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1. INTRODUCTION

1.1. The standard contact structure in 3-space, which arises from the identification of R*
with the manifold of 1-jets of smooth real functions of one variable, naturally distinguishes
two major classes of smooth immersed spatial curves: Legendrian curves, which are integral
curves of the contact distribution, that is everywhere tangent to the distribution, and
transverse curves, which are nowhere tangent to it. Closed embedded Legendrian and
transverse curves are called Legendrian and transverse knots. Theories of Legendrian
and transverse knots, which are clearly related to each other, are parallel to the classical
knot theory in space.

Legendrian and transverse knots have become very popular in contact geometry
since the seminal work of Bennequin [3], published in 1983. For Legendrian knots
one introduces two integer-valued Legendrian isotopy invariants. The first measures
the rotation of an (oriented) knot with respect to the contact distribution; we call
it the Maslov number. The second one, which we call the Bennequin number, is de-
fined as the contact self-linking number of the knot. (For exact definitions of these and
subsequent notions see Section 2.) Transverse knots have no Maslov numbers, but also
have Bennequin numbers. The main achievement of Bennequin’s paper consists in two
inequalities for these numbers (see Theorem 2.3 below), which imply, in particular, that the
Bennequin number of a topologically unknotted Legendrian knot must be always negative.
In turn, this gives rise to a construction of an exotic contact structure in R* (or rather to
a proof, that some previously known contact structures in R* are not diffeomorphic to the
standard one).

Bennequin and Maslov numbers may be also used for distinguishing Legendrian or
transverse isotopy classes of knots within a topological isotopy class. It is very easy to show
that any topological knot is isotopic to (actually is C° approximated by) both Legendrian
and transverse knots. It is equally easy to construct topologically isotopic Legendrian or
transverse knots with different Bennequin and Maslov (in the Legendrian case) numbers.
Since no other specifically Legendrian or transverse invariants of knots have been found so
far, one may expect that topologically isotopic Legendrian knots with equal Bennequin and
Maslov numbers are Legendrian isotopic, and similarly for transverse knots. The results of
this article may be regarded as a confirmation of this conjecture.

1.2, First of all we prove that Bennequin and Maslov numbers are the only specifically
contact invariants of Legendrian and transverse knots at the level of Grothendieck groups.
Namely, we consider commutative semigroups (with respect to the connected summations)
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of Legendrian and transverse knots and prove that their Grothendieck groups are isomor-
phic to the Grothendieck group of topological knots plus Z @ Z (Bennequin and Maslov) in
the Legendrian case, and plus Z (Bennequin) in the transverse case.

1.3. Another result of the article concerns finite-order invariants of Legendrian and
transverse knots, similar to finite-order invariants of topological knots in the sense of
Vassiliev. Very informally speaking, finite-order invariants may be effectively calculated by
considering patterns of certain kinds in the knot diagram. For example, all the coefficients
of the Conway polynomial have finite order, while, say, the genus of a knot (which may be
effectively estimated, but not effectively calculated from the knot diagram) has infinite order.

THeOREM 1.1. Topologically isotopic Legendrian knots with equal Bennequin and Maslov
numbers cannot be distinguished by finite-order Legendrian knot invariants.

In other words, such knots, if they are not Legendrian isotopic, can be distinguished
only by infinite-order invariants, which demonstrates the difficulty of the problem.

A similar result holds for transverse knots. We also describe the spaces of finite-order
invariants of Legendrian and transverse knots (Theorems 4.6 and 5.5).

1.4, Of other results of this paper we mention here two, which cannot be considered
genuinely new. These are Theorems 2.4 and 2.5, which give an upper estimate of the
Bennequin number of a transverse link in terms of its HOMFLY polynomial and of
a Legendrian link in terms of its Kauffman polynomial. The first result is obtained by
a combination of simple lemmas proved by Bennequin and some results of the topological
knots theory, known since as early as 1985. The second result is deduced from the first one
and some results of L. Rudolph. These estimates do not seem to be known in contact
geometry; at least we were able to deduce from them the answer to a problem, known since
Bennequin’s paper (to find the maximal value of the Bennequin number of a transverse or
Legendrian realization of the mirror trefoil knot).

