REMARKS ON MAGNETIC FLOWS AND MAGNETIC BILLIARDS, FINSLER
METRICS AND A MAGNETIC ANALOG OF HILBERT'S FOURTH PROBLEM

SERGETABACHNIKOV

ABSTRACT. Weinterpretmagnetidbilliards asFinsleronesanddescribeananalogof the stringcon-
structionfor magnetidilliards. Finslerbilliards for which thelaw “angle of incidenceequalsangleof
re ection” aredescribedWe characterizeéhe Finslermetricsin the planewhosegeodesicarecircles
of a x edradius. This is a magneticanalogof Hilbert's fourth problemaskingto describethe Finsler
metricswhosegeodesicarestraightlines.

1. INTRODUCTION AND BACKGROUND MATERIAL

This paperconcernghemotionof achagedparticlein amagneticeld, apopularobjectof study
in mathematiceandmathematicaphysics.In the Euclideanplane the strengthof the magneticeld
is givenby afunctionB (x1; X2), andthe particlemoveswith constanspeedsatisfyingthe equation

(1) x = B(x1;x2)Ix. where J(vi;Vz) = ( V2;Va):

If one x esthe speedyvj thenthe magneticeld prescribeghe curvatureof thetrajectoryat every
point. In particular if the eld is constantthenthe trajectoriesare circles of radiusjvj=jBj, the
Larmorradius. Our sign corventionis thatif B > 0 thenthe circlesaretraversedin the counter
clockwisedirection.

In generalamagneticeld onaRiemanniarmanifoldM is a closeddifferential2-form , and
the magnetic o w is the Hamiltonian o w of the RiemanniarHamiltonianfunction jpj?=2 on the
cotangenbundleT M with respecto thetwistedsymplecticstructure + () where! = dp*dq
is the standardsymplecticstructureon T M and : T M ! M is the projection. We refer to
[4, 13, 14, 16, 17, 20, 21] for a variety of resultson magnetic 0 ws on Riemanniammanifolds.

If a chaged particleis con ned to a domainwith ideally re ecting boundarythen one hasa
magneticbilliard. The particle movesinside accordingto equation(1) and undegoeselasticre-
ections off the boundary: the tangentialcomponentof the velocity remainsthe sameand the
normal one changessign. This amountsto the familiar law of geometricoprics: the angle of
incidenceequalsthat of re ection. Magneticbilliards have attractedconsiderablettention: see
[10, 11, 12, 18, 28, 29, 30, 35]; seealso[25] for a surwey of variousaspect®f billiard systems.

In this paperwe interpreta magnetic o w asa geodesico w of a Finslermetric. We mostly
considerthe 2-dimensionakase. In Section2 we interpretmagneticbilliards as Finsleronesand
describethe magneticversionof the string constructiorthatrecoversanbilliard tableby a causticof
thebilliard map. We alsocharacterizehe Finslermetricsfor which the Finslerbilliard enjoys the
familiarlaw “angleof incidenceequalsangleof re ection” (Theoren? andCorollary 3). In Section
3 we describehe Finslermetricsin the planewhosegeodesicarecirclesof a x edradius;we give
analyticand syntheticdescriptionsn Theorems6,8,9. This is an analogof the celebratedourth
Hilbert problemof describingthe Finslermetricsin a domainin projective spacewhosegeodesics
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arestraightlines[1, 3, 15, 22]. Our solutionhasanunexpectedconnectiorto anotherclassicaland
well studiedquestionithe Pompeiuproblem[32, 33, 34].

We will now review basicsof Finslergeometry(see,e.g.,[2, 6, 8, 23]) andFinslerbilliards, re-
centlyintroducedn [19]. Finslergeometrydescribeshe propagatiorof light in aninhomogeneous
anisotropicmedium. This meangthat the velocity of light depend®n the point andthe direction.
Therearetwo equivalentdescription®f thisprocessorrespondingo thelLagrangiarandthe Hamil-
tonianapproachem classicamechanicsandwe will mostlyusetheformer.

Theopticalpropertiesof amediumaredescribedy a quadraticallyconvex smoothhypersuréce,
called the indicatrix, in the tangentspaceat eachpoint. The indicatrix consistsof the velocity
vectorsof the propagatiorof light ata pointin all directions.lIt playstherole of the unit spherein
Riemanniargeometry We do notassumehattheindicatricesarecentrallysymmetric.

Equivalently, a FinslermetriconamanifoldM is determinedy a smoothnonneative berwise
corvex Lagrangianfunction L (x; v) on the tangentbundle TM , homogeneousf degreel in the
velocity:

L(x;tv) = tL(x;v) forall t> O:
The restrictionof L to atangentspaceTyM givesthe Finslerlengthof vectorsin T,M , andthe
indicatrix at x is the unit level hypersurfceof L (x; v). Givenasmoothcurve :[a;b! M, its
lengthis
Zy

L()= L(@); q)dt

The integral doesnot dependon the parameterization.A Finsler geodesids an extremal of the
functionalL . TheFinslergeodesico wisthe owin TM in whichthefoot pointof avectormoves
alongthe Finsler geodesicangentto it, so thatthe vectorremainstangentto this geodesicand
preseresits Finslerlength. The Finslergeodesico w is describedy the EulerLagrangesquation

(2) dLy(x;v)=dt Ly(X;v)=0 or LywWVw+LyxVv Lx=0:

The dual, Hamiltonianapproactdescribeghe propagatiorof light in termsof wave fronts and
theFinslergeodesico w asa Hamiltonian o w in thecotangenbundleT M. Letl TyM bethe
indicatrix. The guratrix J T, M is thedualhypersuraceconstructedisfollows. Givenavector
u 2 |, therespectie covectorp 2 J is de ned by the conditions:

Kerp= Tyl and p(u)=1:

This givesadiffeomorphism ! J, calledthe Legendretransform.In the sameway asthe eld of
indicatricesdetermineghe LagrangiarL, the eld of guratrices determinesa HamiltonianH on
T M. The Hamiltonianvector eld of thefunctionH is alsocalledthe Finslergeodesico w; the
Legendretransformidenti es thetwo o ws.

Example 1: Hilbert' s fourth problem in dimensiontwo. The Euclideanmetricis givenby the
Lagrangiarl (x; v) = jvj; its geodesicarestraightlines. Suchmetricsare calledprojectve. Fol-
lowing [1], let usdescribeall symmetricprojective Finslermetricsin theplane thatis, a solutionto
Hilbert's fourth problemin dimension2.

A syntheticapproachdueto Busemannmalkes useof integral geometry namely the Crofton
formula[24]. Considetthesetof orientedinesin theplane topologically thecylinder. An oriented
line canbecharacterizedy its direction 2 [0; 2 ) andits signeddistancep from theorigin. The
2-form! o = dp”™ d isthe standardareaform onthespaceof orientedlines;this symplecticform
is a particularcaseof a symplecticstructureon the spaceof trajectoriesof a Hamiltoniansystemon
a x edenenqy level, in particulay the spaceof orientedgeodesic®f a Finslermetric— seee.g.,[7]
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andthe discussionn Section3. The Croftonformula givesthe Euclideanlengthof a planecurve
in termsof ! 3. The curve determinesa function on the spaceof orientedlines, the numberof
intersection®f alinel with . Then
Z

3) length( ) = (1=4) #(1\ )!o:

Letf (p; ) beapositive continuoudunction.Then! = f (p; ) dp”™ d isalsoanareaformonthe
spaceof orientedines. Formula(3), with I replacing! o, de nesaprojectie Finslermetric,andall
suchmetricscanbe obtainedby anappropriateehoiceof thefunctionf .

Next we describean analytic solutionto Hilbert's fourth problemin dimensiontwo. First, a
LagrangiarlL (x; v), homogeneousf degreel in v, givesa projective Finslermetricif andonly if
themixedsecondpartialderivative matrix L », is symmetric;thisis Hamel'stheoremof 1903,andit
holdsin ary dimension.The LagrangiansatisfyingHamel's conditionhave the following integral
representation:

Z,
(4) L (X1;X2;V1;V2) = jvicos + vpsin jf(xyicos + xpsin; )d
0

wheref (p; ) is asmoothpositive functionon the cylinder representinghe spaceof orientedlines.
Moreover, if f isevenin thenit is uniquelydeterminedy L. Thefunctionf is thesameasin (3):
thelengthof a curve with respecto the Finslermetric (4) is given, up to a multiplicative constant,
by (3). If f dependontheangle only thenoneobtainsa translationinvariantmetric, calleda
Minkowski metric.If f is aconstanthenonehasthe Euclideanmetric.

We mentionin passinghatnonsymmetrigrojectve Finslermetricsrecevedmuchlessattention;
aclassof exampless providedby nonsymmetridVinkowski metrics.

FIGURE 1. Finslerbilliard re ection
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LetM beaZ2-dimensionaFinslermanifoldwith boundaryacurveN . TheFinslerbilliard system
is de nedin [19] asfollows. A pointmovesinsideM freely, accordingo the Finslergeodesico w,
until it hitstheboundary There ection is describedn termsof theindicatrix | attheimpactpoint
x —seeFigurel. Thevectorsu andv arethe Finslerunit vectorsalongtheincomingandoutgoing
trajectories.Thetangentlinesto | atu andv areconcurrentwith thetangentineto N atx. This
de nition satis esavariationalprinciple: for everypointsa; b2 M , there ection pointx extremizes
the Finslerlengthjaxj + jxbj. If theindicatrix is a circle centeredat the origin thenthe vectorsu
andv make equalangleswith the boundarycurve N ; this is the familiar law of Euclideanbilliard
re ection. The multi-dimensionalersionof the Finslerbilliard re ection is de ned similarly, and
we donotdwellonit —see[19].

Example 2: projective Finsler billiard re ection. Considera symmetricprojective Finslermetric
(4). In polarcoordinatesy; = rcos; v, = rsin ,and

Z .
(5) L(x1;Xo;r; )=2=7r coy )f(xpicos + xpsin; )d:

=2

Let bethedirectionof thebilliard curve at the impactpointx and and thedirectionsof the
incomingandthe outgoingbilliard trajectories- seeFigure2. The projective Finslerre ection law
specializeso thefollowing formula.

