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0. Intro duction

0.1. In this paper we construct a number of geometrically meaningful 1{ and 2{
cocycles of in nite dimensional Lie groups and Lie algebras. The groups are groups of
di eomorphisms of smooth manifolds and their subgroups, sud as the group of sym-
plectomorphisms of a symplectic manifold; the Lie algebrasare algebrasof vector elds.
Coe cien t spacesof the cocyclesare spacesof various tensor elds, naturally acted upon
by di eomorphisms and vector elds. Our constructions are closelyrelated to deformation
guantization.

0.2. Denition of cohomology . Recall the de nition of Lie group and Lie algebra
cohomology (see, e.g., [Fu]). For a group G and its left module A the spaceof cochains
CY9G; A) consistsof cortin uousmapsP {2 I A; andthe dierential d: C%G;A)!
q
C9*1 (G;A) is given by the formula:

X .
dC(01; 5 0g+1) = iC(Q2; i Oqe1) + ( 1)'C(01;:5 0+ 0ge1) +
11 q

( DI C(gr; 15 0g):

For a Lie algebrag and its module A the spaceof cochains C9(g; A) is Hom("9g; A);
and the di erential is given by the formula:

X o
do(gs; 5 Gget ) = (D" Tolgig g o0 Ogen) +

1 igf g+l

X .
( 1)'gic(gr; 0 gget )
1 i g+l
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There is a natural homomorphismH%(G;A) ! HY(g;A); and throughout the paper
we use upper casecharacters for Lie group cocyclesand the samelower caseonesfor the
corresponding cocyclesof Lie algebras.

0.3. Simple example . The following instructiv e construction serves a model for
more involved constructions of the paper.

Let (M; ) be a manifold with a volume form. Assign to an orientation preserving
di eomorphism f a smooth function C(f) by

foo=etM:
Set: C(f)=C(f 1). ThismapC :Diff,M ! C! (M) isa l-cocycle:
C(fg) = C(f) + £ C(9g);
heref is the action of the di eomorphism f on a function

(f )= (f *(x):

The corresponding Lie algebracocyclec:VectM | C! (M) is the divergenceopera-
tor.

0.4. Organization of the paper and acknowledgemen ts. Section 1 cortains
main constructions and results. Further details and proofs are given in Section 2.

The preliminary version of this paper was written at ENS de Lyon and the presern
version at MPIM, Bonn. | am grateful to both Institutes for their hospitality. It is a
pleasureto adknowledgethe stimulating discussionswith E. Ghys, B. Khesin, V. Ovsienko
and C. Roger. Researth was supported in part by NSF grant DMS-9402732.

1. Main constructions and results

1.1. Triangle area construction . Given a (germ of a) di eomorphism f of the
ane planeV, how can one measureits failure to be projective, that is, to send straight
linesto straight lines? The following construction, which | learnedfrom E. Ghys and which
was inspired by the book [C-F], provides a natural answer.

Useane structure to identify V with its tangent plane at every point. Let x 2 V be
a point and u a tangert vector at x. Considerthe three collinear points (x  u; X; X+ u),
where is a small parameter, and apply f to this triple. One obtains a triangle whoseside
lengths are of order and whosevertex angleis -closeto . It follows that the oriented
areaof the triangle is of order 3. Divide by 3, takelimit ! 0, and denotethe resulting
number by A ., (f).



For a xed f and x, by construction, A,.,)(f) is a cubic form on the tangent space
T4 V. HenceA may be thought of asa map

A:Dif f V! SectS¥T V):

This map dependson the 2-jet of a di eomorphism and vanishesif the di eomorphism is
projective. Here is an explicit formula:

A(F) = [fx; Fax JOX3+ (2[F x; Fuy 1+ [y T X2y + (2[f y; oy 1+ [Fx; Fyy D axdy?+ [y ; Fyy 1dY3;

wheref (x; y) is a vector function and [ ; ] is the determinant.
The behavior of A under composition of di eomorphisms is as follows:

A(fg) = J(f)A(9) + g A(f);

where g A(f) is the induced di erential form, and J(f) is the Jacobian. In the caseof
most interest to us, when f is area preserving, one has:

A(f) = [fx:fux] dx® + 3[fx;fxy] dxzdy+ 3[fy;fxy] dXdy2 + [fy;fyy] dys;

and
A(fg) = A(9) + g A(f):

This implies that the map
A:Dif f VI SectS3T V); A(f)= A(f Y

is a 1-cacycle of the group of symplectomorphismswith coe cien ts in cubic di erentials.
The corresponding 1-cocycle of the Lie algebra of Hamiltonian vector elds is:

a(sgrad f) = fux dx3+ 3fyy dx?dy+ 3f,y, dxdy? + fyyy dy*;

wheresgrad f is the symplectic gradiernt of a function f (x; y).

The triangle area construction extends verbatum to the casewhenf is a symplecto-
morphism of linear symplectic spaceV?": one usesthe symplectic form to measureareas
of triangles. In this more generalsetting the next result holds.
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Theorem. A 2 CY(SDif f V;Sect S3(T V)) is a 1-cacycle, not homologousto zero.

1.2. Schwarzian deriv ativ e. The above construction is analogousto that of the
Schwarzian derivative. Given a di eomorphism f of the projective line, a point x 2 RP !
and a tangent vector u 2 T4yRP ! = R!, considerthe cross-ratio

[f (x); f(x+ u); f(x+ 2u); f(x+ 3u)]:

This cross-ratio does not cortain linear terms in . The coecient at 2 is a quadratic
di erential on RP ! which, up to a constart factor, equalsthe Schwarzian derivative

hf 000

£ 00 ol
5 o

s dx?:

3
S(f) = 5
The Sdwarzian derivative is an obstruction to f being projective, and it enjoys the prop-
erty:

S(fg) = S(g) + g S(f):

Note that, unlike the cocycle A(f), the Scwarzian derivative depends on the 3-jet of a
di eomorphism.

1.3. Two Lie algebra homomorphisms P(V)! SectS (TV). In this sectionwe
identify the Lie algebra 1-cocycle a, corresponding to the group cocycle A from 1.1, asan
in nitesimal deformation of an imbedding of Lie algebras.

Denote by P (M ) the PoissonLie algebraof smooth functions on a symplectic manifold
M. The algebraP (M )=Const is the Lie algebraof the Lie group SDif f M.

The Lie algebra 1-cacycle

a2 CYP(V);Sect S3(T V))

vanisheson constarts. Using the isomorphismV = V, provided by the symplectic struc-
ture, oneimbedsSect S3(T V) to the spaceof symmetric tensor elds SectS (TV). Thus
a may be consideredas a 1-cocycle with valuesin SectS (TV).

For an arbitrary smooth manifold M the spaceSect S (TM) is a Lie algebra with
respect to the, so called, symmetric Schouten concomitant. Under the identi cation of
symmetric tensor elds with b erwisepolynomial functions on T M, this operation is the
Poissonbracket. In particular, vector elds are b erwiselinear functionson T M.

If M is a symplectic manifold then one has an imbedding of Lie algebras:

sgrad: P(M)=Const! SectS (TM): ()
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Given a pair of Lie algebrash g, the spaceH %(h: g) is the spaceof equivalenceclasses
of in nitesimal deformations of the imbeddingh g { see[O-T]. If a formal imbedding
it :h! gisgivenby

it(g) = g+t 1(9) + t* 2(9) + i

where ; : h'! g are linear maps, then 1 is a 1-cacycle in C(h;g). We apply this
considerationto the imbedding (*).

Let (x;y) be Darboux coordinates in V2" and (u; V) the dual basisof V. De ne the
di erential operators Dy: for f (x;y) 2 C! (V) let

k X i k@t k
Dk(f)= (U@ v@)"(f)= ( DY — ——u’v 2 Sect(S“TV);
. 13! @ @,
iH+jdj=k
herel and J are multiindices, and I'! = (ig; 5 ip)! = i1h:igl. In particular, Do(f) = f

and D(f) = sgrad f.
Consider the formal linear mapsP (V) ! SectS (TV):

X
=50 2wrs Lep ),
ko
X Do (f)_ 1 . P .
\]t(f)— mt = p_f S|nh( tDl)(f)
k 0 '

Note that Ji2 = I + | .