2. DEFINITIONS AND KNOWN RESULTS

2.1. A contact structure on a three-dimensional manifold M is a continuous field
{Cy c T.M|x e M} of tangent two-dimensional planes, locally defined by a differential
1-form « with non-vanishing x A dx. A manifold with a contact structure possesses a canoni-
cal orientation (determined by the volume form o A dx). A contact structure is orientable if
and only if it is globally given by such 1-form. For an oriented contact structure the
determining 1-form is unique up to a positive functional factor.

A contact structure is called parallelizable (parallelized) if the two-dimensional vector
bundle {C,} over M is trivial (trivialized). A parallelizable contact structure is orientable; if
M is connected, then any orientation of a parallelized contact structure is either compatible
or incompatible with the parallelization. If H'(M; Z) = 0, then any contact structure on
M is orientable, and any oriented parallelizable contact structure on M possesses a unique
parallelization, compatible with the orientation. If H*(M;Z) = 0, then any orientable
contact structure on M is parallelizable.

2.2. Let M be a three-dimensional manifold with a contact structure C. A regular
(immersed) curve in M may be transverse or tangent to C; in the latter case it is also
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called Legendrian. If C is oriented, then all transverse curves possess canonical orienta-
tions. Let 7 be an oriented Legendrian curve and C be oriented; push 7 slightly in the
directions of the unit positive and negative normal vectors (with respect to a smooth
Riemannian structure on M) to y in C,; we will get two new curves, 7, and y_. The curves
v+ and y_ are transverse to C and therefore have natural orientations. The natural
orientation of 7, corresponds to the orientation of y, the natural orientation of y_ is
opposite to the orientation of y. If y is transverse to C and C is parallelized, then we slightly
push 7 in the direction of the first of the two coordinate vectors in C,; the resulting curve is
denoted by y'.

A framing of a curve y is a homotopy class of nonvanishing transverse vector fields
along 7. The preceding paragraph shows that if C is orientable then every Legendrian
curve gets a natural framing, and if C is parallelized then so does every transverse
curve.

Everything said so far naturally extends to the case when y is a link, that is, has more
than one component.

2.3. Let M and C be as above, and let y be a closed regular curve in M. If 7 is
Legendrian, and C is parallelized, then we can parametrize y and count the number of
revolutions of ¥ with respect to the chosen frames in C, when x traverses v in the positive
direction. This number does not depend on the parametrization, and if H'(M; Z) = 0, then
it depends only on the orientations of y and C: it changes sign if either of these orientations
is reversed. We denote this number by u(y) and call it the Maslov number or the rotation
number of y. (It is important that this number is defined for immersed curves 7, not only for
embedded ones.) If y is an oriented Legendrian link its Maslov number is defined to be the
sum of the Maslov numbers of its components.

If an embedded Legendrian curve y is homologous to 0, and C is orientable, then the
linking number #(y,7+) is defined. This number is denoted by f(y) and is called the
Bennequin number of y. It does not depend on the orientation of either C or y. Similarly, if y is
transverse and homologous to 0 and C is parallelized, then the linking number #(y, 7') is
denoted by B(7) and is called the Bennequin number of y (these numbers are particular cases
of the self-linking number of a framed knot). The same definitions hold for Legendrian and
transverse links.

ProposiTION 2.1. (see Bennequin [3]). If 7 is Legendrian and homologous to 0 and C is
parallelized, then

BG+) =B +uly),  Bly-)=B() — ny).

2.4. The contact structure in R?, defined by the form « = ydx — dz is called standard.
This contact structure is the canonical one in the space of 1-jets of functions on the line: x is
a point in the line, z is the value of a function at x and y is the value of the derivative. The
standard contact structure is extended to a contact structure in S°, which is also called
standard.

