
Mathematical metho ds of classical mechanics

Lecture notes

Prologue

A good physicstheory is concernedwith observables,quantities that do not depend on
a systemof reference(that is, coordinate systemand other auxiliary data, such as metric,
etc). That is a lessonall mathematicians should learn too: deal only with objects that can
be de�ned invariantly (but be always prepared to compute in coordinates).

Illustrate this philosophy with what you learned (or did you?) from Calculus: df
makesinvariant sensewhile f 0 doesnot.

Let U be somedomain (manifold, if you wish), x 2 U a point and v a tangent vector
at x. Assumea function f : U ! R is given. Can you make a number out of thesedata?
Here is a construction. Let 
 (t) be a parametric curve in U s.t. 
 (0) = x and 
 0(0) = v.
Consider the number

L v (f ) :=
df (
 (t))

dt
j t =0 :

Of course,this notation assumesthat the number doesn't depend on the parameterization

 (t). Let us seewhat it is in coordinates:

L v (f ) =
X

f x i x
0
i = r f � v;

and we seethat L v (f ) really dependson v only. Moreover, we learn that, in coordinates,

L v =
X

vi @x i :

The operator L v is the familiar directional derivative; we have identi�ed tangent vectors
with theseoperators on functions.

Now it is clear how to de�ne a covector df : given a vector v, the value df � v is L v (f )
(everything is happening at point x). And what is the gradient r f ? It doesn't exist unless
onehasa Euclidean structure. If this extra structure is present then vectorsand covectors
are identi�ed and r f is identi�ed with df . Thus df exists while f 0 (gradient) doesnot.

1. Vector �elds .

1.1. A boring but necessaryexercise: how does a tangent vector change under a
changeof coordinates?

Let x and y be coordinate systems, v and u the same vector in these coordinates,
respectively. The Chain Rule gives:

@y j =
X @x i

@yj
@x i :
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Therefore
X

vi @x i =
X

uj @y j =
X

uj
@x i

@yj
@x i ;

and thus

vi =
X @x i

@yj
uj ;

or v = J u where J is the Jacobi matrix.

Imp ortan t Exercise . How doesthe di�eren tial df changeunder a changeof coordi-
nates? The answer illustrates the di�erence betweenvectors and covectors.

1.2. A vector �eld v is when there is a tangent vector at each point (of the domain)
depending smoothly on the point. We already related a linear di�eren tial operator L v with
this �eld. Another object is a 1-parameter group of di�e omorphisms, or a 
ow � t for which
v is the velocity �eld. This means:

(i) � s � t = � s+ t ;
(ii) d� t (x)=dtj t =0 = v(x).
That a vector �eld generatesa 
o w is the principal theorem of the theory of ODE's.

Examples . v = @x ; u = x@y in the plane. What are the 
o ws? More examples:
x@x + y@y (dilation), y@x � x@y (rotation).

Exercise . ConsiderS3 asthe unit spherein the spaceof quaternions. Onehasthree 1-
parametergroupsof di�eomorphisms of the sphere: � t (x) = exp(ti )x;  t (x) = exp(tj )x and
� t (x) = exp(tk )x. Compute the respective three tangent �elds in the Cartesian coordinates
in the ambient 4-space.

1.3. Consider two vector �elds v and u with the respective 
o ws � and  . Do
the 
o ws commute? Not necessarilyas the above example shows. To measurethe non-
commutativit y, consider the points  s � t (x) and � t  s(x). Let f be a test function. Then

� := f ( s� t (x)) � f (� t  s(x))

vanisheswhen t = 0 or s = 0. Thus its Taylor expansionstarts with the st-term.

Lemma. @2

@s@t (�) js= t =0 = (L v L u (f ) � L u L v (f ))( x):

Pro of. One has:
df (� t  s(x))

dt
j t =0 = (L v f )(  s(x)) :

For g = L v f one also has:
dg( s(x))

ds
js=0 = (L u g)(x);

thus
@2

@s@t
js= t =0 f (� t  s(x)) = (L u L v f )(x);

and we are done.
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The commutator L v L u (f ) � L u L v appears to be a di�eren tial operator of 2-nd order
(you di�eren tiate twice!) but, in fact, it has order 1. Here is a formula in coordinates:

L v L u � L u L v =
X �

vi
@uj

@x i
� ui

@vj

@x i

�
@x j :

De�nition . The bracket (or the commutator) of vector �elds v and u is a new vector
�eld w := [v; u] such that L w = L v L u � L u L v .

In coordinates,

[v; u]j =
X �

vi
@uj

@x i
� ui

@vj

@x i

�
:

Example . Consider polynomial vector �elds on the line: ei = x i +1 @x ; i � � 1. Then
[ei ; ej ] = (j � i )ei + j .

Exercises . 1). Continuing Exercise1.2, compute the commutators of the vector �elds
from that exercise.

2). Consider a linear spaceand let A be a linear transformation. Then v(x) = Ax
is a vector �eld called a linear vector �eld . Show that the respective 1-parameter group
consistsof the linear di�eomorphisms � t (x) = exp(tA )(x) where

eA = E + A +
A2

2
+

A3

3!
+ :::

Let B another linear map and u(x) the respective linear vector �eld. Compute the com-
mutator [v; u]. Hint : this is again a linear vector �eld.

1.4. Let v; u be vector �elds and � s;  t the respective 
o ws.

Theorem. The vector �elds commute if and only if so do the 
o ws:

[v; u] = 0 i�  s� t = � t  s:

Pro of. In one direction the statement is clear. Outline the converseargument. Let f be
a test function. We have:

�( s; t) = f ( s� t (x)) � f (� t  s(x)) = o(s2 + t2); s; t ! 0; (1)

and we want to show that � = 0.
Consider a rectangle in the s; t-plane with the vertex (s0; t0). Divide each side into

N equal parts. To a path from (0; 0) to (s0; t0) on this lattice there corresponds the
di�eomorphism according to the rule:

[t1; t2] ! � t 2 � t 1 ; [s1; s2] !  s2 � s1 :

Any path can be changedto any other in at most N 2 elementary steps. According to (1),
each such step leadsto a discrepancyof order 1=N 3. Thus � is of order 1=N for every N ,
that is, � = 0.

Remark . Consider a manifold M and its submanifold N . Let u and v be vector
�elds on M , tangent to N . Then, obviously, u; v are vector �elds on N (strictly speaking,
we should denote them by ujN ; vjN ). It follows from our (conceptual) de�nition of the
commutator that [u; v]jN = [ujN ; vjN ]. Therefore [u; v] is tangent to N .

1.5. The commutator of vector �elds has three algebraic properties: it is skew-
symmetric, bilinear and satis�es the following Jacobi identity .
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Lemma. For every three vector �elds one has

[[u; v]; w] + [[v; w]; u] + [[w; u]; v] = 0: (2)

Pro of. One has:

L [[u;v ];w ] = L [u;v ]L w � L w L [u;v ] = (L u L v � L v L u )L w � L w (L v L u � L u L v ):

The sum (2) contains 3 such blocks, 12 terms altogether, and they cancelpairwise.

De�nition . A linear spacewith a skew-symmetric bilinear operation (commutator)
satisfying the Jacobi identit y (2) is called Lie algebra. An isomorphism of Lie algebrasis
a linear isomorphism that takescommutator to commutator.

Example . One example of Lie algebrasis known from Calculus 3: it is the algebra
of vectors in 3-spacewith respect to the cross-product.

We have just proved that an associative algebra can be made into a Lie algebra by
setting: [A; B ] = AB � B A. For example,starting with the algebraof n � n matrices, real
or complex, one arrivesat the Lie algebrasgl(n; R ) and gl(n; C), respectively.

Exercise . Consider the associative algebra of 2 � 2 real matrices with zero trace and
form the Lie algebraasabove: [A; B ] = AB � B A; this Lie algebrais called sl(2; R ). Prove
that sl(2; R ) is isomorphic to the Lie algebra of vector �elds on the line @x ; x@x ; x2@x and
that sl(2; R ) is not isomorphic to the Lie algebra of vectors in 3-spacewith respect to the
cross-product.

1.6. Recall the following de�nition (from the previous topics course, Di�eren tial
Topology).

De�nition . A Lie group is a smooth manifold G which is also a group, and the two
structures agree: the inversion map G ! G and the multiplication map G � G ! G are
smooth.

Examples . R n is a group with respect to the vector summation, and so is the torus
Tn = R n =Zn ; these groups are commutativ e. GL(n; R ) is the group of non-degenerate
n � n matrices; SL(n; R ) is its subgroup consisting of the matrices with determinant 1;
O(n) � GL(n; R ) consists of the matrices that preserve a �xed scalar product (equiv-
alently , AA � = E where E is the unit matrix); SO(n) � O(n) consists of orientation
preserving matrices. All these groups have complex versions; U(n) � GL(n; C) consists
of the matrices that preserve a �xed Hermitian product (equivalently , AA � = E where A �

is the transposecomplex conjugated matrix), and SU(n) � U(n) consistsof the matrices
with unit determinant.

Exercise . SO(2) is di�eomorphic to the circle, and so is U(1). The group SU(2) is
di�eomorphic to S3.

It is also well known that SO(3) = RP 3 (seeDi�eren tial Topology or ask those who
attended).

Given a Lie group G let g = TeG be the tangent spaceat the unit element. Similarly
to Section 1.3, one makes g into Lie algebra. Vector v; u 2 g determine 1-parameter
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subgroups� t ;  s � G. Then there exists a unique vector w 2 g such that the respective
1-parameter subgroup � � � G satis�es the following property:

� st = � t  s � � t  � s mod o(s2 + t2):

This vector w is called the commutator: w = [v; u]. For example, if G is a commutativ e
group then g is a trivial Lie algebra.

Of course, a smooth homomorphism of Lie groups induces a homomorphism of the
respective Lie algebras,that is, a linear map that takescommutator to commutator.

The explanation of the above construction is as follows. Every x 2 G determines a
di�eomorphism Rx : G ! G given by Rx (y) = yx. Given v 2 g we obtain a right-invariant
vector �eld whosevalue at x is dRx (v) 2 Tx G. Thus we embed g in the spaceof vector
�elds on G, and g inherits the commutator from this Lie algebra.

On the other hand, the Lie algebra of vector �elds on a manifold is the Lie algebra
of the "Lie group" of di�eomorphisms of this manifold (caution is to be exercisedsince
everything is in�nite-dimensional here).

Example . Let G = GL(n; R ). Then g is the spaceof matrices. Given a matrix A,
the respective 1-parameter subgroup is exp(tA ). One has:

etA etB e� tA e� tB = E + st(AB � B A) + o(s2 + t2) = est [A;B ] ;

therefore the Lie algebra structure in g is given by the commutator [A; B ] = AB � B A.
This Lie algebra is denoted by gl(n; R ). The same formula de�nes the commutator in
other matrix Lie algebrassl(n; R ); o(n); so(n); u(n); su(n), etc.

Exercise . Prove that sl(n) consistsof the tracelessmatrices and o(n) of the matrices
satisfying A � = � A.

Assumethat a Lie group G acts on a manifold M ; this meansthat one has a smooth
homomorphism from G to the group of di�eomorphisms of M . This homomorphism in-
ducesa homomorphismsof Lie algebrasg ! Vect(M ), the Lie algebra of vector �elds on
M . Thus g has a representation in Vect(M ).

Example . The group SL(2; R ) acts on the real projective line by fractional-linear
transformations. One obtains a homomorphism from the Lie algebra sl(2; R ) to the Lie
algebra of vector �elds on RP 1. Choosing a coordinate x on RP 1, the image of sl(2; R )
consistsof the �elds @x ; x@x ; x2@x .

Let G1 ! G2 be a covering of Lie groups, for example, R n ! Tn or SU(2) =
S3 ! RP 3 = SO(3). Since a covering is a local di�eomorphism and the construction of
Lie algebra is in�nitesimal, the respective Lie algebrascoincide: g1 = g2. In particular,
su(2) = so(3). Note also that so(n) = o(n) since O(n) consistsof two components, and
only the component of the unit element, SO(n), is involved in the construction of the Lie
algebra.

The theory of Lie algebras and Lie groups is very much developed, up to strong
classi�cation results. One of the results is that if g is the Lie algebra corresponding to a
compact Lie group G then G is determined by g up to a covering. We will mention only
one notion of this theory.
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De�nition . Given a Lie algebra g, a Kil ling metric is a metric satisfying

([x; y]; z) + (y; [x; z]) = 0

for all x; y; z 2 g.

Lemma. The formula (X ; Y) = � Tr (X Y) de�nes a Killing metric on the Lie algebra
so(n).

Pro of. If X = x ij then (X ; X ) =
P

x2
ij , the usual Euclidean structure in space of

dimension n2. Its restriction to so(n) is a Euclidean structure too. One needsto check
that

Tr ((X Y � YX )Z + Y(X Z � Z X )) = 0

for X ; Y; Z 2 so(n). This equals

Tr (X YZ � YX Z + YX Z � YZ X ) = Tr (X YZ � YZ X ) = 0

sincethe trace is invariant under cyclic permutations.

Likewise,one de�nes a Killing metric on u(n) as Re (� Tr (X Y)).

2. Di�eren tial forms .

2.1. Start with linear algebra. Let V n be a linear space. We will deal with tensor
powers V 
 ::: 
 V and exterior powers ^ k V = V 
 k mod (u 
 v = � v 
 u):

Question : what's the dimension of ^ k V ?
A linear 1-form on a vector spaceV is a covector, i.e., an element of V � . A linear

2-form (or an exterior 2-form) is a skew symmetric bilinear function ! on V :

! (u; v) = � ! (v; u):

Example . If V is the plane then det (u; v) is a 2-form. More generally, consider
n-dimensional spaceand �x a projection onto a 2-plane. Then the oriented area of the
projection of a parallelogram is a 2-form. This example is most general.

Question : what's the dimension of the spaceof 2-forms? What is its relation to
^ 2V � ?

Likewise,a k-form on V n is a skew symmetric k-linear function, that is, an element
of ^ k V � . For example,an n-form is proportional to the determinant of n vectors.

Exterior forms make an algebra with respect to the operation of exterior or wedge
product.

De�nition . Let � be a k-form and � an l-form. De�ne � ^ � as the k + l-form whose
value on vectors v1; :::; vk+ l equals

X
(� 1)� � (vi 1 ; :::; vi k )� (vj 1 ; :::; vj l );

where i 1 < ::: < i k ; j 1 < ::: < j l , sum over permutations (i 1; :::; i k ; j 1; :::; j l ) of (1; :::; k + l),
and � is the sign of this permutation.
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Lemma. The exterior product is associative and skew-commutativ e: � ^ � = (� 1)k l � ^ � .

Exercise . Prove this lemma.

Example . If � is a k-form with k odd then � ^ � = 0. On the other hand, consider
2n-dimensional spacewith coordinates pi ; qi ; i = 1; :::; n, and let ! =

P
pi ^ qi : Then

! ^ ::: ^ ! (n times) is a non-zero2n-form.

Exercise . Consider R 3. Given a vector v, consider the 1-form � v and the 2-form ! v

de�ned by
� v (u) = (u; v); ! v (u; w) = det (v; u; w):

Prove the following:
� v ^ � u = ! v � u ; � v ^ ! u = (u; v) det:

This exerciseshows that the cross-product is a particular caseof the exterior product of
forms.

Consider two linear spacesU and V and a linear map f : U ! V . Given a k-form �
on V , one has a k-form f � (� ) on U: its value on vectors u1; :::; uk is � (f (u1); :::; f (uk )).
This correspondenceenjoys an obvious property (f g) � = g� f � .

2.2. Let M be a smooth manifold.

De�nition . A di�eren tial 1-form on M is a smooth function � (v; x) where x 2 M
and v 2 Tx M ; for every �xed x this function is a linear 1-form on the tangent spaceTx M .

Examples . If f is smooth function on M then df is a di�eren tial 1-form. Not every
di�eren tial 1-form is the di�eren tial of a function: if x is the angular coordinate on the
circle then dx is a di�eren tial 1-form which fails to be the di�eren tial of a function.

Di�eren tial 1-forms in R n can be described as follows. Choosecoordinates x1; :::; xn .
Then every di�eren tial 1-form is written as f 1dx1 + ::: + f n dxn where f 1; :::; f n are smooth
functions of x1; :::; xn .

De�nition . A di�eren tial k-form on M is a smooth function � (v1; :::; vk ; x) where
x 2 M and vi 2 Tx M ; i = 1; :::; k; for every �xed x this function is a linear k-form on the
tangent spaceTx M .

Di�eren tial forms form a vector space,and they canbemultiplied by smooth functions.
The exterior product of di�eren tial p and q forms is a a di�eren tial p+ q-form. A di�eren tial
k-form in R n can be written as

X

i 1 <:::<i k

f i 1 ;:::;i k dxi 1 ^ ::: ^ dxi k :

Since every manifold M n is locally di�eomorphic to R n , one has a similar expressionin
local coordinates on M . Of course,there are no non-trivial k-forms for k > n.

To change coordinates in di�eren tial forms one uses the Important Exercise from
Section 1.1.

Exercise . Expressthe forms xdy � ydx and dx ^ dy in polar coordinates.
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2.3. Di�eren tial forms are made to integrate (recall Calculus 3). Start with a partic-
ular case. Let P � R n be a convex polyhedron and ! = f (x)dx1 ^ ::: ^ dxn an n-form.
De�ne Z

P
! =

Z

P
f (x)dx1:::dxn :

Clearly, this integral is linear in ! . If P is decomposedinto two polyhedra P1 and P2 then
Z

P
! =

Z

P1

! +
Z

P2

! :

Imp ortan t Example . Consider two polyhedra P1 and P2 in R n and let f : P1 ! P2

be an orientation-preserving di�eomorphism. Then for every n-form one has:
Z

P1

f � (! ) =
Z

P2

! :

Indeed, the RHS is
Z

P2

f (y)dy1:::dyn =
Z

P1

D(y)
D(x)

f (y(x))dx1:::dxn =
Z

P1

f � (! );

the �rst equality being the changeof variables formula and the secondfollowing from the
de�nition of f � (! ).

In general,oneintegratesa k-form on M n over a k-chain. The de�nition will generalize
the integral of a 1-form over a curve (recall Cal 3 again).

De�nition . A singular k-dimensionalpolyhedron � is an oriented convex polyhedron
P � R k and a smooth map f : P ! M . Then � � di�ers from � by the orientation of R k .
A k-chain is a linear combination of singular k-dimensional polyhedra. Given a k-form !
on M , one de�nes Z

�
! =

Z

P
f � (! ):

The de�nition of integral is extended to chains by linearit y: if c =
P

ki � i then
Z

c
! =

X
ki

Z

� i

! :

Exercises . 1. Show that
R

� � ! = �
R

� ! :
2. Let f : M n ! N n be a k-fold covering of compact manifolds and ! is an n-form

on N . Prove that Z

M
f � (! ) = k

Z

N
! :

2.4. Let P � R n be an oriented convex polyhedron.

De�nition . The boundary @P is the n � 1-chain whosesingular polyhedra are the
facesof P oriented by the outward normals. The boundary of a singular polyhedron is
de�ned analogouslyand the de�nition is extended to chains by linearit y.
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Lemma. @2 = 0.

Pro of. One needsto check that each codimension2 faceof P appearsin @2(P) twice with
opposite signs. Intersecting by a plane, the claim reducesto the caseof polygonswhich is
obvious.

2.5. The familiar di�eren tiation operation f ! df extendsto an operation of exterior
di�er entiation that assignsa di�eren tial k + 1-form d! to a di�eren tial k-form ! .

Given tangent vectors v1; :::; vk+1 2 Tx M n , we de�ne d! (v1; :::; vk+1 ) as follows.
Choosea coordinate system near point x; such a choice identi�es v1; :::; vk+1 with vectors
in T0R n = R n . Let P be the parallelepiped generatedby these vectors. The coordinate
system provides a singular polyhedron P ! M . Let

L (v1; :::; vk+1 ) =
Z

@P
! :

De�nition-Prop osition. The principal k + 1-linear part of L (v1; :::; vk+1 ) is a skew-
symmetric linear function, independent of the choice of the coordinate system:

d! (v1; :::; vk+1 ) = lim
" ! 0

1
" k+1 L("v1; :::; "vk+1 ):

If, in local coordinates,
! =

X
f i 1 ;:::;i k dxi 1 ^ ::: ^ dxi k

then
d! =

X
df i 1 ;:::;i k ^ dxi 1 ^ ::: ^ dxi k :

Example . Consider the caseof 0-forms, i.e., functions. Let f be a function on M .
The singular polyhedron is a curve on M from point x to point y whosetangent vector
is v 2 Tx M . Then L(v) = f (y) � f (x), and the principal linear part of this increment is
df (v).

Sketch of Pro of. Let us make a computation is a particular case: ! = f (x; y)dx. Let u
and v be two vectors (which will be multiplied by "). The sidesof the parallelogram P are
given by:

t ! tu; t ! u + tv; t ! tv ; t ! v + tu; t 2 [0; 1]:

Therefore Z

@P
! =

Z 1

0
(f (tu) � f (v + tu))u1 � (f (tv) � f (u + tv))v1dt:

Next,
f (v + tu) � f (tu) = f x (0; 0)v1 + f y (0; 0)v2 + ("2)

and
f (u + tv) � f (tv) = f x u1 + f y u2 + ("2):

Thus Z

@P
! = f y (u2v1 � u1v2) + ("3);
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that is,
d! = f y dy ^ dx = df ^ dx:

If onechangesthe coordinate systemthen the curvilinear parallelogram P will be replaced
by a new one, P 0; however Z

@P 0
! �

Z

@P
!

is cubic in " . The generalcaseis similar but more cumbersometo compute.

2.6. The exterior di�eren tiation enjoys the following properties.

Lemma. (i) d(! + � ) = d! + d� .
(ii) d(! k ^ � l ) = d! ^ � + (� 1)k ! ^ d� .
(iii) If f : M ! N is a smooth map and ! is a form on N then df � (! ) = f � d(! ).
(iv) d2! = 0.

Pro of. The �rst is obvious, the third immediately follows from the de�nition. The second
is best checked in local coordinates:

! =
X

f I dxi 1 ^ ::: ^ dxi k ; � =
X

gJ dxj 1 ^ ::: ^ dxj l :

The last property is also veri�ed in local coordinates.

2.7. We are ready to prove an important result.

Theorem. Given a k + 1-chain c and a k-form ! , one has
Z

@c
! =

Z

c
d! :

Pro of. Consider �rst the casewhen c consistsof one singular cube f : P = I k+1 ! M .
Partition P into N k+1 equal cubesPi . Let " = 1=n. Consider a small cube Pi with edges
vi

1; :::; vi
k+1 of order " . Then, according to the de�nition,

d! (vi
1; :::; vi

k+1 ) =
Z

@P i

! + o(" (k+1) ):

It follows that
N k +1
X

i =1

d! (vi
1; :::; vi

k+1 ) =
Z

@P
! + o("):

The LHS being the Riemann sum for
Z

P
d! ;

the result follows by taking the limit " ! 0.
Next, one proves the formula for a simplex; the general result will follow sinceevery

polyhedron partitions into simplices. The result for a simplex follows from that for a
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cube: there is a smooth map from a cube to a simplex which is an orientation preserving
di�eomorphism in the interior and which is an orientation preserving di�eomorphism on
some faceswhile other facesare sent to facesof smaller dimensions. Alternativ ely, one
may approximate a polyhedron by a union of cubes;we do not elaborate.

Examples . 1. Let us deduce the classical Green theorem. Let P be an oriented
polygonal domain in the plane, and ! = f dx+ gdy is a 1-form. Then d! = (gx � f y )dx^ dy,
and we have: Z

@P
f dx + gdy =

Z

P
(gx � f y )dxdy:

2. Next we deducethe divergencetheorem

Z

P
divF dV =

Z

@P
(F � n)dA

where P is an oriented domain in 3-space.Let

! = F1dy ^ dz + F2dz ^ dx + F3dx ^ dy:

Then d! = divF dV. On the other hand, we remember from Cal 3 (if not, prove it!) that

n1dA = dy ^ dz; n2dA = dz ^ dx; n3dA = dx ^ dy:

Therefore (F � n)dA = ! , and the divergencetheorem follows.
3. Finally , we deducethe Stokes theorem. Let P be an oriented surface in 3-space

with boundary. Let T be the unit tangent vector �eld along @P and F a vector �eld along
P. Then Z

P
(cur lF � n)dA =

Z

@P
(F � T)ds:

Consider the 1-form ! = F1dx + F2dy + F3dz. Then, as above, one has:

(curlF � n)dA = d! :

On the other hand,
T1ds = dx; T2ds = dy; T3ds = dz;

so (F � T)ds = ! . The Stokestheorem follows.

2.8. Sinced2! = 0 one has: Im d � Ker d. One de�nes the de Rham cohomology of
a smooth manifold:

H i
D R (M ) = Ker d=Im d;

where d is taken on i -forms on M . A form ! is called closed if d! = 0; a form ! is called
exact if ! = d� . Thus i -th de Rham cohomologyis the quotient spaceof closedi -forms by
the exact ones.

Examples . 1. Let M be a connected manifold. Then H 0
D R (M ) = R . Indeed, if

df = 0 then f is constant.

11



2. H 1
D R (R ) = 0 since for every f (x) one has: f dx = dg where g =

R
f . In contrast,

H 1
D R (S1) = R since f dx is exact only if

R
f dx = 0.

3. Let M n be a closedoriented manifold. Then H n
D R (M ) = R . Indeed, every n-form

is closed,and for every n � 1-form ! one has:
Z

M
d! =

Z

@M
! = 0:

Exercise . Compute H 1
D R (T2).

Integration provides a pairing between chains and forms; Theorem 2.7 implies that
one also has a pairing between singular homology (with real coe�cien ts) and de Rham
cohomology. De Rham's theorem assertsthat this pairing is non-degenerate:

H �
D R (M ) = H � (M ; R ):

For example, the statement that

H i
D R (R n ) = 0; i > 0

is called the Poincar�e lemma. A proof can be deduced from Theorem 2.7. Let P be a
singular polyhedron in R n . Denote by CP the coneover P. Then one has:

@CP + C@P = P:

In particular, if @c = 0 then c = @b. Given a form ! , de�ne H ! by
Z

c
H ! =

Z

C (c)
!

for every chain c. Then dH + H d = id; onecan write an explicit formula for H ! . It follows
that Ker d = Im d.

One of the advantages of de Rham cohomology is that the ring structure is very
transparent: the multiplication is induced by the wedgeproduct of di�eren tial forms.

Exercise . Prove that the wedgeproduct inducesa well-de�ned multiplication of de
Rham cohomologyclasses.

2.9. Let us discussrelations betweenvector �elds and di�eren tial forms. Let ! be a
k-form and v a vector �eld. De�ne a k � 1-form i v ! by the formula:

i v ! (u1; :::; uk � 1) = ! (v; u1; :::; uk � 1):

Exercise . Show that i v i u ! = � i u i v ! .

Next, de�ne the Lie derivative. Let v be a vector �eld and ! a di�eren tial k-form. Let
� t be the respective 1-parameter group of di�eomorphisms. Then L v ! is a k-form such
that for every chain c one has:

Z

c
L v ! =

d
dt

j t =0

Z

� t (c)
! :

In particular, L v f = df (v) is the directional derivative.

12



Lemma (homotop y form ula). One has:

i v d! + div ! = L v ! :

Pro of. De�ne the homotopy operator H : given a singular polyhedron f : P ! M , let
H f : P � [0; 1] ! M be given by the formula (x; t) ! � t (x). Then one has:

� 1(c) � c = @H c + H @c:

This implies the desired formula.

Exercise . Show that dLv = L v d.

Lemma (Cartan form ula). Let ! be a 1-form and u; v be vector �elds. Then

d! (u; v) = L u (! (v)) � L v (! (u)) � ! ([u; v]):

Pro of. A direct computation in coordinates.

The following monster is the Cartan formula for k-forms:

d! (v1; :::; vk+1 ) =
X

(� 1)i � 1L v i ! (v1; :::; v̂i ; :::; vk+1 )+

X

i<j

(� 1)i + j ! ([vi ; vj ]; v1; :::; v̂i ; :::; v̂j ; :::; vk+1 );

the "hat" meansthat the respective term is omitted.

Exercise . Show that
1). [L u ; i v ] = i [u;v ];
2). [L u ; L v ] = L [u;v ].

Example . Let M n be a manifold with a volume n-form � , and v a vector �eld on
M . Then L v � = f � where the function f is called the divergence of v. A computation in
coordinates yields the familiar formula for the divergence.

2.10. Let M be a smooth manifold.

De�nition . A k-dimensional distribution (or a �eld of k-planes) is given if at every
point x 2 M a k-dimensional subspaceE k � Tx M is given, smoothly depending on the
point x. A distribution is oriented or cooriented if so is the k-spaceE at every point.

Example . A 1-dimensionaloriented distribution E determined a vector �eld tangent
to E . Conversely, every non-vanishing vector �eld integrates to a 1-dimensional oriented
distribution.

De�nition . A k-dimensional foliation is a partition of M n into disjoint union of k-
dimensional submanifolds locally di�eomorphic to the partition of R n into k-dimensional
parallel subspaces.The respective k-dimensional submanifoldsare called the leavesof the
foliation

Examples . 1. Start with a partition of R n into k-dimensional parallel subspaces,
and factorize by the integer lattice. One obtains a k-dimensional foliation on the torus.
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2. Consider the foliation of the strip jxj � � =2 by the graphs y = tan2 x + const.
Rotate the strip about the vertical axis to obtain a foliation of a solid cylinder. Factorize
by a parallel translation in the vertical direction to obtain a foliation of a solid torus; the
boundary torus is a leaf. The 3-sphereis made of two solid tori; we obtain a foliation of
S3 called the Reebfoliation.

A k-dimensional foliation determines a k-dimensional distribution. Is the converse
true? Given a distribution E k , considerthe spaceof vector �elds tangent to E and denote
it by V (E ). Similarly, consider the spaceof di�eren tial 1-forms that vanish on E ; denote
by 
( E ).

Theorem (Frob enius). A distribution E is a foliation i� V (E ) is a Lie algebra or,
equivalently , d
( E ) � 
( E ) ^ 
( M ).

Pro of. If E is a foliation then, as we noticed before, one has: [u; v] 2 V (E ) for all
u; v 2 V(E ).

Conversely, let V (E ) be a Lie algebra. