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Abstract

The goal of this paper is two-fold. First we study theoretical prop-
erties of discrete spherical means of directional derivatives of a func-
tion. Then we focus on the two-dimensional case and use discrete
circular means to derive rotation-equivariant discrete approximations
of linear and nonlinear first- and second-order differential operators.
Applications to nonlinear filtering of digital images and surface cur-
vature estimation are considered.

Introduction

Mean value properties of functions play crucial role in analysis of many par-
tial differential equations [8], numerical interpolation and integration [25],
computer tomography [17], and many other areas of mathematics and engi-
neering. In this paper we undertake a study of discrete spherical means of
directional derivatives of functions. We analyze general properties of such
means (Section 1), and use them to derive rotation-equivariant discrete ap-
proximations of linear and nonlinear first- and second-order differential oper-
ators (Section 2). The two principal components of our approach are based
on the use of the Veronese maps [10] and Minkowski’s existence theorem [23].
Possible applications of the described discretizations include, in particular,
the Laplace-Beltrami operator on manifolds. The Laplacian case is particu-
larly useful in computations related to the fast dynamo problem, where the
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proposed formulas may simplify computations of the magnetic diffusion for
iterations of a seed magnetic field, see [6].

1 Discrete spherical means of derivatives

General construction and Veronese maps. Consider the following gen-
eral

Problem. Given a degree k # 0 and a collection of points P;,i =1,..., N in
general position on the unit sphere in S™ C R™, find weights w; such that
for every spherical harmonic F of the degree k one has ), w; - F(P;) = 0.

Note that for a possible application to computations of the mean curva-
ture of a manifold, the function F' can be the sum of a constant (k = 0) and
a homogeneous quadratic term (k = 2), and one needs to find the weights for
obtaining the mean value F of such a function from its values at the given set
of points. (Of course, all nonzero harmonics should give us the zero mean.)
The cases of computations for the discrete Laplacian and square gradient
operators are similar.

Remark. This problem is very close to constructions of so called “spherical
designs.” The latter is a finite set of points on S™ such that the average value
of any polynomial F' of degree less than or equal to k on this set equals the
average value of the polynomial F' on the sphere. The concept of a spherical
design was introduced in [7]. The existence and structure of spherical designs
in a circle was studied in [11]. In [24] the existence of designs of all sufficiently
large sizes was proved: there is a number N (n, k) depending on n and k, such
that a design exists for any N > N(n, k). Many examples and recent results
can be found in the survey [2].

The problem posed above is somewhat different: we do not require the
weights to be equal. In many applications, however, one uses the regular
latices, and the weights turn out to be equal, as we discuss below. On the
other hand, the problem under discussion is also related to the following
Minkowski theorem: the sum of the outward normal vectors to the faces of
a convex polyhedron is zero, provided the magnitudes of these vectors equal
the areas of the respective faces. The Minkowski problem asks whether the
converse is true: given unit vectors P; in R™™! and positive weights w; such
that > w; - P, = 0, find a convex polyhedron whose faces are orthogonal



to the directions P; and the weights are the n-dimensional volumes of the
corresponding faces. The Minkowski problem has a unique solution if the
vectors P, span R"H1.

Construction. First, we solve the above Problem for a linear functional
L (i.e. for k = 1). In this case the solution is given by the Minkowski
theorem. Namely, consider the tangent hyperplanes to the sphere S™ at
points P;; they form a polyhedron. (Here it suffices to assume that P;,i =
1,..., N are in general position, i.e., not lying at one hyperplane section of
the sphere.) Let w; be the signed codimension-one volumes of the faces of
this polyhedron. Then ) . w; - P, = 0 according to the Minkowski theorem
(where we understand P; as vectors in R"), and hence Y, w; - L(P;) = 0
for every linear function.

Next, consider harmonic polynomials of degree k in R™*! restricted to
the sphere S™ C R™"!. We take harmonic ones since they give exactly all
independent restrictions of homogeneous polynomials of degree & from R"™**
to the sphere. (We will need the restrictions of %, ...,z2, for the curvature
function.)