From now on, when we speak of transverse or Legendrian curves, we mean, unless
the opposite is specified, transverse or Legendrian curves in R* with this contact struc-
ture. Closed embedded transverse (Legendrian) curves are called transverse (Legendrian)
knots. A transverse (Legendrian) isotopy between transverse (Legendrian) knots is an
isotopy via transverse (Legendrian) knots. Usual isotopies will be called topological
isotopies.
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Obviously, transversely (Legendrian) isotopic transverse (Legendrian) knots are
topologically isotopic and have equal Bennequin numbers, and oriented Legendrian iso-
topic oriented Legendrian knots have equal Maslov numbers. One of the most exciting
problems in the theory of transverse (Legendrian) knots is the following.

Question. Are topologically isotopic transverse (oriented Legendrian) knots with equal
Bennequin numbers (Bennequin and Maslov numbers) transversely (oriented Legendrian)
isotopic?

The answer is affirmative for topologically trivial knots:

THeorem 2.2 (Eliashberg [4]). Transverse (oriented Legendrian) knots with equal
Bennequin numbers (Bennequin and Maslov numbers), which are topologically isotopic to
trivial knots, are transversely (oriented Legendrian) isotopic.

In the general case the answer is not known. The results of this article provide an
evidence, that the answer might be affirmative in the general case.

Example. Let y be a Legendrian knot with zero Maslov number, and let 7" be its image
under the difftfomorphism f(z, v, z) = (x, —y, —z). Since f is a rotation of space, y' is
topologically isotopic to y; also u(y') = — u(y) = 0and S(y') = B(y). Moreover, f is a contac-
tomorphism, but it is not isotopic to the identity through contactomorphisms because it
changes the sign of the contact form. Problem: are y and 7" Legendrian isotopic?

Remark. There exists an example in a contact manifold different from R* (namely, in the
connected sum of two copies of S' x §2 with a natural contact structure) of two topologi-
cally isotopic knots which are homologous to 0, have equal Bennequin and Maslov
numbers, but are not Legendrian isotopic (see [6]).

2.5. Along with transverse and Legendrian knots one considers long transverse and
Legendrian knots. A long Legendrian knot is a Legendrian embedding ¢ : R — R?, such that
o(t) =(t, 0,0) for |t] > C with some C. A long transverse knot is a transverse embedding
¢:R - R3 such that ¢(t) = (0, 0, t) for |t| > C. Long transverse and Legendrian knots may
be transversely and Legendrian isotopic, the isotopy being assumed identical outside
a bounded domain. Long transverse and Legendrian knots also have Bennequin and
Maslov numbers. To define them we remark that long transverse and Legendrian knots
may be regarded as usual transverse and Legendrian knots in S* (see the remark in the
beginning of 2.4), which have Bennequin and Maslov numbers. By definition, the Maslov
number of a long Legendrian knot is equal to that of the corresponding spherical knot,
while the Bennequin number of a long transverse or Legendrian knot is equal to that of the
corresponding spherical knot plus one. The above Question is valid for long transverse and
Legendrian knots, as well as Eliashberg’s result and the rest of the discussion.

2.6. Another important question concerns possible values of Bennequin and Maslov
numbers for transverse and Legendrian knots and links within a given topological isotopy
class. An easy fact is that for any transverse knot y the number f(y) is odd and for any
Legendrian knot y the number f(y) + u(y) is odd. On the contrary, the following estimate
remains probably the most difficult theorem of the theory. In particular, it shows that not
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every framed knot can be realized as a Legendrian or a transverse knot with its natural
framing.

THeoreM 2.3 (Bennequin [3]). For any transverse knot y

where S is an arbitrary connected Seifert surface for vy, that is compact embedded smooth
surface in R® with the boundary Consequently, for a Legendrian knot 7

BG) + [eG) < — x(S).

Here is another estimate.

THeOREM 2.4. (Bennequin [3], Franks and Williams [5], and Morton [16]). For any
transverse link vy

By) <e(y),

where ¢(y) is the lower degree in v of the LYMPH-TOFU' polynomial of . Consequently,
for a Legendrian link 7,

B + [u()] < e(y).

The LYMPH-TOFU (aka HOMFLY) polynomial

E®
Pv,z) = Z ag(z2)v*
k=e(y)

is defined by the recurrent formula

] -y —
v Foo TP = P =y

Although both ingredients of Theorem 2.4 has been known for at least 10 years, we were
unable to trace this theorem in the literature on contact geometry. Nevertheless, its proof is
much more simple and elementary than that of Theorem 2.3. Namely, Bennequin remarks
that any transverse link is transversely isotopic to a closed braid centered around a fixed
transverse circle (a fiber of the Hopf fibration) and calculates the number § for a closed
braid y:

B =c—n,

where n is the number of strings and ¢ is the image of y with respect to the canonical
homomorphism B(n) — Z = B(n)/[B(n), B(n)]; this homomorphism takes each of the
canonical generators of the braid group B(n) into 1 (both results do not depend on
the complicated technique, used by Bennequin in the proof of Theorem 2.3). Franks et al.
prove that for any closed braid y

c—n<e(y).

' For Lickorish, Yetter, Millet, Przytycki, Hoste, Traczyk, Ocneanu, Freyd and Unknown further discoverers — see

(2]
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Surprisingly in many cases the simpler Theorem 2.4 provides a stronger estimate, than
Theorem 2.3. For example, for transverse trefoil knots y both theorems yield the same
inequality f(y) < % 1, but for transverse mirror trefoil knot y, Theorem 2.3 (which is
insensitive to the mirroring) gives again f#(7) < + 1. While Theorem 2.4 gives the inequality
B(y) € — 5, which is actually the best possible, as a simple construction shows (see 3.4
below). (Compare the discussion on Bennequin invariants for trefoil knots in [3, 4].)

It is not known (at least, to us), whether Theorem 2.4 implies Theorem 2.3 in general
case. What is important, both theorems imply that the Bennequin invariant of a topologi-
cally unknotted transverse or Legendrian knot is always negative, which gives rise to
a simple construction of an exotic contact structure in R* [3]. Hence, the existence of such
structures, which is the most striking result of Bennequin’s paper, has actually a short and
elementary proof.

The next theorem gives an estimate for the Bennequin number of Legendrian link which,
in many cases, is better than that of Theorem 2.4.

TueoREMs 2.5 (Theorem 2.4, Rudolph [17]). For any Legendrian link y
B < n(y)

where f1(}) is the lower degree in a of the, reduced modulo 2, K auffman polynomial of .

The Kauffman polynomial

Ny}
Fia,x)= Y byx)a"

k=n(y)

is defined as follows. First one defines the polynomial L, (a, x) for non-oriented links by the
axioms:

LCO+LC) =xL () +x7'L 00,
L(¢) =aL (~), L= L L~

Then one defines F, for oriented links by the formula
F, =q @ L,’,,

where w(y) is the number of crossings

X

minus the number of crossings

/
/
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The proof of Theorem 2.5 goes as follows. Given an oriented Legendrian knot y shift it
slightly in the direction of the z-axis and reverse the orientation to obtain a new Legendrian
knot y'. The Bannequin number of the Legendrian link yuy' is equal to zero as well as its
Maslov number. By Theorem 2.4 the lower degree of P, , in v is at least 1.

According to [17] the following expression is a topological invariant of the knot y:

1,
Iy} = ((L — L>P?w, _ 1)1)2[3(*))’
z

and one sees that the lower degree of {y} in v is at least 2fi(y). Moreover, the main
theorem of [17] implies that

-2 2
s + v
{r} = (1 + L—z—b> F, (v, z*)mod 2,
Z

and the inequality B(y) < n(y) follows. The case of links is similar (the difference being that
{y} is given by a more complicated expression in terms of P).

For Legendrian mirror trefoil knot, Theorem 2.5 gives the upper bound S(y) < — 6
which is the best possible. This result is also proved by methods of contact geometry in
a recent preprint [ 12] of Kanda along with the inequality 8(y) < — 5 for a transverse mirror
trefoil knot. Kanda’s work contains also a generalization of this example (see 3.4 below).

3. KNOT DIAGRAMS

3.1. Transverse and Legendrian knots are conveniently presented by projections into
the plane (x, z). (For Legendrian knots the projection onto the plane, (x, y) is also rel-
evant—see 3.6 below.) Identify a point (x, y, z) € R® with a point (x, z) € R* furnished with
a fixed direction of a non-vertical (unoriented) straight line through this point with the slope
y. Then a curve in R? is a one-parameter family of points with directions in R?, that is
a curve in the plane, furnished with a field of unoriented non-vertical directions. For
example, Fig. 1(a) pictures a mirror trefoil knot. If we are interested only in the isotopy
classes of knots, and the projection of the knot in the plane has only double crossings, then
we do not need to specify the directions, we need only to indicate at each crossing, which of
the strands is the upper one, and which 1s the lower one (see Fig. 1(b)).
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Remark. 1f we project our knots onto the plane (x, z) and use right-handed orientation
in both the plane (x, z) and space, then the y-axis directed out of viewer. Hence, the upper
strand corresponds to smaller values of y (that is of the slope), while the lower strand
corresponds to greater values of y.

3.2. A curve in R? is transverse if and only if the corresponding curve in R? is never
tangent to the chosen directions along itself (the curve in Fig. 1(a) is not transverse). Again,
the transversely isotopic class of a transverse knot is determined by a simplified picture like
Fig. 1(b), but the existence of a family of non-vertical transverse directions along the curve
imposes the following two conditions on the projected curve which is supposed to be
regular and free of triple points (the former due to the fact that a transverse curve is never
tangent to the y-direction which lies in the contact plane):

(i) the curve possesses an orientation with respect to which all its vertical tangents are
directed downward (this is the canonical orientation of the transverse curve—see 2.2);

(1) if at the crossing point the upward vertical direction lies inside the angle, formed by
the two oriented tangents to the strands, then the strand directed to the right is lower, than
the strand directed to the left.

The two forbidden fragments of a transverse knot diagram are presented in Fig. 2.
Figs 3(a) and (b) show, respectively, transverse trefoil knot and transverse mirror trefoil
knot.

\

(a)

®

Fig. 3.
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Transverse isotopy between transverse knots is represented by a deformation of the
diagram with admissible modifications (moves) shown in Fig. 4.

3.3. While a generic regular curve (in particular, generic transverse curve) in R* has
a regular projection onto the (x, z)-plane, the projection of a generic Legendrian curve onto
the (x, z)}-plane has isolated critical points (because all the planes of the standard contact
structure in R* are parallel to the y-axis). Hence, the projection of a generic Legendrian
curve may have cusps. On the other hand, a curve in R? is Legendrian if and only if the
corresponding planar curve is everywhere tangent to the field of directions; in particular, the
field is determined by the curve. Hence, the diagram of a Legendrian knot (in the (x, z)-
plane) is simply a closed smooth curve with cusps, but without vertical tangents. Self-
tangencies are also forbidden (they correspond to self-intersections of the curves in R?). To
convert this diagram into a diagram of a topological knot of the same topological isotopy
type one needs only to round the cusps and to make the strand with the smaller slope
overcross at each double point.

For example, Figs 5(a) and (b) show a Legendrian trefoil knot and Legendrian mirror
trefoil knot, and Figs 6(a) and (b) show the corresponding diagrams of topological knots.

A Legendrian isotopy between Legendrian knots is represented by a deformation of the
diagram with admissible modifications (moves) shown in Fig. 7 (cf. [18]).

