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0. In tro duction

0.1. In this paper we construct a number of geometrically meaningful 1{ and 2{

cocycles of in�nite dimensional Lie groups and Lie algebras. The groups are groups of

di�eomorphisms of smooth manifolds and their subgroups, such as the group of sym-

plectomorphisms of a symplectic manifold; the Lie algebrasare algebrasof vector �elds.

Coe�cien t spacesof the cocyclesare spacesof various tensor �elds, naturally acted upon

by di�eomorphisms and vector �elds. Our constructions are closelyrelated to deformation

quantization.

0.2. De�nition of cohomology . Recall the de�nition of Lie group and Lie algebra

cohomology (see,e.g., [Fu]). For a group G and its left module A the spaceof cochains

Cq(G; A) consistsof continuousmapsG � ::: � G| {z }
q

! A; and the di�eren tial d : Cq(G; A) !

Cq+1 (G; A) is given by the formula:

dC(g1; :::; gq+1 ) = g1C(g2; :::; gq+1 ) +
X

1� i � q

(� 1)i C(g1; :::; gi gi +1 ; :::; gq+1 ) +

(� 1)q+1 C(g1; :::; gq):

For a Lie algebra g and its module A the spaceof cochains Cq(g; A) is H om(^ qg; A);

and the di�eren tial is given by the formula:

dc(g1; :::; gq+1 ) =
X

1� i<j � q+1

(� 1)i + j � 1c([gi ; gj ]; g1; :::; ĝi ; :::; ĝj ; :::; gq+1 ) +

X

1� i � q+1

(� 1)i gi c(g1; :::; ĝi ; :::; gq+1 ):
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There is a natural homomorphism H q(G; A) ! H q(g; A); and throughout the paper

we useupper casecharacters for Lie group cocyclesand the samelower caseonesfor the

corresponding cocyclesof Lie algebras.

0.3. Simple example . The following instructiv e construction serves a model for

more involved constructions of the paper.

Let (M ; � ) be a manifold with a volume form. Assign to an orientation preserving

di�eomorphism f a smooth function �C(f ) by

f � � = e
�C ( f ) �:

Set: C(f ) = �C(f � 1). This map C : D if f + M ! C1 (M ) is a 1-cocycle :

C(f g) = C(f ) + f C(g);

here f � is the action of the di�eomorphism f on a function � :

(f � )(x) = � (f � 1(x)) :

The corresponding Lie algebra cocycle c : VectM ! C1 (M ) is the divergenceopera-

tor.

0.4. Organization of the pap er and ackno wledgemen ts . Section 1 contains

main constructions and results. Further details and proofs are given in Section 2.

The preliminary version of this paper was written at ENS de Lyon and the present

version at MPIM, Bonn. I am grateful to both Institutes for their hospitalit y. It is a

pleasureto acknowledgethe stimulating discussionswith E. Ghys, B. Khesin, V. Ovsienko

and C. Roger. Research was supported in part by NSF grant DMS-9402732.

1. Main constructions and results

1.1. Triangle area construction . Given a (germ of a) di�eomorphism f of the

a�ne plane V , how can one measureits failure to be projective, that is, to send straight

lines to straight lines? The following construction, which I learnedfrom E. Ghys and which

was inspired by the book [C-F], provides a natural answer.

Usea�ne structure to identify V with its tangent plane at every point. Let x 2 V be

a point and u a tangent vector at x. Consider the three collinear points (x � �u; x; x + �u ),

where � is a small parameter, and apply f to this triple. One obtains a triangle whoseside

lengths are of order � and whosevertex angle is � -closeto � . It follows that the oriented

areaof the triangle is of order � 3. Divide by � 3, take limit � ! 0, and denote the resulting

number by �A (x;u ) (f ).

2



For a �xed f and x, by construction, �A (x;u ) (f ) is a cubic form on the tangent space

Tx V . Hence �A may be thought of as a map

�A : D if f V ! Sect S3(T � V):

This map dependson the 2-jet of a di�eomorphism and vanishesif the di�eomorphism is

projective. Here is an explicit formula:

�A(f ) = [f x ; f xx ]dx3+ (2[f x ; f xy ]+ [f y ; f xx ])dx2dy+ (2[f y ; f xy ]+ [f x ; f yy ])dxdy2+ [f y ; f yy ]dy3;

where f (x; y) is a vector function and [ ; ] is the determinant.

