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In this paper, we consider the phase separation on general surfaces by solving the nonlinear Cahn-Hil-
liard equation using a finite element method. A fully discrete approximation scheme is introduced,
and we establish a priori estimates for the discrete solution that does not rely on any knowledge of
the exact solution beyond the initial time. This in turn leads to convergence and optimal error estimates
of the discretization scheme. Numerical examples are also provided to substantiate the theoretical
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1. Introduction

The Cahn-Hilliard equation introduced in [7] is a very general
mathematical model that describes phase separations. It has found
many applications in various fields, such as foams modeling, solid-
ification processes, dendritic flow, image processing, planet forma-
tion and so on [5,8,13,28,32,35,38,43,47]. The phase separation
processes have been successfully investigated with the Cahn-Hil-
liard equation in a wide variety of non-equilibrium systems. There
have been many algorithms and simulations performed using a
variety of discretization methods including finite difference, finite
volume, finite element and spectral methods, see, e.g., [1,2,8,10,
24-27,33,35,36,40,44-46] and the references cited therein.

Various experimental studies have shown that interesting
phase separations could occur on static or dynamic surfaces, such
as phase separation on lipid bilayer membranes, crystal growth
on curved surfaces, and phase separations within thin films, see
[3,4,21,41]. Thus, theoretical analysis and numerical implementa-
tion of the phase transition models on general surfaces are attract-
ing more and more attentions. For instance, a finite volume
method for Cahn-Hilliard equations on the sphere was studied in
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[42], the numerical approximations of the Ginzburg-Landau model
for a superconducting hollow sphere were studied using a gauge
invariant finite volume discretization on a spherical centroidal
Voronoi tesselation [16]. The finite element method has been used
for the discretization of partial differential equations (PDEs) de-
fined on surfaces including the Cahn-Hilliard equation [12,11,21].

Development of fully discrete approximation schemes for non-
linear PDEs is important because these schemes not only directly
reduce differential equations to systems of algebraic equations,
but also suggest what kinds of ordinary differential equation solv-
ers are needed for the semi-discrete approximation schemes. For
fully discrete approximations of the Cahn-Hilliard equation that
are most relevant to the work presented here, let us mention that
in [18], Du and Nicolaides proposed and analyzed a fully discrete
approximation scheme for one dimensional Cahn-Hilliard equa-
tions. One of its features is the existence of a Lyapunov functional
associated with the approximation scheme. This leads to some
estimates for the discrete solution in a certain Sobolev space. Com-
bining these with a Sobolev imbedding theorem in one space
dimension, they are able to prove the point-wise boundedness of
the discrete solution, and consequently, they obtain the Lipschitz
property of the nonlinear term, which guarantees the existence
and uniqueness of a discrete solution and make the error analysis
possible. This idea was studied further in [29]. We note that a
point-wise estimate for solutions of fully discrete schemes is
important for the mathematical analysis, since, as pointed out in
[37], the linear part of the equation does not always control the
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nonlinear term automatically. Nevertheless, in higher dimensional
spaces, the imbedding theorem used in [18] is no longer valid and
point-wise boundedness does not follow directly from the exis-
tence of the Lyapunov functional. Thus, new a priori estimates
for the discrete solution are needed.

In this paper, we demonstrate wellposedness and convergence
of a fully discrete finite element approximation scheme of the
Cahn-Hilliard equation defined on a general surface. Our approach
requires a combination of both standard and nonstandard tech-
niques due to the lack of maximum principle for fourth-order
equations. On one hand, the approach is similar to the usual argu-
ments for establishing a priori estimates of discrete solutions of
PDEs. For example, some estimates for the discrete potential func-
tion are provided first, then we apply the idea of elliptic regularity
to get high order estimates. On the other hand, we present a more
delicate analysis of the initial approximation in our derivation. This
type of analysis is an important part of the estimation, but it ap-
pears rarely in the literature on the approximation of non-linear
or semi-linear parabolic type equations. It is done here through
some technical discussions on the approximation space.

We now give an outline of this paper. In Sections 2 and 3, we
present the model problem on general surfaces, and the fully dis-
crete finite element approximation scheme. In Section 4, we discuss
some properties of the initial approximation, some estimates on the
discrete chemical potential p, and then the desired point-wise
boundedness of the discrete solution. Then we show the existence
and uniqueness of the solution to the fully discrete scheme, and
give the error analysis in Section 6. Finally, some numerical exper-
iments are presented to validate our theoretical results in Section 7.

2. The model problem

Before setting up the model, we introduce some basic notations
first, where we closely follow the framework introduced in [20,21],
see also the discussion in [17]. Given an open connected and
bounded C** surface S in R* with v e N U {0} and 0 < & < 1, we as-
sume that it can be represented globally by some oriented distance
function (level set function) d = d(x) defined in an open subset Q in
R, such that S={x e Q|d(x)=0} with de C"* and Vd 0 in Q
with V being the standard gradient operator in R*. Moreover, we
assume that on a strip (band)

U= {x € R*||d(x)| < 8}, for some & >0,

around S, there is a unique decomposition for any x € U,

X = p(X) + d(xX)n(p(x)) (2.1)
with p(x) € S and ni(p(x)) being the unit outward normal to the sur-
face S at p(x). The parameter ¢ is usually determined by the surface
curvature if S is sufficiently smooth. One can prove that given 912 is
smooth enough, there always exists § > 0 such that d(x) is smooth in
U, see Lemma 14.16 in [30] for details. Without loss of generality,
we assume that |Vd|=1 in U. Let V= (V1,Vs2,Vs3) =
V — (- V)i denote the tangential (surface) gradient operator,
and A= V-V, be the so-called Laplace-Beltrami operator on S.
We use the standard notation for L9(S) on S, and we define the
Sobolev spaces as follows:

W™4(S) = {u € LY(S)|u possesses weak tangential
derivatives up to order m which are in LY(S)}.

We denote, in addition, that H™(S) = W™2(S) on S. To make the
space H™(S) well defined, it is customary to assume
v+ o > max{1,m} [34]. To avoid technical complications, we fur-
ther assume that S and oS are sufficiently smooth (say with v =4)
and 4S # ¥ for the rest of the paper unless stated otherwise.

To introduce the Cahn-Hilliard equation, we begin with the free
energy functional

I(u) = /S (M) + 2V, bds

for any u = u(x) € H'(S) with H being the bulk free energy density,
and a positive constant ¢ > 0 which symbolizes the so-called diffuse
interfacial width. Let u = u(x,t) be a function for x on S at time ¢
which, in the original works of [6,7], denotes the concentration of
one species of the binary mixture. The chemical potential of the sys-
tem is then of the form

p= g—lll =H'(u) — 6Au = p(u) — gAsu.