Now we consider the harmonic Veronese map V : R"™ — R9Y, where
V(z1, ..., Tny1) = (2 — 2%, ..) (a basis of harmonic polynomials in 1, ..., T4
of degree k). The dimension ¢ is given by the formula: ¢ = ("ﬁ;l) — (”‘5513)
Then F' = LoV where L is a linear function on R?. Let w; be the constructed
above weights for the collection of points V(P;) in R9. This gives us the

required formula ), w; - F(P;) = 0.

Example 1. Let us demonstrate this approach in the case of a circle S* and
quadratic functions. The harmonic Veronese map for quadratic polynomials
sends the coordinate functions {z1,..., 2,41} to the space of quadratic har-
monic polynomials (whose restrictions on the sphere S™ give us spherical har-
monics). For the circle S' C R? this harmonic Veronese map is V : R? — R?,
where (z,y) — (22 — %, 2xy), or (cos¢,sin @) — (cos2p,sin2¢), see a de-
tailed analysis in the next section.

Note that if we map Ri,y to the full 3-dimensional space R? of quadratic
polynomials (22, y?, 2zy), then the image of the circle S' C R? will lie in the
plane R? C R?(due to the relation z* + y? = 1), so the point images V (F;)
will not be in general position to yield a polyhedron circumscribed around a
2-sphere in R3.



Example 2. For the case of 2-sphere and quadratic functions the space
of harmonic polynomials is 5-dimensional, and our harmonic Veronese map
sends S? to this R5. The point images lie in general position, and sufficiently
many points (at least 6) would yield a polyhedron, which allows one to find
the corresponding weights w;.

Remark. Since the points Q; = V(P;) should lie on the sphere S9!, rather
then be generic vectors in R?, one can project them to the sphere by rescaling.
Namely, let @); be a (sufficiently generic) collection of non-zero vectors in RY.
Assign the following weights w; to these vectors. Consider the collection of
points @;/|Q;| on the unit sphere S7~!, draw the tangent hyperplanes to the
sphere, and let u; be the signed (¢ — 1)-dimensional volumes of the faces of
the resulting polyhedron.

Proposition. For every linear function L on R?, one has: y_; w;-L(Q;) =0,
where the weights are w; = u;/|Q;].

PRrOOF. The Minkowski formula says that > u; - Q;/|Q;| = 0, hence 0 =
2o uy - L(Q))/1Q5] = 225 w; - L(Q;). QED

Weights for regular lattices. Now, from the general consideration of
points in general position we move to regular ones, and consider the set of
all “m-mid-points,” i.e., the set M,, C S™ of points whose coordinates are all
possible combinations of m nonzero coordinates equal to £1 among n spots,
starting with (£1,...,4+1,0,...,0) to (0,...,0,£1, ..., £1), which are scaled to
belong to the unit sphere S™ C R*!.

Example 3. In dimension 3, for m = 1 we get M; consisting of 6 midpoints of
the cube faces, which are also the vertices of an octahedron: (+1,0,0), (0, £1,0)
and (0,0, £1). The set M, consists of 12 scaled mid-points of the cube edges:
(+£1,+1,0)/v/2, (£1,0,£1)/v/2, and (0,4+1,41)/v/2. The set Mz contains
exactly 8 vertices of the cube: (£1,41,41)/v/3.

Theorem. Let F(xy,...,Tn41) be a homogeneous quadratic function, M, C
S™ be the set of m-mid-points. Then

1 1
vol(Sn)/anS:#Mm > F(x),

mEMm

where vol(S™) is the volume of n-dimensional sphere and #M,, is the number
of points in M,,.



One can see that in all these “regular cases” one counts the points of

M, with equal weights. This theorem generalizes the corresponding 3D
consideration (see e.g. [18]), which gives three basis stencils used in the
Laplacian computations.
Proor. Write F' = ¢ + G, where ¢ € R and G a harmonic quadratic
polynomial. For a constant ¢ the claim is obvious. For G one has |, gn GdS =
0, so we need to show that ) _, ~G(x) = 0 for every harmonic quadratic
polynomial G.