Theorem. 1). The cocycle a, consideredasa map P(V) ! S3(TV), is, up to a constart
multiplier, the operator D3. 2). The maps|; and J; are Lie algebrahomomorphisms.

In particular, J; is a formal deformation of the imbedding (*), and the corresponding
in nitesimal deformation is the cocycle a.
Similar homomorphisms

l{ and J; :P(M)! SectS (TM) P(T M)

will be constructed for every symplectic manifold M in Section 2.5.

1.4. 2-jet construction and the cocycle B. Another, a more systematic, way to
construct obstructions to projectivity is to considerthe left action of 2-jets of projective
di eomorphisms on 2-jets of di eomorphisms.

Given a germ of a di eomorphism f of linear spaceV"; n 2, with the sourcex and
the target y, composeit with germsof projective mapsh with the sourcey and the target
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x. Onecan nd h sud that ji(hf) = j(l1dy). The spaceof 2-jets of di eomorphisms
with j1( ) = j (1 dy) identi es with the spaceof componertwise quadratic mapsS?V V.
Consider the natural pairing:

div:S2v V! V :set: T=Kerdiv

(if one interprets S2V V as componertwise quadratic vector elds then div is the
divergence). Then there exists a unique projective h sud that j(hf) = j*(l1dy) and the
quadratic part of hf , which we denote by B(f), belongsto T. Let B(f) = B(f !). We
have assigneda tensor eld B(f) of type T to a di eomorphism f.

Theorem. B is a nontrivial 1-cocycle of the group Dif f V with coe cien ts in the space
of tensor elds Sect T.

The construction of the cocycle B extendsto an arbitrary manifold M. This involves
a choice of a projective connectionon M, but the cohomologyclassof the resulting cocycle
B 2 CY(Dif f M;SectT) doesnot depend on this choice. The details of this construction
are given in Section 2.3.

1.5. Relation between the cocycles A and B. In the caseof linear symplectic
spacethe relation betweenthe cocycle A 2 C1(SDif f V;Sect S3(T V)) from 1.1 and the
restriction of the cocycle B 2 C1(Dif f M;Sect T) from 1.4 to the group SDif f V is as
follows.

The isomorphismV = V, along with the natural projection S2v. VvV | S3V |
provides the map

T S V=S VI S

Denote by the samesymbol the map of the spacesof sections.

Theorem. Onehas: A= B.

1.6. 2-cocycles from 1-cocycles. There is a general procedure to manufacture
2-cocycles from 1-cocycles. Let G be a group, U and W its modules, : 722U ! W a
G-homomorphismand C 2 C(G; U) a 1-cacycle. Let

D(g1;%) = (C(91); C(9132)):

Similarly, for a Lie algebra g, a g-homomorphism : 22U ! W and a 1-cocycle
c2 Cl(g; V), let
d(g1;02) = (c(01);c(ge)):
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Lemma. The cochains D 2 C?(G;W) and d 2 C?(g; W) are 2-cacycles, and their coho-
mology classesgdepend only on thoseof C and c. If cis a Lie algebracocycle corresponding
to a Lie group cocycle C then the sameholds true for the 2-cocyclesd and D.

Being applied to the 1-cocycle C from 0.3 with M = S* and
Z

:A2ct sty R givenby (f;g) = f dg;
Sl

this yields the famous Bott-Th urston cocycle D 2 C?(Dif f. S') { see[B]. The corre-
sponding 2-cacycle of the Lie algebraVect St is given by the formula:

Z
: - fIx)  f3(x) .

the class[d] is a generator of H2(Vect SY).