(22)

(2.3)

By assuming a constant unit mobility, we get the dynamic equation

ur = Asp, (2.4)
which leads to a simple form of the Cahn-Hilliard equation:

ur = As(p(u) — gAsu). (2.5)
As a model case, the function ¢ is assumed to be of the form:
B(u) =H'(u) = U + 73U + Yot (26)

where 70, 71 and ), are given constants and 7, > 0 is assumed which
implies that H(u) reaches its minima at finite values of u. Then we
state a property of function # in the following lemma,

Lemma 1. There exists a constant k > 0 such that

HX) — HY) — o) (x—y) = —k(x—y)*, VxyeR.

Proof. For any x € R, we have

" / 1
H'(X) = ¢'(X) = 39,%° + 291X + Yo = Y, —372%

By the mean value theorem, we can always find a constant k>0
such that

Hx) — HY) - $y)(x —y) > —k(x—y)*
foranyx,ye R. O

(2.7)

It is worth noting that Lemma 1 is typical for gradient flows and
similar result was proven in [25,40]. The initial condition for u is
given by

u(x,0) = up(x), forxes. (2.8)

For technical analysis, we assume that u € Hy(S) NH*(S) and
Astlg € Hy(S) nW'(S) for € € (0,1).

As for boundary conditions, the Cahn-Hilliard equation is usu-
ally supplemented by either conditions on u and p (the Dirichlet
case) or their normal derivatives (the Neumann case), with the for-
mer corresponding to specifying a given concentration at the
boundary while the latter corresponding to the more popular case
of conserved dynamics. For simpler presentation, here we study
the homogenous Dirichlet type boundary value problem for both
the concentration and the chemical potential, that is,

ux) =0, forxeoS (2.9)
and
p(x) =0, forxeos. (2.10)

Our method and analysis are directly applicable to the case of Neu-
mann boundary condition as well.

In order to introduce numerical discretization to the above
equations, we first uniquely extend the functions defined on S to
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Fig. 1. Surface S and its discretization S".

U. That is, given a function u defined on S, its extension in U is gi-
ven by

u'(x) = u(p(x)),

The same extension can be done for the unit normal. For simplicity,
we still use the same notation for the extension, that is, for x € U,
we simply let fi(x) = fi(p(x)).

Let S" be a polyhedral approximation to S having triangular
faces. We assume that for each point y € S there is at most one
point x € S" such that p(x) =y as suggested in [21], and vertices
of each triangular face of S" are on S, as shown in Fig. 1. The mesh
size of S" is often defined to be

vx e U. (2.11)

h = maxhy,
Qesh
where hq denotes the diameter of the circumscribed circle of the tri-
angular face Q.
We then do the similar extension from S" to U. Given a function
u" defined on S", first project it onto S by i (p(y)) = u(y) fory e S,
then we apply (2.11) again to extend " to U, i.e.,

uM(x) = i"(p(x)), vxeU. (2.12)

We may equivalently write u™(x) = u”(y) for any pair of x € U and
y € S" such that p(x) = p(y) € S. Note that all extensions of functions
to U are constant along normals to S, thus, extensions of functions
defined on S and those on S" share much the same properties.

We use ds(x) and ds(y) to denote the surface measures of S and
S" respectively at the points x € S and y € S". Let

(p0) = G2

(2.13)
for any x € S". We then assume, since S and 8S are sufficiently
smooth, that

11— y(x)] < cl?, (2.14)

where h is the mesh size parameter. Moreover, here and in the se-
quel, c is used to denote a generic postive constant which is inde-
pendent of h as h — 0O, that is, it may take different values but
remain uniformly bounded as the discretization gets refined. We
note that the assumption (2.14) is generally true for regular and
quasi-uniform triangulations of a smooth surface S [20].

3. The fully discrete approximation scheme

Let/ denote a finite dimensional subspace of H' (§"). In the con-
text of finite element approximations, we take I/ to be a continuous
finite element space with respect to a certain triangulation of the
general surface S with mesh size parameter h. In this paper, we
take ¢/ to be continuous piecewise linear function space, equipped
with the corresponding boundary condition, for simplicity. Let
(0,T) be the time interval of interest, which is discretized into N

subintervals, each with a step size At = T/N. The choice of a uniform
time step size is not essential to our following discussion.

For notational convenience, for any »,w < Hj(S), and any
VW e U, we let

(v, W), = /S v(x) - wx)ds, (V"W = [ V'x)W"(x)ds}.

Sh

To approximate the nonlinear term in the equation, we define the
function ¢ : R*> — R by (see [18] for the original formulation which
was reviewed in [23])

Fxy) = { (H(x) = HY))/(x =), ff x?i)h
P(x), ifx=y,
where H is as in Eq. (2.2). We note that for such an H, ¢(x,y) is in
fact a single globally defined cubic polynomial of x and y. With this
notation, we obtain the following fully discrete scheme: find
(U” Ph) €U xU,n=0,1,...,N — 1, such that for any V" W" e u:

3.1)

n+1>%n
Uy = ug', (3.2)
(U V") + (Vs PRV V") =0, (3.3)
h h
- (P, W“>Sh + o(vshuﬁmz,vshw’?)sh +(¢(unun), w“)Sh -0,
(34)

where ul'! is an approximation to the initial condition u, onto S"

given by the H' projection,
h h h h
Un +2Un+1 and 5[Uﬁ _ Un+1 _ Un )

h
Un+1/2 = At

Similar notations are used for P!,

Notice that (3.2)-(3.4) is an extension to surfaces of the one-
dimensional Cahn-Hillard formulation with Dirichlet boundary
conditions presented and analysed in [18,23].

Define the Lyapunov functional: VU" € i, let

h g
It = /S’ [+ 51V, U s,

thus we have the following lemma (see also Lemma 3.1 in [18]),
assume that there exists a solution of (3.2) and (3.3):

Lemma 2. Forn=0,1,...,N — 1, we have

Wershpgé =0. (3.5)

Proof. From Egs. (2.2), (3.3) and (3.4), we have

It (Uﬁﬂ) .y (Uﬁ) = aAt(Vsh Ut vshétu’;)

Sh
+ Af(‘i’ (Uﬁ" Uy ) ’ 5fuﬁ>sh

- At(Pﬁ,étUQ)

Shiny VSt on

:—At(V Pt v Ph>5
h

Sh

2
_ h
= &tV i,

Hence, we obtain (3.5) which proves the lemma. O

One can easily verify that Lemma 2 implies the following theo-
rem (see also Corollary 3.1 in [18]):

Theorem 1. Let uy(x) € H(S). Assuming that there is a constant
. hl
¢ >0, independent of h, such that Huo HH](S) < Clluolly s)- Then, the

solution (UZ,PL]) of (3.3) and (3.4) satisfies forn=1,2,...,N,
o

(3.6)

C
H! (Sh) =
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and
3 AtV P!
j=0

where the generic constant c in the above two equations is independent
of h, n, At and N.

