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1. The Schwarzian deriv ativ e

The main character of the presern note is the Schwarzian derivative, and we start with
a brief reminder of its de nition and main properties.

Letf : RP1! RP! bea projective line di eomorphism. For every point x 2 RP !
there exists a unique projective transformation gy : RP*! RP ! whose2-jet at x coincides
with that of f. The Schwarzian derivative S(f ) measuresthe deviation of the 3-jet j 3f
from j3gy.

More speci cally, let x 2 RP ! and v be a tangent vector to RP ! at x. Extend v to
a vector eld in a vicinity of x and denote by  the corresponding local one-parameter
group of di eomorphisms.

Consider 4 points:

;X1 = (X);X2= 2 (X);Xz= 3 (X)

( is small) and comparetheir cross-ratio with that of their imagesunder f. It turns out
that the cross-ratio doesnot changein the rst order in

[f (x); F (x2); f (x2); f (Xa)] = [X; X15%2; %3]+ 2S(f)(x) + O( ®):

The 2{coe cien t dependson the di eomorphism f, the point x and the tangert vector v
(but not on its extensionto a vector eld); it is a quadratic function in v. That is to say,
S(f), the Schwarzian derivative of a di eomorphism f , is a quadratic di erential on RP .

By the very construction S(g) = 0 if g is a projective transformation, and S(g f) =
S(f) if g is a projective transformation and f is an arbitrary di eomorphism.

Choosea projective coordinate x 2 R1[ flg = RP!. Then a di eomorphism can
be consideredas a function of x, and the projective transformations are identi ed with
fraction-linear functions. The Schwarzian derivative is given by the formula
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The Sdwarzian derivativ e enjoys the following cocycle property:
S(g f)=S(a)(f)*+ S(f);

which meansthat S is a 1-cacycle of the group of the projective line di eomorphisms with
the valuesin quadratic di erentials.



Let be another parameter on RP 1, that is, x = g( ) for somefunction g, and let
f :RP1!1 RP?! beadieomorphism. The Schwarzian derivative of f is given, in terms
of , by the formula S(g f) S(g) where, asbefore,

hOOO 3 hOO 2.
S=To 2 fo
and where prime meansnow d=d . By the cocycle property,

S(g f) S(g=(f) 1)S(g)+ S(f):

A particular caseof interestis x = tan( = 2) where 2 T!= R=2 Z isanangleparameter.
Then S(g) = 1=2 and the formula for the Schwarzian derivativ e reads:

2. Theorem on zeroes of the Schwarzian deriv ativ e
Recenly E. Ghys discovered a beautiful theorem ([Gh]; seealso [O-T]):

Theorem 2.1. The Sdwarzian derivativ e of every projective line di eomorphism has at
least 4 distinct zerces.

The proof outlined by Ghys is basedon the similarity with the classical 4 vertex
theorem:

Theorem 2.2.

A smooth closed convex plane curve has at least 4 distinct vertices (curvature ex-
trema).
The latter theorem has the following re nement (see[Bl]):

Theorem 2.3. If a smooth closedcornvex plane curve transversally intersectsa circle in
N points then it hasat least N distinct vertices (N is even).

The analogy betweenzeroes of the Schwarzian derivative and curvature extrema sug-
gestsa re nement of the Ghys theorem. Call a xed points x of a projective line di eo-
morphism f simple if the graph of f transversally intersectsthe diagonal at point (x; x)
and S(f )(x) 6 0. A genericdi eomorhism hasonly simple xed points. The next theorem
is the main obsenation of the preser note.

Theorem 2.4. If a projective line di eomorphism has N xed points of which at least
oneis simple then its Schwarzian derivative has at least N distinct zeroes.

Notice that the number of xed points of a projective line di eomorphism, counted
with multiplicities, is even.

Theorem 2.4 implies the existenceof 4 zerces of the Schwarzian derivative. Given
a di eomorphism f pick 3 generic points x1:X»;x3 2 RP !, and let g be the projective
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transformation that takesead x; to f (x;j);i = 1;2;3. Theng ! f has3 xed points. The
number of xed points being even, there exists a fourth one. By Theorem2.4S(g * f)
has at least 4 zeroes,and sodoesS(f) = S(g * f).

3. Pro of of Theorem 2.4

The proof is elemenary in that it boils down to a (somewhat messy) successie ap-
plication of Rolle's theorem.

We assumethat f is orientation{preserving; otherwise f has exactly 2 xed points
and the assertionof Theorem 2.4 is weaker than that of Theorem 2.1.

Without lossof generality, assumethat 1 2 RP ! is a simple xed point. The graph
G of f (x) is a smooth curve with everywhere positive slope that intersectsthe diagonal at
(N 1) points.

The following identit y is straightforward:

(19 =)= 2(19 =s(t)

Thus one wants to show that ((f9 '=2)®hasN zerces.

Rolle's theorem provides quite a few. Betweenevery two consecutiwe intersections of
G with the diagonal there is a point at which f °= 1. Hence(f 9 2 assumesthe value
1 at least (N 2) times, and therefore ((f 9 *2)®vanishesat least (N  4) times. To
accourt for the missing 4 zeroceswe analysethe behaviour of f at in nit y.

Let t = 1=x be a local parameter at 1 ; setg(t) = 1=f (1=t). Then g(0) = 0; consider
the Taylor expansion

g(t) = pt+ gt + rt® + O(t*):

Sincel is a simple xed point, p 6 1 and S(g)(0) 6 0. It is straightforward that

S(9)(0) = 6(pr  o?)=p?; thuspr o 6 0.
One obtains the expansionof f at 1 :

1 1
f = 1=0g(1=x) = +VvVv+w—+ —
(x) g1=x) = ux + v WX @) 2

whereu = 1=p;v = o=p° and w = (¢ pr)=p>. Thusu 6 1, w 6 0 and G has the
asymptotic liney = ux+ v { seeg. 1.

Without loss of generality, assumethat u > 1; otherwise considerf ! instead of f .
Let a and b be the x-coordinates of the left and rightmost intersection points of G with
the diagonal.

Casel: w< 0(g. 1la).

By the Taylor expansionof f at innit y, f(x) > u, and sof Yx) 2 < u 72, for
su cien tly great jxj. Considerthe graph G°of f qx) 172.

By Rolle's theorem GPintersectsthe liney = 1 at least(N 2) times, and this provides
(N 3) extrema of (f9 2. Also G° lies below the line y = u 72 for sucien tly great
jxj, therefore (f 9 =2 has a local minimum to the right of the rightmost intersection of
G%with y = 1 and to the left of the leftmost sud intersection { see g. 2 a. The points
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x=+1 andx = 1 alsoqualify asextremaof (f ) 2. Altogether (f 9 2 has(N + 1)
critical points, and by Rolle's theorem ((f 9 172)®has N zerces.

Case2: w>0(g. 1b).

In this casef qx) < u, and sof9Yx) 1¥2 > u 2 for suciently great jxj. Either
a< vl wu)orb>v=(1 u) (or both). Considerthe former case,the latter being
completely analogous.

For x su cien tly closeto 1 the graph G lies below the asymptotic line y = ux + v.
Therefore G must intersect the asymptotic line to the left of the vertical line x = a. By
Rolle's theorem there exists ¢ < a sud that f {c) = u, and sof qc) 2 =u 2 { seeq.
2 b.

We do a similar bookkeeping of critical points of (f 9 172. The graph G° intersects
the liney = 1l at least(N 2) times onthe intervala x b let d be the x-coordinate
of the leftmost sud intersection. By Rolle's theorem (f 9 12 has (N 3) critical points
on the interval [d; b].

In addition (f 9 72 hasalocal maximum onthe interval (1 ;c) and alocal minimum
on the interval [c;d). The points 1 are critical points of (f 9 12 aswell. Altogether
(f9 %2 has(N + 1) extrema, thus ((f 9 12)®hasN zeroes.

4. |n nitesimal version of Theorem 2.4

Let bethe angle parameter on RP ! introducedat the end of Section 1. Considera
di eomorphism closeto identity: f( )= + g( ) wheregis a2 -periodic function and
is small. Then, accordingto the last formula of Section 1,

S(f)= (¢°% g%+ O(?):

Thus the di erential operator (d=d )3+ (d=d ) is a linearization of the Scwarzian deriva-
tive.

Fixed points of f are zercesof g, and zercesof S(f ) are, in the rst approximation,
zeroesof g%%% ¢°

Let g( ) = 0. Call anondegeneate zeroif g% )6 0and g°® )+ g ) 6 0. The
next statemert is an in nitesimal version of Theorem 2.4.

Theorem 4.1. If a smooth function g on the circle T* hasN zeroesof which at least one
is nondegeneratethen g% g° has at least N distinct zeroes.

We only outline the proof. Considerg asa function of x = tan( = 2). Make useof the
following identit y betweendi erential operators:

3
i + i = }(1+ X2)2

d 3 2.
g . 3 —  (1+ x9):

dx

Thus one wants to shaw that ((1 + x2)g(x))°®has N zerces. Assumethat is a simple
zeroof g( ). One shows that an expansionat in nit y holds:

1 1
2+1 ZuUX+Vv+w-—+0 = :
(x )g(X) = ux + v W @) 2
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whereu 6 0 and w 6 0. Therefore the graph of (1 + x?)g(x) has an asymptotic line and
intersectsthe x-axis (N 1) times.
The rest of the argumert repeats the proof of Theorem 1 and we do not dwell on it.

Remark . (d=d )3+ (d=d ) is a disconjugate di erential operator on the circle. For
an operator of odd degreek this meansthat every function in its kernelis 2 -periodic and
hasat most (k 1) zeroeson T !, multiplicites courted. Could Theorem 2 be generalized
to other disconjugate operators? For a disconjugate di erential operator L of degreek on
an interval | the following holds: if f hasN zemwmeson | then L(f) hasat least N Kk
zeroeson | (see[Po]). The proof consistsin factorizing L into a product

vO(X)%vl(X)%Vz(X):::vk 1(X)%Vk(x);

where ead function v;(x) is positive on | , and successiely applying Rolle's theorem. Suc
a factorization is not available on the circle.

5. Application to vertices of plane curv es

The relation between Theorems 2.4 and 4.1 is another manifestation of the relation
between zerces of the Scwarzian derivative and curvature extrema of plane curves. We
show herethat Theorem 4.1 implies Theorem 2.3.

Let C be the circle that transverselyintersectsa smooth corvex closedplane curve
at N points. Denote by O the certer and by r the radius of C. Let f ( ) be the supyort
function of , that is, the (signed) distance from O to an oriented tangert line to asa
function of the direction of this line.

Support functions of circles are linear combinations of rst harmonics: a+ bcos +
csin . Thesefunctions generatethe kernel of the di erential operator (d=d )3+ (d=d ).
A vertex of a curve is its third order tangency with a circle. Therefore vertices of are
zeroes of the function £ %@ )+ f 9 ).

Lemma 5.1. There exists at least N common support linesto and C.

Pro of. Consider an arc of the curve that lies outside C and is bounded by two
consecutiwe intersection points x;y 2 \ C { see g.3. There are at least N=2 such arcs.

The distance function from O assumesmnaximum on at somepoint z. The support
line to at z doesnot intersect C, while the support line at x does. It follows that there
is a point on the arc xz such that the support line at this point is tangert to C. Likewise
such a point exists on the arc yz. Altogether onegets2 N=2= N common support lines.

Lemma 5.1 implies that the function f ( ) assumesthe value r at least N times, so
the function g( ) = f( ) r hasN zeroes. Making a small perturbation of the circle C, if
necessaryone may assumethat thesezeroesare nondegenerate.By Theorem 4.1 g°°% g°
nasN zerces,and sodoesf %% f% Thus hasat leastN vertices.



6. Loren tz caustics and wave fron ts

According to E. Ghys ([Gh]), the theorem on 4 zercesof the Schwarzian derivative is
a 4-vertex theorem in Lorentzian geometry. In this last section we discussthis viewpoint.

As before, G denotesthe graph of an orientation-preserving projective line di eo-
morphism f (x). The graphs of (orientation-preserving) fraction-linear functions are either
straight lines or hyperbolas(x a)(y b) = s?;in the latter casejsj is called the radius
of the hyperbola. Abusing the languagewe will call these curvessimply "hyperbolas".

For every point of G there exists a unique hyperbola secondorder tangert to G at this
point; call it the osculating hyperbola. Zeroesof S(f ) are momerts of third order tangency
betweenG and its osculating hyperbola.

Following Ghys, introduce the Lorentz metric g = dx dy in the (x;y) plane. Hyper-
bolas are circlesin this metric. The graph G is a space-like curve. All geometrical terms
such as "length”, "orthogonality”, etc, refer to the metric g. Let J be the linear operator
(x;y) ' ( x;y). Then J(v) is orthogonal to v, and g(J(u);J(v)) = g(u;Vv) for every
vectorsu and v.

Let t be a (Lorentz) arc-length parameter along G. Denote d=dt by dot and d=dx by
prime. One easily nds that

G(t) = % FOx() FAx(1) *7 I(G(1)):

Call the coe cien t k = f f 9 3=2=2 the (Lorentz) curvature of G. Then k.= (f9 ¥25(f)
(the obsenation dueto L. Guieu and V. Ovsienko). Thus curvature extrema are zeroes of
the Sdwarzian derivative.

De nition . The ervelope of g-orthogonal linesto G is called its Lorentz caustic.

Note that is a time-like curve. Note alsothat at in ection points of G the caustic
goesto innit y. If G is the graph of a projective line di eomorphism with a xed point at
in nit y then, accordingto the Moebiustheorem, G hasat least 3 in ections.

De nition . A wavefront of G is obtained by moving ewvery point x 2 G the same
distance in the direction g-orthogonal to G at x.

If G(t) is an arc-length parameterizedcurve then its s-front is the curve

Gs(t) = G(t) s JI(&(1)):

Example . Let G be the upper branch of the hyperbola xy = s?;s > 0. The
arc-length parameterization is

G(t)=( e ©5; s?€™):

The curvature is constart: k = 1=s (and k = 1=s on the lower branch of the same
hyperbola). The accelerationvector G(t) is collinear to G(t) for all t, soall normals pass
through the origin. The caustic degeneratesto a point, the certer of the hyperbola. The
wave fronts are concerric hyperbolas, and in particular, G5 degeneratesto the certer of
the original hyperbola G.

Lorentz caustics and fronts enjoy the familiar properties of their Euclidean courter-
parts. We summarizethem in the next theorem.
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Theorem 6.1. a). The Lorentz caustic of a curve G is the locus of its osculating
hyperbolas' certers. is alsothe locus of th singularities of the fronts Gs.

b). Singularities of correspond to curvature extrema of G. If G is the graph of a
projective line di eomorphism f then singularities of correspond to zeroes of S(f).

c). (Huygens' Principle). The front Gg is the envelope of the hyperbolas of radii s with
the certers at points of G. The caustic of ead front Gs coincideswith the caustic of G.
The fronts enjoy the ewlution property: the s-front of the t-front of G coincideswith the
(s+ t)-front Ggs .

d). Each front Ggs is the locus of free endsof a stretched string of constart Lorentz length
unwinding from

Pro of. To prove the assertionsa) and b) approximate G by its osculating hyperbolas
and usethe properties of hyperbolas described in the Example.

To prove ¢) consider3-dimensionalcorntact spaceof space-like contact elemers in the
Lorentz plane with coordinates (x; y; u) and the contact 1-form = (e dx e Y dy)=2. A
space-like curve in the (x;y) plane lifts to contact spaceas a Legendrian curve satisfying
2u = log (dy=dx).

Let = e Y d=dx €' d=dybe the Reebvector eld, thatis, ()= 1landi d =
0. The ow of parallel translates a corntact elemernt with a constart velocity in the
direction of its Lorentz normal. Denote by f g the correspnding 1-parameter group of
di eomorphisms. Each s presenesthe contact structure (and even the contact form).

The s-front of a curve G is obtained as follows: lift G to contact space,apply s to
the lifted curve and project badk to the plane. The ewlution property follows. It follows
alsothat all the fronts have the samefamily of orthogonal lines, therefore they share the
samecaustic.

