j � 1þ v2
1 þ v2

2 þ V2
� �

for some constant c, we have

k~/ðv1;VÞ � ~/ðv2;VÞk
2
L2ðShÞ 6 ckv1 � v2k

2
L6ðShÞ � ðkv1kL6ðShÞ þ kv2kL6ðShÞ

þ kVkL6ðShÞ þ 1Þ4

6 ckv1 � v2k
2
H1ðShÞ � ðkv1kH1ðShÞ

þ kv2kH1ðShÞ þ kVkH1ðShÞ þ 1Þ4

6 ckv1 � v2k
2
H1ðShÞ � ðM

2 þ K2 þ 1Þ2:

In above derivation, we have used the imbedding theorem:
H1(S) ,! L6(S).

Hence, we have

kw1 � w2kH1ðShÞ 6 c
Dt1=4

r3=4 ðM
2 þ K2 þ 1Þkv1 � v2kH1ðShÞ:

The theorem follows from the definition of jkT V jkK . h

We now prove a fixed point theorem. For simplicity, we define a
constant . such that

. ¼ c2
Dt1=4

r3=4 ðM
2 þ ð2KÞ2 þ 1Þ;

where K = c1(M3 + 1) and the constants ci, i = 1, 2, are defined
according to Lemmas 8 and 9. Then, by Lemma 9, we have

jkT V jk2K 6 .: ð5:8Þ
Theorem 6. Let V 2 UM, and Dt be small such that

. ¼ c2
Dt1=4

r3=4 ðM
2 þ ½2c1ðM3 þ 1Þ�2 þ 1Þ < 1

2
: ð5:9Þ

Then, there exists a constant c > 0, independent of h, Dt and M, such
that T V has a unique fixed point in U1;2K where K = c1(M3 + 1).
Proof. Let w ¼ T V ðUÞ where U ¼ 0 2 U and consider the sequence

T i
vðwÞ; i ¼ 0;1; . . .

n o
. Clearly, w 2 U1;K by Lemma 8 and thus

w 2 U1;2K . So, by (5.8),

kT V ðwÞ � wkH1ðShÞ 6 .kwkH1ðShÞ:

By triangle inequality,

kT V ðwÞkH1ðShÞ 6 ð1þ .ÞkwkH1ðShÞ 6 ð1þ .ÞK 6 2K:
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So, we can apply Lemma 9 again to get

kT 2
V ðwÞ � T V ðwÞkH1ðShÞ 6 .kT V ðwÞ � wkH1ðShÞ 6 .2kwkH1ðShÞ:

Again, triangle inequality gives us:

kT 2
V ðwÞkH1ðShÞ 6 ð1þ .þ .2ÞkwkH1ðShÞ:

If we continue this process, we get that for i = 0,1, . . . ,

T iþ1
V ðwÞ � T

i
V ðwÞ

��� ���
H1ðShÞ

6 .iþ1kwkH1ðShÞ

and

T iþ1
V ðwÞ

��� ���
H1ðShÞ

6

Xiþ1

j¼0

.j

 !
kwkH1ðShÞ 6 2kwkH1ðShÞ 6 2K:

This shows that the sequence T i
V ðwÞ; i ¼ 0;1; . . .

n o
is a Cauchy se-

quence in the finite dimensional space U , thus it converges to some
limit which is, naturally, a fixed point of the nonlinear mapping T V

in U1;2K . The uniqueness follows directly from (5.8). h
Remark 1. Comparing the above theorem with Lemma 3.3 of [18],
we see that by a more careful argument, we have proved the fixed
point theorem without assuming the dependence of Dt on h.

Based on the above theorem, a fixed-point iteration using the
mapping T Uh

n
gives a globally convergent scheme for solving the

nonlinear system (3.3) and (3.4). Thus, we propose the following
algorithm: At time step tn, (n = 0,1,2, . . . ,N � 1), define

w0 ¼ Uh
n: ð5:10Þ

then, for j = 0,1,2, . . . , let

wjþ1 ¼ T Uh
n
ðwjÞ: ð5:11Þ

Then, as a consequence of the above theorem, we have

Corollary 2. Under the assumptions in Theorem 6, the sequence
defined by (5.10) and (5.11) satisfies

wj ! Uh
nþ1; as j!1: ð5:12Þ

In practice, one may choose to use the fixed-point iteration for a
few times, then switch to a Newton-like iteration to accelerate the
convergence.