3.7)

2
L2(Sh) <G,

Proof. By summing up (3.5) over n, we get (3.7) and also that
I (U’;) < ¢ for some generic constant c. It is easy to establish the
coercivity of the functional I" in H'(S") which then gives (3.6). O

4. Pointwise boundedness of discrete solutions

As stated in [18], one needs to prove the point-wise bounded-
ness of U" for any n, such that &)(Uﬁ, Uﬁﬂj becomes Lipschitz con-
tinuous with some Lipschitz constant independent of h, n and At,
then the error estimates of the proposed fully discrete finite ele-
ment scheme can be analyzed in a standard manner. Since the
imbedding theorem used in [18] is no longer valid in the manifold
case, we see that the point-wise boundedness does not follow di-
rectly from the existence of the Lyapunov functional. Thus, some
further estimates are needed.

4.1. Some technical lemmas

We first present some technical results that are of later use.
For any u € Hy(S) N H*(S), we define the projection of u, say IT"u,
onto the finite element space ¢/ as follows: let f=— A € LX(S),
then IT"u is defined by
(VSn HhU? vSh Wh) = (flv Wh)shv

Sh

vWh e u.

As discussed in [20], one can easily deduce that if u e H¥(S), IT"u
actually is the discrete solution of —Asu = f over the triangulation
S" and one has the following energy norm error estimate: for

u € Hy(S) N H*(S), there exists a generic constant ¢ > 0, such that
!
[u— (I"u) i s) < chljulles)- (4.1)

Furthermore, concerning the extension defined earlier, we have the
following two lemmas (see [20])

Lemma 3. Forany u, v < H'(S), there exist generic constants c;, c; > 0
such that

1 il
Gllu—2lpe <llu -2 HHl(sh) <=y (4.2)

Proof. From the definition of || - ||, s, we have

(s"

. R 172 . ) 172
= g = ([ = Pdsy) + ([ 19,0 = o)Pds,
(") s s

1 12 1 12
_ </ S 1/|2ds> + </ L Py(1— dH)V(u — v)|2ds> ,
Js My Js My

(43)

where P (x) = I — fiy(X) ® iy (x), H = D*d(x) : R®> — R® denotes the
Weingarten map [12], d =d(x) is the oriented distance function
we defined before, and H is well-defined by Lemma 14.17 in [30].
From the discussions in [20], we know that when h is sufficiently
small, there always exists a generic constant ¢y > 0 such that

*éﬂhécoy

1
— < Py(I-dH) < cop,
& & h( ) < Co,

which implies the existence of generic constants cy, ¢, > 0 satisfying
(4.2). O

Lemma 4. For € € (0,1), there exist some generic constants cy, ¢z >0
such that for any U € H'(S"),

1 1
allu Hw“*f(S) < ||UHw12+<(s") <e|U le-sz(sy (4.4)

Proof. Since the surface is sufficiently smooth, we have U* € H'(S),
therefore U' ¢ W2 *¢(S). By using the fact (see [20]) that when h is
sufficiently small, there always exists a generic constant ¢ > 0 such
that

1

| v < v Ur < o] vU,

we can easily obtain the conclusion. O

Lemma 5. For € € (0,1), there exists a generic constant c > 0, such
that for any u € Hy(S) N H*(S),

h
"W yr2veigh) < Clullegs) (4.5)

Proof. For u € Hy(S) N H*(S), by the inverse inequality for finite
element functions, the Lemmas 4, 3 and the inequality (4.1), we
can find a generic constant ¢ > 0 satisfying

h 1 1 h
[T un].2+F(5h) < ju le.zvf(sh) +|lu =11 u||W1.2+6(Sh)

2 2
< |t yreegn, + chZ 2 = M) g,

N

721 ho !
[l yrzeegny + chZ|u = (") 46,
2
< Clfullyrases) + chm[ull s (4.6)

Now, using the Sobolev imbedding theorem H*(S) — W2 *¢(S), we
have

h
[T uHW”*‘(S") < C”uHHZ(S)
for some constant c>0. O

We would like to note that some results equivalent to Lemmas

3-5 can be found in [20]. Similarly, we define another projection
A", onto S, as follows: for any u € H(S),

(A", VN, =@, VM), W' eu, (4.7)
i.e., equivalently,
(A"u, Vg = (VY W e, (4.8)

then for any V" € ¢4, we have
h h I yh
[Au -V HLZ(sh) < H:uhu -V ”Lz(s")'
Then we can prove the following lemma:

Lemma 6. For € € (0,1), there exists a generic constant ¢ > 0 such that
for any u € H)(S) n W'2*<(S),

h
A"l g0, < cllttllyrzecs)- (4.9)

Proof. By the best approximation property, the inverse theorem in
finite element space [9] and (2.14), we can always find U" € U/ sat-
isfying the following inequality:

||AhuHH1(5“) < HuI”Hl(s") + Hul - Uh”Hl(s“) + ||Ahu - UhHm(sh)
< [t yrzveghy + ' = UM yrzegn +ch Ml A" = U2,
< CHul”wl»M(s") +h ™yt - Uh“LZ(s") < CHUIHW‘»M(S")
+ch ' — UMz gny + e (11— Ul gy < clltd [ yrzie g,
+ CH”lHHl(sh) < CHulHW]-Z‘f(Sh) < Cflullynases

for some constant c>0. O
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4.2. Estimates on the initial approximation

In order to get energy type estimates for the discretization
scheme, first we consider the approximation of the initial condi-
tion, especially the initial chemical potential.

Let Ul = IT"up = u', ph = A"p, where p, =
we have.

H(UMY — gAsup. Then
Lemma 7. There exists a constant ¢ > 0 such that

h
Hpouyl(s") <C

Proof. Under the assumptions on ug, we have from Lemmas 4-6
h h

HUOHW]-Z*‘(S") < C, H/l ASUOHHl(Sh) <G,

where the constant c is independent of h. Since

W1,2+€ (Sh) [ (Sh),

we then get

h
1Ug o st < €.

This implies that ‘
(0w

d)’(U’g)HM_%(Sh) is bounded, and so is

for arbitrary € € (0,1). Thus,

W0.2+€ (sh)

h
H(i)(U(;)”Wl.ZAe(Sh) < C,

where the generic constant ¢ does not depend on h.
Using Lemma 6 again, we also have

|o(us)

and by the definition of p}, we get that

\C7

H'(s")

h
||p0HH’(s") s6
for a generic constant c independent of h. O

By the definition of py, for any v € H(S), we have
~(Po, 0), + 0(Visto, Vo), + (8(US), v) =0,

Using the definition of /1" and under the assumption that 1, € H*(S),
we have that for any V" € i/,

0<Vsh ug,vshv")Sh - <(p0 - qs(ug-’))',vh)

(4.10)

Sh

- (plth)Sh - (¢(Ug),vh)5h. (4.11)
Using the definition of Ay, the following equation also holds
—(pg, Vh)sh + a(VSh Ut v, Vh)s,, + (¢(Ug),vh)3h
= ((l—1>p0,vh’) (4.12)
Uy s

Next we want to show the boundedness of P!, which is an impor-
tant component of the discrete solution to the fully discrete scheme
(3.2)-(3.4) when n=0.