The behavior of �A under composition of di�eomorphisms is as follows:

�A(f g) = J (f ) �A(g) + g� �A(f );

where g� �A(f ) is the induced di�eren tial form, and J (f ) is the Jacobian. In the caseof

most interest to us, when f is area preserving, one has:

�A(f ) = [f x ; f xx ] dx3 + 3[f x ; f xy ] dx2dy + 3[f y ; f xy ] dxdy2 + [f y ; f yy ] dy3;

and

�A(f g) = �A(g) + g� �A(f ):

This implies that the map

A : D if f V ! Sect S3(T � V); A(f ) = �A(f � 1)

is a 1-cocycle of the group of symplectomorphismswith coe�cien ts in cubic di�eren tials.

The corresponding 1-cocycle of the Lie algebra of Hamiltonian vector �elds is:

a(sgr ad f ) = f xxx dx3 + 3f xxy dx2dy + 3f xy y dxdy2 + f yyy dy3;

where sgr ad f is the symplectic gradient of a function f (x; y).

The triangle area construction extends verbatum to the casewhen f is a symplecto-

morphism of linear symplectic spaceV 2n : one usesthe symplectic form to measureareas

of triangles. In this more generalsetting the next result holds.
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Theorem. A 2 C1(SD if f V; Sect S3(T � V)) is a 1-cocycle, not homologousto zero.

1.2. Schwarzian deriv ativ e. The above construction is analogousto that of the

Schwarzian derivative. Given a di�eomorphism f of the projective line, a point x 2 RP 1

and a tangent vector u 2 Tx RP 1 = R 1, consider the cross-ratio

[f (x); f (x + �u ); f (x + 2�u ); f (x + 3�u )]:

This cross-ratio does not contain linear terms in � . The coe�cien t at � 2 is a quadratic

di�eren tial on RP 1 which, up to a constant factor, equalsthe Schwarzian derivative

S(f ) =
hf 000

f 0 �
3
2

� f 00

f 0

� 2i
dx2:

The Schwarzian derivative is an obstruction to f being projective, and it enjoys the prop-

erty:

S(f g) = S(g) + g� S(f ):

Note that, unlike the cocycle A(f ), the Schwarzian derivative depends on the 3-jet of a

di�eomorphism.

1.3. Tw o Lie algebra homomorphisms P(V) ! Sect S� (TV ). In this section we

identify the Lie algebra 1-cocycle a, corresponding to the group cocycle A from 1.1, as an

in�nitesimal deformation of an imbedding of Lie algebras.

Denoteby P(M ) the PoissonLie algebraof smooth functions on a symplectic manifold

M . The algebra P(M )=Const is the Lie algebra of the Lie group SDif f M .

The Lie algebra 1-cocycle

a 2 C1(P(V); Sect S3(T � V))

vanisheson constants. Using the isomorphism V � = V , provided by the symplectic struc-

ture, oneimbedsSect S3(T � V ) to the spaceof symmetric tensor �elds Sect S� (TV ). Thus

a may be consideredas a 1-cocycle with valuesin Sect S� (TV ).

For an arbitrary smooth manifold M the spaceSect S� (TM ) is a Lie algebra with

respect to the, so called, symmetric Schouten concomitant. Under the identi�cation of

symmetric tensor �elds with �b erwisepolynomial functions on T � M , this operation is the

Poissonbracket. In particular, vector �elds are �b erwise linear functions on T � M .

If M is a symplectic manifold then one has an imbedding of Lie algebras:

sgr ad : P(M )=Const ! Sect S� (TM ): (� )
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Given a pair of Lie algebrash � g, the spaceH 1(h; g) is the spaceof equivalenceclasses

of in�nitesimal deformations of the imbedding h � g { see[O-T]. If a formal imbedding

i t : h ! g is given by

i t (g) = g + t� 1(g) + t2� 2(g) + :::;

where � i : h ! g are linear maps, then � 1 is a 1-cocycle in C1(h; g). We apply this

consideration to the imbedding (*).

Let (x; y) be Darboux coordinates in V 2n and (u; v) the dual basis of V . De�ne the

di�eren tial operators D k : for f (x; y) 2 C1 (V ) let

Dk (f ) = (u@y � v@x )k (f ) =
X

j I j+ jJ j= k

(� 1)j I j k!
I !J !

@k f
@x I @yJ

uJ vI 2 Sect (Sk TV);

here I and J are multiindices, and I ! = (i 1; :::; i n )! = i 1!:::i n !. In particular, D0(f ) = f

and D1(f ) = sgr ad f .