Lemmal.1l. Onehas:
Z =2 z + =2

coq )f(xpcos +xzsin; )d = coq )f(xpgcos +xpsin; )d:
=2 + =2

X
Yo
-

FIGURE 2. Deriving theprojective Finslerbilliard re ection law

For example,if f = 1 thenintegrationyields: cos( ) = coq ) or , the

familiarlaw of equalangles.
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Proof. Denotetheintegralin (5) by g(x; ). Thenthe polarequationof the indicatrix at point
X, choserastheorigin,isr = 1=g(x; ). It is amatterof a straightforvard calculationto nd the
coordinate®f theintersectiorpoint P in Figure2:

P()=

EquatingP ( ) andP( ) yields:
(6)  9( )cog )+ g% ) sin( ) = 9( )cog )+ g¥ ) sin( ):

It follows from (5) that

(cos; sin )

a()cos( )+ ¥ )sn( )

YA + =2
g% )= sin( )f(x1c08 + Xosin; )d;

andsimilarly for . It remaingto substitutento (6) andto collectterms.2

2. MAGNETIC BILLIARDS AS FINSLER BILLIARDS

Considerthe planemotionof a chagedparticlein amagneticeld with strengthB (x1;X2). The
Lagrangiarfor this motionis
1 .
SVit+ (9
where (x) = f (X1;X2) dx1+g(X1;X2) dx; isadifferentiall-formsuchthatd = B (X1;X2) dx3”
dx,. Thechoiceof is notunique:onecanalwaysadda closedl-formto a Lagrangianwithout
effectingthe dynamics.The EulerLagrangesquationfor L is (1). In particular the Lagrangiarfor
aconstanimagneticeld is

L(x;v) =

1 , B
LOGv) = Sivi* + S1vix]

where[ ; ]is thecross-product.
Following the Maupertuisprinciple (seee.g.,[6]), wereplacethe Lagrangian_ by

) LOGv) = jvi+ (x)(v):

The extremalsof the Lagrangian(7) coincidewith thoseof L, correspondingo motion with unit
speedln particular the extremalsof

®) LOGV) = Vi + pplvix]

arethe counterclockwis@rientedcirclesof radiusR.

The Lagrangian(7) de nes a nonsymmetricFinsler metric in the domainwhereL (x;v) > 0
forall v 6 0. Thisis thecaseif j (x)j < 1, andwe assumehis conditionto hold throughout
this section. In otherwords, we assumehat the magnetic eld is sufciently weak. Underthis
assumptionye considerthe unit speednagnetico w asthe Finslergeodesico w.

Considera planedomainandthe magneticbilliard insideit. One also hasthe Finslerbilliard
insidethedomain,associateavith the Lagrangian(7). Oneexpectsthetwo systemgo coincide that
is, to have the samere ection laws.

Theorem 1. TheFinsler billiard re ection law, associatedvith the Lagrangian(7), is the law of
equalangles:theangleof incidenceequalstheangleof re ection.
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Proof. Theindicatrix of the Finslermetricat pointx is givenby theequationvj + (x)(v) = 1
ChooseCartesiarcoordinatesn suchawaythat (x)(v) = tv, for somet 2 R. Thentheequation

of theindicatrix canberewritten as
2

t
+(1 tHvi=1

t2

© @ 7 w+ g

Recallthatthe equationof a conic,with focuslocatedat theorigin in the (v1; v2)-plane,is
(v1 + ©)? . V3

a? k?

wherea? ¢ = k. Clearly, (9) hasthisform. Hencetheindicatrix is anellipse,with focuslocated

attheorigin.
X
‘ ; z

Y

=1

FIGURE 3. Ponceles rst little theorem

Thusthetheoremreducedo thefollowing geometricapropertyof conics.Let | beaconicwith
focusO, let X ;Y 2 I, andlet Z betheintersectiorpointof thetangentinesto | atX andY. Then
theline OZ bisectstheangleX OY —seeFigure 3. This propertyholdsindeedi;it is known asthe
Poncelet rst little theorem”,se€[9]. This completeghe proof. 2

In fact,thelaw of equalangleds characteristiof the conics,centeredat afocus.

Theorem 2. Letl beasmoothplanecurve starshapedwith respecto point O, with thefollowing
property LetX ;Y 2 | bearbitrary points,Z betheintersectionpointof thetangentlinesto| at X
andY ; thentheline OZ bisectgheangleX QY. It followsthat! is a conicwith focusO.

Proof. Let O betheorigin, andgive| aparameterizatioh(t) sothat[l (t);1%t)] 1; here[; ]
denotesthe determinanimadeby two vectors. Thenl °{t) =  f (t)I (t) for somefunctionf (t);
thuswe view | asanorbitin acentralforce eld. We claimthatf (t) = C=jl (t)j® for aconstantC.
Assumingthis claim, it followsthat! is anorbitin Newton'sforce eld, andthereforea conicwith
focusO.

LetX = 1(t1) = I1;Y = I(t2) = I,. A directcomputatioryieldsthepointZ :

12 I1;I8]|0_ L+ (11 |2;|f]|o_
0.]0 1~ 72 0.707 2

[|1'|2] [|2’|1]

TheequalangleconditionreadsY;Z]5Yj = [Z; X ]5X], or

(10) jlai @ [19) = jlaj (@ [12;19]):

Z=11+
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Now set:t; = t; t, = t+ " andshorthand (t) tol andf (t) tof . Thenthe Taylor expansioryields:

"2 "3 0 0 "3 4
|2 - I 1 Ef Ef + I Ef + O( )1
0 0 "2 "3 0 "2 0 "3 00 2 4
13=1° 1 7f Ef I f+7f+€(f £2) + O("%);
and
S I w2
floj = jlj+"——+ O("9):

inj
Substituteinto (10) andcollecttermsto obtainjl j2f °+ 31 | % = 0: This differentialequationis
easilysolved:f =f = 31 1%lj? andhencef = C5jlj%, asclaimed.2

As a consequenceye obtaina descriptionof the Finsler metricsfor which the Finslerbilliard
re ection law is thelaw of equalangles.

Corollary 3. TheFinsler billiard re ection satis esthelaw “angle of incidenceequalsangle of
re ection” for everybilliard curveif andonlyif themetricis givenby a Lagrangian

(11) L v) = £ ()(vi+  (X)(V)
wheef (x) is anon-vanishingunctionand (x) isa 1-form.

Proof. Replacinga metricby a conformally-equalentonechangesheindicatricesby adilation
anddoesnot affect the law of equalangles. Theoreml implies that the metrics(11) satisfy this
law of equalangles.Corversely if this law holdsthen,by Theorem2, theindicatricesareellipses
(dependingonthe point of the plane),centeredat their foci. A generakquationof suchanellipseis
f(X)(jvi+ (X)(v)) = 1, andtheresultfollows. 2

It is shawvn in [19] thatsomefamiliar propertiesof the usualbilliards extendto the Finslerones.
Although [19] concernssymmetricFinsler metrics,the resultshold in the nonsymmetriccaseas
well; however oneshouldbe carefulwith the orderof points: the distancefrom A to B may differ
from the distancefrom B to A. Let us considerthe caseof a constantmagnetic eld, thatis, the
Finslermetric given by the Lagrangian(8) whosegeodesicare counterclockwiserientedarcsof
radiusR.

Let A andB betwo pointson anarcof radiusR with centerC andanglemeasure . Denotethe
Finslerdistancebetweerpointsby d(A; B) andidentify pointswith their positionvectors.LetL( )
denotethe Finslerlengthof acurve .

Lemma?2.1. Onehas:

1 1
d(A;B) = > R+ ﬁ[B A; Cl:
For a simpleorientedclosedcurve , onehas:
1
(12) LOY=10) zSC)

wheel( ) andS( ) aretheEuclideanlengthandthe Euclideansignedareaboundediy .

Proof. To obtain(12), oneintegratesjvj + [v;x]=(2R) over andmakesuseof the factthat
[v; X]=2 is negative the derivative of the signedareasweptout by the positionvectorof

Let O betheorigin. Thedistanced(A; B) equalsthe integral of jvj + [v; X]=(2R) overthearc
AB . Theintegral of jvj is the arclengthof thearc, thatis, R. Theintegral of [v; x]=(2R) equals

S=RwhereS is theareaof the curvilineartriangle OAB .
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Assumerst thatO = C. Thenthelatterareais R?=2, andd(A;B) = R=2. If theoriginis
translatedhroughvectorC thenthe Lagrangianchangesy the term [v; C]=(2R), andits integral
by[B A; C]=(2R). Thisyieldsthe rst formula.2

Remark 2.2. Formula(12), alongwith its proof, holdsfor closedimmerseccurvesaswell: thearea
termshouldbeunderstoodstheintegral of the 1-form (xdy  ydx)=2 overthecurve.

Moreover, we will needto extendthe de nition of areato a classof curveswith singularities
calledwave fronts.

A contactelementin the planeis a 1-dimensionakubspacef the tangentspaceat a point (the
foot point of the contactelement). The spaceof co-orientedcontactelementsof the planeis the
spherizatiorof the cotangenbundle T R?, topologically, a solid torus. The spaceof contactele-
mentshasa naturalcontactstructurede ned by the“skating” condition:thecontactplaneis spanned
by in nitesimal motionsof a contactelementsuchthatthefoot point staysin the contactiine.

A smoothco-orientecblanecurve lifts to thespaceof co-orientedcontactelementdy assigning
theco-orientedangentine to everypointof . Thelifted curve ~is Legendrianj.e.,it is everywhere
tangentto the contactstructure.Corversely givenan orientedLegendriancurve ~ in the spaceof
co-orientedcontactelementsijts projectionp(~) to the planeis called a wave front. Generically
wave fronts have semi-cubiccusps.The areaboundedby a co-orientedvave front is de ned asthe
integral of the1-formp (xdy ydx)=2 overthelLegendriancurve ~.

Let beasmoothorientedcurve. The orientationof determinesa coorientation:the pair
(coorientationvector, orientationvector)givesthe positive orientationof the plane.If is acoun-
terclockwiseorientedsimplecurve thenthe positive coorientations the outwardone. Givenareal
numbert, considerthe parallelcurve ( t) atdistancet from . Thecurve ( t) is thetimet wave
front, startingat = (0) . Morepreciselyonetranslateshecontactlementof intheorthogonal
directionthroughdistancet (alongthe coorientingvector, if t > 0, andin the oppositedirection,
if t < 0), andthe obtainedl-parametefamily of contactelementsonstitutesa Legendriancurve
in the spaceof co-orientedcontactelements.Thecurve ( t) is the respectie wave front. If isa
positively orientedcircle of radiusr then ( t) is acircle of radiusr + t.

Formula(12) admitsthefollowing interpretation.

Lemma 2.3. For anorientedsimpleclosedcurve , onehas:
1
(13) LO)= 5 R* S(( R))
wheetheareaS(( R)) is undestoodasexplainedafter Remark2.2.
Proof. For a closedimmersecturve, thefollowing well-known formulaholds:
S((t)=S()+t()+ t?w

wherew is the Whitney winding numberof ; this formulaextendsto wave front aswell. Thusthe
right handsideof (12) equal§1=R)( R? S(( R))), andtheresultfollowsfrom Lemma2.1.2

Remark 2.4. Formula (13) expressed-inslerlengthsin termsof areas,andit sernesa magnetic
analogof theCroftonformula(3). Thecurve ( R) isthelocusof thecentersof positively oriented
circlesof radiusR, tangento andhavingthesameorientationas atthetangeng point. Thecurve

canbereconstructefrom ( R) astheervelopeof thefamily of circlesof radiusR centeredat
pointsof (  R).
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Formula(13) alsoresembleshearea-lengtlduality for sphericakurves,discussedn [5, 26, 27].
Let beasimplesmoothclosedcurve on the unit sphereandlet beits sphericallydual curve,
namelythecurve ( =2), in thesenseof sphericageometryThenonehas:I( ) =2  S() :

Let usreturnto billiards. Recallthata causticof a 2-dimensionabilliard is acurve insideit
with thefollowing property:if asegmentof abilliard trajectoryistangento thensoisthere ected
segment.Givena corvex caustic , canonereconstructhebilliard table?For the usual,Euclidean
billiard the answeiis givenby the string constructionabilliard curve N is thelocusof pointsX of
astringof x edlength,wrappedaround -[9, 25].

It is shawvn in [19] thatthe string constructionextendsto Finslerbilliards aswell. For nonsym-
metric Finslermetricsone needsto considerorientedcaustics so thatthe orientationof billiard
trajectoriestangento , agreeswith theorientationof . Applying theseconsiderationso billiards
in aconstanmagneticeld, we obtainthefollowing corollary.

X

FIGURE 4. Magneticstringconstruction

Let beanorientedclosedconvex curve. For a point X outsideof |, let F(X) betheFinsler
length,associatedvith the metric(8), of theshortestlosedcurve from X to X aroundthe obstacle
, whoseorientationagreeswith thatof —seeFigure4.

Corollary 4. Thelevel curvesof thefunctionF (X ) are the boundariesof magneticbilliar d tables
thathave asa caustic.

Recallthe opticalpropertyof anellipse:aray emanatingrom onefocusre ectsto anotheifocus.
As aparticularcaseof Corollary4, onemay constructa magneticanalogof anellipse.

Corollary 5. Let A and B be xed points (“foci”) and N be the locus of points X sud that
d(A; X) + d(X;B) = const Theneverytrajectoryof the magnetichilliard, startingat A, re ects
inN toB.

Notethatthetwo foci play differentrolesandcannotbe interchangedn the above formulation.
If thepointsA andB memgethenthe“ellipse” N becomes Euclidearcircle centeredat this point.
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3. FINSLER METRICS WHOSE GEODESICS ARE CIRCLES OF A FIXED RADIUS

In this sectionwe developa magneticanalogof thesolutionto Hilbert's fourth problem,outlined
in Examplel above. Startwith ananalyticdescriptionof the Lagrangianshomogeneousf degree
1in thevelocity, whoseextremalsarepositively orientedcirclesof radiusR.

Lemma 3.1. Theextremalsof L (x; v) are positivelyorientedcirclesof radiusR if and only if L
satis estheequation:

vj -
(14) LWV + Lix(v) = Ly

whereJ(vi; Vo) = ( V2;V1).

Proof. Let x(t) be a parameterizedurve, v = x°% The curwve is a counterclockwiseoriented
circleif andonly if

0
\ 1
— = =J .
N rIV)
Differentiateto expressheacceleratiorvector:
jvj (v vVOv
15 0= My + LN,
(15) V= RIW S

Sincethe Lagrangians homogeneousf degreel, the EulerequationL ,v = L holds,andhence
Lyv(v) = O: It remainsto substitutev® from (15) to the EulerLagrangesquation

va(VO) + Lyx(V) = Ly;
andtheresultfollows. 2

We arereadyto prove the mainanalyticalresultof this section.

Theorem 6. EverylLagrangian,homageneousf degreel in the velocity whoseextremalsare pos-
itively orientedcirclesof radiusR canberepresentedin polar coodinates,asfollows:
Z + =2

L(x;v) = L(Xq;Xo;r; ) =71 coq )g(x1+ Rcos; x2+ Rsin )d +
0

(16) a(xX1;X2) cos + b(xi;xz)sin

whete g is a positivedensityfunctionin the plane suc that the centerof massof every circle of
radiusR is its centeranda; b are two functions satisfying

a7) B (xiX2) by, (x1%0) = = glxs + Rixo):

Proof. In polarcoordinatesy; = r cos; vz = rsin , andonehas:L(x; v) = jvj p(X1;X2; )
for somefunctionp.

Fix a pointx = (x1;X2) andconsiderthe indicatrix | at x, chosenasthe origin. The polar
equationof | ist = 1=p(x; ). Thereforep(x; ) is the supportfunction of the dual curve, the
guratrix J (see[24]). Parameterize bytheangle madeby its tangentvectorwith the horizontal
axis. Letf (x; ) betheradiusof curvatureat pointJ ( ) andlet (a(x); b(x)) bethe coordinatef
thepointJ (0). Onehas:

J% )=f(x; )cos; sin );
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andhence 7
+ =2
J( + =2)=J(0) + f(x; )cos; sin )d;
0
seeFigureb. It followsthat
p(x; )= (cos; sin ) J( + =2)=
Z + =2
(18) a(x)cos + b(x)sin + coq ¥(x; )d:
0

Differentiating(18) twice, onerecoversthefunctionf from p:
fo6 + =2)=pis )+ pix ):

Notethatevery functionof theform p + p%®is L2 orthogonato cos andsin . Thus
z 2 z 2
(19) f(x; )cos d = f(x; )sin d =0;
0 0

this alsofollows from theintegral representatiofil8) andperiodicity of p asafunction of

a+p/2

p(x, a)

(a,b)

a
FIGURE 5. Integralrepresentatioof the supportfunction
Next we usetheequation(14)in theintegral representatio(iL8). Onerewritesthedifferentialop-

erators@v; @@ and@ in polarcoordinatesandappliesthemto L (x1; X2;r; ) = rp(X1;X2; ),
givenby (18). Takinginto accounthatv = r(cos; sin ), acomputatiorrevealsthat

jvj rf(x; + =2 .
JEJLW(JV): %( sin ; cos );
and
z + =2

Ly Lyx(v)=r (cos fx,(X; ) sin fy,(X; ))d +ax,(x) b,(xX) ( sin; cos ):
0
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Thereforeby (14),

1 Z + =2

ﬁf(x; + =2)= . (cos fy,(x; ) sin fy,(x; )d +
(20) a, (X) b (x):
In particular

1

(21) R F(x0)=a,(X) b,(X):
Differentiating(20) with respecto , onegets:
(22) Ef (x; )=cos fy,(x; ) sin fy, (X ):

R
We claimthat

(23) f (X1;X2; ) = g(x1 + Rcos; xp + Rsin )

for anappropriatdunctionof two variablesg.
Indeed considerthevector eld

:%@+sin @1 Ccos @2

onthesolidtorusR? S!. Then(22)canbewrittenas (f) = 0. Thetrajectorief are:
t t . t
= —: = — 4+ a: = — +
(t) R’ X1(t) R cos R a; xa(t) R sin R b

wheret is the“time” parameteanda;b areconstantsOnecantake theplane = 0 asasection.
Thenthe -invariantfunctionf is determinedy its valuesonthis sectionafunctionof two variables
g. Considerapoint(; X1;X2). Thetrajectorythroughthis pointintersectghe sectionat the point
(a;b) = (xg + Rcos; x, + Rsin ). Hencef (x1;X2; ) = g(a;b), and(23)follows.

Equationq19) imply thatthe centerof massof the circle of radiusR, with the densityfunction
g, centeredat (X 1; X2), is thepoint (x1; X2). Combining(21) and(23), we obtain(17). 2

Remark 3.2. Thetermr(a(x) cos + b(x)sin ) in (16), the formulationof Theorem6, canbe
writtenas (x)(v) where (x) = a(x) dx; + b(x) dx; is a 1-form. The choiceof this form is not
uniquebutd is uniquelydeterminedy thefunctiong via (17). Thisis consistentvith the remark
we alreadymade: addinga closed1-form to the Lagrangiandoesnot affect the EulerLagrange
equations.

As a corollary of Theoremé6 let us describethosemetricsL (x; v) givenby (16) whoseodd part
L(x;v) L(x; v)isadifferentiall-formin v, thatis, depend®nthevelocitylinearly. Of course,
the standardnetric (8) hasthis property

Corollary 7. If L(x;v) L(x; V) isadifferential 1-formin v thenL (x; v) equalsthe standad
metric(8), up to a constantmultiplier andup to summatiorwith an exact1-form.

Proof. Usingthe notationfrom Theoremg, onehas:
Z + =2

F()=L(V) L v)=r cos( )o(x1+ Rcos; x2+ Rsin )d +
0
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Z =2
coq )g(x1+ Rcos; xa+ Rsin )d + 2(a(x1;x2)cos + b(xy;Xz)sin ) :
0
ThefunctionL(x;v) L(x; v)islinearinv if andonlyif F( ) is alinearcombinationof cos
andsin , thatis, if F( ) + F%U ) = 0. A computatiorsimilar to thatin the proof of Theorem6
yields:

F()+F% )=g(x1 Rsin; xo+ Rcos ) g(x1+Rsin; x, Rcos ):

Thus
g(x1 Rsin; xo+ Rcos )= g(Xx1+ Rsin; x, Rcos )

for all x1;x2 and , thatis, the function g assumegqualvaluesat every pair of pointsat distance
2R. Thereforeg is constantandtheresultfollows from (16). 2

To proceedwe recall basicfactsaboutthe symplecticreduction. Let (M; ) be a symplectic
manifoldandH : M ! R a Hamiltonianfunction. Considerthe Hamiltonianvector eld =
sgradH. SinceH is -invariant,the eld is tangentto the level hypersurécesof H. Consider
sucha hypersurficeS, andassumehat the spaceof trajectoriesof on S is a smoothmanifold
N = S=; locally, this is alwaysthe case. The restrictionof to S has 1-dimensionakernel
spannedoy , andhence js descends$o a symplecticstructure! on N. This is the symplectic
reductionof

Oneappliesthis constructiorasfollows. Givena FinslermanifoldM , the symplecticmanifoldin
guestionis thecotangenbundleT M with its standardsymplecticstructuredp” dx wherex 2 M
is the positionandp 2 T, M the momentum.The functionH is the Finslermetric Hamiltonian,
andthe hypersuriceS consistsof the unit covectors;it is bered over M andthe bers arethe
guratrices. Thevector eld is the Finslergeodesico w, andthe spaceof trajectoriesdenti es
with the spaceof unparameterizedrientedgeodesics.

ConsiderthetangentoundleTM andthe unit vectorhypersurféiceU in it. The Legendretrans-
form (x;v) 7! (x;p = Ly) identies U with S andthe Finslergeodesicow on U with the
geodesicow onS. Thepull-backof theLiouville form pdxisthel-form = L,dxonTM . The
form isacontactformonU, and isits Reebvectoreld: ()= 1;i d = 0. Thereduction
of the2-formd yieldsthe symplecticstructureon the quotientspaceU= , the spaceof oriented
Finslergeodesics.

Givenasmoothcurve onM , onelifts it to thecurve ~ on U by assigningheunit tangentector
to everypointof . ThentheFinslerlengthof equals

Z

For areferenceo this symplecticapproachseee.g.,[6, 7].

Now we arein a positionto computethe symplecticstructureon the spaceof circlesof radiusR,
associatedavith the Lagrangian(16). A circle is characterizedby its center andthe spaceof circles
is theplanewith Cartesiarcoordinategu; v).

Theorem 8. The symplecticstructue ! on the spaceof circles of radius R, associatedvith the
Lagrangian(16), is givenby theformula:

(24) I = %g(u;v) du” dv:
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Proof. The manifold U consistsof the Finsler unit tangentvectorsin the planeand hascoor
dinates; X1;X». We usethe notationfrom the proof of Theorem6. The formulasderivedin that
proofyield:

1
CoOsS @1 +sin @+ —-—@ ;
P ) ; R |
Z , o ’ Z , o '
= Lydx = cos f(x; )d +a(x) dx;+ sin f(x; )d + b(x) dx;
0 0
and,taking(20) and(21) into account,

d =f(x; + =2) cos d ~dx, sin d ~dx; %dxl"dxz
In view of (23),
(25)d =g(xy Rsin; x+ Rcos ) cos d ~dx, sin d ”dx; %dxl" dx,

Now considerthe projectionU ! U= = R?2. To computethe symplecticstructure! in R?,
considera sectionj : R? ! U andlet! bethe pull-backof d ; the resultis independenbf the
choiceof j . As asectiononemaytake

jusv) = (5 Xa:X2) with = E; X1= U+ R; X2=v;

seeFigure6. It remaingto substitutanto (25), andtheresultfollows. 2

(u,v)

FIGURE 6. Computingtheareaform onthe spaceof circles

As a consequencehe Finsler metric (16) canbe recosered,up to summationwith a closed1-
form, from theareaform (24) — seeRemark3.2.

Next we considerananalogof formula(13) for agenerakFinslermetric(16) whosegeodesicsire
circlesof radiusR. Thefollowing resultexpresseshe Finslerlengthin termsof the areaform on
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thespaceof circlesandis analogouso the syntheticsolutionto Hilbert's fourth problem thatis, the
Croftonformula,usedasade nition of a projective metric.

Theorem9. Givenan orientedsimpleclosedcurve , onehas:
(26) L()=S(( R)+C

whee S(( R)) istheareaboundedbythecurve ( R) with respecto the areaform (24), and
C isthecommorFinsler lengthof all positivelyorientedcirclesof radiusR.

Proof. Note rst that the geodesicsare extremalsof the length functional L. The spaceof
geodesicsdenti es with the planewhich is a critical manifold of L. A functionis constanton its
critical manifold,henceall positively orientedcirclesof radiusR have equalFinslerlength.

To prove the resultwe considera variationof thecurve  andshaw thatboth sidesof (26) have
the samevariations. This beingestablishedpnecandeform to acircle of radiusR for which the
resultholds.

Assumethat is parameterizethy the Euclideanarc-length.Then °= (cos; sin ). Thelift
of toU isthecurve~= ( ; ). Considermvariationof thecurve,thatis, avector eld w along .
It is straightforvardto computethatthe respectie variationof ~ is thevector eld

@27) w=w+[ V@
Onehas: Z
L()=

where is thecontactform asin the proof of Theorem8. Thereforethe variationof thelengthL ( )
is givenby theformula 7
iwd

whered isasin (25). Letk(t) bethecurvatureat (t). Thend = kdt. A computatiorusing(25)
and(27) reve%lsthat

(28) iwd = g(x2 Rsin; xo+ Rcos )[ %w] % k dt
Ontheotherhand,onehas:

( R)=(X1;X2)= (X2 Rsin; x2+ Rcos ):

Thereforethevariationof ( R) is givenby thevector eld
u= (w; R[ %V9cos; wo, R[ %V9sin ):

Then

dX;=(1 Rk)cos dt; dX,= (1 RK)sin dt
Since! = ( 1=R) g(X1; X2) dX 1 dXo, it is straightforvardto computethevariationof thearea

S R)):

(C R) . )
ivl = g(x1 Rsin; xo+Rcos )[ %w] = k dt
( R) R
Thisis thesameas(28),andwe aredone.?2

Notethefollowing corollary of formula(26).

Corollary 10. Theintegral of theareaform (24) is the sameover all discsof radiusR.
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Proof. Let degenerateéo apointin (26),sothatL( ) = 0. Then ( R) isacircle of radiusR,
andits! -areaequals C. 2

Remark 3.3. Onecangive a someavhatdifferentproof of Theoren® thatdoesnot usethespeci cs
of the Euclideanplaneand appliesto othersurfaces,for example,the sphere. Let us outline the
argument. Pick a point O inside andconsideranin nitesimally smallloop aroundO whose
orientationis the sameasthatof . The Finslerunit tangentvector elds to andto extendto
aunit vector eld in theannulusA boundedby and . Thisvector eld providesalift A of the
annulugoU,and@ = ~ ~. By Stozles‘ theiorem,Z

= d:
~ - A
The secondntegral on the left handsideis in nitesimally small. The integral on the right canbe
understoodasthe symplecticareaof the setof circlesof radiusR whosecenterdie betweenthe
cunes ( R) andthecircle of radiusR, centerecat O, and(26) follows. This alsoshavs thatthe
symplecticareaof acircle of radiusR is independentf its choice.