To prove that the front Gg is the ervelope of the hyperbolas of radii s certered at
points of G, considera point x 2 G. Its lift to contact spaceis the curve of all space-lile
contact elemens with the base-mint x. The lift G of G intersects , so ¢(G) intersects

s( ). The projection of ¢( ) to the plane is the hyperbola of radius s with the certer at
X. Since ¢(G) intersects ¢( ) this hyperbola is tangernt to Gs.

To prove d) let t be the arc-length parameter along , i.e., g((t); (t)) = 1. Then

% t) is orthogonal to _(t). The free end of a string unwinding from is the point

XM= (+(c 1)

where cis a constart, "length of the string”. Then X(t) = (¢ t)¥ t), which is orthogonal
to (t). Thereforethe normalsto the curve X aretangent to , that is, X is a front of G.

Remark . The above contact spaceis contactomorphic to the standard cortact space
of 1-jets J'R?; indeed = dg pduwherep= e'x+ e Yyandqg= e'x e ly.
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7. App endix: Barner's theorem with applications

After the completion of the presen paper G. Thorb ergssonattracted my attention to
the paper by M. Barner [Ba]. The main result of this paper implies Theorem 2.4, answers
in the a rmativ ethe questionaskedin Remarkin Section4 and providesalternativ e proofs
of someresults on attening points of spacecurvesobtained in [A 1]. Sincethe paper [Ba]
is not su cien tly well known and the journal, in which it was published, is not easily
accessible] reproduce it's main theorem with a (somewhat shortened) proof and discuss
someapplications here.

De nition . A curve RP " is called strictly convexif for every (n  1)-tuple
of points of there exists a hyperplane through these points that does not intersect
anymore.

Remarks . 1). This de nition doesnot excludein nitely closepoints. In particular,
for every point x 2  there exists a hyperplane through x that cortains the osculating
codimension 2 spaceof at x and doesnot intersect the curve anymore.

2). A closedstrictly corvex curve is cortractible if n is odd and noncortractible if n
is even.

3). The following de nition is givenin [A 1]: a curve RP " is called convexif every
hyperplane intersects at at most n points, multiplicities counted. The relation between
these two notions of corvexity is as follows: a curve in RP ", whoseprojection to RP " !
from a point convex, is strictly convex.

De nition . An in ection (or attening) point of a spacecurve is a stationary point
of the osculating hyperplane.

Theorem 7.1. If astrictly convex closedcurve RP " transverselyintersectsa hyper-
planein k points then it hasat least k distinct in ections.

Pro of. Induction in n. The caseof n = 1 is the following statemert: if is a curve
in RP ! that doesnot passthrough somepoint and passeshrough another point k times
then hask singularities. This follows from the Rolle theorem.

Consider the induction stepfrom n 1to n. Let x be one of the intersection points

with the hyperplane,and let bethe projection RP"! RP" ! fromx. Let = ().
Claim 1. s strictly convex.
Indeed, givenys;: ¥, 22 , considertheir preimagesx; =  (y;). There exists a

hyperplanein RP " through points x; X1;::;; X, » that doesnot intersect anymore, and
its projection to RP" ! is the desired hyperplane therein.

Since intersectsa hyperplane (k 1) times, it has(k 1) in ections.

Claim 2: An inection of corresponds to an osculating hyperplane of  passing
through x.

Indeed, an in ection of meansthat n its in nitely closepoints belongto a hyper-
plane. Upstairs onehasn in nitely closepoints of generatinga hyperplanethat cortains
X. This hyperplaneis an osculating hyperplane of

Let0 t 1beaparameteron ,suchthat x= (0)= (1)and0 t; < ::<
tx 1 < 1l arethe inection times of .

Claim 3: If x is not an in ection point of thent; 6 O.

8



Indeed, if x is not an in ection, the germof at x is (1:t:t2::::t"), therefore the
corresponding germof  is (L :t:t?2:::t" 1),

Claim 4: Each interval (0;t1); (t1;t2); 5 (tk 25tk 1); (tk 1;1) contains an in ection
of .