Theorem 2. Let At be sufficiently small, i.e. At < 6/(4k%), where k is as
stated in Lemma 1, then there exists a generic constant ¢ > 0, such that

-1/2
4K At
V5, Pollfsh) < € ((1 - T) V5, P8l 2h) + h||pglz<sh)) :

Proof. Let 5 = <U’1’ -

(), (4 ) ), () ), o

UQ) /At. By (3.4), it holds that for any V" € 1/,

Subtracting the above equation from (4.12) and setting V" =, we

then obtain
(Po=pbn), =5 (Va (U1-UB). Vi), +(o(UB.UY) = (U5) ),
A (V1. Vo),

e
+ (1= w)phon),, + Alt/[H(Uﬁ')—H(US)

~o(Us) (Ui - Uy ) ds
= 2kAt|n|E s,

Ato 2
> 2 IV e
201,40 112
—ch HPOH[_Z(s")a

where the last step is a result of Lemma 1, and ¢ > 0 is a generic con-
stant derived from (2.14) and Cauchy’s inequality.
Now, from Eq. (3.3), it follows that for any V" € i,

h | h
(”7 1% )sh = _(VSIxP(;7 VShV )Sh‘
Letting V" = # and using Cauchy’s inequality, we have

2 o 2 k (2
H”H)_Z(s’l) < 4k Hvsh ’7”1_2(5“) + o HVSI,P(;HLZ(s“y

So we obtain

Ato Ato
h 2 2 2 2
(P —pb.n), > 5 IVatlizgy — 5 [ Valiss) — ch* B

21< At

h
Vs, Po ||L2 s

_ 2k At HVS,IPh

12(sh) - ChZHPOHLZ (st

With (3.3), we get

(175 —5), =~ (VaPs. Vs, (P ~3)),

h

and so
A gy = (Va6 Vsih) o+ (Va5 Vs, (P —15) )

<[ ZaPS | o VB8l = (1.7~ %),

< [Va i I VaPblloe, + L2 AtHvshPh o

2
+ch HPOHLZ(S")'
Since At < ¢/(4 k?), we then get for a=1/4 — k*At/c >0,

fr.r

1 2
12(sh) HvsnngLZ(s“) S zaHVSthHiZ(S") +% HvshngLz(Sh)’
which leads to

fe.r

ZaHVShPh

2sh) 2(sh) 8(1 HVShPOHL2 (s

2K*At

o,

2
2(sh) + Cthp‘IJHLZ(S}')'

We then obtain

feur

< Vsl + b

12(sh)



Q. Du et al./Comput. Methods Appl. Mech. Engrg. 200 (2011) 2458-2470 2463

or equivalently,

1 a2\ "
|v%%L%u<c((l— ) 1l s, )

(4.13)

Notice that the above c’s are not essentially the same.
This completes the proof of the theorem. O

Finally, utilizing the boundary condition, we may apply the
Poincaré inequality, Lemma 7 and Theorem 2 to obtain:

Corollary 1. There exists a generic constant ¢ > 0, independent of h,
At and N, such that for sufficiently small At,

1PG g1, < C- (4.14)

4.3. Estimates on the discrete chemical potential

In this section, we derive estimates for the discrete chemical po-
tential function P" when n > 1.

Let us use the notation
UL, UL 6, + o]

2At 2 ’
From the discrete approximation scheme (3.3) and (3.4), it holds

vn = 0.

5o UN =

that forn=0,1,2,...,N -2,
(6203 V") (VP Vs V') =0, W' eu, (4.15)
h h
- ((xpﬁ, W”) + a(vsh 55UV, wh) + (Sepner, W),
Sh Sh
=0, YW'eu, (4.16)

where ¢,.1 = &(Uﬁgy Un+1> and

§(VraUpa) = 6(Un1.U7)

5t(~ﬁn+1 = At

Theorem 3. There exists a constant c¢ > 0, independent of h, At, n and
N, such that when At is sufficiently small, it holds

fr.r

<c, Yn=0,1,2,....N. (4.17)

12(sh

Proof. Take V" = §P" W" = 5,,U" in (4.15) and (4.16), then it
holds

HVS}IPZH 22 h 7H shP?l 22 h
L (sz)At et (52tuh 5 Ph)

= ~0(Vo02U}, VoouUy) (0, 52tun)sh

For the last term of the above equation,

(UZH)z

(4.18)

Sednin = ol - [’4 (Uho + UL +UE) 42 ((uﬁﬂ)2
+(UZ>2> + 2;/1 (Uﬁ+2 + Un+1 Z) + 70:| )

so we get

S 64 2
5t¢n+1 'bZIU: = ('))0 ,\’))]> . (52tU2> B
37,

which leads us to

2

HVSh n+1

2sh HVS"PT’
2At

s

LZ(S“)

+CH(32tU

419
Z(Sh LZ (Sh) ( )
for some constant ¢ > 0.

Let V! = 5,,U" in (4.15), and make use of the Young’s inequality,
we get that for some />0,

2

HbeU %HV%P’;H/Z

Hvsh st

2sh < 2sh) 2sh) .

Combining the above two inequalities, we easily obtain

Vs, Pt v,
Sht n+1 2(s) Shtn 2(sh)
2At
h c h 2
(ci—0 Hvshénu . EHV%PM/Z sy (4.20)

Taking 4 = a/2c, the above inequality then becomes

1 h
At <Hvs”P”“ 12(sh) HVS" 12(sh ) + O-Hvs’“énu 12(sh)
2 h
<Hvs" |2 sty HVS"P” LZ(Sh))
Thus,
1 ho||1? n||?
At <Hvs"P”“ 12" a H P 2sh
2 WlI2
<HVS" 1] 2 st + HVS“P" Lz(s“)>'

Multiplying At to both sides of the above inequality, and summing
the results over n from 0 to m — 1 for any integer m > 1, we get

2 (A }m: v, P’
(At H :
2 s") o e R

Using Theorem 1, it holds that there is a constant ¢ > 0, independent
of h, n, At and N, such that

2

[v.P

HVSh 0

12(sh)

h

Hvsh < HVS,]PO te

12 (Sh 12 (Sh)

Combining this with Corollary 1, the proof of theorem is then
complete. O

4.4. Pointwise boundedness of the discrete solution

In this section, we aim to prove the point-wise boundedness for
the discrete solution {Uﬁ,n =1,2,...,N} for (3.2)-(3.4). Assume
the solution exists.

Theorem 4. For € € (0,1), there exists a generic constant c >0,
independent of h, n, At and N, such that

h
|Us gy S6 V=01 N1 (4.21)
and
HUn+1/2 S)<C7 vn=0,1,...,N-1. (422)
Proof. With (3.4), we have that for n=0,1,...,N—1 and any
wh ey,
0(VaUha2 Vo W') = (PL= 9 (UL UL, ) W) = (Fa W,

h

where F, = P! — ¢>(U“ Uﬁﬂ)
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Using Theorem 3 and the Poincaré inequality, we get

h

" <c

P
Moreover, by the Sobolev embedding theorem, (3.6) indicates that
|u
which leads to
|#(Un.Una )

since ¢ is actually a globally defined smooth cubic polynomial of its
two arguments for the free energy density function used in this pa-
per. Then we have forn=0,1,...,N -1,

12(sh

h
n

X b

18(s")

<c¢, Yn=0,1,....N—-1,

12 (Sh)

HFﬂ”LZ(s") <G

which is equivalent to

For a fixed n, let &t be the solution of the equation

~Ai=F. /o

<C.