Consider the full Veronese map V : R* — Rt!, given by

(T ooy Tng1) = (XF, ooy T T1T2, ooy T T

with ¢ +1 = (n+ 1)(n + 2)/2. Let H be the space of linear functions on
R%™ that vanish on the vector £ = (1, ..., 1;0, ...,0) with first n + 1 nonzero
components (we separate them by semicolon). Then, for each quadratic
harmonic G, one has G = H oV for some H € H. Indeed, harmonic
polynomials form a hyperplane in the space of linear functions on R?*! being
given by one linear relation (coming from the sphere equation z% + ... +
z2,, = 1), and the polynomials a3 — z3,..., 22 — x4, T1T2, ..., TnTptq aLE

harmonic and equal to 0 on this vector £&. Thus we need to check that
>geviu,y H(Q) =0forall H € H and any m=1,...,n + 1.

For instance, for the set M;, which consists of (0,...,0,%1,0,...,0)-type
points, the image V(M) consists of vectors Q;: (0, ...,0,1,0,...0;0,..0) with
I’s in one of the first n coordinates. In the case of My with 2n(n — 1) “di-
agonal” points (0, ...,0,41,0,...,0,%1,0, ...,0)//2, the image V(M) consists
of vectors ();:

(0,...,0,1,0,...0,1,0..0: 0, ...,0, +1,0, ..., 0) /2

with all possible pairs of 1’s among first n 4+ 1 coordinates and the £1 at the
respective, ij-place. Similarly, for any m one can see that in each of these
cases we have Y 7M™ Q, = const - €. Hence Y. 7" H(Q;) = 0 for all H € H,
as claimed. QED.

Remark. For computations we are often interested mostly in the case S? C
R3. Here is the explicit statement for M = M, adjusted to this case: let
F(x,y,2) be a homogeneous quadratic function, M C S? be the set of 12
points: (&1,41,0)/v/2, (£1,0,41)/v/2, (0,41, %1)/+/2. Then
1 1
— FdS=— F(P).
S=5 2 F(P)
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Thus in all of the above cases we need to use the same weights on these
points. This equality of weights for a given set M,, can also be obtained
from the symmetry consideration. One can also take combination of the
above lattices M,, with any weights (provided that the sum of the weights is
equal to 1): e.g., by considering arbitrary combinations of the 3 lattices in
R3: mid-edges, vertices of the cube, and at the middle of faces. By imposing
additional requirements, one can optimize these coefficients: for instance, to
achieve an isotropic approximation, or with the next approximation smallest
in an appropriate sense.

Remark. Points of V(M;), evidently, form the coordinate (n + 1)-simplex
in the space spanned by first n 4+ 1 coordinates, which is a slim subspace in
R*1. In the case of My, the points of V(M;) form the standard g-simplex
in a hyperplane in R?"!. Indeed, in the latter case, we see that for all
Qi € V(M,) one has (Q;,Q;) = 1/2 for i # j and (Q;,Q;) = 3/4, i.e., the
vectors (); have the same length and same angles between them.

Remark. Above we considered two discretization procedures, both using
the Veronese map: a generic set of points {F;} and the mid-points sets.
While for a generic set in R9™! the coefficients are given by the Minkowski
formula for the corresponding polyhedron in the image, it is not the case in
the mid-point cases. Indeed, due to a very regular structure of the image
points Q; = V(Pj), the corresponding tangent planes go to infinity, and the
corresponding volumes of the faces are infinite.

In a sense, if the image points @; are linearly dependent in R7*!( mod &),
and the corresponding polyhedron has faces going to infinity (like in the
standard basis case), we have to quotient out these “directions to infinity,”
and consider the volume of faces in a polyhedron of smaller dimension.

Example 4. For n = 2 and for the standard basis we did not get a polygon
on the plane R? = R*( mod &). Instead, it reduces to a pair of points in
R!. It is not enough to start with two generic points in this case, but if we
take three generic points on the circle, we obtain an interpolation formula.
This is a manifestation of the general phenomenon described in the following
proposition.

Proposition. There is no discrete mean value formula for quadratic har-
monics and a given generic collection of n+ 1 points on S™.



PROOF. Let Pi,...,P,.1 € S and let V : R*! — R with ¢ + 1 =
(n+ 1)(n + 2)/2 be the full Veronese map:

(21, .0y ) — (273, ...,$i+1;$1x2, ey BTy ).