1.7. Group Vey cocycle. Apply the construction 1.6 to the cocycle B 2
CY(Dif f M;SectT) from 1.4. Let

AT (S2V V)21 A2y
be given by the formula:

(1 vi)M (2 wvo)! div(y wv2)Mdiv( 2 Vi)

here 1., 2 S2V ; vi2 2 V and div is the sameasin 1.4. The map inducesaDif f M-
invariant map of the spacesof sections,and by 1.6 one obtains from B a group 2-cocycle
C 2 C3(Dif f M; 2(M)).

If M is a symplectic manifold, onehasa SDif f M -invariant map ?(M)! C! (M),
the cornvolution with the bivector eld, dual to the symplectic structure. One obtains from
C a 2-cacycle

C 2 C3(SDif f M;Ct (M))

which we call the group Vey cocycle. The reasonfor this name s as follows.
Consider the Lie algebra cocycle ¢ 2 C%(P(M);P(M)), corresponding to C. It is
known that
H2(P(M);P(M)) = H3z(M) R

for every symplectic manifold { see,e.g., [O-R] and the referencestherein. The one di-
mensional subspaceis generatedby a remarkable cohomology class, discovered by J. Vey
{ see[V]. The Vey classis of great importance in deformation quartization { seenext
subsection.

The signi cance of the 2-cacycle c is as follows.
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Theorem. The cohomologyclass[c] 2 H?(P(M):P(M)) generatesthe Vey direct sum-
mand R H?(P(M);P(M)).

Thus C integratesthe Vey cocycle of the Lie algebraP (M) to a 2-cacycle of the group
SDif f M.

1.8. Square roots of the Moyal bracket and of the ?-pro duct. Recall that
H?2(g; g) is the spaceof equivalenceclassesof in nitesimal deformations of a Lie algebrag
(see,e.qg.,[Fu]). The in nitesimal deformation of the Poissonalgebraof an arbitrary sym-
plectic manifold, corresponding to the Vey class,extendsto a nontrivial formal deformation
of this algebra.

More speci cally, there exists a deformation of the assaiative algebra structure in
C! (M) given by a formal seriesin variable t. It is called ?-product and written asf ?; g.
The deformation of the Poissonbracket is related to the ?-product as follows:

1
ff;go = P (f Prg g?¢f):

The deformation quantization theory attracted much attention in recert years{ see,e.g.,
[D], [F-S]. [Fe], [O-R], [W].

In the caseof linear symplectic spacethesedeformationsare givenby explicit formulas.
We write them in Darboux coordinates (x; y). De ne bidi eren tial operators on functions

in (x;y): o @ @
! g .
| IJ' @I @J @J @I .

In particular, Po(f;g) = f g and P1(f;g) = ff;gg, the usual Poissonbracket. One has:

X Pi(f; X' P (f;
f2g= k(kl g)tk; ff;9g = 7(2;k1+( 1)?)tk:
ko k 0 '

X .
Pe(f;g) = (
i+ 3j=k

The latter operation is called the Moyal bracket.

Notice the striking similarity between these formulas and the onesin 1.3. As we
explain below, the homomorphismsl; and J; are, in a sensesquareroots of the ?-product
and of the Moyal bracket, respectively.

Extend the symplectic structure to the pairing

<;>:8kv skvI R;
which in the basis(u;v), dual to (x;y), writes:
<u'viukvhE s ()Y if K=3; L=
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and zerootherwise; herel ; J; K; L are multiindices. Denote by the samesymbol the pairing
on sections:
< ; >:(SectSK(TV)) 21 Ct(V):

Extend the pairing to all symmetric tensor elds assumingtensorsof di erent degreesto
be orthogonal.

Theorem. The following identities hold:

1
< Is(f);lt(g) >= 4—8tf 2%t 0; < Js(f);Ji(g) >= ff;90«:

The assaiativit y and Jacobi identities for the ?-product and the Moyal bracket imply
therefore similar identities for the homomorphismsl; and J;.