Fl
)

over S with the homogeneous Dirichlet boundary condition, we can
show that such 1 exists and satisfies the following property

F

[tllges) < C’ 26’

Using the weak form of the above equation
o(Vsil, Vsw), = (FL w),, YweH'(S),

as well as the definition of I1%(-), we can find that
Ugﬂ 2= m'i.

Therefore, by Lemma 5, we get forn=0,1,...,N -1,

where c is independent of h, n, At and N.
Thus, (4.22) follows directly from (4.21) and from the Sobolev
imbedding Theorem, W'2*(S") — [>(S"), for e >0. O

Fy

<€

h hs =
Unﬂ/z) = 2y < il < c) v

wl2+e (Sh

Now, let us prove the the point-wise boundedness for the dis-
crete solution under some stability conditions.

Theorem 5. Let At be sufficiently small, i.e.

At < 6/(4k%) (4.23)
and
At/h? < co, (4.24)

where ¢y is a constant. Then, there exists a constant ¢ > 0 which de-
pends on the initial condition ug but is independent of h, n, At and N,
such that

h

< =
‘Un oy S YI=12 N, (4.25)
Proof. In (3.3), set V" = 9,U", we have

st < ||v, s P! 4.26

t“n LZ(S”) \‘ sVt n LZ(S")‘ Shtn L2(S")‘ ( . )
By Theorem 3, we get the following inequality

n||? < b
S| < c|[Vs0:U; 2 (4.27)

Using the inverse inequality

Hvsh(srug .Ut

-1
<ch ‘

12 (Sh) 12 (Sh)

on the last term, we have

5:Ut

-1
<ch .
sty

Applying the inverse estimate in [9] (theorem 3.2.6), we further
obtain

h -2
\|5tUn||Wo.X(sh) <ch ™,
which leads to

Combining (4.28) and Theorem 4, we have for any n=0,1,...,N -1,

which proves the theorem. 0O

uh, - U <cAth? <ccp, Yn=0,1,....N—1. (4.28)

wo> (Sh )

h h
Un+1 _ Un

h
U 2

n+1

+

< C7
WO‘X(S")

h
<[t

W0 (Sh wo> (Sh)

The stability condition (4.24) needed for proving the above the-
orem requires the time step increment be refined at a faster rate
than the spatial discretization parameter h, when refinement of
the discretization is used. Since the scheme is implicit, this may
not be essential to the stability of the approximation scheme. In
fact, the stability condition is not necessary for the one dimen-
sional problem. On the other hand, the stability condition for a typ-
ical fully explicit finite difference scheme for fourth-order
problems requires A t < ch® which is considerably more restrictive
than the one specified here.

5. Iterative Solution of the Nonlinear System

We have derived some nice properties of the discrete solution in
previous sections. However, to compute the discrete solution that
satisfies Egs. (3.3) and (3.4), systems of nonlinear algebaic equa-
tions have to be solved. It is thus interesting to know what types
of iterative solution techniques are applicable. In this section, we
present an iterative scheme that can be used to solve the resulting
nonlinear systems at each time step. The iteration is based on a
contraction mapping theorem which can also be used to show
the existence and uniqueness of the discrete solution for the
scheme (3.3), (3.4). Our approach is very similar to that of [18].

For a given element V € U/, we first consider the nonlinear map-
ping 7y :U — U defined as follows: for any U e, U= Ty(U)
satisfies

(U V"), + ALV, P,V V! = (V.V"), . Wheu (5.1)

Sh Sn?
and

u+v

—(P,W"), + o‘(VSh T,vshw“> +(¢(U,V),W"), =0, YW'eu

Sh

(5.2)

for some P € S".

In [18], 7y was shown to be well-defined and the solution
(Up+1,Py) forn=0,1,2,...,N — 1, of (3.2)-(3.4) is the fixed point of
the mapping 7y for V = U,_;. The proof remains valid in higher
space dimensions. Now, we show that under the proper assump-
tions, 7y is in fact a local contraction mapping for all V in a
bounded subset i/, of &/ where

Un = {V € UImax{|[V|yon o), VIl 1)} < M.}
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We define another subset of 2/ by
Uix = {V (S U|HVHH1 st < K}

Now, let us show that first of all, if = 7(U) where U =0 € U, g,
then y is bounded in some 2/, k.

Lemma 8. Let V € Uy, then
Wl sy < €1 (MP+1)

for some constant c; > 0, independent of h, At and M.

Proof. In (5.1) and (5.2), let us take W" =y — V and V" = P respec-
tively, then add them together to get

g
Z(VSh (‘// + V)7 VSh (!// - V))sh + At(VShpv vshp)sh +
Noticing that y € Hj(®) and the definition of ¢, we have

2 .
IVa bl < IV Vi, + 5 - ($O.V),V =),
2 .
<M+ e €0, V)l gty 19112 1) + €
1
<c+cM® + 5 IVs, l/’”iz(s")'
Therefore, we get
IV, ¥l gy < €(1+MP),

which implies the inequality in Lemma 8 for some constant ¢;. O

Next, let us define |||7v|| cas follows:

17v(%:) - TV(Xz)HH‘(sh)
% — Xz”zﬂ(s")

WZ vl = SUP{ | Y2522 € Ul,K,X]#Xz}-

Using this notation, we have:
Lemma 9. Let V € Uy, then, there exists a constant c, > 0, indepen-
dent of h, At, K and M, such that

At” 5 )
T vlllk < €2z (K +M° 4 1) (5.3)

Proof. Let us take y; € Uik,i=1,2, and y; =7
(5.1) and (5.2), we have

(W1 =2, V1), + AV, (p,
for p; e,i=1,2 and for all wheu

—=(p1 = P2 Wh)s,, + 0<v3h Y ; V2

v(y;), then from

—0,), Vs, V), =0, VV'eu (54)

, Vs, Wh)

Sh

—(@(11,V) = D2, V), W), (55)
Taking V"=, — 1, and W'=—2At(p;
above two equations together, we get

2At
(v — ‘pZHiZ(s") +7”,01

— p2)/o, and adding the

2
- ,02”1_2(5’1)

2At ~ ~
5 (@00 V) = (2, V). p1 = P2)s,
< ?”(}(JQV) - 5’(}{2 V)”zz(sh) +?Hp1 - szzZ(sh)v
o)
V1 = Wall2sn) \/7“¢ (11, V) = ¢(2a, V)ll2 st

(#(0,V),y V), =0.