Let C(t) be the osculating codimension 2 spaceof . Fix one of the above intervals
and considerthe 2-dimensionalvector bundle E over the segmem of which is the quotient
of its normal bundle by C(t). The bundle E hastwo line subbundles: L ;, generatedby the
hyperplane through C(t) that doesnot meet anymore (see Remark 1 above), and L,
generatedby the hyperplanethrough x and C(t). By strict convexity L, is complimentary
to L, everywhere.

One also has the line subbundle Ly in E, generatedby the osculating hyperplane of

. By strict convexity L is complimentary to L, everywhere,and at the end points of the
interval onehasLg = L,. This was stated in Claim 2 for ead t;; it also holds at 0: the
osculating hyperplane at x is generatedby C( ) and x as goesto zero. It follows that
somewhereon the interval Lg is stationary, and this is the desiredin ection of

Corollary 7.2. A strictly corvex curve RP " hasat least (n + 1) in ections.

Pro of. Consider the hyperplane through n generic points of . If n is odd is
cortractible (see Remark 2 above), so there exists another intersection point with this
hyperplane. The sameholds when n is even, and Theorem 7.1 applies.

Barner givessomeapplications to vertices of convex curves. One concerns(equi)a ne
geometry. Recall that a point of a plane curve is called sextactic (or an ane vertex) if
there exists a conic which is fth order tangent to the curve at this point.

Corollary 7.3. If aconvex closedplane curve trasverselyintersectsa conicin 2k points
then it has 2k sextactic points.

Pro of. Considerthe Veronesemap V : RP 2! RP ° of degree2:
Vo (Xo i X1 :iX2) ! (X5 XTI X3 XoX1 D X1X2 © X2Xg):

First note that in ections of the curve V( ) correspond to sextactic points of (cf. [A 2]).
Next, V() is strictly convex: 4 points on determine 2 lines, that is, a degenerateconic,
which do not intersect anymore. If intersectsa conic 2k times then V( ) intersectsthe
corresponding hyperplane 2k times, and the result follows.

Another application mertioned in [Ba] is the above Theorem 2.3: its proof repeats
the previous argumert with the VeronesemapV : RP 2! RP 3:

. . . 2. . C w2 2\ .
Vi(Xo:Xg:iX2) ! (Xg:XoX1:XoXz:X]+ X5):
Next, Barner's theorem provides an a rmativ e answer to the questionin remark in
Section 4.

Corollary 7.4. Let L be a disconjugate di erential operator on the circle and f be a
function. If f hasN simple zercesthen L(f ) hasN zercesaswell.

Pro of. Chooseabasis 1;:::; kinthe kernelofL, and considerthe curve = (f : 1:
«) RPX. Sincel is disconjugate, the projection of from the point (1:0: :::: 0)
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is a corvex curve. Therefore is strictly corvex (see Remark 3 above), and it has N
intersectionswith the hyperplanexy = 0. In ections of correspond to zeroesof L (f) (cf.
[A 1]), and the result follows.

In particular, Corollary 7.2 implies that for ewvery function f on the circle and a
disconjugatedi erential operator L of order k the function L(f) hasat least (k+ 1) zerces
{ the result proved di erently in [A 1] and [G-M-O].

Finally we shav how Barner's theorem implies our Theorem 2.4 (this application is
not in [Ba]).

Let RP! RP?! bethe graph of a projective line di eomorphism f . Considerthe
Segremap S:RP! RP!! RP 2 of degree2 (cf. [A 2]):

S:((Xo:X1);(Yo:y1) ! (XoYo :X1Yo : XoY1 : X1Y1):

A plane in RP 3 corresponds to the graph of a projective transformation, to a vertical,
to a horizontal, or to the wedgeof a vertical and a horizontal projective lines in RP !
RP 1. Thereforein ection points of the curve S( ) correspond to zeroesof the Schwarzian
derivative S(f ).

Next, the curve S( ) is strictly cornvex. Indeed, given two points A and B on
considerthe union of the vertical projective line through A and the horizontal projective
line through B. This "cross" doesnot intersect anymore, and strict corvexity follows.

Finally, if the di eomorphism f hasN xed points then its graph intersectsthe graph
of the identity N times. Thus the curve S( ) intersectsthe corresponding plane N times,
and by Barner's theorem, has N in ections.
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