Corollary . One has:

< le(< 1e(F)i1e(g) =) 1e(h) >=< 1¢(f); (< 1e(9); 1e(h) >) >;
< Je(< Je(F);3e(9) >); Je(h) > + < Je(< I (9); Je(h) >); e (F) > +
< Ji(< Je(h); Je(F) >); Je(9) >= 0

The role of the homomorphismsl; and J; in deformation quantization desenesfurther
study. We nish Section 1 with the following

Conjecture.  For every symplectic manifold M there exist Lie algebrahomomorphisms
Iy and J; :P(M)! Sect(S TM) P(T M);

given by formal power seriesin t and satisfying the identities from the above Corollary.

2. Pro ofs and further constructions

2.1. Cocycle B: the case of linear space. We usethe notation from 1.4. Let G(n)
be the group of 2-jets of origin preservingdi eomorphisms of V", and H (n) its subgroup
consisting of 2-jets of projective maps. In coordinates, a typical elemen of H(n) is given
by: X X X

Xi = aj Xj + ( bexe)( & xj); detg; 80, 1 i,k n:
i k i
Denote by H,, the setof 2-jets of projective maps with the sourcex and target y.

Recall that we have the pairing div : SV V! V and T = Ker div: We interpret
S?V  V ascomponertwise quadratic maps. Let F(n)  G(n) consist of 2-jets with the
identical linear part and the quadratic part in T. Clearly, F(n) is an a ne spacewith the
underlying linear spaceT.



Lemma 2.1.1. F(n) is a normal Abelian subgroup of G(n).

Proof. If f; = Id+tj; t; 2 T; i = 1;2aretwo elemens of F (n) thenf f, = I d+t;+t,.
Iff =1d+t2F(n)andg2 G(n) thengfg = 1d+ ata ! wherea is the linear part of
g. Sincediv (ata !) = divt= Oonehasgfg ! 2 F(n), and the lemma is proved.

Consider the left action of H(n) on G(n).

Lemma 2.1.2. F(n) is atransversalto the orbits of this action: for every f 2 G(n) there
exists a unique h 2 H(n) sud that hf 2 F(n).

Pro of. The linear part of the desiredh must be that of f *; therefore, without loss
of generality, assumethat j(f) = ji(1d). Let q2 S?V  V be the quadratic part of
f. For h 2 H(n) with j(h) = ji(Id) onehas: h = Id+ bld whereb2 V . Then
hf = 1d+ bld+ g. This liesin F(n) if and only if div (b1d+ g) = 0. By the Euler formula
div (bld) = (n+ 1)b. Thereforeb= div (g)=(n + 1). This uniquely determinesh.

The above lemma justi es the de nition ofthe map B : Dif f V! SectT from 1.4.
Lemma 2.1.3. B is a l-cacycle.

Proof. Let f;g2 Dif f V; f %(x) = yandg (y) = z. Let hy 2 Hyx;h2 2 Hyy
satisfy:
hif Y=1d+t12F(n); hog *=1d+t,2 F(n); t122 T:

Let a be the linear part of f ! at x. One has:
hih,g ¥ 1= hy(Id+ ty)f = 1d+ ti1+ a 1t2a:

The last term is the action of f ont,. ThereforeB(f g) = B(f) + f B(Q):

To prove Theorem 1.4 it remainsto show that B is a nontrivial 1-cocycle. Note that
B is a di erential operator of secondorder. This would not be the caseif B were exact,
that is, if B(f) = fs sfor somes?2 SectT.

2.2 Comparing the cocycles A and B. Recall that the triangle symplectic area
construction 1.1 yields a map

A :SDif f VI SectS3(T V)

for linear symplectic spaceV.
To prove Theorem 1.5 we needto show that A(f) = B(f) where and B are the
sameasin 1.4 and 1.5. By construction,

A(hf) = A(f) and B(hf)= B(f)
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for every ane symplectic map h. Composing f with an appropriate h one trivializes
j1(f). Therefore, without lossof generality, we assumethat f presenesthe origin O and
jff)=j*ad).