The transformation y+— v (see 2.2) approximating a Legendrian curve with two opposite
oriented transverse curves may be easily performed on diagrams. We choose an orientation of
the Legendrian curve, and then replace crossings and cusps as shown in Fig, 8.

3.4. The Bennequin and Maslov numbers of transverse and Legendrian knots are easily
calculated from the diagram data.

For a transverse knot diagram we call crossings positive or negative, if they are marked
as such in Fig. 9. The Bennequin number of a transverse knot is equal to the number of
positive crossings minus the number of negative crossings. In particular, the Bennequin

~_
X o A

X o TN

Fig. 4.
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numbers of transverse trefoil knots, shown in Figs 3(a) and (b) are equal, respectively,to + 1
and —5 (compare the discussion in 2.6, after Theorem 2.4).

For a Legendrian knot diagram we call a crossing positive (negative) if with respect to
some orientation of the knot the two strands cross the vertical line in the same direction (in
the opposite directions). The Bennequin number of a Legendrian knot is equal to the
number of positive crossings minus the number of negative crossings minus half the number
of cusps. The Maslov number of a Legendrian knot is equal to half the number of cusps
passed downward minus half the number of cusps passed upward. For example, the
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XK
. > -
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Fig. 8.

(')\\X X/\/

Fig. 9.

Bennequin numbers of the Legendrian knots in Figs S(a) and (b) are equal, respectively to

+1 and —6, and their Maslov numbers are equal to 0 and + ! (depending on the
orientation).

Consider the following generalization of trefoil knots. The two Legendrian links in
Figs 10(b) and (a) (which coincide with Figs 5(a) and (b} when p =g =r = 1, and which
were studied by Kanda [12] for p = g = r = 2n + 1) are also topologically mirror to each
other. Their Bennequin numbers are equal to +1 and — p — g — r — 3 correspondingly,
their Maslov numbers are 0 and + 1. The lower degree of LYMPH-TOFU polynomials for
these knots are equal to +2 and ~ p — g —r — 1 and the lower degree of the, reduced
modulo 2, Kauffman polynomial of the knot in Fig. 10(a) equals —p—q—r—2. It
follows from Theorem 2.5 that the above Bennequin numbers are the greatest possible
within the topological isotopy types, thus implying Kanda’s result in the case
p=gq=r=2n+1, while Theorem 2.4 does not give the best possible estimate of the
Bennequin number for the knot in Fig. 10(a). For transverse knots of the same topological
type the estimate of Theorem 2.4 is still the best possible (compare with the discussion
in 2.6).

3.5. Long transverse knots are presented by diagrams which are obtained from the
z-axis by replacing a finite interval with a curve satisfying the conditions of 3.2; these
diagrams are oriented downward. Diagrams for long Legendrian knots are obtained from
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the x-axis by replacing a finite interval with a smooth curve with cusps and without vertical
tangents. Transverse and Legendrian isotopies of long transverse and Legendrian knots are
performed according to the rules, outlined in 3.2 and 3.3. Bennequin and Maslov numbers
are calculated as in 34.

There is a Legendrian isotopy invariant construction which makes a long Legendrian
knot into a usual (“short”) Legendrian knot. This construction may be described equiva-
lently by either of Fig. 11(a), (b) (the long knot is supposed to coincide with the x-axis
outside the box; a Legendrian isotopy between the two knots is presented in Fig. 12; the
slope of the arc AB in Fig. 12 is assumed to be less than the minimal slope of the knot in the
box).

Any short Legendrian knot may be obtained by this construction from a long Legen-
drian knot (see Fig. 13). We do not know, if this construction provides a 1-1 correspond-
ence between Legendrian isotopy classes of short and long Legendrian knots.

3.6. Another possibility to draw Legendrian curves is to project them onto the (x, y)-
plane. This projection is a smooth curve, and the missing z coordinate is the integral jy dx