Consider the formal linear maps P(V ) ! Sect S� (TV ):

I t (f ) =
1
2

X

k � 0

Dk (f )
k!

tk � 1 =
1
2t

exp (tD 1)( f );

Jt (f ) =
X

k � 0

D2k+1 (f )
(2k + 1)!

tk =
1

p
t

sinh (
p

tD 1)( f ):

Note that Jt 2 = I t + I � t .

Theorem. 1). The cocycle a, consideredas a map P(V) ! S3(TV ), is, up to a constant

multiplier, the operator D3. 2). The maps I t and Jt are Lie algebra homomorphisms.

In particular, Jt is a formal deformation of the imbedding (*), and the corresponding

in�nitesimal deformation is the cocycle a.

Similar homomorphisms

I t and Jt : P(M ) ! Sect S� (TM ) � P(T � M )

will be constructed for every symplectic manifold M in Section 2.5.

1.4. 2-jet construction and the cocycle B . Another, a more systematic, way to

construct obstructions to projectivit y is to consider the left action of 2-jets of projective

di�eomorphisms on 2-jets of di�eomorphisms.

Given a germ of a di�eomorphism f of linear spaceV n ; n � 2, with the sourcex and

the target y, composeit with germsof projective maps h with the sourcey and the target
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x. One can �nd h such that j 1(hf ) = j 1(I dx ). The spaceof 2-jets of di�eomorphisms �

with j 1(� ) = j 1(I dx ) identi�es with the spaceof componentwisequadratic mapsS2V � 
 V .

Consider the natural pairing:

div : S2V � 
 V ! V � ; set : T = K er div

(if one interprets S2V � 
 V as componentwise quadratic vector �elds then div is the

divergence). Then there exists a unique projective h such that j 1(hf ) = j 1(I dx ) and the

quadratic part of hf , which we denote by �B (f ), belongsto T. Let B (f ) = �B (f � 1). We

have assigneda tensor �eld B (f ) of type T to a di�eomorphism f .

Theorem. B is a nontrivial 1-cocycle of the group D if f V with coe�cien ts in the space

of tensor �elds Sect T.

The construction of the cocycle B extendsto an arbitrary manifold M . This involves

a choiceof a projective connectionon M , but the cohomologyclassof the resulting cocycle

B 2 C1(D if f M ; Sect T) doesnot depend on this choice. The details of this construction

are given in Section 2.3.

1.5. Relation between the cocycles A and B . In the caseof linear symplectic

spacethe relation betweenthe cocycle A 2 C1(SD if f V; Sect S3(T � V)) from 1.1 and the

restriction of the cocycle B 2 C1(D if f M ; Sect T) from 1.4 to the group SDif f V is as

follows.

The isomorphism V � = V , along with the natural projection S2V � 
 V � ! S3V � ,

provides the map

� : T � S2V � 
 V = S2V � 
 V � ! S3V � :

Denote by the samesymbol the map of the spacesof sections.

Theorem. One has: A = � B .

1.6. 2-cocycles from 1-cocycles . There is a general procedure to manufacture

2-cocycles from 1-cocycles. Let G be a group, U and W its modules, � : ^ 2U ! W a

G-homomorphism and C 2 C1(G; U) a 1-cocycle. Let

D(g1; g2) = � (C(g1); C(g1g2)) :

Similarly, for a Lie algebra g, a g-homomorphism � : ^ 2U ! W and a 1-cocycle

c 2 C1(g; U), let

d(g1; g2) = � (c(g1); c(g2)) :
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Lemma. The cochains D 2 C2(G; W ) and d 2 C2(g; W ) are 2-cocycles,and their coho-

mology classesdepend only on thoseof C and c. If c is a Lie algebracocyclecorresponding

to a Lie group cocycle C then the sameholds true for the 2-cocyclesd and D.

Being applied to the 1-cocycle C from 0.3 with M = S1 and

� : ^ 2C1 (S1) ! R given by � (f ; g) =
Z

S1
f dg;

this yields the famous Bott-Th urston cocycle D 2 C2(D if f + S1) { see[B]. The corre-

sponding 2-cocycle of the Lie algebra Vect S1 is given by the formula:

d(f 1(x) @x ; f 2(x) @x ) =
Z

S1

�
�
�
�

f 0
1(x) f 0

2(x)
f 00

1 (x) f 00
2 (x)

�
�
�
� dx;

the class[d] is a generator of H 2(Vect S1).

1.7. Group Vey cocycle . Apply the construction 1.6 to the cocycle B 2

C1(D if f M ; Sect T) from 1.4. Let

� : ^ 2T � (S2V � 
 V )^ 2 ! ^ 2V �

be given by the formula:

� : (� 1 
 v1) ^ (� 2 
 v2) ! div(� 1 
 v2) ^ div(� 2 
 v1);

here � 1;2 2 S2V � ; v1;2 2 V and div is the sameas in 1.4. The map � inducesa D if f M -

invariant map of the spacesof sections,and by 1.6 one obtains from B a group 2-cocycle
�C 2 C2(D if f M ; 
 2(M )).

If M is a symplectic manifold, onehasa SDif f M -invariant map 
 2(M ) ! C1 (M ),

the convolution with the bivector �eld, dual to the symplectic structure. One obtains from
�C a 2-cocycle

C 2 C2(SD if f M ; C1 (M ))

which we call the group Vey cocycle. The reasonfor this name is as follows.

Consider the Lie algebra cocycle c 2 C2(P(M ); P(M )), corresponding to C. It is

known that

H 2(P(M ); P(M )) = H 2
D R (M ) � R

for every symplectic manifold { see,e.g., [O-R] and the referencestherein. The one di-

mensional subspaceis generatedby a remarkable cohomologyclass,discovered by J. Vey

{ see[V]. The Vey class is of great importance in deformation quantization { seenext

subsection.

The signi�cance of the 2-cocycle c is as follows.
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Theorem. The cohomologyclass[c] 2 H 2(P(M ); P(M )) generatesthe Vey direct sum-

mand R � H 2(P(M ); P(M )) .

Thus C integrates the Vey cocycleof the Lie algebraP(M ) to a 2-cocycleof the group

SDif f M .

1.8. Square ro ots of the Mo yal brac ket and of the ?-pro duct . Recall that

H 2(g; g) is the spaceof equivalenceclassesof in�nitesimal deformations of a Lie algebra g

(see,e.g., [Fu]). The in�nitesimal deformation of the Poissonalgebra of an arbitrary sym-

plectic manifold, corresponding to the Vey class,extendsto a nontrivial formal deformation

of this algebra.

More speci�cally , there exists a deformation of the associative algebra structure in

C1 (M ) given by a formal seriesin variable t. It is called ?-product and written as f ?t g.

The deformation of the Poissonbracket is related to the ?-product as follows:

f f ; ggt =
1

2
p

t
(f ?p

t g � g ?p
t f ):

The deformation quantization theory attracted much attention in recent years { see,e.g.,

[D], [F-S], [Fe], [O-R], [W].

In the caseof linear symplectic spacethesedeformationsaregivenby explicit formulas.

We write them in Darboux coordinates (x; y). De�ne bidi�eren tial operators on functions

in (x; y):

Pk (f ; g) =
X

j I j+ jJ j= k

(� 1)j J j k!
I !J !

@k f
@x I @yJ

@k g
@x J @y I

:

In particular, P0(f ; g) = f g and P1(f ; g) = f f ; gg, the usual Poissonbracket. One has:

f ?t g =
X

k � 0

Pk (f ; g)
k!

tk ; f f ; ggt =
X

k � 0

P2k+1 (f ; g)
(2k + 1)!

tk :

The latter operation is called the Moyal bracket.

Notice the striking similarit y between these formulas and the ones in 1.3. As we

explain below, the homomorphismsI t and Jt are, in a sense,squareroots of the ?-product

and of the Moyal bracket, respectively.

Extend the symplectic structure to the pairing

< ; > : Sk V 
 Sk V ! R ;

which in the basis(u; v), dual to (x; y), writes:

< uI vJ ; uK vL > = (� 1)j J j I !J ! if K = J; L = I
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and zerootherwise;hereI ; J; K ; L aremultiindices. Denoteby the samesymbol the pairing

on sections:

< ; > : (Sect Sk (TV )) 
 2 ! C1 (V ):

Extend the pairing to all symmetric tensor �elds assumingtensors of di�eren t degreesto

be orthogonal.

Theorem. The following identities hold:

< I s(f ); I t (g) > =
1

4st
f ?st g; < Js(f ); Jt (g) > = f f ; ggst :

The associativit y and Jacobi identities for the ?-product and the Moyal bracket imply

therefore similar identities for the homomorphismsI t and Jt .

Corollary . One has:

< I t (< I t (f ); I t (g) > ); I t (h) > = < I t (f ); I t (< I t (g); I t (h) > ) >;

< Jt (< Jt (f ); Jt (g) > ); Jt (h) > + < Jt (< Jt (g); Jt (h) > ); Jt (f ) > +

< Jt (< Jt (h); Jt (f ) > ); Jt (g) > = 0:

The role of the homomorphismsI t and Jt in deformation quantization deservesfurther

study. We �nish Section 1 with the following

Conjecture. For every symplectic manifold M there exist Lie algebra homomorphisms

I t and Jt : P(M ) ! Sect (S� TM ) � P(T � M );

given by formal power seriesin t and satisfying the identities from the above Corollary.

2. Pro ofs and further constructions

2.1. Co cycle B : the case of linear space. We usethe notation from 1.4. Let G(n)

be the group of 2-jets of origin preserving di�eomorphisms of V n , and H (n) its subgroup

consisting of 2-jets of projective maps. In coordinates, a typical element of H (n) is given

by:

X i =
X

j

aij x j + (
X

k

bk xk )(
X

j

aij x j ); det aij 6= 0; 1 � i; j; k � n:

Denote by H xy the set of 2-jets of projective maps with the sourcex and target y.

Recall that we have the pairing div : S2V � 
 V ! V � and T = K er div: We interpret

S2V � 
 V as componentwise quadratic maps. Let F (n) � G(n) consist of 2-jets with the

identical linear part and the quadratic part in T. Clearly, F (n) is an a�ne spacewith the

underlying linear spaceT.
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Lemma 2.1.1. F (n) is a normal Abelian subgroup of G(n).

Pro of. If f i = I d+ t i ; t i 2 T; i = 1; 2 are two elements of F (n) then f 1f 2 = I d+ t1+ t2.

If f = I d + t 2 F (n) and g 2 G(n) then gf g� 1 = I d + ata� 1 where a is the linear part of

g. Sincediv (ata� 1) = div t = 0 one has gf g� 1 2 F (n), and the lemma is proved.

Consider the left action of H (n) on G(n).

Lemma 2.1.2. F (n) is a transversal to the orbits of this action: for every f 2 G(n) there

exists a unique h 2 H (n) such that hf 2 F (n).

Pro of. The linear part of the desiredh must be that of f � 1; therefore, without loss

of generality, assumethat j 1(f ) = j 1(I d). Let q 2 S2V � 
 V be the quadratic part of

f . For h 2 H (n) with j 1(h) = j 1(I d) one has: h = I d + b I d where b 2 V � . Then

hf = I d+ b I d+ q. This lies in F (n) if and only if div (b I d+ q) = 0. By the Euler formula

div (b I d) = (n + 1)b. Therefore b = � div (q)=(n + 1). This uniquely determinesh.

The above lemma justi�es the de�nition of the map B : D if f V ! Sect T from 1.4.

Lemma 2.1.3. B is a 1-cocycle.

Pro of. Let f ; g 2 D if f V; f � 1(x) = y and g� 1(y) = z. Let h1 2 H yx ; h2 2 H zy

satisfy:

h1f � 1 = I d + t1 2 F (n); h2g� 1 = I d + t2 2 F (n); t1;2 2 T:

Let a be the linear part of f � 1 at x. One has:

h1h2g� 1f � 1 = h1(I d + t2)f � 1 = I d + t1 + a� 1t2a:

The last term is the action of f on t2. Therefore B (f g) = B (f ) + f B (g):

To prove Theorem 1.4 it remains to show that B is a nontrivial 1-cocycle. Note that

B is a di�eren tial operator of secondorder. This would not be the caseif B were exact,

that is, if B (f ) = f s � s for somes 2 Sect T.

2.2 Comparing the cocycles A and B . Recall that the triangle symplectic area

construction 1.1 yields a map

�A : SD if f V ! Sect S3(T � V)

for linear symplectic spaceV .

To prove Theorem 1.5 we need to show that �A(f ) = � �B (f ) where � and �B are the

sameas in 1.4 and 1.5. By construction,

�A(hf ) = �A(f ) and �B (hf ) = �B (f )

10



for every a�ne symplectic map h. Composing f with an appropriate h one trivializes

j 1(f ). Therefore, without lossof generality, we assumethat f preserves the origin O and

j 1(f ) = j 1(I d).