Onecanreversethe agumentsandde ne therespectie Finslermetricasin Theoremg, starting
with anareaform! = g(x1;x2) dx3 N dx», satisfyingthe propertythatthe! -areaof every disc of
radiusR is the same. Thenthe function g(x1; x,) shouldbe L? orthogonalto cosineandsineon
everycircle of radiusR.

Lemma 3.4. Theintegrals of a functiong over all discsof radiusR are the sameif andonlyif g is
orthogonalto cosineandsineon everycircle of radiusR.

Proof. Let S beacircle of radiusR with centerx = (x1;x2). Consideiits variationgivenby an
in nitesimal paralleltranslationthroughvectorv = (v1;Vv2). Thevariationof the! -areaof thedisc

is 7 z,
iy! = g(x1 + Rcos; X2+ Rsin ) (vysin vocos ) d:
0

Thisvanishedor all v if andonly if g is orthogonato cos andsin . 2

How restrictve arethesetwo equivalentconditionson functiong? This questiongoesto theheart
of the Pompeiuproblem,see[32, 33, 34]. Givena compactsetK , one considerghe continuous
functionswith zerointegralsoverall isometricimagesof K . For which setsKk mustsuchfunctions
be identically zero? D. Pompeiu,who posedthis problemin the late 1920s,erroneouslythought
thatthediscin the planehasthis property In fact,if K is adiscthenthereareplenty of functions
with zerointegralsover all congruentiscs;althoughthereis a wealthof resultson this subjectthe
generakolutionto the Pompeiuproblemis not known yet.

If afunctiong hasa constantintegral over all discsof radiusR thenit canbe written as Const
+ h(xy; X2) whereh haszerointegralsover all discsof radiusR. The following result,standardn
theliteratureon the Pompeiuproblem,providesa substantiabupplyof suchfunctions.We needto
recallthede nition of the Bessefunctions.

TheBesseffunctionsJ, (w); n 2 Z, arede ned by thegeneratingunction

1 R

(29) exp ¥ = = In(w) t":
2 t .
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An explicit formulais asfollows:

X 1iwn2i

(o 2T T

We will needthefollowing propeéty:

Jn(w) = 0; J n(w)=Jdn( w):

(30) Jo(w) wdw = wJq(w):

Lemma 3.5. Leta bearootofthe r stBessefunctionJy, andletf ( ) bea functiononthecircle.
Thenthefunctions
z 2

31) h(xiixs) =  cos %(xlcos +xysin ) f()d
0

and z,

h(x1;xz) = sin %(xlcos +xpsin ) f()d
0
havezep integrals over all discsof radiusR.

Onemayalsotake linearcombination®f suchfunctionsover differentrootsof J;.

Proof. LetD bethediscof radiusR centeredattheorigin, andlet beits characteristiéunction.
The conditionon functionh reads: h = 0 where denoteshe corvolution. Take the Fourier
transformto obtain:

(32) “h=o
Letuscompute”™
z ZrZ,
)= e ™ dx= gt cosC )d rdr
D 0 0
wherex = r(cos; sin ); = (cos ;sin ). Onehas:
: _ [
ir coq ) 5 e e
where = =2. Usingthede nition of Bessefunctions(29), it follows that
Z, X Zz2
er st )d = J,(r) e" d =2 Jo(r ):
0 n 0

By (30),onehas:
z R

Jo(r )rdr = E\]1(R )
0

andhence
2R .
()= Z=3(Rj j):

Thecondition(32) holdsif thesupportofﬁ is containedn theunionof circles,centeredattheorigin,
whoseradii area=R wherea is aroot of J;. Fix onesuchrootandlet

A )=f() 2():
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TakingtheinverseFouriertransformyields:
z 2 z 1
h(Xl;Xz) - f( ) %( )el (x1 €O +Xxzsin ) d d =
0 0
z
a 2
R o
Oneconcludedy takingrealandimaginaryparts.2

f( )ei%(xlcos + X7 sin )d .

For example,let f in (31) be the deltafunction . Thenh = cogax;=R). Substituteg =
1+ cogax:=R) into (16)to obtainan“exotic” Finslermetricwhosegeodesicarecirclesof radius
R.

Remark 3.6. Onemay considetthe problemof descriptionof the Finslermetricswhosegeodesics
arecirclesof a x ed geodesiaadiusR on the unit sphere. In this caseone doesnot have a La-
grangianfunctionasin (7) becauseahe areaform on the sphereis not exact. Neverthelesonecan
determinghelengthof closedcurvesvia integral geometry:Theorem® andCorollary 10 still apply;
seeRemark3.3. However the situationis differenton S?, asfar asthe continuousfunctionsare
concernedvhoseintegralsvanishover all geodesidiscsof radiusR. For all valuesof R, excepta
countabledenseset,suchfunctionsareidenticallyzero,se€[31]. Thisimpliesaninteresting‘almost
everywhere'rigidity: for agenericR, thereis only one,standardmetricwhosegeodesicarecircles
of radiusR; thisuniquemetricis ananalogof themetric(8) in R 2. Of coursejn theplane all values
of theradiusR areequivalent,dueto similarity.
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