Finally, by applying the above theorems and the uniform point-
wise bound we have obtained in previous sections, the existence
and uniqueness of the fully discrete scheme can be easily estab-
lished in the same way as previously demonstrated in [18].

6. Error estimates for the approximation scheme

Given the analysis already presented, deriving the error esti-
mate becomes rather standard, except for the additional complica-
tion due to the projections between the surface and its planar
triangulation.

To simplify the notation, we use the abbreviation u(t) and p(t)
to denote the exact solution u(�, t) and the corresponding chemi-
cal potential at time t, both of which are assumed to be suffi-
ciently smooth. We let ut, utt be the time derivatives of u, pt be
that of p. The next lemma follows Lemma 4.3 and Corollary 4.2
in [18].

Lemma 10. Let u 2 L1(S � (0,T)) and there exists a constant c > 0
such that

Uh
n

��� ���
W0;1ðShÞ

6 c; 8n ¼ 0;1; . . . ;N: ð6:1Þ
Then there exists a generic constant c > 0 such that

~/ Uh
n;U

h
nþ1

� �
� /ðulðtnÞÞ

��� ���
L2ðShÞ

6 c Uh
nþ1 � ulðtnþ1Þ

��� ���
L2ðShÞ

�

þ Uh
n � ulðtnÞ

��� ���
L2ðShÞ

þ kulðtnÞ � ulðtnþ1Þk2
L4ðShÞ

�

Proof. By the triangle inequality,

~/ Uh
n;U

h
nþ1

� �
�/ðulðtnÞÞ

��� ���
L2ðShÞ

6 ~/ Uh
n;U

h
nþ1

� ����
�~/ Uh

n;u
lðtnþ1Þ

� ����
L2ðShÞ

þ ~/ Uh
n;u

lðtnþ1Þ
� �

� ~/ðulðtnÞ;ulðtnþ1ÞÞ
��� ���

L2ðShÞ

þk~/ðulðtnÞ;ulðtnþ1ÞÞ�/ðulðtnÞÞkL2ðShÞ ¼ I1þ I2þ I3;

where {Ii}(i = 1,2,3) denote the terms in the previous summation in
their corresponding orders.

Due to the uniform boundedness of Uh
n and u(t), it easily follows

that

I1 6 c Uh
nþ1 � ulðtnþ1Þ

��� ���
L2ðShÞ

;

I2 6 c Uh
n � ulðtnÞ

��� ���
L2ðShÞ

for some constant c > 0.
For the term I3, recall the algebraic identities

u2 þ uv þ v2

3
� uþ v

2

� �2

¼ 1
12
ðu� vÞ2;

u3 þ u2v þ uv2 þ v3

4
� uþ v

2

� �3

¼ 1
8
ðuþ vÞðu� vÞ2;

then we have

~/ðulðtnÞ;ulðtnþ1ÞÞ � /ðulðtnÞÞ ¼
c2

4
ulðtnÞ þ

c1

12

� �
½ulðtnÞ � ulðtnþ1Þ�2;

thus

I3 6 ckulðtnÞ � ulðtnþ1Þk2
L4ðShÞ;

which finishes the proof. h

We remark that in Lemma 10, if we change /(ul(tn)) to /
(ul(tn+1)), a similar result follows. By Theorem 5, the conditions
on the pointwise bounds assumed in the above lemma can be
established under suitable conditions as stated earlier. Then we
have the following error estimate for our fully discrete finite ele-
ment scheme.

Theorem 7. For n = 1,2, . . . ,N, under the assumptions on u and Uh
n in

Lemma 10, and the additional assumptions that

u 2 C1 ½0; T�;H1
0ðSÞ \ H2ðSÞ

� �
\ C3ð½0; T�; L2ðSÞÞ; ð6:2Þ

p 2 L1 ½0; T�;H1
0ðSÞ \ H2ðSÞ

� �
\ C2ð½0; T�; L2ðSÞÞ; ð6:3Þ

then there exists a generic constant c > 0 independent of h, Dt and n,
such that

Uh
n � ulðtnÞ

��� ���2

L2ðShÞ
6 kulðtnÞ �PhuðtnÞk2

L2ðShÞ þ cDt
Xn�1

i¼0

kdtðulðtiÞ
�

�PhuðtiÞÞk2
L2ðShÞ þ ku

lðtiÞ �PhuðtiÞk2
L2ðShÞ þ kp

lðtiþ1=2Þ

�Phpðtiþ1=2Þk2
L2ðShÞ þ Dt4 ul

tttðtiþhi
Þ

�� ��2

L2ðShÞ þ ul
tttðtiþji

Þ
�� ��2

L2ðShÞ

�
þ pl

ttðtnþsi
Þ

�� ��2

L2ðShÞ þ pl
ttðtnþmi

Þ
�� ��2

L2ðShÞ þ ul
tðtiþci

Þ
�� ��4

L4ðShÞ

�i
; ð6:4Þ

where tj ¼ jDt; tjþhj
¼ ðjþ hjÞDt for 0 < hj < 1,j = 1,2, . . . ,n � 1, adopt

the same definition for jj, sj,mj and cj.
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Proof. For n = 0,1,2, . . . ,N, let us define

En ¼ Uh
n �PhuðtnÞ; Fn ¼ Ph

n �PhpðtnÞ; Fnþ1=2 ¼ Ph
n �Phpðtnþ1=2Þ

and

nðtÞ ¼ ulðtÞ �PhuðtÞ; gðtÞ ¼ plðtÞ �PhpðtÞ:

By the definition of the fully discrete scheme we see that the above
quantities satisfy the following equations:

Enþ1 � En

Dt
;VhÞsh

þ ðrsh
Fnþ1=2;rsh

Vh
� �

sh

¼ nðtnþ1Þ � nðtnÞ
Dt

;Vh
� �

sh

� ðdtulðtnÞ;VhÞsh

� ðrsh
Phpðtnþ1=2Þ;rsh

VhÞsh
; ð6:5Þ

�ðFnþ1=2;W
hÞsh
þ r rsh

Enþ1 þ En

2
;rsh

Wh
� �

sh

¼ �ðgðtnþ1=2Þ;WhÞsh
þ ðplðtnþ1=2Þ;WhÞsh

� r rsh

Phuðtnþ1Þ þPhuðtnÞ
2

;rsh
Wh

 !
sh

� ~/ Uh
n;U

h
nþ1

� �
;Wh

� �
sh

: ð6:6Þ

Set Vh ¼ Enþ1þEn
2 in (6.5), Wh = Fn+1/2 in (6.6), multiply the first result

by r and subtract by the second result, we then obtain

r Enþ1 � En

Dt
;
Enþ1 þ En

2

� �
sh

þ ðFnþ1=2; Fnþ1=2Þsh

¼ r nðtnþ1Þ � nðtnÞ
Dt

;Vh
� �

sh

� rðdtulðtnÞ;VhÞsh

� rðrsh
Phpðtnþ1=2Þ;rsh

VhÞsh
þ ðgðtnþ1=2Þ;WhÞsh

� ðplðtnþ1=2Þ;WhÞsh

þ r rsh

Phuðtnþ1Þ þPhuðtnÞ
2

;rsh
Wh

 !
sh

þ ~/ Uh
n;U

h
nþ1

� �
;Wh

� �
sh

¼ T1 þ T2 þ T3 þ T4; ð6:7Þ

where

T1 ¼ r nðtnþ1Þ � nðtnÞ
Dt

;Vh
� �

sh

;

T2 ¼ �rðdtulðtnÞ;VhÞsh
� rðrsh

Phpðtnþ1=2Þ;rsh
VhÞsh

;

T3 ¼ ðgðtnþ1=2Þ;WhÞsh
;

T4 ¼ �ðplðtnþ1=2Þ;WhÞsh
þ r rsh

Phuðtnþ1Þ þPhuðtnÞ
2

;rsh
Wh

 !
sh

þ ~/ Uh
n;U

h
nþ1

� �
;Wh

� �
sh

:

As for the estimates of T2 and T4, to avoid tedious derivations, we
omit most details of our analysis and only give the following main
results:

T2 ¼ �r 1
lh

uðtnþ1Þ � uðtnÞ
Dt

� utðtnþ1=2Þ
� �

;Vh;l
� �

s

¼ �rDt2

48
utttðtnþhn Þ þ utttðtnþjn Þ;V

h
� �

sh
T4 ¼�ðplðtnþ1=2Þ;WhÞsh
þ ~/ Uh

n;U
h
nþ1

� �
;Wh

� �
sh

þ plðtnþ1ÞþplðtnÞ
2

�/ðulðtnþ1ÞÞþ/ðulðtnÞÞ
2

;Wh
� �

sh

¼ plðtnþ1ÞþplðtnÞ
2

�plðtnþ1=2Þ;Wh
� �

sh

þ
~/ Uh

n;U
h
nþ1

� �
�/ðulðtnþ1ÞÞ

2
;Wh

0
@

1
A

sh

þ
~/ Uh

n;U
h
nþ1

� �
�/ðulðtnÞÞ

2
;Wh

0
@

1
A

sh

¼Dt2

16
pl

ttðtnþsn Þþpl
ttðtnþmn Þ;W

h
� �

sh

þ
~/ Uh

n;U
h
nþ1

� �
�/ðulðtnþ1ÞÞ

2
;Wh

0
@

1
A

sh

þ
~/ Uh

n;U
h
nþ1

� �
�/ðulðtnÞÞ

2
;Wh

0
@

1
A

sh

:

With all the above approximations and Lemma 10, we sum both
sides of (6.7) with n ranging from 0 to n � 1. It follows that

r
2Dt
kEnk2

L2ðShÞ þ
Xn�1

i¼0

kFiþ1=2k2
L2ðShÞ �

r
2Dt
kE0k2

L2ðShÞ

6
r
2

Xn�1

i¼0

kdtnðtiÞk2
L2ðShÞ þ

rDt4

1304

�
Xn�1

i¼0

ul
tttðtiþhi

Þ
�� ��2

L2ðShÞ þ ul
tttðtiþji

Þ
�� ��2

L2ðShÞ

� �
þ 1

2

�
Xn�1

i¼0

kgðtiþ1=2Þk2
L2ðShÞ þ

r
4

Xn�1

i¼0

kEiþ1 þ Eik2
L2ðShÞ þ

Dt4

512

�
Xn�1

i¼0

pl
ttðtiþsi

Þ
�� ��2

L2ðShÞ þ pl
ttðtiþmi

Þ
�� ��2

L2ðShÞ

� �
þ c

�
Xn�1

i¼0

kEik2
L2ðShÞ þ knðtiÞk2

L2ðShÞ þ ku
lðtiÞ � ulðtiþ1Þk4

L4ðShÞ

� �
þ 1

2

�
Xn�1

i¼0

kFiþ1=2k2
L2ðShÞ;

which leads to

kEnk2
L2ðShÞ 6 kE0k2

L2ðShÞ þ Dt
Xn�1

i¼0

kdtnðtiÞk2
L2ðShÞ þ

Dt5

652

�
Xn�1

i¼0

ul
tttðtiþhi

Þ
�� ��2

L2ðShÞ þ ul
tttðtiþji

Þ
�� ��2

L2ðShÞ

� �
þ Dt

�
Xn�1

i¼0

kEik2
L2ðShÞ þ

Dt
2
kEnk2

L2ðShÞ þ
Dt
r
Xn�1

i¼0

kgðtiþ1=2Þk2
L2ðShÞ

þ Dt5

256r
Xn�1

i¼0

pl
ttðtiþsi

Þ
�� ��2

L2ðShÞ þ pl
ttðtiþmi

Þ
�� ��2

L2ðShÞ

� �
þ cDt

�
Xn�1

i¼0

kEik2
L2ðShÞ þ cDt

Xn�1

i¼0

knðtiÞk2
L2ðShÞ þ cDt5

�
Xn�1

i¼0

kul
tðtiþci

Þk4
L4ðShÞ:

Apply the discrete Gronwall inequality and consider the definition
of E0 and Uh

0, we see that there exists a constant c > 0 such that

kEnk2
L2ðShÞ 6 cDt

Xn�1

i¼0

kdtnðtiÞk2
L2ðShÞ þ knðtiÞk2

L2ðShÞ þ kgðtiþ1=2Þk2
L2ðShÞ

h

þ Dt4 ul
tttðtiþhi

Þ
�� ��2

L2ðShÞ þ ul
tttðtiþji

Þ
�� ��2

L2ðShÞ

�
þ pl

ttðtiþsi
Þ

�� ��2

L2ðShÞ

þ pl
ttðtiþmi

Þ
�� ��2

L2ðShÞ þ ul
tðtiþci

Þ
�� ��4

L4ðShÞ

�i
:

Thus the conclusion (6.4) follows. h
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By the definition of U and the conclusions in [20], it can be seen
that if u 2 C1ðð0; TÞ;H1