Now, taking W" =/, — 1, and V"= p; — p, in (5.4) and (5.5
adding the two equations together, we get

), and

TV =)l s, = (B0, V) = 312 V) =)y, — Atllor = pallfg
< H&’(X]V) (727 )HLZ (s" ”l//l l//ZHLZ(s")v
therefore,
o 2
5 IV =) s H¢> 21 V) = 00 Vi) (5-6)
This implies that
Atl /4 ~
||l,01 l//zHHl (sh 0.3/4 “d’(yl ) ¢(X27V)”L2(s")~ (5~7)
Since
|(?)(X1~V) - (7)(%27 V)l
=111~ Lal- ‘%(9& + oy + V) +%+);_](X1 +%+V)

BB+ B+ <dn -l (1+ 4+ B+V?)

for some constant ¢, we have

||<2>(X1,V) - 43(;{27 V)”fz(sh) < CHXl - Xz”i‘i(sh) : (HX]HLG(s") + HXZ”LG(s")

4
+ HVHLS(S“) +1)
. 2 )
<l = Kallirsny - (Dl sy
) 4
+ H/(2HH1(S"> + HV||H1(Sh) +1)
. 2 2 2 2
<l = Xallrsry - (M7 + K= +1)7

In above derivation, we have used the imbedding theorem:
HY(S) — L5(S).
Hence, we have

(/4

A
v — l//zHHl(s’l) < CW(MZ +I(2 + 1)”%1 - XZHHI(s")'

The theorem follows from the definition of || 7v|||,. O

We now prove a fixed point theorem. For simplicity, we define a
constant ¢ such that
At1/4

0= CZW(MZ +(2K)* +1),

where K=c;(M®+1) and the constants ¢;, i=1, 2, are defined
according to Lemmas 8 and 9. Then, by Lemma 9, we have

NZvllx < Q- (5.8)

Theorem 6. Let V c Uy, and At be small such that

_ o, A M2 4+ 2e, (M + 1) +1) < & 5.9
Q*Czw( +2c (M +1)]" + )<§- (5.9)
Then, there exists a constant ¢ > 0, independent of h, At and M, such

that T, has a unique fixed point in U, ,x where K =c,(M> +1).

Proof. Let y = T (U) where U = 0 € ¢/ and consider the sequence

{T’ ,i=0,1,. } Clearly,  €U;xby Lemma 8 and thus
W € Ui k. So, by (5.8),
”TV( ) - lM“—ﬂ(s") < QHlp”H‘(s“)'

By triangle inequality,
ITv @)l sty < (1+ Q) Wl g, < (1+ QK < 2K.
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So, we can apply Lemma 9 again to get

HT\Z/(‘p) - TV(‘//)”H‘(s") <elTviy) - ‘//HHl(s") < QZHII/HH](s")'
Again, triangle inequality gives us:
HT\Z/(l//)HI-ﬂ(s“) < (1 +0+ Qz)Hl//”m(s")-
If we continue this process, we get that fori=0,1,...,
|70 0 =TV, < € Wl
and
i i+l
|7 ), g < (Z @)nww) <20Ylp g, < 2K.
j=0

This shows that the sequence {Ti,(np)

quence in the finite dimensional space i/, thus it converges to some
limit which is, naturally, a fixed point of the nonlinear mapping 7y
in U1 2¢. The uniqueness follows directly from (5.8). O

,i:O,l,...} is a Cauchy se-

Remark 1. Comparing the above theorem with Lemma 3.3 of [18],
we see that by a more careful argument, we have proved the fixed
point theorem without assuming the dependence of At on h.
Based on the above theorem, a fixed-point iteration using the
mapping 7 gives a globally convergent scheme for solving the
nonlinear sy"stem (3.3) and (3.4). Thus, we propose the following

algorithm: At time step t,, (n=0,1,2,...,N — 1), define

Yo = Uy (5.10)
then, for j=0,1,2,..., let

‘Pjﬂ = Tug(‘//j)- (5.11)

Then, as a consequence of the above theorem, we have

Corollary 2. Under the assumptions in Theorem 6, the sequence
defined by (5.10) and (5.11) satisfies

W — ut as j — oo. (5.12)

n+1»

In practice, one may choose to use the fixed-point iteration for a
few times, then switch to a Newton-like iteration to accelerate the
convergence.

Finally, by applying the above theorems and the uniform point-
wise bound we have obtained in previous sections, the existence
and uniqueness of the fully discrete scheme can be easily estab-
lished in the same way as previously demonstrated in [18].

6. Error estimates for the approximation scheme

Given the analysis already presented, deriving the error esti-
mate becomes rather standard, except for the additional complica-
tion due to the projections between the surface and its planar
triangulation.

To simplify the notation, we use the abbreviation u(t) and p(t)
to denote the exact solution u(-,t) and the corresponding chemi-
cal potential at time t, both of which are assumed to be suffi-
ciently smooth. We let u,, u, be the time derivatives of u, p; be
that of p. The next lemma follows Lemma 4.3 and Corollary 4.2
in [18].

Lemma 10. Let u e L>(S x (0,T)) and there exists a constant ¢ >0
such that

<c¢ vn=0,1,...,N. (6.1)

n WO.x(Sh>

Then there exists a generic constant ¢ > 0 such that
[#(U3s1) - o6 < (0B - i6r)

12(sh)
+

Proof. By the triangle inequality,

12(sh

n— ul(tn)

l 1 2
e+ ()~ )

|#(Un.Us.s ) - p(u(t))
9 (Up ' (tai)

2@ty Hd)<Uh Ug“)

(Uh ' (t)) = D (60) 4 (1))

12(sh) ‘

(s
+ (! (tn), U (En1) = S (t)) [l 2y =11 + 12+ 15,
where {I;}(i = 1,2,3) denote the terms in the previous summation in

their corresponding orders.
Due to the uniform boundedness of Uﬁ and u(t), it easily follows
that

UL] - ul(tn+1 )

n— ul(tn)

h<d

2sh’

IzSC’

12(sh

for some constant ¢ > 0.
For the term I3, recall the algebraic identities

u2+u3z/+ vzi(u;v) 112 u_ v,

u3+uzvzuvz+ v < 42rz/>3 :%(u+v)(u— 2,

then we have

DU ().t (Eni1)) = p(u(00)) = (2 (6n) + 35) 0 (60) — )P,
thus

I3 < CHul(tn) - ul(tﬂ+1)||f4(s’l)’

which finishes the proof. O

We remark that in Lemma 10, if we change ¢(u'(t,)) to ¢
(u(ty+1)), a similar result follows. By Theorem 5, the conditions
on the pointwise bounds assumed in the above lemma can be
established under suitable conditions as stated earlier. Then we
have the following error estimate for our fully discrete finite ele-
ment scheme.