Thus j 2(f ) = I d + q where q 2 S2V � 
 V is the quadratic part of f . Fix Darboux

coordinates (x; y). Since f is a symplectomorphism there exists a generating cubic form

H (x; y) such that j 2(f ) is:

X i = x i �
@H
@yi

; Yi = yi +
@H
@x i

; and q = (�
@H
@yi

;
@H
@x i

):

Clearly div q = 0, so the projection of f to T = K er div � S2V � 
 V is q itself. The map

� : S2V � 
 V ! S3V � sendsq to

X
x i

@H
@x i

+ yi
@H
@yi

= 3H ;

the equality due to the Euler formula. Thus � �B (f ) = 3H .

On the other hand, a straightforward computation shows that the cubic part of the

symplectic area of the triangle (f (� x; � y); O; f (x; y)) is equal to

! (I d(x; y); q(x; y)) =
X

x i
@H
@x i

+ yi
@H
@yi

= 3H :

Therefore �A(f ) = 3H . This provesTheorem 1.5, which, in turn, implies Theorem 1.1

2.3. Pro jectiv e connections and the cocycle B on an arbitrary manifold .

To carry out the construction 1.4 and 2.1 of the cocycle B on an arbitrary manifold M one

needsan analog of the group of projective 2-jets H (n). This is provided by a projective

connection on M .

Recall the notion of projective connection{ see[K]. We usethe notation from 1.4 and

2.1. A 2-frameon M n at point x is the 2-jet of a di�eomorphism (R n ; O) ! (M ; x). The set

of 2-framesis a principal bundle over M with the structure group G(n) acting on the right.

A projective connection is a reduction of this bundle to the subgroup H (n). Note that

projective connectionsexist on every manifold M : they are in one to one correspondence

with sectionsof a bundle over M whose�b er is the contractible spaceG(n)=H(n).

Said di�eren tly , for every x 2 M one has a set Px of 2-jets of di�eomorphisms

(R n ; O) ! (M ; x) on which H (n) acts transitiv ely and freely on the right. Call a 2-

jet h : M ! M with the sourcex and target y projective if hPx = Py . Denote the set

of such projective 2-jets by H xy , and abreviate H xx to H x . For every � 2 Px one has:

H x = �H (n)� � 1, and for every f 2 H xy one has : H xy = f H x = H y f .
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Let Gx be the set of 2-jets of di�eomorphisms (M ; x) ! (M ; x), and let Fx =

�F (n)� � 1 for some � 2 Px ; by Lemma 2.1.1 this does not depend on the choice of � .

Then Fx is a transversal to the orbits of the left action of H x on Gx . As in 1.4 we identify

Fx with Tx = K er div, where div : S2(T �
x M ) ! T �

x M is the natural pairing, and denote

by q the projection Gx ! Fx .

After these preparations construction of the cocycle B repeats the one in the linear

case.Given f 2 D if f M , consider j 2(f � 1) at x 2 M . Let y = f � 1(x); pick h 2 H yx and

set: B (f )(x) = q(hf � 1). This givesthe 1-cocycle

B : D if f M ! Sect T

promised in 1.4 (the proof of the cocycle property is the sameas in 2.1).

To complete this construction we prove the following, not very surprising, result.

Lemma. The cohomologyclass[B ] 2 H 1(D if f M ; Sect T) doesnot depend on the choice

of the projective connection.

Note that, a priori, the cohomologyclassin question may vary continuously; therefore

the fact that two connectionsare homotopic doesnot si�ce for a proof.

Pro of. Given two projective connections,usebar to indicate that the corresponding

object is related to the secondone. We will show that

�B (f ) � B (f ) = f s � s (�� )

for somes 2 Sect T:

The two connectionsare related by a �eld of 2-jets of di�eomorphisms gx : (M ; x) !

(M ; x) such that �Px = gx Px . Clearly, �H xy = gy H xy g� 1
x , and, in particular, �H x = gx H x g� 1

x .

Notice that �Fx = Fx .

Let us compare the two projections �q and q from Gx to Fx . Given � 2 Gx there

exists �h 2 �H x such that � = �h�q(� ). Therefore � = gx hg� 1
x �q(� ) for someh 2 H x . Rewrite

this as g� 1
x � = hg� 1

x �q(� ). There exist h0; h00 2 H x such that g� 1
x � = h0q(g� 1

x � ) and

g� 1
x = h00q(g� 1

x ). Therefore h0q(g� 1
x � ) = hh00q(g� 1

x ) �q(� ). The formula for multiplication in

F (n) from Lemma 2.1.1 implies that

�q(� ) = q(g� 1
x � ) � q(g� 1

x ): (� � � )

Now we can comparethe cocycles �B and B . Given j 2(f � 1) at x 2 M with y = f � 1(x), by

de�nition, �B (f ) = �q(�hf � 1) where �h 2 �H yx . One has: �h = gx hg� 1
y with h 2 H yx . Apply

(***) to � = gx hg� 1
y f � 1:

�B (f ) = q(hg� 1
y f � 1) � q(g� 1

x ) = B (f gy ) � B (gx ):
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By cocycle property, B (f gy ) = B (f ) + f B (gy ), and, �nally ,

�B (f ) � B (f ) = f B (gy ) � B (gx ):

This meansthat �B and B are cohomologous,the section s in (**) being equal to B (g).