0ðSÞ \ H2ðSÞÞ and p 2 L1 ð0; TÞ;H1
0ðSÞ\

�
H2ðSÞÞ,

then there exists some constant c > 0 which satisfies

kulðtiÞ �PhuðtiÞkL2ðShÞ 6 ch2
;

kplðtiÞ �PhpðtiÞkL2ðShÞ 6 ch2
;

kdtðulðtiÞ �PhuðtiÞÞkL2ðShÞ 6 ch2

and under some regularity assumptions for time derivatives of u
and p, we can deduce the following corollary from Theorem 7,

Corollary 3. Under the assumptions in Theorem 7, it holds that for
n = 1,2, . . . ,N, there exists a constant c > 0 independent of h, Dt and n,
such that

Uh
n � ulðtnÞ

��� ���
L2ðShÞ

6 cðh2 þ Dt2Þ:

From discussions in previous sections, we know that the condi-
tion (6.1) is automatically satisfied under the conditions specified
in Theorem 5. The error estimate is of optimal order, with respect
to the approximation space.
7. Numerical experiments

We now present some numerical simulations using the pro-
posed method to solve the Cahn–Hilliard equation. In the experi-
ments, we first show the numerical approximate solutions for
one surface (half-sphere, saddle-like surface or unit sphere) at some
specific time steps on two meshes with different degrees of free-
dom to demonstrate the convergence. Similar experiments can
be found in [22,31,39]. Then we also study the numerical spatial
and temporal convergence rates of our scheme in details. To ensure
the accurate finite element solution, the meshes of the surface S to
be used in our numerical experiments for discretization are gener-
ated by the so-called constrained centroidal Voronoi Delaunay
triangulation (CCVDT) algorithm [15]. We now give a brief
description below.

Given a density function q(x) defined on S, for any region V � S,
we call xc the constrained mass centroid of V on S if

xc ¼ arg min
x2V

FðxÞ; where FðxÞ ¼
Z

V
qðyÞky � xk2 dsðyÞ: ð7:1Þ

The existence of solutions of (7.1) can be easily obtained by using
the continuity and compactness of F; however, solutions may not
Fig. 2. Numerical solutions of the concentration u at t = 0, 0.2, 0.4, 0.6 (from left to right)
be unique. In general, given a Voronoi tessellation W ¼ fxi;Vign
i¼1

of S, the generators fxign
i¼1 do not coincide with fxc

i g
n
i¼1, where xc

i de-
notes the constrained mass centroid of Vi for i = 1, . . . ,n. We refer to
a Voronoi tessellation of S as a constrained centroidal Voronoi
tessellation(CCVT) if and only if the points fxign

i¼1 which serve as
the generators of the associated Voronoi tessellation fVign

i¼1 are also
the constrained mass centroids of those regions [15], i.e., if and only
if we have that

xi ¼ xc
i for i ¼ 1; . . . ;n:

The CCVT is a generalization of the standard centroidal Voronoi tes-
sellation [14] which is a concept with many applications including
mesh generation and optimization. The dual tessellation of CCVT of
S is then called a CCVDT. Constrained centroidal Voronoi meshes on
surfaces in R3 have many good geometric properties, see [15,19] for
detailed studies as well as efficient algorithms for constructing
CCVT/CCVDT meshes.

For all the experiments shown here, the meshes are all gener-
ated by CCVDT algorithm with a constant density function, and
we always set /(u) = u3 � u. As in Lemma 1, a simple computation
gives k = 0.5, so that

Dt <
r

4k2 6 r; ð7:2Þ

according to the theoretical analysis.
Numerical tests are performed on different surfaces, with differ-

ent r. And we use Newton’s method to solve nonlinear system
(3.2)–(3.4). Notice that our analysis can be applied to natural
boundary condition problems without any major modification, so
we do not restrict ourselves with Dirichlet boundary conditions
in the numerical experiments.

Firstly, we present the approximate solutions on the half unit
sphere with r = 0.008, Dt = 0.004 in Fig. 2 which shows the results
on meshes with 1219 and 4777 nodes, respectively. The initial con-
dition for the coarse mesh is a small zero mean perturbation across
the surface, then is projected onto the finer mesh, such that the
two experiments have the same initial condition. We can see the
excellent agreement between these two cases.

Our second experiment is performed on a saddle-like surface
defined by

S ¼ x 2 R3j x3 � x2
2

	 
2 þ x2
1 þ x2

2 ¼ 1; x3 P x2
2; x1 P 0

n o
:

We set r = 0.006, Dt = 0.005 and Fig. 3 shows the numerical results
at different time with 3420 and 13493 nodes. The initial conditions
, on meshes with 1219 (top row) and 4777 (bottom row) nodes in the first example.