Theorem 7. Forn=1,2,...,N, under the assumptions on u and U" in
Lemma 10, and the additional assumptions that

ue ' (10,T),Hy(S) nH*(S)) N C(0,T,LX(S)), (62)
p e L*(0.T,Hy(S) nH*(S)) N C*((0, TL,L*(S)), (6.3)

then there exists a generic constant ¢ > 0 independent of h, At and n,
such that

n_ ul(tn)

n-1
O RS W
—IT'u(t) B g, + 1 (6) — () gy + 1P (B 2)

- th(tiﬂ/Z)”fz(s”) + At‘l(‘luitt(tﬂlﬂ-)“iz(sh) + ||ultrr(ti+x,)||i2(s")

: (s" + ||”It(ti+3’;)|‘f4<s“)>]7 (6.4)

where t; = jAt, tj.g = (j+ 0)At for 0<0;<1j=1,2,...,
the same definition for 1;, t;v; and y;.

+lerr(tn+rf)||fz(s") + ||Ple (tns,)

n— 1, adopt
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Proof. For n=0,1,2,...,N, let us define

Ey=Up— I"u(ty), Fo=Py—I"p(ty), Friajp =Pp— I1"p(tniry2)
and
&(t) = u'(t) — (), n(t) = p'(t) - M"p(t).

By the definition of the fully discrete scheme we see that the above
quantities satisfy the following equations:

Eni—Eq .
<+T’V )sh + (VShFHH/L VSnV

_ (é(t”+] )A; é(tﬂ) 7 Vh)sh _ (5tul(tn)-, Vh)sh

— (Vs II"P(tn172), Vg, VI, . (6.5)

Sh

En+] + En
2

= —(N(tnar2), W, + (0 (tni1 2). W),

h h
- a<vsh ) 2 11 ”(t”),vshwh>

b ut ), why
- (d(unun) ),
Set V" = et in (6.5), W" = Fyuqp2 in (6.6), multiply the first result

by ¢ and subtract by the second result, we then obtain

En+1 — En En+l +En
( A 2 . + (Fns1/2: Fnsap2)s,

_ G<é(tn+l )A; é(tn) , Vh> _ O-((stu’(tn)y Vh)sh

(Vo I1"p(tns12), Vi, V1), + (1 (twia 2), W),
= (P'(tns12), W),

h h
. o_<v5h "u(ty.q) + I'u(ty) v, w“)

~(Faap W), +0 (v v, w“)

Sh

Sh

(6.6)

2

+ (o (ununa) W),
=T +Tr + T3+ T4,

Sh

6.7)

where

_ é(tn-H) - f(tn) h
T = O‘(Tav )5h7
T, = —0 (3 (ta), V"),

T3 = (n(tn+]/2)7 Wh)sh>

mu(t,, ) + Mu(t
Ty = —(p'(twcr ), W"),, + 6<Vsh ( ”“)2 ( ”).,vsh Wh)
Sh
utut ), why
+(D(UnUha) W),

As for the estimates of T, and Ty, to avoid tedious derivations, we
omit most details of our analysis and only give the following main
results:

2= _6<le1 (W - ”f(th/Z)) : Vh">s

oAt
-8 (Urrr(tn+0n) + Ueee(Enirc, ), Vh)

= (Vs [1"p(tn112), Vi, V1),

Sh

Ty =—(p'(tus12), W")g, + (¢(Uh UQH) Wh>sh
P(ta) +0'(ta) P (tni1)) + S (U (tn))
e s

2
Uty U(tny
:<p71(t"”)2+p[(t">fp’(tnu/z),wh) +<¢( ””)2 ot m,wh)
utut Ity
+<¢(n g Pl )>,Wh)

AP
=16 (pn(tmrn)""pn(tm\n) Wh) +

Sh

+<</)(U,’;,U,’;H) $(ut(6) w") '

2

(&(U" Unia) = (tn)) Wh)

2 )

With all the above approximations and Lemma 10, we sum both
sides of (6.7) with n ranging from 0 to n — 1. It follows that

2At HEHHLZ (s + Z ||Fl+1/2||L2 st~ 2At ||E0H,_2 s

i=0
= S oAt
< <3 2 Hth(ti)”LZ(s”) er
n-1 1
X Z (Hum Livo; HLZ sh) + Hum (tix) |’-Z " > +§

=0
-1

3 T

-1
L0 At4
”n(tHl/Z HLZ (sh Z ; ir1+ E; ”LZ Sh 512

X
g
.a o

:

1

x (Hpn tive) [y + [Pl i) [ ) + €
( (ti+1)\\;‘4(5,,)) +5

!
IEillz2n) + 16 g, + ' () — u

X
RV

X ” 1+1/2HLZ(5’1)7
=0

which leads to

At5
IEnllf2(sn) < IEoll72(sn) +AtZ||at Dzsh + =25
( — 652
n-1
%3 (et + 1t ) ) + AL
i=0
n-1 n-1
At )
X . HE!”LZ(sh 7||En||L2(sh) +? IZ(): Hn(tiH/Z)”LZ(s")

At5 a1 2 2
+ 3565 2 (1Pl + It ) + et

:
L

x HE||L2 o) +cAtZHg £)[172 g1, + CAL®

i=0

._Ao

3 T

1 4
X Hu[( 1+,.-)HL4(5")'
=0

Apply the discrete Gronwall inequality and consider the definition
of Eo and U", we see that there exists a constant ¢ > 0 such that

n-1
2 = 2 2 2
||EnHL2(s") < CAtZ [Hét‘:(ti)”LZ(s’l) + ||£(ti)||L2(s’l) + ||’7(ti+1/2)||L2(s’1)
i=0

+ At4(H“irr(tiﬂh)ufz(s“) + ||u£tt(ti+’ci)||i2(5")+‘|p£t(ti+r,')Hfz(sh)
Pkt g, + 1 B s )]

Thus the conclusion (6.4) follows. O
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By the definition of &/ and the conclusions in [20], it can be seen
that if u € C'((0,T),Hy(S) " H*(S)) and p € L°°((0, T), Hy(S)NH*(S)),
then there exists some constant ¢ > 0 which satisfies
[u'(t;) = T u(ti)|] 2 n) < ch?,
||pl(ti) - th(ti)Hl_Z(sh) < Chz»

o (u' (&) = IT"u(t) |2 ) < ch?

and under some regularity assumptions for time derivatives of u
and p, we can deduce the following corollary from Theorem 7,

Corollary 3. Under the assumptions in Theorem 7, it holds that for
n=1,2,...,N, there exists a constant ¢ > 0 independent of h, At and n,
such that

h ol 2 2
Hun ()], g, < €0 +A)

From discussions in previous sections, we know that the condi-
tion (6.1) is automatically satisfied under the conditions specified
in Theorem 5. The error estimate is of optimal order, with respect
to the approximation space.

7. Numerical experiments

We now present some numerical simulations using the pro-
posed method to solve the Cahn-Hilliard equation. In the experi-
ments, we first show the numerical approximate solutions for
one surface (half-sphere, saddle-like surface or unit sphere) at some
specific time steps on two meshes with different degrees of free-
dom to demonstrate the convergence. Similar experiments can
be found in [22,31,39]. Then we also study the numerical spatial
and temporal convergence rates of our scheme in details. To ensure
the accurate finite element solution, the meshes of the surface S to
be used in our numerical experiments for discretization are gener-
ated by the so-called constrained centroidal Voronoi Delaunay
triangulation (CCVDT) algorithm [15]. We now give a brief
description below.