2.4. Iden tifying the cocycle c 2 C2(P(M ); P(M )) as the Vey cocycle. First

we deducean explicit formula for the triangle symplectic area cocycle

a 2 C1(P(V); Sect S3(T � V))

where (V; ! ) is linear symplectic space.Fix Darboux coordinates (x; y).

Lemma 2.4.1. Up to a constant multiplier,

a(h) = (@x dx + @y dy)3(h) =
X

j I j+ jJ j=3

6
I !J !

@3h
@x I @yJ

dxI dyJ :

Pro of. The Lie algebra cocycle is reconstructed from the Lie group one as follows:

a(h) =
d
dt

�
�
�
t =0

A(exp(t sgr ad h)) :

Thus one needsto compute the cubic part of the symplectic area of the triangle

(f (� u; � v); f (O); f (u; v)) ; where f (x; y) = (x + th y ; y � thx );

and then take its coe�cien t at t as the value of the cubic di�eren tial on the tangent vector

� = (u; v). Up to a constant, this equalsthe cubic part in � of ! (� ; � ) where � is the vector

(� hy (� ) � hy (� � ) + 2hy (O); hx (� ) + hx (� � ) � 2hx (O)) :

This yields the desired formula.

Composing the cocycle a with the isomorphism S3(T � V) ! S3(TV ), provided by the

symplectic structure, one obtains the �rst statement of Theorem 1.3.

Next, consider the cocycle b 2 C1(P(V ); Sect T). Let h(x; y) be a cubic form. Then

b(h) =
d
dt

�
�
�
t =0

B (exp(t sgr ad h)) ;

and this is equalto the quadratic part of the map, i.e., to sgr ad h = hy @x � hx @y , considered

as a section of T � S2(T � V ) 
 V .

Let M be a symplectic manifold. Recall, 1.7, that the cocycle c 2 C2(P(M ); P(M ))

is constructed from b as follows:

c(f ; g) = < � (b(f ); b(g)) ; ~! >;

where � : Sect ^ 2 T ! 
 2(M ) was de�ned in 1.7 and ~! is the bivector �eld, dual to the

symplectic structure. A straightforward computation of the right hand sideof this formula

in the linear caseM = V givesthe next result.
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Lemma 2.4.2. If f and g are cubic forms then c(f ; g) equals,up to a constant multiplier,

the di�eren tial operator P3(f ; g) from 1.8.

Since c is a third order homogeneousbidi�eren tial operator, one concludesthat, up

to a multiplier, c = P3.

Now we can prove Theorem 1.7. The Vey class in H 2(P(M ); P(M )) is uniquely

determined by the following two properties: it is given by a local cocycle, that is, by a

bidi�eren tial operator, and in Darboux coordinates the cocycleis P3 { see[O-R]. A multiple

of the class[c] has both properties, therefore [c] is proportional to the Vey class.

2.5. Prop erties of the homomorphisms I t and Jt . In this last section we prove

the secondstatement of Theorem 1.3, construct homomorphismsI t and Jt on an arbitrary

symplectic manifold and prove Theorem 1.8.

Start with Theorem 1.3. Let (x; y) be Darboux coordinates in symplectic space(V; ! )

and (u; v) the dual basisof V . Then (x; y; u; v) are Darboux coordinates in T � V with its

canonical symplectic structure 
 = dx ^ du + dy ^ dv. Consider the new coordinates in

T � V:

p = x � tv; q = y + tu; �p = x + tv; �q = y � tu; t is a parameter:

This givesa linear isomorphism T � V = V � V where (p;q) are coordinates in the �rst and

( �p; �q) in the secondfactor. Let 
 t = dp^ dq� d�p ^ d�q; then 
 t = 2t
.

Given a function f (x; y) on V , the Taylor expansionof the function f (x � tv ; y+ tu)=2t

in powersof tu and tv is just the seriesI t (f ). In the new coordinates this equalsf (p;q)=2t.