Fig. 3. Numerical solutions of the concentration u at t = 0, 1, 2, 10 (left to right), on meshes with 3420 (top row) and 13493 (bottom row) nodes in the second example.

Fig. 4. Numerical solutions of the concentration u at t = 0, 1, 2, 5 (from left to right), on meshes with 2018 (top row) and 8066 (bottom row) nodes in the third example.

Table 1
Results on the numerical spatial convergence rates.

# of nodes # of triangles h L2 error CR

277 504 0.2695 0.12643 –
1057 2016 0.1354 0.02331 2.45
4129 8064 0.0678 0.00613 1.93

16321 32256 0.0339 0.00144 2.08
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for different meshes are determined in the same way as in the first
example. We can observe the solution finally converges to a steady
state and the solutions agree well on two different meshes.

Thirdly, we test our scheme on a closed surface. The surface S is
chosen to be the unit sphere, defined by S ¼ x 2 R3jx2

1þ
�

x2
2 þ x2

3 ¼ 1g. We set r = 0.01 and Dt = 0.005 and solve the equation
on meshes with 2018 and 8066 nodes. The initial conditions on
two meshes are again chosen, as in the previous two examples,
to guarantee the consistency. Results at different time steps are
presented in Fig. 4. It can be seen that our method also works well
for closed surface, though the theoretical analysis is only done for
an open surface.

In the following we investigate the numerical spatial and tem-
poral convergence rates of our scheme. We first test the spatial
convergence rate by solving the Cahn–Hilliard equations with
r = 0.01 over the half unit sphere, and the initial conditions are
set using the same way as in the first example. Since there is no
analytic solution available in general for this nonlinear problem,
we use the numerical solution on a sufficiently fine mesh (64897
nodes) as the exact solution. To obtain accurate spatial convergence
rates, we need keep Dt much smaller than h. Thus we take a small
time step Dt = 0.001 and compare numerical solutions on coarser
meshes (277,1057,4129 and 16321 nodes, respectively) with the
exact solution at t = 1. These four meshes have mesh size
h = 0.2695, 0.1354, 0.0678 and 0.0339 respectively. We note that
although the continuously refined CCVDT meshes are not exactly
nested, they are very close to uniform refinement. As shown in
Table 1, the observed spatial convergence rates are consistent with
our theoretical results.

To check the temporal convergence rate, we solve the Cahn–Hil-
liard equation with r = 0.3 over the half sphere on the fine spatial



Table 2
Results on the numerical temporal convergence rates.

Dt L2 error CR

0.2 0.02714 –
0.1 0.00774 1.87
0.05 0.00263 1.71
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mesh with 64897 nodes (h = 0.0169). We first take a sufficient
small time step Dt = 0.005, solve for the numerical solution on this
mesh until t = 2, and use it as the exact solution. Then we solve the
same problem until t = 2 with Dt = 0.2, 0.1 and 0.05 respectively.
We compare the three numerical solutions with the exact solution
and list the results in Table 2. The observed temporal convergence
rates are also close to the theoretical results.

8. Conclusions

In this paper, we rigorously analyzed the well-posedness and
convergence of a fully discrete finite element approximation
scheme for solving the Cahn–Hilliard equation defined on a general
surface which is often used to model the phase separation process.
In particular, we derived some uniform a priori estimates for the
discrete solution that does not rely on any knowledge of the exact
solution beyond the initial time. Given the nonlinear nature of the
underlying PDE, such estimates are very useful to control (and
compare) the nonlinear terms. They lead to the global Lipshitz
property of the nonlinear term in the proper function space which
in turn gives the optimal error estimates of the scheme. Various
numerical examples are presented to validate our theoretical re-
sults. We note that while a uniform time discretization is used in
the analysis given here for the purpose of simplifying notations,
much of the conclusions remain valid for nonuniform and adaptive
time steps. The approximation scheme as well as the analysis pre-
sented here can be easily modified to deal with the Neumann type
boundary value problems for the Cahn–Hilliard equation where
the reductions to coupled systems and the mixed forms are again
allowed. In the future, it will be interesting to study the extensions
to more complex situation where the surfaces may involve singu-
larities and/or may evolve together with the phase field variables.
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