Thusj?(f) = Id+ qwhereq2 S?V V is the quadratic part of f. Fix Darboux
coordinates (x; y). Sincef is a symplectomorphism there exists a generating cubic form
H (x;y) sud that j2(f) is:

@ €y @ &
Xi=xi —;Yi=yi+—; and q=( —; =—):
II@ilyl@ii q(@i@(i
Clearly div g= 0, sothe projection of f to T = Kerdiv S?V  V isqitself. The map
:S?V V! S3V sendsqto
X e o

Xi— +

@; yi@Z 3

the equality due to the Euler formula. Thus B(f) = 3H.
On the other hand, a straightforward computation shows that the cubic part of the
symplectic area of the triangle (f ( x; y);O;f (x;y)) is equalto
X e @

P dxy); aix;y) = Xi—i"'yi@: 3H:

Therefore A(f ) = 3H. This proves Theorem 1.5, which, in turn, implies Theorem 1.1

2.3. Pro jectiv e connections and the cocycle B on an arbitrary manifold .
To carry out the construction 1.4 and 2.1 of the cocycle B on an arbitrary manifold M one
needsan analog of the group of projective 2-jets H(n). This is provided by a projective
connectionon M.

Recall the notion of projective connection{ see[K]. We usethe notation from 1.4 and
2.1. A 2-frameonM " at point x is the 2-jet of adi eomorphism (R";0)! (M;x). The set
of 2-framesis a principal bundle over M with the structure group G(n) acting on the right.
A projective connection is a reduction of this bundle to the subgroup H(n). Note that
projective connectionsexist on every manifold M : they are in oneto one correspondence
with sectionsof a bundle over M whose b er is the contractible spaceG(n)=H(n).

Said dierently, for every x 2 M one has a set P, of 2-jets of di eomorphisms
(R™;0) ' (M;x) on which H(n) acts transitiv ely and freely on the right. Call a 2-
jeth:M ! M with the sourcex and target y projective if hP, = Py. Denote the set
of sudh projective 2-jets by H,y, and abreviate Hy, to Hy. For every 2 Py one has:
Hy= H (n) 1 andforeweryf 2 Hyy onehas: Hy = fHy, = Hyf.
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Let Gx be the set of 2-jets of dieomorphisms (M;x) ! (M;x), and let Fx =
F (n) ! for some 2 Py,; by Lemma 2.1.1this does not depend on the choice of
Then Fy is a transversalto the orbits of the left action of Hy on G4. As in 1.4 we identify
Fx with Ty = Ker div, wherediv : S?3(T,M) ! T, M is the natural pairing, and denote
by g the projection G4 ! Fy.

After these preparations construction of the cocycle B repeats the one in the linear
case.Givenf 2 Dif f M, considerj?(f ') atx2 M. Lety=f *(x); pick h2 Hyx and
set: B(f )(x) = q(hf ). This givesthe 1-cocycle

B:Diff M! SectT

promisedin 1.4 (the proof of the cocycle property is the sameasin 2.1).
To complete this construction we prove the following, not very surprising, result.

Lemma. The cohomologyclass[B]2 H(Dif f M;SectT) doesnot depend on the choice
of the projective connection.

Note that, a priori, the cohomologyclassin question may vary corntin uously; therefore
the fact that two connectionsare homotopic doesnot si ce for a proof.

Pro of. Given two projective connections,usebar to indicate that the corresponding
object is related to the secondone. We will shav that

B(f) B(f)=fs s ()

for somes 2 Sect T:

The two connectionsare related by a eld of 2-jets of di eomorphisms gy : (M;x) !
(M;x) such that Py = g«Py. Clearly, Hy, = gyHx, g, %, and, in particular, Hy = gyHyg, *.
Notice that Fy = Fy.