To prove that I t is a PoissonLie algebra homomorphism one needsto show that

f I t (f ); I t (g)g
 = I t (f f ; gg! ):

Indeed,

f I t (f ); I t (g)g
 =
n 1

2t
f (p;q);

1
2t

g(p;q)
o



= 2t

n 1
2t

f (p;q);
1
2t

g(p;q)
o


 t

=

1
2t

f f (p;q); g(p;q)g
 t =
1
2t

f f (p;q); g(p;q)gdp^ dq = I t (f f ; gg! )

(the secondequality due to the fact that 
 t = 2t
).

Likewise,

Jt 2 (f ) =
1
2t

(f (p;q) � f ( �p; �q)) ;

so Jt is a homomorphism for a similar reason.

Next we indicate how to construct homomorphismsI t and Jt on an arbitrary sym-

plectic manifold (M ; ! ); this construction is lesscanonical than the one in linear space.
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Consider the symplectic manifold (M � M ; ! 	 ! ), and let � be the projection on

the �rst factor. The diagonal M � M � M is a Lagrangian submanifold. According

to Weinstein's theorem, a neighbourhood U of the diagonal is symplectomorphic to a

neighbourhood V of the zero section in T � M ; we identify U and V . Given f 2 C1 (M ),

considerf � 2 C1 (U) = C1 (V ). Composethis function on V with the �b erwisedilation

in T � M with the coe�cien t t, divide by t, and denotethe resulting function on V by I t (f ).

The map I t : C1 (M ) ! C1 (V ) is a PoissonLie algebrahomomorphism. Restricting

to the in�nite order formal neighbourhood of the zero section in T � M , one obtains a

PoissonLie algebra homomorphism I t : C1 (M ) ! Sect S� (TM ). The construction of J t

is similar, and the proof that both maps are homomorphisms repeats that in the linear

case.

Finally , we prove Theorem 1.8. As before,we work in Darboux coordinates (x; y) and

the dual basis (u; v). Intro duce a convenient formalism.

Let

@x ^ @y = @x 
 @y � @y 
 @x ; @u ^ @v = @u 
 @v � @v 
 @u :

The formula for the ?-product from 1.8 can be written as

f ?t g = Tr et (@x ^ @y ) (f 
 g);

where Tr (f 
 g) = f g. Similarly, one has the next result.

Lemma. The pairing

< ; > : (Sect Sk (TV )) 
 2 ! C1 (V )

from 1.8 is given by the formula

< f ; g > = Tr e(@u ^ @v ) (f 
 g):

Pro of. The value

(@u 
 @v � @v 
 @u )m

m!
(uI vJ 
 uK vL )

equals(� 1)j J j I !J ! if K = J; L = I ; m = jI j + jJ j, and zero otherwise.

Recall also that the homomorphism I t was written in 1.3 as

I t (f ) =
1
2t

et (u@y � v@x ) (f ):

Thus

< I s(f ); I t (g) > =
1

4st
Tr e(@u ^ @v ) � es(u@y � v@x ) 
 et (u@y � v@x ) � (f 
 g) =

15



1
4st

Tr e(@u ^ @v ) est (u@y � v@x ) 
 (u@y � v@x ) (f 
 g) =
1

4st
Tr est (@x ^ @y ) (f 
 g) =

1
4st

f ?st g:

This is the �rst identit y of Theorem 1.8.

In view of the formulas

f f ; ggt 2 =
1
2t

(f ?t g � g ?t f ); Jt 2 = I t + I � t ;

the secondidentit y of Theorem 1.8 is equivalent to

< I s(f ) + I � s(f ); I t (g) + I � t (g) > = 2 < I s(f ); I t (g) > � 2 < I t (g); I s(f ) > (� � �� )

Split I t (f ) into the seriesI ev
t (f ) and I odd

t (f ), even and odd in t, respectively. Then the

left hand side of (****) equals4 < I ev
s (f ); I ev

t (g) > . The right hand side equals

2(< I ev
s (f ); I ev

t (g) > + < I odd
s (f ); I odd

t (g) > � < I ev
t (g); I ev

s (f ) > � < I odd
t (g); I odd

s (f ) > ):

Note that the pairing < ; > is symmetric on even degreetensorsand skew-symmetric on

odd degreeones. Note also that I ev
t is an odd degreetensor, and I odd

t is an even degree

one. Combining thesetwo remarks it follows that the right hand side of (****) alsoequals

4 < I ev
s (f ); I ev

t (g) > . Theorem 1.8 is proved.
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