Given a density function p(x) defined on S, for any region V C S,
we call x¢ the constrained mass centroid of V on S if

X = argminF(x), where F(x) = / pWly - x| dsty).  (7.1)

The existence of solutions of (7.1) can be easily obtained by using
the continuity and compactness of F; however, solutions may not

be unique. In general, given a Voronoi tessellation W = {x;, V;}1,
of S, the generators {X;}[; do not coincide with {x¢} ;, where x¢ de-
notes the constrained mass centroid of V; fori=1,...,n. We refer to
a Voronoi tessellation of S as a constrained centroidal Voronoi
tessellation(CCVT) if and only if the points {x;}{, which serve as
the generators of the associated Voronoi tessellation {V;}}" ; are also
the constrained mass centroids of those regions [15], i.e., if and only
if we have that

Xi=x{ fori=1,...,n

The CCVT is a generalization of the standard centroidal Voronoi tes-
sellation [14] which is a concept with many applications including
mesh generation and optimization. The dual tessellation of CCVT of
S is then called a CCVDT. Constrained centroidal Voronoi meshes on
surfaces in R* have many good geometric properties, see [15,19] for
detailed studies as well as efficient algorithms for constructing
CCVT/CCVDT meshes.

For all the experiments shown here, the meshes are all gener-
ated by CCVDT algorithm with a constant density function, and
we always set ¢(u)=u> — u. As in Lemma 1, a simple computation
gives k = 0.5, so that

At<-Z <o, (7.2)
4k
according to the theoretical analysis.

Numerical tests are performed on different surfaces, with differ-
ent ¢. And we use Newton’s method to solve nonlinear system
(3.2)-(3.4). Notice that our analysis can be applied to natural
boundary condition problems without any major modification, so
we do not restrict ourselves with Dirichlet boundary conditions
in the numerical experiments.

Firstly, we present the approximate solutions on the half unit
sphere with ¢ = 0.008, At = 0.004 in Fig. 2 which shows the results
on meshes with 1219 and 4777 nodes, respectively. The initial con-
dition for the coarse mesh is a small zero mean perturbation across
the surface, then is projected onto the finer mesh, such that the
two experiments have the same initial condition. We can see the
excellent agreement between these two cases.

Our second experiment is performed on a saddle-like surface
defined by

2
S= {xelR3|(x3—x§) X HXE=1, % 2K x> 0}.

We set ¢ = 0.006, At =0.005 and Fig. 3 shows the numerical results
at different time with 3420 and 13493 nodes. The initial conditions

Fig. 2. Numerical solutions of the concentration u at t = 0, 0.2, 0.4, 0.6 (from left to right), on meshes with 1219 (top row) and 4777 (bottom row) nodes in the first example.
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Fig. 4. Numerical solutions of the concentration u at t=0, 1, 2, 5 (from left to right), on meshes with 2018 (top row) and 8066 (bottom row) nodes in the third example.

for different meshes are determined in the same way as in the first
example. We can observe the solution finally converges to a steady
state and the solutions agree well on two different meshes.

Thirdly, we test our scheme on a closed surface. The surface S is
chosen to be the unit sphere, defined by S={x¢e R*x?+
x3 +x3 = 1}. We set ¢ = 0.01 and At = 0.005 and solve the equation
on meshes with 2018 and 8066 nodes. The initial conditions on
two meshes are again chosen, as in the previous two examples,
to guarantee the consistency. Results at different time steps are
presented in Fig. 4. It can be seen that our method also works well
for closed surface, though the theoretical analysis is only done for
an open surface.

In the following we investigate the numerical spatial and tem-
poral convergence rates of our scheme. We first test the spatial
convergence rate by solving the Cahn-Hilliard equations with
o =0.01 over the half unit sphere, and the initial conditions are
set using the same way as in the first example. Since there is no
analytic solution available in general for this nonlinear problem,
we use the numerical solution on a sufficiently fine mesh (64897
nodes) as the exact solution. To obtain accurate spatial convergence

rates, we need keep At much smaller than h. Thus we take a small
time step At =0.001 and compare numerical solutions on coarser
meshes (277,1057,4129 and 16321 nodes, respectively) with the
exact solution at t=1. These four meshes have mesh size
h=0.2695, 0.1354, 0.0678 and 0.0339 respectively. We note that
although the continuously refined CCVDT meshes are not exactly
nested, they are very close to uniform refinement. As shown in
Table 1, the observed spatial convergence rates are consistent with
our theoretical results.

To check the temporal convergence rate, we solve the Cahn-Hil-
liard equation with ¢ = 0.3 over the half sphere on the fine spatial

Table 1
Results on the numerical spatial convergence rates.
# of nodes # of triangles h L? error CR
277 504 0.2695 0.12643 -
1057 2016 0.1354 0.02331 2.45
4129 8064 0.0678 0.00613 1.93
16321 32256 0.0339 0.00144 2.08




2470 Q. Du et al./Comput. Methods Appl. Mech. Engrg. 200 (2011) 2458-2470

Table 2

Results on the numerical temporal convergence rates.
At L? error CR
0.2 0.02714 -
0.1 0.00774 1.87
0.05 0.00263 1.71

mesh with 64897 nodes (h=0.0169). We first take a sufficient
small time step At = 0.005, solve for the numerical solution on this
mesh until t = 2, and use it as the exact solution. Then we solve the
same problem until t=2 with At=0.2, 0.1 and 0.05 respectively.
We compare the three numerical solutions with the exact solution
and list the results in Table 2. The observed temporal convergence
rates are also close to the theoretical results.

8. Conclusions

In this paper, we rigorously analyzed the well-posedness and
convergence of a fully discrete finite element approximation
scheme for solving the Cahn-Hilliard equation defined on a general
surface which is often used to model the phase separation process.
In particular, we derived some uniform a priori estimates for the
discrete solution that does not rely on any knowledge of the exact
solution beyond the initial time. Given the nonlinear nature of the
underlying PDE, such estimates are very useful to control (and
compare) the nonlinear terms. They lead to the global Lipshitz
property of the nonlinear term in the proper function space which
in turn gives the optimal error estimates of the scheme. Various
numerical examples are presented to validate our theoretical re-
sults. We note that while a uniform time discretization is used in
the analysis given here for the purpose of simplifying notations,
much of the conclusions remain valid for nonuniform and adaptive
time steps. The approximation scheme as well as the analysis pre-
sented here can be easily modified to deal with the Neumann type
boundary value problems for the Cahn-Hilliard equation where
the reductions to coupled systems and the mixed forms are again
allowed. In the future, it will be interesting to study the extensions
to more complex situation where the surfaces may involve singu-
larities and/or may evolve together with the phase field variables.
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