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ABSTRACT. We interpretmagneticbilliards asFinsleronesanddescribeananalogof thestringcon-
structionfor magneticbilliards. Finslerbilliards for which thelaw “angleof incidenceequalsangleof
re�ection” aredescribed.WecharacterizetheFinslermetricsin theplanewhosegeodesicsarecircles
of a �x edradius.This is a magneticanalogof Hilbert's fourth problemaskingto describetheFinsler
metricswhosegeodesicsarestraightlines.

1. INTRODUCTION AND BACKGROUND MATERIAL

Thispaperconcernsthemotionof achargedparticlein amagnetic�eld, apopularobjectof study
in mathematicsandmathematicalphysics.In theEuclideanplane,thestrengthof themagnetic�eld
is givenby afunctionB (x1; x2), andtheparticlemoveswith constantspeed,satisfyingtheequation

•x = B (x1; x2)J _x where J (v1; v2) = (� v2; v1):(1)

If one�x esthespeedjvj thenthemagnetic�eld prescribesthecurvatureof the trajectoryat every
point. In particular, if the �eld is constantthen the trajectoriesarecircles of radiusjvj=jB j, the
Larmor radius. Our sign conventionis that if B > 0 thenthecirclesaretraversedin the counter-
clockwisedirection.

In general,a magnetic�eld on a RiemannianmanifoldM is a closeddifferential2-form � , and
the magnetic�o w is the Hamiltonian�o w of the RiemannianHamiltonianfunction jpj2=2 on the
cotangentbundleT � M with respectto thetwistedsymplecticstructure! + � � (� ) where! = dp^ dq
is the standardsymplecticstructureon T � M and� : T � M ! M is the projection. We refer to
[4, 13, 14, 16, 17, 20, 21] for a varietyof resultsonmagnetic�o wsonRiemannianmanifolds.

If a chargedparticle is con�ned to a domainwith ideally re�ecting boundarythen one hasa
magneticbilliard. The particlemovesinsideaccordingto equation(1) andundergoeselasticre-
�ections off the boundary: the tangentialcomponentof the velocity remainsthe sameand the
normal one changessign. This amountsto the familiar law of geometricoprics: the angle of
incidenceequalsthat of re�ection. Magneticbilliards have attractedconsiderableattention: see
[10, 11, 12, 18, 28, 29, 30, 35]; seealso[25] for a survey of variousaspectsof billiard systems.

In this paperwe interpreta magnetic�o w asa geodesic�o w of a Finslermetric. We mostly
considerthe 2-dimensionalcase. In Section2 we interpretmagneticbilliards asFinsleronesand
describethemagneticversionof thestringconstructionthatrecoversa billiard tableby a causticof
thebilliard map. We alsocharacterizetheFinslermetricsfor which theFinslerbilliard enjoys the
familiar law “angleof incidenceequalsangleof re�ection” (Theorem2 andCorollary3). In Section
3 we describetheFinslermetricsin theplanewhosegeodesicsarecirclesof a �x edradius;we give
analyticandsyntheticdescriptionsin Theorems6,8,9. This is an analogof the celebratedfourth
Hilbert problemof describingtheFinslermetricsin a domainin projective spacewhosegeodesics
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arestraightlines[1, 3, 15, 22]. Our solutionhasanunexpectedconnectionto anotherclassicaland
well studiedquestion:thePompeiuproblem[32, 33, 34].

We will now review basicsof Finslergeometry(see,e.g.,[2, 6, 8, 23]) andFinslerbilliards, re-
centlyintroducedin [19]. Finslergeometrydescribesthepropagationof light in aninhomogeneous
anisotropicmedium. This meansthat the velocity of light dependson thepoint andthe direction.
Therearetwo equivalentdescriptionsof thisprocesscorrespondingto theLagrangianandtheHamil-
tonianapproachesin classicalmechanics,andwe will mostlyusetheformer.

Theopticalpropertiesof amediumaredescribedby aquadraticallyconvex smoothhypersurface,
called the indicatrix, in the tangentspaceat eachpoint. The indicatrix consistsof the velocity
vectorsof thepropagationof light at a point in all directions.It playstherole of theunit spherein
Riemanniangeometry. We donotassumethattheindicatricesarecentrallysymmetric.

Equivalently, aFinslermetriconamanifoldM is determinedby asmoothnonnegative�berwise
convex Lagrangianfunction L (x; v) on the tangentbundleTM , homogeneousof degree1 in the
velocity:

L (x; tv) = tL (x; v) for all t > 0:

The restrictionof L to a tangentspaceTx M givesthe Finsler lengthof vectorsin Tx M , andthe
indicatrix at x is theunit level hypersurfaceof L (x; v). Givena smoothcurve 
 : [a; b] ! M , its
lengthis

L (
 ) =
Z b

a
L(
 (t); 
 0(t)) dt:

The integral doesnot dependon the parameterization.A Finsler geodesicis an extremal of the
functionalL . TheFinslergeodesic�o w is the�o w in TM in which thefoot pointof avectormoves
along the Finsler geodesictangentto it, so that the vector remainstangentto this geodesicand
preservesits Finslerlength.TheFinslergeodesic�o w is describedby theEuler-Lagrangeequation

dLv (x; v)=dt � L x (x; v) = 0 or L vv _v + L vx v � L x = 0:(2)

The dual,Hamiltonianapproachdescribesthe propagationof light in termsof wave fronts and
theFinslergeodesic�o w asaHamiltonian�o w in thecotangentbundleT � M . Let I � Tx M bethe
indicatrix. The�guratrix J � T �

x M is thedualhypersurfaceconstructedasfollows. Givena vector
u 2 I , therespectivecovectorp 2 J is de�ned by theconditions:

Ker p = Tu I and p(u) = 1:

This givesa diffeomorphismI ! J , calledtheLegendretransform.In thesamewayasthe�eld of
indicatricesdeterminestheLagrangianL , the �eld of �guratrices determinesa HamiltonianH on
T � M . TheHamiltonianvector�eld of thefunctionH is alsocalledtheFinslergeodesic�o w; the
Legendretransformidenti�es thetwo �o ws.

Example 1: Hilbert' s fourth problem in dimension two. The Euclideanmetric is given by the
LagrangianL(x; v) = jvj; its geodesicsarestraightlines. Suchmetricsarecalledprojective. Fol-
lowing [1], let usdescribeall symmetricprojectiveFinslermetricsin theplane,thatis, a solutionto
Hilbert's fourthproblemin dimension2.

A syntheticapproach,dueto Busemann,makesuseof integral geometry, namely, the Crofton
formula[24]. Considerthesetof orientedlinesin theplane,topologically, thecylinder. An oriented
line canbecharacterizedby its direction� 2 [0; 2� ) andits signeddistancep from theorigin. The
2-form ! 0 = dp^ d� is thestandardareaform on thespaceof orientedlines;this symplecticform
is a particularcaseof asymplecticstructureon thespaceof trajectoriesof a Hamiltoniansystemon
a �x edenergy level, in particular, thespaceof orientedgeodesicsof a Finslermetric– see,e.g.,[7]
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andthediscussionin Section3. The Crofton formula givestheEuclideanlengthof a planecurve

 in termsof ! 0. The curve determinesa function on the spaceof orientedlines, the numberof
intersectionsof a line l with 
 . Then

length(
 ) = (1=4)
Z

#( l \ 
 ) ! 0:(3)

Let f (p; � ) beapositivecontinuousfunction.Then! = f (p; � ) dp^ d� is alsoanareaform onthe
spaceof orientedlines.Formula(3), with ! replacing! 0, de�nesaprojectiveFinslermetric,andall
suchmetricscanbeobtainedby anappropriatechoiceof thefunctionf .

Next we describean analytic solution to Hilbert's fourth problemin dimensiontwo. First, a
LagrangianL(x; v), homogeneousof degree1 in v, givesa projective Finslermetric if andonly if
themixedsecondpartialderivativematrixL xv is symmetric;this is Hamel's theoremof 1903,andit
holdsin any dimension.TheLagrangianssatisfyingHamel's conditionhave thefollowing integral
representation:

L (x1; x2; v1; v2) =
Z 2�

0
jv1 cos� + v2 sin � j f (x1 cos� + x2 sin �; � ) d�(4)

wheref (p; � ) is a smoothpositive functionon thecylinder representingthespaceof orientedlines.
Moreover, if f is evenin � thenit is uniquelydeterminedby L . Thefunctionf is thesameasin (3):
the lengthof a curve with respectto theFinslermetric (4) is given,up to a multiplicative constant,
by (3). If f dependson the angle� only thenoneobtainsa translationinvariantmetric, calleda
Minkowski metric. If f is aconstantthenonehastheEuclideanmetric.

Wementionin passingthatnonsymmetricprojectiveFinslermetricsreceivedmuchlessattention;
aclassof examplesis providedby nonsymmetricMinkowski metrics.
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FIGURE 1. Finslerbilliard re�ection
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Let M bea2-dimensionalFinslermanifoldwith boundary,acurveN . TheFinslerbilliard system
is de�ned in [19] asfollows. A pointmovesinsideM freely, accordingto theFinslergeodesic�o w,
until it hits theboundary. There�ection is describedin termsof theindicatrix I at theimpactpoint
x – seeFigure1. Thevectorsu andv aretheFinslerunit vectorsalongtheincomingandoutgoing
trajectories.Thetangentlines to I at u andv areconcurrentwith the tangentline to N at x. This
de�nition satis�esavariationalprinciple: for everypointsa; b 2 M , there�ection pointx extremizes
theFinslerlengthjaxj + jxbj. If the indicatrix is a circle centeredat theorigin thenthevectorsu
andv make equalangleswith theboundarycurve N ; this is the familiar law of Euclideanbilliard
re�ection. Themulti-dimensionalversionof theFinslerbilliard re�ection is de�ned similarly, and
wedonotdwell on it – see[19].

Example 2: projectiveFinsler billiard re�ection. Considera symmetricprojectiveFinslermetric
(4). In polarcoordinates,v1 = r cos�; v2 = r sin � , and

L(x1; x2; r ; � )=2 = r
Z � + � =2

� � � =2
cos(� � � ) f (x1 cos� + x2 sin �; � ) d�:(5)

Let � be thedirectionof thebilliard curve at the impactpoint x and� and
 thedirectionsof the
incomingandtheoutgoingbilliard trajectories– seeFigure2. TheprojectiveFinslerre�ection law
specializesto thefollowing formula.

Lemma 1.1. Onehas:
Z � � � =2


 � � =2
cos(� � � ) f (x1 cos� + x2 sin �; � ) d� =

Z � + � =2


 + � =2
cos(� � � ) f (x1 cos� + x2 sin �; � ) d�:

PaX

b

g

FIGURE 2. Deriving theprojectiveFinslerbilliard re�ection law

For example,if f = 1 thenintegrationyields: cos(� � � ) = cos(
 � � ) or � � � = 
 � � , the
familiar law of equalangles.
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Proof. Denotethe integral in (5) by g(x; � ). Thenthepolarequationof the indicatrix at point
x, chosenastheorigin, is r = 1=g(x; � ). It is a matterof a straightforwardcalculationto �nd the
coordinatesof theintersectionpoint P in Figure2:

P(� ) =
(cos�; sin � )

g(� ) cos(� � � ) + g0(� ) sin(� � � )
:

EquatingP(� ) andP(
 ) yields:

g(� ) cos(� � � ) + g0(� ) sin(� � � ) = g(
 ) cos(� � 
 ) + g0(
 ) sin(� � 
 ):(6)

It follows from (5) that

g0(� ) = �
Z � + � =2

� � � =2
sin(� � � ) f (x1 cos� + x2 sin �; � ) d�;

andsimilarly for 
 . It remainsto substituteinto (6) andto collectterms.2

2. MAGNETIC BILLIARDS AS FINSLER BILLIARDS

Considertheplanemotionof a chargedparticlein a magnetic�eld with strengthB (x1; x2). The
Lagrangianfor this motionis

�L (x; v) =
1
2

jvj2 + � (x)(v)

where� (x) = f (x1; x2) dx1+ g(x1; x2) dx2 isadifferential1-formsuchthatd� = � B (x1; x2) dx1^
dx2. The choiceof � is not unique:onecanalwaysadda closed1-form to a Lagrangianwithout
effectingthedynamics.TheEuler-Lagrangeequationfor �L is (1). In particular, theLagrangianfor
aconstantmagnetic�eld is

�L (x; v) =
1
2

jvj2 +
B
2

[v; x]

where[ ; ] is thecross-product.
Following theMaupertuisprinciple(see,e.g.,[6]), wereplacetheLagrangian�L by

L (x; v) = jvj + � (x)(v):(7)

The extremalsof the Lagrangian(7) coincidewith thoseof �L , correspondingto motion with unit
speed.In particular, theextremalsof

L (x; v) = jvj +
1

2R
[v; x](8)

arethecounterclockwiseorientedcirclesof radiusR.
The Lagrangian(7) de�nes a nonsymmetricFinslermetric in the domainwhereL (x; v) > 0

for all v 6= 0. This is the caseif j� (x)j < 1, andwe assumethis condition to hold throughout
this section. In other words,we assumethat the magnetic�eld is suf�ciently weak. Under this
assumption,we considertheunit speedmagnetic�o w astheFinslergeodesic�o w.

Considera planedomainand the magneticbilliard inside it. Onealsohasthe Finslerbilliard
insidethedomain,associatedwith theLagrangian(7). Oneexpectsthetwo systemsto coincide,that
is, to havethesamere�ection laws.

Theorem 1. TheFinsler billiard re�ection law, associatedwith the Lagrangian(7), is the law of
equalangles:theangleof incidenceequalstheangleof re�ection.
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Proof. Theindicatrixof theFinslermetricat pointx is givenby theequationjvj + � (x)(v) = 1.
ChooseCartesiancoordinatesin suchaway that� (x)(v) = tv1 for somet 2 R . Thentheequation
of theindicatrixcanberewrittenas

(1 � t2)2
�

v1 +
t

1 � t2

� 2

+ (1 � t2)v2
2 = 1:(9)

Recallthattheequationof aconic,with focuslocatedat theorigin in the(v1; v2)-plane,is

(v1 + c)2

a2 +
v2

2

b2 = 1

wherea2 � c2 = b2. Clearly, (9) hasthis form. Hencetheindicatrix is anellipse,with focuslocated
at theorigin.

FIGURE 3. Poncelet's �rst little theorem

Thusthetheoremreducesto thefollowing geometricalpropertyof conics.Let I bea conicwith
focusO, let X ; Y 2 I , andlet Z betheintersectionpointof thetangentlinesto I atX andY . Then
the line OZ bisectstheangleX OY – seeFigure3. This propertyholdsindeed;it is known asthe
Poncelet“�rst little theorem”,see[9]. Thiscompletestheproof. 2

In fact,thelaw of equalanglesis characteristicof theconics,centeredat a focus.

Theorem2. Let I bea smoothplanecurve, star-shapedwith respectto pointO, with thefollowing
property. LetX ; Y 2 I bearbitrary points,Z betheintersectionpointof thetangentlinesto I at X
andY ; thentheline OZ bisectstheangleX OY . It followsthat I is a conicwith focusO.

Proof. Let O betheorigin, andgive I a parameterizationI (t) sothat[I (t); I 0(t)] � 1; here[ ; ]
denotesthe determinantmadeby two vectors. ThenI 00(t) = � f (t)I (t) for somefunction f (t);
thuswe view I asanorbit in a centralforce�eld. We claim thatf (t) = C=jI (t)j3 for a constantC.
Assumingthis claim, it follows thatI is anorbit in Newton's force�eld, andthereforea conicwith
focusO.

Let X = I (t1) = I 1; Y = I (t2) = I 2. A directcomputationyieldsthepointZ :

Z = I 1 +
[I 2 � I 1; I 0

2]
[I 0

1; I 0
2]

I 0
1 = I 2 +

[I 1 � I 2; I 0
1]

[I 0
2; I 0

1]
I 0

2:

Theequalangleconditionreads:[Y; Z ]=jY j = [Z; X ]=jX j, or

jI 2j (1 � [I 1; I 0
2]) = jI 1 j (1 � [I 2; I 0

1]):(10)
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Now set:t1 = t; t2 = t + " andshorthandI (t) to I andf (t) to f . ThentheTaylorexpansionyields:

I 2 = I
�

1 �
"2

2
f �

"3

6
f 0

�
+ I 0

�
" �

"3

6
f

�
+ O(" 4);

I 0
2 = I 0

�
1 �

"2

2
f �

"3

3
f 0

�
� I

�
"f +

"2

2
f 0+

"3

6
(f 00� f 2)

�
+ O(" 4);

and

jI 2 j = jI j + "
I � I 0

jI j
+ O(" 2):

Substituteinto (10) andcollect termsto obtainjI j2f 0 + 3I � I 0f = 0: This differentialequationis
easilysolved: f 0=f = � 3I � I 0=jI j2 andhencef = C=jI j3, asclaimed.2

As a consequence,we obtaina descriptionof the Finslermetricsfor which the Finslerbilliard
re�ection law is thelaw of equalangles.

Corollary 3. TheFinsler billiard re�ection satis�es the law “angle of incidenceequalsangleof
re�ection” for everybilliard curveif andonly if themetricis givenbya Lagrangian

L(x; v) = f (x)( jvj + � (x)(v))(11)

where f (x) is a non-vanishingfunctionand� (x) is a 1-form.

Proof. Replacingametricby aconformally-equivalentonechangestheindicatricesby adilation
anddoesnot affect the law of equalangles. Theorem1 implies that the metrics(11) satisfy this
law of equalangles.Conversely, if this law holdsthen,by Theorem2, the indicatricesareellipses
(dependingon thepointof theplane),centeredat their foci. A generalequationof suchanellipseis
f (x)( jvj + � (x)(v)) = 1, andtheresultfollows. 2

It is shown in [19] thatsomefamiliar propertiesof theusualbilliards extendto theFinslerones.
Although [19] concernssymmetricFinsler metrics,the resultshold in the nonsymmetriccaseas
well; however oneshouldbecarefulwith theorderof points: thedistancefrom A to B maydiffer
from the distancefrom B to A. Let us considerthe caseof a constantmagnetic�eld, that is, the
Finslermetricgivenby theLagrangian(8) whosegeodesicsarecounterclockwiseorientedarcsof
radiusR.

Let A andB betwo pointsonanarcof radiusR with centerC andanglemeasure� . Denotethe
Finslerdistancebetweenpointsby d(A; B ) andidentify pointswith theirpositionvectors.Let L (
 )
denotetheFinslerlengthof acurve 
 .

Lemma 2.1. Onehas:
d(A; B ) =

1
2

� R +
1

2R
[B � A; C]:

For a simpleorientedclosedcurve
 , onehas:

L (
 ) = l (
 ) �
1
R

S(
 )(12)

where l(
 ) andS(
 ) are theEuclideanlengthandtheEuclideansignedareaboundedby 
 .

Proof. To obtain(12), one integratesjvj + [v; x]=(2R) over 
 andmakesuseof the fact that
[v; x]=2 is negativethederivativeof thesignedareasweptoutby thepositionvectorof 
 .

Let O be theorigin. The distanced(A; B ) equalsthe integral of jvj + [v; x]=(2R) over thearc
AB . The integral of jvj is thearclengthof thearc, that is, � R. The integral of [v; x]=(2R) equals
� S=R whereS is theareaof thecurvilineartriangleOAB .
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Assume�rst thatO = C. Thenthe latterareais � R2=2, andd(A; B ) = � R=2. If theorigin is
translatedthroughvectorC thentheLagrangianchangesby the term [v; C]=(2R), andits integral
by [B � A; C]=(2R). This yieldsthe�rst formula.2

Remark 2.2. Formula(12),alongwith its proof,holdsfor closedimmersedcurvesaswell: thearea
termshouldbeunderstoodastheintegralof the1-form(xdy � ydx)=2 over thecurve.

Moreover, we will needto extendthe de�nition of areato a classof curveswith singularities
calledwave fronts.

A contactelementin theplaneis a 1-dimensionalsubspaceof the tangentspaceat a point (the
foot point of the contactelement). The spaceof co-orientedcontactelementsof the planeis the
spherizationof thecotangentbundleT � R 2, topologically, a solid torus. Thespaceof contactele-
mentshasanaturalcontactstructurede�nedby the“skating” condition:thecontactplaneis spanned
by in�nitesimal motionsof acontactelementsuchthatthefoot point staysin thecontactline.

A smoothco-orientedplanecurve
 lifts to thespaceof co-orientedcontactelementsby assigning
theco-orientedtangentline to everypointof 
 . Thelifted curve~
 is Legendrian,i.e.,it is everywhere
tangentto thecontactstructure.Conversely, givenan orientedLegendriancurve ~
 in thespaceof
co-orientedcontactelements,its projectionp(~
 ) to the planeis calleda wave front. Generically,
wave frontshave semi-cubiccusps.Theareaboundedby a co-orientedwave front is de�ned asthe
integralof the1-formp� (xdy � ydx)=2 over theLegendriancurve ~
 .

Let 
 be a smoothorientedcurve. The orientationof 
 determinesa coorientation: the pair
(coorientationvector, orientationvector)givesthepositive orientationof theplane. If 
 is a coun-
terclockwiseorientedsimplecurve thenthepositive coorientationis theoutwardone. Givena real
numbert, considertheparallelcurve �( t) at distancet from 
 . Thecurve �( t) is the time-t wave
front, startingat
 = �(0) . Moreprecisely, onetranslatesthecontactelementsof 
 in theorthogonal
directionthroughdistancet (alongthe coorientingvector, if t > 0, andin the oppositedirection,
if t < 0), andtheobtained1-parameterfamily of contactelementsconstitutesa Legendriancurve
in thespaceof co-orientedcontactelements.Thecurve �( t) is the respective wave front. If 
 is a
positively orientedcircle of radiusr then�( t) is acircleof radiusr + t.

Formula(12)admitsthefollowing interpretation.

Lemma 2.3. For anorientedsimpleclosedcurve
 , onehas:

L (
 ) =
1
R

�
� R2 � S(�( � R))

�
(13)

where theareaS(�( � R)) is understoodasexplainedafter Remark2.2.

Proof. For a closedimmersedcurve,thefollowing well-known formulaholds:

S(�( t)) = S(
 ) + tl (
 ) + � t2w

wherew is theWhitney winding numberof 
 ; this formulaextendsto wave front aswell. Thusthe
right handsideof (12)equals(1=R)( � R2 � S(�( � R))) , andtheresultfollowsfrom Lemma2.1.2

Remark 2.4. Formula(13) expressesFinsler lengthsin termsof areas,and it servesa magnetic
analogof theCroftonformula(3). Thecurve�( � R) is thelocusof thecentersof positively oriented
circlesof radiusR, tangentto 
 andhaving thesameorientationas
 atthetangency point. Thecurve

 canbereconstructedfrom �( � R) astheenvelopeof thefamily of circlesof radiusR centeredat
pointsof �( � R).
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Formula(13)alsoresemblesthearea-lengthduality for sphericalcurves,discussedin [5, 26, 27].
Let 
 be a simplesmoothclosedcurve on theunit sphere,andlet � be its sphericallydual curve,
namely, thecurve �( � =2), in thesenseof sphericalgeometry. Thenonehas:l (
 ) = 2� � S(�) :

Let us returnto billiards. Recallthata causticof a 2-dimensionalbilliard is a curve � insideit
with thefollowingproperty:if asegmentof abilliard trajectoryis tangentto � thensois there�ected
segment.Givena convex caustic� , canonereconstructthebilliard table?For theusual,Euclidean
billiard theansweris givenby thestringconstruction:a billiard curveN is thelocusof pointsX of
astringof �x edlength,wrappedaround� – [9, 25].

It is shown in [19] that thestringconstructionextendsto Finslerbilliards aswell. For nonsym-
metric Finslermetricsoneneedsto considerorientedcaustics� so that the orientationof billiard
trajectories,tangentto � , agreeswith theorientationof � . Applying theseconsiderationsto billiards
in a constantmagnetic�eld, we obtainthefollowing corollary.

X

G

FIGURE 4. Magneticstringconstruction

Let � beanorientedclosedconvex curve. For a point X outsideof � , let F (X ) be theFinsler
length,associatedwith themetric(8), of theshortestclosedcurvefrom X to X aroundtheobstacle
� , whoseorientationagreeswith thatof � – seeFigure4.

Corollary 4. Thelevel curvesof thefunctionF (X ) are theboundariesof magneticbilliard tables
thathave� asa caustic.

Recalltheopticalpropertyof anellipse:arayemanatingfrom onefocusre�ects to anotherfocus.
As aparticularcaseof Corollary4, onemayconstructa magneticanalogof anellipse.

Corollary 5. Let A and B be �xed points (“foci”) and N be the locus of points X such that
d(A; X ) + d(X ; B ) = const. Theneverytrajectoryof themagneticbilliard, startingat A, re�ects
in N to B .

Notethat thetwo foci play differentrolesandcannotbe interchangedin theabove formulation.
If thepointsA andB mergethenthe“ellipse” N becomesaEuclideancirclecenteredat this point.
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3. FINSLER METRICS WHOSE GEODESICS ARE CIRCLES OF A FIXED RADIUS

In thissectionwedevelopamagneticanalogof thesolutionto Hilbert's fourthproblem,outlined
in Example1 above. Startwith ananalyticdescriptionof theLagrangians,homogeneousof degree
1 in thevelocity, whoseextremalsarepositively orientedcirclesof radiusR.

Lemma 3.1. Theextremalsof L (x; v) are positivelyorientedcirclesof radiusR if and only if L
satis�estheequation:

jvj
R

L vv (J v) + L vx (v) = L x(14)

whereJ (v1; v2) = (� v2; v1).

Proof. Let x(t) be a parameterizedcurve, v = x0. The curve is a counterclockwiseoriented
circle if andonly if

�
v
jvj

� 0

=
1
R

J (v):

Differentiateto expresstheaccelerationvector:

v0 =
jvj
R

J (v) +
(v � v0)v

jvj2
:(15)

Sincethe Lagrangianis homogeneousof degree1, theEuler equationL v v = L holds,andhence
L vv (v) = 0: It remainsto substitutev0 from (15) to theEuler-Lagrangeequation

L vv (v0) + L vx (v) = L x ;

andtheresultfollows. 2

We arereadyto provethemainanalyticalresultof this section.

Theorem6. EveryLagrangian,homogeneousof degree1 in thevelocity, whoseextremalsare pos-
itively orientedcirclesof radiusR canberepresented,in polar coordinates,asfollows:

L (x; v) = L (x1; x2; r ; � ) = r
� Z � + � =2

0
cos(� � � ) g(x1 + R cos�; x2 + R sin � ) d� +

a(x1; x2) cos� + b(x1; x2) sin �
�

(16)

where g is a positivedensityfunction in the planesuch that the centerof massof every circle of
radiusR is its center, anda; bare two functions,satisfying

ax 2 (x1; x2) � bx 1 (x1; x2) =
1
R

g(x1 + R; x2):(17)

Proof. In polarcoordinates,v1 = r cos�; v2 = r sin � , andonehas:L (x; v) = jvj p(x1; x2; � )
for somefunctionp.

Fix a point x = (x1; x2) andconsiderthe indicatrix I at x, chosenas the origin. The polar
equationof I is r = 1=p(x; � ). Thereforep(x; � ) is the supportfunction of the dual curve, the
�guratrix J (see[24]). ParameterizeJ by theangle� madeby its tangentvectorwith thehorizontal
axis. Let f (x; � ) betheradiusof curvatureat point J (� ) andlet (a(x); b(x)) bethecoordinatesof
thepointJ (0). Onehas:

J 0(� ) = f (x; � )(cos�; sin � );
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andhence

J (� + � =2) = J (0) +
Z � + � =2

0
f (x; � )(cos�; sin � ) d�;

seeFigure5. It follows that

p(x; � ) = (cos�; sin � ) � J (� + � =2) =

a(x) cos� + b(x) sin � +
Z � + � =2

0
cos(� � � )f (x; � ) d�:(18)

Differentiating(18) twice,onerecoversthefunctionf from p:

f (x; � + � =2) = p(x; � ) + p00(x; � ):

Notethatevery functionof theform p + p00is L 2 orthogonalto cos� andsin � . Thus
Z 2�

0
f (x; � ) cos� d� =

Z 2�

0
f (x; � ) sin � d� = 0;(19)

thisalsofollows from theintegral representation(18)andperiodicityof p asa functionof � .

J

(a,b)

a

p(x, a)

a+p/2

FIGURE 5. Integral representationof thesupportfunction

Next weusetheequation(14) in theintegralrepresentation(18). Onerewritesthedifferentialop-
erators@2v; @v@x and@x in polarcoordinatesandappliesthemto L(x1; x2; r ; � ) = rp(x1; x2; � ),
givenby (18). Takinginto accountthatv = r (cos�; sin � ), acomputationrevealsthat

jvj
R

L vv (J v) =
r f (x; � + � =2)

R
(� sin �; cos� );

and

L x � L vx (v) = r
� Z � + � =2

0
(cos� f x 2 (x; � )� sin � f x 1 (x; � )) d� + ax 2 (x)� bx 1 (x)

�
(� sin �; cos� ):
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Therefore,by (14),

1
R

f (x; � + � =2) =
Z � + � =2

0
(cos� f x 2 (x; � ) � sin � f x 1 (x; � )) d� +

ax 2 (x) � bx 1 (x):(20)

In particular,

1
R

f (x; 0) = ax 2 (x) � bx 1 (x):(21)

Differentiating(20)with respectto � , onegets:

1
R

f � (x; � ) = cos� f x 2 (x; � ) � sin � f x 1 (x; � ):(22)

We claim that

f (x1; x2; � ) = g(x1 + R cos�; x2 + R sin � )(23)

for anappropriatefunctionof two variablesg.
Indeed,considerthevector�eld

� =
1
R

@� + sin � @x1 � cos� @x2

on thesolid torusR 2 � S1. Then(22)canbewrittenas� (f ) = 0. Thetrajectoriesof � are:

� (t) =
t
R

; x1(t) = � R cos
�

t
R

�
+ a; x2(t) = � R sin

�
t
R

�
+ b

wheret is the“time” parameteranda; b areconstants.Onecantake theplane� = 0 asa section.
Thenthe� -invariantfunctionf is determinedby its valuesonthissection,afunctionof two variables
g. Considera point (�; x1; x2). Thetrajectorythroughthis point intersectsthesectionat thepoint
(a; b) = (x1 + R cos�; x2 + R sin � ). Hencef (x1; x2; � ) = g(a; b), and(23) follows.

Equations(19) imply that thecenterof massof thecircle of radiusR, with thedensityfunction
g, centeredat (x1; x2), is thepoint (x1; x2). Combining(21)and(23),weobtain(17). 2

Remark 3.2. The term r (a(x) cos� + b(x) sin � ) in (16), the formulationof Theorem6, canbe
written as� (x)(v) where� (x) = a(x) dx1 + b(x) dx2 is a 1-form. Thechoiceof this form is not
uniquebut d� is uniquelydeterminedby thefunctiong via (17). This is consistentwith theremark
we alreadymade: addinga closed1-form to the Lagrangiandoesnot affect the Euler-Lagrange
equations.

As a corollaryof Theorem6 let usdescribethosemetricsL (x; v) givenby (16) whoseoddpart
L (x; v) � L (x; � v) is adifferential1-form in v, thatis, dependson thevelocity linearly. Of course,
thestandardmetric(8) hasthisproperty.

Corollary 7. If L (x; v) � L (x; � v) is a differential 1-form in v thenL(x; v) equalsthe standard
metric(8), up to a constantmultiplier andup to summationwith anexact1-form.

Proof. Usingthenotationfrom Theorem6, onehas:

F (� ) := L (x; v) � L (x; � v) = r
� Z � + � =2

0
cos(� � � ) g(x1 + R cos�; x2 + R sin � ) d� +
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Z � � � =2

0
cos(� � � ) g(x1 + R cos�; x2 + R sin � ) d� + 2(a(x1; x2) cos� + b(x1; x2) sin � )

�
:

ThefunctionL (x; v) � L (x; � v) is linear in v if andonly if F (� ) is a linearcombinationof cos�
andsin � , that is, if F (� ) + F 00(� ) = 0. A computationsimilar to that in theproof of Theorem6
yields:

F (� ) + F 00(� ) = g(x1 � R sin �; x2 + R cos� ) � g(x1 + R sin �; x2 � R cos� ):

Thus

g(x1 � R sin �; x2 + R cos� ) = g(x1 + R sin �; x2 � R cos� )

for all x1; x2 and� , that is, the functiong assumesequalvaluesat every pair of pointsat distance
2R. Thereforeg is constant,andtheresultfollows from (16). 2

To proceed,we recall basicfactsaboutthe symplecticreduction. Let (M ; 
) be a symplectic
manifold andH : M ! R a Hamiltonianfunction. Considerthe Hamiltonianvector �eld � =
sgrad H . SinceH is � -invariant,the �eld � is tangentto the level hypersurfacesof H . Consider
sucha hypersurfaceS, andassumethat the spaceof trajectoriesof � on S is a smoothmanifold
N = S=�; locally, this is always the case. The restrictionof 
 to S has1-dimensionalkernel
spannedby � , andhence
 jS descendsto a symplecticstructure! on N . This is the symplectic
reductionof 
 .

Oneappliesthisconstructionasfollows. GivenaFinslermanifoldM , thesymplecticmanifoldin
questionis thecotangentbundleT � M with its standardsymplecticstructuredp^ dx wherex 2 M
is the positionandp 2 T �

x M the momentum.The function H is the Finslermetric Hamiltonian,
andthe hypersurfaceS consistsof the unit covectors;it is �bered over M andthe �bers are the
�guratrices. Thevector�eld � is theFinslergeodesic�o w, andthe spaceof trajectoriesidenti�es
with thespaceof unparameterizedorientedgeodesics.

Considerthe tangentbundleTM andtheunit vectorhypersurfaceU in it. TheLegendretrans-
form (x; v) 7! (x; p = L v ) identi�es U with S and the Finsler geodesic�o w � on U with the
geodesic�o w � onS. Thepull-backof theLiouville form pdx is the1-form� = L v dx onTM . The
form � is a contactform on U, and� is its Reebvector�eld: � (� ) = 1; i � d� = 0. Thereduction
of the 2-form d� yields the symplecticstructureon the quotientspaceU=� , the spaceof oriented
Finslergeodesics.

Givenasmoothcurve
 onM , onelifts it to thecurve~
 onU by assigningtheunit tangentvector
to everypointof 
 . ThentheFinslerlengthof 
 equals

Z

~

�:

For a referenceto this symplecticapproach,see,e.g.,[6, 7].
Now wearein apositionto computethesymplecticstructureon thespaceof circlesof radiusR,

associatedwith theLagrangian(16). A circle is characterizedby its center, andthespaceof circles
is theplanewith Cartesiancoordinates(u; v).

Theorem 8. Thesymplecticstructure ! on the spaceof circlesof radiusR, associatedwith the
Lagrangian(16), is givenby theformula:

! = �
1
R

g(u; v) du ^ dv:(24)
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Proof. The manifold U consistsof the Finslerunit tangentvectorsin the planeandhascoor-
dinates�; x1; x2. We usethenotationfrom theproof of Theorem6. The formulasderivedin that
proofyield:

� =
1

p(x; � )

�
cos� @x1 + sin � @x2 +

1
R

@�
�

;

� = L v dx =

 Z � + � =2

0
cos� f (x; � ) d� + a(x)

!

dx1+

 Z � + � =2

0
sin � f (x; � ) d� + b(x)

!

dx2

and,taking(20)and(21) into account,

d� = f (x; � + � =2)
�

cos� d� ^ dx2 � sin � d� ^ dx1 �
1
R

dx1 ^ dx2

�
:

In view of (23),

d� = g(x1 � R sin �; x2 + R cos� )
�

cos� d� ^ dx2 � sin � d� ^ dx1 �
1
R

dx1 ^ dx2

�
:(25)

Now considerthe projectionU ! U=� = R 2. To computethe symplecticstructure! in R 2,
considera sectionj : R 2 ! U andlet ! be the pull-backof d� ; the result is independentof the
choiceof j . As a sectiononemaytake

j (u; v) = (�; x1; x2) with � =
�
2

; x1 = u + R; x2 = v;

seeFigure6. It remainsto substituteinto (25),andtheresultfollows. 2

(u,v)

FIGURE 6. Computingtheareaform on thespaceof circles

As a consequence,the Finslermetric (16) canbe recovered,up to summationwith a closed1-
form, from theareaform (24)– seeRemark3.2.

Next weconsiderananalogof formula(13) for ageneralFinslermetric(16)whosegeodesicsare
circlesof radiusR. The following resultexpressestheFinslerlengthin termsof theareaform on
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thespaceof circlesandis analogousto thesyntheticsolutionto Hilbert's fourthproblem,thatis, the
Croftonformula,usedasade�nition of a projectivemetric.

Theorem9. Givenanorientedsimpleclosedcurve
 , onehas:

L (
 ) = S(�( � R)) + C(26)

where S(�( � R)) is theareaboundedby thecurve�( � R) with respectto theareaform (24), and
C is thecommonFinsler lengthof all positivelyorientedcirclesof radiusR.

Proof. Note �rst that the geodesicsare extremalsof the length functional L . The spaceof
geodesicsidenti�es with theplanewhich is a critical manifoldof L . A function is constanton its
critical manifold,henceall positively orientedcirclesof radiusR haveequalFinslerlength.

To prove theresultwe considera variationof thecurve 
 andshow thatbothsidesof (26) have
thesamevariations.This beingestablished,onecandeform
 to a circle of radiusR for which the
resultholds.

Assumethat 
 is parameterizedby theEuclideanarc-length.Then
 0 = (cos�; sin � ). The lift
of 
 to U is thecurve ~
 = (
 ; � ). Consideravariationof thecurve,thatis, avector�eld w along
 .
It is straightforwardto computethattherespectivevariationof ~
 is thevector�eld

~w = w + [
 0; v0] @�:(27)

Onehas:

L (
 ) =
Z

~

�

where� is thecontactform asin theproofof Theorem8. Thereforethevariationof thelengthL (
 )
is givenby theformula Z

~

i ~w d�

whered� is asin (25). Let k(t) bethecurvatureat 
 (t). Thend� = kdt. A computationusing(25)
and(27) revealsthat

Z

~

i ~w d� =

Z
g(x1 � R sin �; x2 + R cos� ) [
 0; w]

�
1
R

� k
�

dt:(28)

On theotherhand,onehas:

�( � R) = (X 1; X 2) = (x1 � R sin �; x2 + R cos� ):

Thereforethevariationof �( � R) is givenby thevector�eld

u = (w1 � R[
 0; v0] cos�; w2 � R[
 0; v0] sin � ):

Then
dX 1 = (1 � Rk) cos� dt; dX 2 = (1 � Rk) sin � dt:

Since! = (� 1=R) g(X 1; X 2) dX 1 ^ dX 2, it is straightforwardto computethevariationof thearea
S(�( � R)) :

Z

�( � R )
i u ! =

Z
g(x1 � R sin �; x2 + R cos� ) [
 0; w]

�
1
R

� k
�

dt:

This is thesameas(28),andwe aredone.2

Notethefollowing corollaryof formula(26).

Corollary 10. Theintegral of theareaform(24) is thesameoverall discsof radiusR.
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Proof. Let 
 degenerateto apoint in (26),sothatL (
 ) = 0. Then�( � R) is acircleof radiusR,
andits ! -areaequals� C. 2

Remark 3.3. Onecangivea somewhatdifferentproofof Theorem9 thatdoesnotusethespeci�cs
of the Euclideanplaneandappliesto othersurfaces,for example,the sphere.Let us outline the
argument. Pick a point O inside
 andconsideran in�nitesimally small loop � aroundO whose
orientationis the sameasthat of 
 . The Finslerunit tangentvector�elds to 
 andto � extendto
a unit vector�eld in theannulusA boundedby 
 and� . This vector�eld providesa lift ~A of the
annulusto U, and@~A = ~
 � ~� . By Stokes' theorem,

Z

~

� �

Z

~�
� =

Z

~A
d�:

Thesecondintegral on the left handsideis in�nitesimally small. The integral on the right canbe
understoodasthe symplecticareaof the setof circlesof radiusR whosecenterslie betweenthe
curves�( � R) andthecircle of radiusR, centeredat O, and(26) follows. This alsoshows thatthe
symplecticareaof a circleof radiusR is independentof its choice.

Onecanreversetheargumentsandde�ne therespectiveFinslermetricasin Theorem6, starting
with anareaform ! = g(x1; x2) dx1 ^ dx2, satisfyingthepropertythat the! -areaof everydiscof
radiusR is thesame.Thenthe function g(x1; x2) shouldbe L 2 orthogonalto cosineandsineon
everycircle of radiusR.

Lemma 3.4. Theintegrals of a functiong overall discsof radiusR are thesameif andonly if g is
orthogonalto cosineandsineoneverycircleof radiusR.

Proof. Let S bea circle of radiusR with centerx = (x1; x2). Considerits variationgivenby an
in�nitesimal paralleltranslationthroughvectorv = (v1; v2). Thevariationof the! -areaof thedisc
is Z

S
i v ! =

Z 2�

0
g(x1 + R cos�; x2 + R sin� ) (v1 sin � � v2 cos� ) d�:

Thisvanishesfor all v if andonly if g is orthogonalto cos� andsin � . 2

How restrictivearethesetwo equivalentconditionsonfunctiong? Thisquestiongoesto theheart
of the Pompeiuproblem,see[32, 33, 34]. Given a compactsetK , oneconsidersthe continuous
functionswith zerointegralsoverall isometricimagesof K . For whichsetsK mustsuchfunctions
be identically zero? D. Pompeiu,who posedthis problemin the late 1920s,erroneouslythought
that thedisc in theplanehasthis property. In fact, if K is a disc thenthereareplentyof functions
with zerointegralsoverall congruentdiscs;althoughthereis a wealthof resultson this subject,the
generalsolutionto thePompeiuproblemis not known yet.

If a functiong hasa constantintegral over all discsof radiusR thenit canbe written asConst
+ h(x1; x2) whereh haszerointegralsover all discsof radiusR. Thefollowing result,standardin
theliteratureon thePompeiuproblem,providesa substantialsupplyof suchfunctions.We needto
recallthede�nition of theBesselfunctions.

TheBesselfunctionsJn (w); n 2 Z, arede�ned by thegeneratingfunction

exp
�

w
2

�
t �

1
t

��
=

1X

n = �1

Jn (w) tn :(29)
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An explicit formulais asfollows:

Jn (w) =
1X

j =0

(� 1)j wn +2 j

2n +2 j (n + j )!j !
; n � 0; J � n (w) = Jn (� w):

We will needthefollowing property:
Z

J0(w) wdw = wJ1(w):(30)

Lemma 3.5. Let a bea rootof the�r st BesselfunctionJ1, andlet f (� ) bea functionon thecircle.
Thenthefunctions

h(x1; x2) =
Z 2�

0
cos

� a
R

(x1 cos� + x2 sin � )
�

f (� ) d�(31)

and

h(x1; x2) =
Z 2�

0
sin

� a
R

(x1 cos� + x2 sin � )
�

f (� ) d�

havezero integralsoverall discsof radiusR.

Onemayalsotake linearcombinationsof suchfunctionsoverdifferentrootsof J1.

Proof. Let D bethediscof radiusR centeredat theorigin, andlet � beits characteristicfunction.
The conditionon function h reads:� � h = 0 where� denotesthe convolution. Take the Fourier
transformto obtain:

�̂ ĥ = 0:(32)

Let uscompute�̂ :

�̂ (� ) =
Z

D
e� i�x dx =

Z R

0

Z 2�

0
e� ir � cos(� � � ) d� rdr

wherex = r (cos�; sin � ); � = � (cos� ; sin � ). Onehas:

� ir � cos(� � � ) =
r �
2

�
ei� � e� i� �

where� = � � � � � =2. Usingthede�nition of Besselfunctions(29), it follows that
Z 2�

0
e� ir � cos(� � � ) d� =

X

n

Jn (r � )
Z 2�

0
ein� d� = 2� J0(r � ):

By (30),onehas:
Z R

0
J0(r � )r dr =

R
�

J1(R� )

andhence

�̂ (� ) =
2� R

�
J1(Rj� j):

Thecondition(32)holdsif thesupportof ĥ is containedin theunionof circles,centeredattheorigin,
whoseradii area=R wherea is a root of J1. Fix onesuchrootandlet

ĥ(�; � ) = f (� ) � a
R

(� ):
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TakingtheinverseFouriertransformyields:

h(x1; x2) =
Z 2�

0

Z 1

0
f (� )� a

R
(� )ei� (x 1 cos � + x 2 sin � ) �d� d� =

a
R

Z 2�

0
f (� )ei a

R (x 1 cos � + x 2 sin � ) d� :

Oneconcludesby takingrealandimaginaryparts.2

For example,let f in (31) be the delta function � 0. Then h = cos(ax1=R). Substituteg =
1 + cos(ax1=R) into (16) to obtainan“exotic” Finslermetricwhosegeodesicsarecirclesof radius
R.

Remark 3.6. Onemayconsidertheproblemof descriptionof theFinslermetricswhosegeodesics
arecirclesof a �x ed geodesicradiusR on the unit sphere. In this caseonedoesnot have a La-
grangianfunctionasin (7) becausetheareaform on thesphereis not exact. Neverthelessonecan
determinethelengthof closedcurvesvia integralgeometry:Theorem9 andCorollary10still apply,
seeRemark3.3. However the situationis differenton S2, as far as the continuousfunctionsare
concernedwhoseintegralsvanishover all geodesicdiscsof radiusR. For all valuesof R, excepta
countabledenseset,suchfunctionsareidenticallyzero,see[31]. This impliesaninteresting“almost
everywhere”rigidity: for agenericR, thereis only one,standard,metricwhosegeodesicsarecircles
of radiusR; thisuniquemetricis ananalogof themetric(8) in R 2. Of course,in theplane,all values
of theradiusR areequivalent,dueto similarity.
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