Let V(Py) = Q. Let £ =(1,...,1;0,...,0) € RIL.
We want to find constants wy, such that > wy - Qr = &. This is equivalent
to the following equality:

Diag(wy,) = (A*A)7,

where A is the matrix made of the vectors Py, ..., P11, as the following linear
algebra shows. Indeed, the equality Y wyQ) = £ is equivalent to

E Wi, i L1 = 5k,la
i

which is equivalent to A - Diag(w) - A* = E, the identity matrix. This is
equivalent to (A*A)™! = Diag(w), as claimed.

Of course, if { P} is an orthonormal frame then A is orthogonal, and all
wy = 1, as in the Theorem above. The matrix AA* is diagonal if and only
if the vectors P, are pairwise orthogonal. This is the case for the set M;
discussed above, which consists of the basis points, but, of course, not true
for generic collection of n + 1 points on S™. This implies that one cannot
have an interpolation formula with n + 1 generic points. QED

Note that on the other hand, if one has sufficiently many points, so that
their Veronese images are linearly dependent in R*™+Y/2(" mod ¢), then any
such linear relation provides the weights that yield an interpolation formula.

2 Circular means of derivatives

A simple way to demonstrate rotational invariance of the Laplacian

0? 0?
= d

consists of representing it as the circular mean (the spherical mean in 3D) of
the second-order directional derivatives

1 1 [T 0*f 9, 0 0
“Af=— h = — iny—. 1
5 f /0 dyp, where 5 cosp - +sing 3y (1)

2
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The rotational invariance of squared gradient |V f|? can be demonstrated in

a similar way
of
it =1 (Y ae )

A similar mean value representation for a directional derivative of f can be
obtained from

i 0
1 [ 8f ba—]yt} :i/o la cos ¢ + bsin ¢ (95; dy (3)

T ™

where a and b are constants. Notice that (3) with a = 0/0x and b = 0/0y
implies (1) and setting a = df/0x and b = 0f /0y yields the equality (2).

Let us now derive discrete counterparts of the above mean value repre-
sentations (1), (2), and (3). Consider a set of directions ej, = (cos ¢, sin ),
k=1,2,...,n. Then a weighted sum of second-order directional derivatives
can be expressed as

2 2
Z kaaef _ 0 f ZwkCOS gok—l— By ) Zwksm VK
2
aig Zwkcosgoksmgok —Afzwk
2 2 f 2
2 (gf - a—) Re (S une) + g m (L),
(4)

Finding weights {wy} such that

D wie =0 (5)

yields, after a simple normalization

fuey — {un /> e},

a discrete mean value representation for A f

1 0*f
EAf - Zwk de? (6)

and similar representations of the squared gradient

v =Y () @
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and directional derivative

1[ of ,of
Oz dy

} = Z Wy, [a cos @y + bsin ] aﬁef ; (8)

Pk

respectively. Obviously the same set of weights {wy} can be used to obtain
a discrete mean value representation for a quasi-Laplacian

" (stengt ). )

Note that the appearance of double angles in the formula (5) exactly corre-
sponds to the Veronese map V' : (cos ¢,sin ¢) +— (cos 2¢, sin 2¢), considered
in Example 1 of the preceding Section.

%V (a(z,y)V[) = Zwk

Discrete mean value formulas and Minkowski problem for polygons.
Note that in (1), (2), and (3) we deal with the directions e(¢) = (cos ¢, sin ¢),
0 < ¢ < m, which can be parameterized by the unit vector ¥

The geometric meaning of (5) is simple. Consider a closed polygon such
that the vectors e*%* are the outward normals of the polygon’s edges. Then,
according to the Gauss divergence theorem, the edge lengths provide us with
the desired set of weights {wg}. Vice versa, given a set of unit vectors
{e**?r} and positive weights {wy} satisfying the first condition in (5), the
Minkowski Problem (sometimes it is called Minkowski’s existense theorem,
see e.g. [23]), guarantees an existence of a convex polygon with edge lengths
{wy} and outward normals e*¥%. The left image of Figure 1 illustrates this
geometric interpretation of (5).

In particular, if we consider a polygon circumscribed around the unit
circle, as seen in the middle image of Figure 1, the weights are given by

tan 3;_; + tan §;
w,; —= 5 — — . 10
J Z (tan 5k_1 _|_ tan ﬁk) /Bk‘ QOk+1 SOk ( )
This set of weights was used in [15] for estimating the mean curvature on
surfaces approximated by dense triangle meshes.

Rotation-equivariant stencils for gradient and Laplacian. Consider
a two-dimensional square grid with step-size h < 1. Each grid vertex has
eight nearest neighbors: two horizontal, two vertical, and four diagonal.



Figure 1: Left: Minkowski’s existence theorem for polygons provides us with
a geometric interpretation of (5). Middle: a special case of a polygon cir-
cumscribed around the unit circle was considered in [15] in connection with
the curvature estimation approach proposed there. Right: 3 x 3 stencils for
estimating the gradient and Laplacian of functions defined on a square grid
contain four directions and correspond to rectangles.

Thus, according to our geometric interpretation of (6), (7), and (8), we are
given four directions ¢ = 0,7/4,7/2,37 /4, which define four unit normals

{e¥*}, ©=0,7/4,7/2,37/4,

and, therefore, correspond to a rectangle aligned with the coordinate axes.

Consider such a rectangle with the edge lengths 2 and w, as shown in the
right image of Figure 1), and replace the first- and second-order directional
derivatives in (6), (7), and (8) by corresponding central differences. We arrive
at the following stencils for the z-derivative and Laplacian

1 -1 01
Tl "
and
1 1 w 1
w1 9) ulx —4(22}—!— 1) ;U , (12)

respectively. The stencil for 9/0y is obtained from (11) by m/2-rotation. Here
and everywhere below the 3 x 3 matrices are understood as finite difference
operators acting on functions defined on a square grid with step-size h.

The standard central difference and five-point Laplacian is obtained when
w = 00. Setting w = 1 leads to the so-called Prewitt masks for the 1st-order
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derivatives and Laplacian [22, 9]. The case w = 2 is commonly used in
image processing applications and yields the standard Sobel mask for the
derivative [22, 9] and a 9-point discrete Laplacian, which possesses good
isotropic properties [12]. The case w = 4 was analyzed in [3], where it was
shown that

~1 0 1]
1 o h 0
— | - 4| = —+—A— h? 1
8h | _4 8 1 or T 12 " on + O, (13)
L[4 1] 2
— —20 4| = A+-—A*+0O(nY), (14)
6h2 | {4 12

as h — 0. Since the Laplacian is isotropic, the right hand sides of (13) and
(14) deliver optimal rotation-equivariant 3 x 3 stencils for the z-derivative
and Laplacian, respectively, for h < 1. In particular, this explains why (12)
with w = 4 is often used for a numerical solution of the Poisson equation [13,
Chapter 3, §1], [4, Chapter 3, §10].

Discrete nine-point Laplacian (12) can be represented as a linear combi-
nation of two basis five-point Laplacians

1 1 w 1
Ly=——— | w —4(w+1) w | =alL;+ [Ly
2
h?(w + 2) 1 w 1
with
2
a= and f=——,
w+ 2 w+ 2
where
1 0 1 0 1 1 0 1
L+:—2 —4 1 and LX:—2 0 -4 0
h 10 207 g

Setting w = 4 yields o = 2/3 and 5 = 1/3.
In Figure 2, we use a Gaussian bump function
g(z,y) = exp (2° + ) (15)

to test isotropic properties of four discrete stencils Lo, = Ly, Ly = Ly, Lo,
and Ly. Namely, the figure displays contour lines of (A — L,)[g]. As (14)
suggests, L,, with w = 4 demonstrates the best performance.

11
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(a=1,5=0) (@=0,6=1) (a=1/2,=1/2) (x=2/3,5=1/3)

Figure 2: Contour lines of (A — L,)[g] for various values of w. The best
performance is achieved for w = 4.

Similar results are obtained for the z-derivative 3 x 3 stencils (11) and
corresponding y-derivative stencil. Analogously to the case of the Laplacian,
expansion (13) implies that (11) with w = 4 is rotationally optimal.

Rotation-equivariant stencil for quasi-Laplacian. Consider now a quasi-
Laplacian operator

L* =V -la(z,y)V] =aA +Va-V (16)

where a(x,y) is given. In view of (14), (13), and (9), the optimal 3 x 3 stencils
for L* are obtained from (12) and (11) when w = 4.

In practice, the diffusion coefficient a(z,y) in (16) is defined at the stag-
gered grid points which lie on halfway between the standard grid points.
Following [1, A.3.2] let us approximate (16) using a linear combination of
two basis stencils

aLf + BLS

with
" 1
L+[f] =72 [a+0fi+1,j + a—ofiq,j + a0+fi,j+l + CLo—fm‘fl
- (a+o ta_, + ag, + aof) fu}

and

1
LC>L< [f] =577 [a++fi+1,j+1 + a'erfi—l,jJrl + a+7fi+l,j—l + a——fifl,jfl

2h?
—(a,,+a ,+a, +a )f.],

12



where a,,, a,., and a.. denote the values of a(z,y) at ((i £ 1/2)h,jh),
(th, (j £1/2)h), and ((i £ 1/2)h, (j £ 1/2)h), respectively.

Assume h < 1. Since the same weights are used in the discrete direc-
tional mean value representations (6) and (9) we can expect that the optimal
rotation-equivariant stencil for quasi-Laplacian L is obtained when o = 2/3
and 3 = 1/3, or equivalently, when w = 4. Indeed, straightforward calcula-
tions show that

L[f] =V - [a(z,y)V ]

+ % {Dm(a, f)+2D,,(a, f) + %Dw(a, £+ %DSJ(a, f)} +0 (1Y)
(17)

with

_ Of o O O
D0’4<a7f) = a(x,y) <ax4 -+ 2 amgayg + ay4) )

Ou 0°f  Oa Of | 0o 0°f | Ou f

Dot d) = 5.5 ¥ oy owtay T ar o T By o
Doag) — D0 Fa P4 0 01010 0
22 022 022 Oy? Oy 3 0xdy Oxdy 3 O0x? Oy: 3 Oy? Ox?’
&a 0 ?Bf 0 Bf 0 9a 0
D, (af) = f J Of [ of /

915 0z | 0x20y Oy | Owdy? 0z | 0yf Oy

Let us now demonstrate that these differential quantities are rotationally
invariant. Obviously D, ,(a, f) equals a(x,y)A*f which is rotationally in-
variant. Let us consider

da O3f

R
de, 8%

0%a O*f

2 9.2
8% 86@

Ba Of

865’0 . de,

R1,3 (aa f7 QO) - R2,2 (CL, fa 90) = RB,I (au f7 QO) -

Note that R, (a,f,¢) = R,,(f,a,¢) and D ,(a, f) = D, (a, f). Direct
calculations show that

B 3T 3T

27 2
| Rt fo)de=" D0 pand [ R fip)de =D, ),
0 0

This completes out proof that the O(h?) term in (17) is rotation invariant.
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Application to nonlinear diffusion image filtering. Accurate numer-
ical implementations of nonlinear diffusion processes governed by

ou(z,y,1)
ot

subject to appropriate boundary conditions, are important for a number of
disciplines including computational physics, magnetohydrodynamics, finan-
cial mathematics, and image processing. In particular, in image processing,
adaptive image smoothing is often carried out by (18) with

= div (a(x,y,u, Vu)Vu), u(x,y,0) = ug(z,y), (18)

a(x,y,u, Vu) = exp(—|Vu|/N), (19)

as suggested by Perona and Malik in their seminal paper [19]. Figure 3
demonstrates how our numerical implementation of (18) and (19) performs
an adaptive image smoothing and removes texture from an image.

100 200 300 0 100 200 300

Figure 3: Demonstrating the power of nonlinear diffusion for image filtering.
Left: original image “trui”. Right: after filtering with (18) and (19). Middle:
a comparison of one-dimensional image slices of the original and filtered
images.

In image processing, the system (18),(19) is typically solved by finite dif-
ferences methods with explicit or implicit Euler schemes and several tens
of iterations are usually required in order to achieve desired image filtering
effects. For a number of applications including image segmentation and fea-
ture extraction, accurate estimation of the gradient directions in an image
filtered by (18) and (19) is required. Unfortunately standard finite difference
schemes have poor rotation-invariance properties. If such schemes are used
repeatedly, the directional error is accumulated. See [28, 29] for examples of
finite difference schemes with improved rotation invariance properties.
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Figure 4: Left: the contour lines of Gaussian bump function (15) are perfect
circles. Middle: contours of the Gaussian filtered using our implementation
of nonlinear diffusion (18), (19). Right: contours of the Gaussian filtered
using code from [20].

Our approach to numerical solving of (18), (19) combines the explicit
Euler scheme with obvious generalizations of the optimal rotation-invariant
3 x 3 stencils derived in previous sections for gradient, Laplacian, and quasi
Laplacian. To demonstrate advantages of our approach we apply our numer-
ical implementation of (18), (19) to (15). Figure 4 shows level sets of (15)
before and after applying nonlinear diffusion (18), (19). We also compare
our implementation with that from from [20], where five-point stencils are
used for numerical solving (18) and (19).

We have chosen the system (18), (19) as a simple example and do believe
that our approach can be employed for more accurate numerical solving of
many other nonlinear PDEs used in image processing [1], computational fluid
dynamics [6], and other disciplines.

Application to curvature estimation. So far we have considered func-
tion data defined on a regular grid. In the following examples, we deal with
less organized data, namely with triangle meshes approximating smooth sur-
faces.

Reliable estimation of curvature characteristics of polygonal surfaces is
very important for many computer graphics and geometric modeling applica-
tions. Starting from a seminal paper of Taubin [26] integral-based approaches
are frequently used for curvature estimation purposes [15, 21, 16| (see also
references therein). Our approach to curvature estimation is based on using
discrete circular means of directional surface derivatives. Given a smooth
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surface approximated by a dense triangle mesh, we employ such discrete cir-

cular means for estimating the mean curvature H = (kmax + kmin)/2 and the
so-called curvedness [14] R = /(k2,,. + k2,,) /2, where kpax and kpy, stand
for the principal curvatures. (While curvedness R is not a classical curva-
ture measure, it is widely used in numerous applications including protein
interaction analysis [5], heart physiology [30], and human visual perception
27).

Let n be a surface orientation normal. Denote by t.,.. and t.;, the
principal directions corresponding to the principal curvatures kpax and knyin,
respectively. For a point P on the surface, consider a unit tangent vector t(y),
which makes angle ¢ with t,,.y, and the corresponding directional curvature
k(p). Similar to (1) and (2) we have

1 1 27
H = — (knax + kmin) = —/ k(p) de (20)
2 2m Jo
and ) )
1 4 on
k2 k2. ) = — / d 21
R ( max + mm) o 0 <at(90) ) ¥ ( )

respectively. Here (20) immediately follows from Euler’s formula
k((p) = Fmax COS 902 + Kpin Sin (p2

and (21) is obtained from a similar representation

on )2
kr2nax COS (p —"_ kmln Sln2 ()07
<0t(<p)

which, in its turn, can be easily derived from Rodrigues’ formulas

19) 0
2 kmax tmaxa —n = _kmin tmin'

3tmax T atmin

Similar to (6) and (7), let us consider discrete counterparts of (20) and

(21)
H:ijk:(goj) and R?= Zw] (81: ) ) : (22)

where weights {w, } satisfy (5) and are normalized. For the sake of simplicity,
we use the set of weights (10) proposed in [15].
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Consider now a triangle mesh approximating the surface and assume that
each mesh vertex P is equipped with a unit normal n(P) which delivers a
fairly good approximation of the corresponding surface normal. Given a
mesh vertex P and its 1-ring neighboring vertices {Q,}, as seen in the left
image of Figure 5, simple approximations of tangential vectors at P and the
corresponding directional curvature k(p;) and directional derivative of n are
given by

PQ;

L 2PQ; - on _ n(Q;) —n(P)
PP -

1P —Q;lI>"  ot; 1Q; =PIl
respectively. See the right image of Figure 5 for a geometric explanation of

the directional curvature approximation. Finally, (22) and (23) provide us
with discrete approximations of the mean curvatures H and curvedness R.

t k(pj) =~

(23)

n(f)

ol

2

Figure 5: Left: a mesh vertex P and its 1-ring neighboring vertices {Q;}.

Right: a geometric explanation of the directional curvature approximation
in (23).

Figure 6 presents color encodings for the mean curvature H and curved-
ness R detected on a geometrical model with many small-scale details.

A visual comparison of (22) and (23) with the curvature estimation meth-
ods developed in [26] and [21] indicates that our approach is less robust to
noise but better reflects small-scale surface details.
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Figure 6: Color encodings for the mean curvature (left) and curvedness
(right) detected on Gargoyle model (center).
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