Let us compare the two projections q and q from Gy to Fx. Given 2 G4 there
existsh 2 Hy such that = hq( ). Therefore = gchg, 1q( ) for someh 2 Hy. Rewrite
this asg, ! = hg,1g( ). There exist h%h% 2 H, suc that g,* = h%(g, ! ) and
g, 1 = h9%(g, ). Thereforeh%(g, * ) = hh%(g, })g( ). The formula for multiplication in
F(n) from Lemma 2.1.1 implies that

al )=a(g ') agh): C )

Now we can comparethe cocyclesB and B. Givenj?(f )atx2 M with y=f 1(x), by
de nition, B(f) = g(hf ') whereh 2 Hy. Onehas: h = g,hg, ' with h 2 Hy,. Apply
(**) to = ghg, f L

B(f)=qthg, *f ) a(g ") =B(fg) B(%):

12



By cocycle property, B(f gy) = B(f) + f B(gy), and, nally,
B(f) B(f)=1fB(g) B(g):

This meansthat B and B are cohomologousthe sections in (**) being equalto B(g).

2.4. Identifying the cocycle c2 C?(P(M);P(M)) as the Vey cocycle. First
we deducean explicit formula for the triangle symplectic area cocycle

a2 CY{(P(V);Sect S3(T V))
where (V;!) is linear symplectic space.Fix Darboux coordinates (X; y).

Lemma 2.4.1. Up to a constart multiplier,

X
a(h) = (@dx + @dy)*(h) = 6 _&h

! @ @,

Pro of. The Lie algebracocycle is reconstructed from the Lie group one as follows:

dx' dy”’:

ji+jdj=s

d .
a(h) = i e A(exp(t sgrad h)):
Thus one needsto compute the cubic part of the symplectic area of the triangle
(f(C u; v); £(0); f(u;v)); wheref (x;y) = (x+ thy; y thy);

and then take its coe cien t at t asthe value of the cubic di erential on the tangent vector
= (u;v). Up to a constart, this equalsthe cubic part in of! ( ; ) where isthe vector

( hy() hy( )+ 2hy(O); h( )+ h( ) 2h(0)):

This yields the desiredformula.

Composingthe cocycle a with the isomorphism S3(T V) ! S3(TV), provided by the
symplectic structure, one obtains the rst statemert of Theorem 1.3.

Next, considerthe cocycleb2 CY(P(V);SectT). Let h(x;y) be a cubic form. Then
b(h) = % o B (exp(t sgrad h));
andthis is equalto the quadratic part of the map, i.e.,to sgradh = hy@ h,@, considered
asasectionof T  S?(T V) V.
Let M be a symplectic manifold. Recall, 1.7, that the cocyclec2 C?(P(M);P(M))
is constructed from b as follows:

c(f;9) =< (b(f);b(g); +>;

where :Sect 2T ! 2(M) wasdened in 1.7 and * is the bivector eld, dual to the
symplectic structure. A straightforward computation of the right hand side of this formula
in the linear caseM = V givesthe next result.
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Lemma 2.4.2. If f and g are cubic forms then c(f ; g) equals,up to a constart multiplier,
the di erential operator P3(f;g) from 1.8.

Since c is a third order homogeneousbidi eren tial operator, one concludesthat, up
to a multiplier, c= Ps.

Now we can prove Theorem 1.7. The Vey classin H2(P(M);P(M)) is uniquely
determined by the following two properties: it is given by a local cocycle, that is, by a
bidi eren tial operator, and in Darboux coordinatesthe cocycleis P3 { see[O-R]. A multiple
of the class[c] has both properties, therefore [c] is proportional to the Vey class.

2.5. Prop erties of the homomorphisms [I; and J;. In this last section we prove
the secondstatement of Theorem 1.3, construct homomorphismsl; and J; on an arbitrary
symplectic manifold and prove Theorem 1.8.

Start with Theorem 1.3. Let (X; y) be Darboux coordinates in symplectic space(V;! )
and (u; v) the dual basisof V. Then (x; y;u;Vv) are Darboux coordinatesin T V with its
canonical symplectic structure = dx” du+ dy” dv. Considerthe new coordinates in
T V:

p=X tv;g=y+1tu, p=x+1tv; g=y tu; tisaparameter.

This givesa linear isomorphismT V =V V where(p;q) are coordinates in the rst and
(p; Q) in the secondfactor. Let = dp” dg dp” dg;then = 2t.
Givenafunction f (x; y) onV, the Taylor expansionof the function f (x tv;y+ tu)=2t
in powersof tu and tv is just the seriesl((f ). In the new coordinates this equalsf (p;qg)=2t.
To prove that | is a PoissonLie algebrahomomorphism one needsto show that

fle(f)1e(9)g = 1e(ff;gg ):

Indeed,
n 0 nq

1 1 1 0
fle(f);1(9)g = if(p;q);ﬁg(p;q) =2 ﬁf(p;q);ﬁg(p;q) =

2—1tff(p;q);g(p;q)g = 2—1tff(p;q);g(p;q)gdpAdq = 1(ff; 991 )
(the secondequality due to the fact that = 2t).
Likewise,
Je(f) = 5 (@A) f(pi);
s0 J; is a homomorphismfor a similar reason.

Next we indicate how to construct homomorphismsl; and J; on an arbitrary sym-
plectic manifold (M ;! ); this construction is lesscanonical than the onein linear space.
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Consider the symplectic manifold (M M;! '), and let be the projection on
the rst factor. The diagonal M M M is a Lagrangian submanifold. According
to Weinstein's theorem, a neighbourhood U of the diagonal is symplectomorphic to a
neighbourhood V of the zerosectionin T M ; we identify U and V. Givenf 2 C! (M),
considerf 2 C! (U) = C! (V). Composethis function on V with the b erwisedilation
in T M with the coe cien t t, divide by t, and denotethe resulting function onV by I(f).

Themapl,:C! (M)! C?! (V) is aPoissonLie algebrahomomorphism. Restricting
to the innite order formal neighbourhood of the zero sectionin T M, one obtains a
PoissonLie algebrahomomorphisml, : C* (M) ! SectS (TM). The construction of J
is similar, and the proof that both maps are homomorphismsrepeats that in the linear
case.

Finally, we prove Theorem 1.8. As before,we work in Darboux coordinates (x; y) and
the dual basis(u; V). Introduce a conveniert formalism.

Let

@"Q=@ @ @ @ Q@"e@=@ @ @ a:

The formula for the ?-product from 1.8 can be written as
f29=Tr @ @)t g,

whereTr (f @) = f g. Similarly, one has the next result.

Lemma. The pairing
< >:(SectSK(TV)) 21 ct(v)

from 1.8 is given by the formula
<f;g>=Tr @ @)t q):

Pro of. The value

@ @ @ @"

m!

(u'v?  ukvh)

equals( 1)WI1J1if K = J;L = I;m= jlj+ jJj, and zero otherwise.
Recall alsothat the homomorphism I; was written in 1.3 as
1 (f) = iet(U@/ V@)(f):
2t
Thus

<IiI(@ 2= 4 Tr 078 FUB V) 18 e 1 g -
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11 g@ragtug va) wg va); g = L et@ @i g = 1fo g

4st 4st 4st
This is the rst identity of Theorem 1.8.
In view of the formulas

ff1000 = > (F 20 920); Ju=li+l
the secondidentit y of Theorem 1.8 is equivalert to
<Is(F)+ 1 s(F)ile(@) + 1 () >= 2<1s(f);1e(9) > 2<1(9);1s(f) > ( )

Split I1¢(f) into the seriesl &'(f) and 1°99(f ), even and odd in t, respectively. Then the
left hand side of (****) equals4 < 15Y(f);1:V(g) >. The right hand side equals

2< 18 ()G > + < 18N(E) 1) > < I8(Q1Y(F) > < 19%(Q);184(F) >):

Note that the pairing < ; > is symmetric on even degreetensorsand skew-symmetric on
odd degreeones. Note alsothat | & is an odd degreetensor, and 1°%9 is an even degree
one. Combining thesetwo remarksit follows that the right hand side of (****) alsoequals
4< 18V(f);18Y(9) >. Theorem 1.8 is proved.
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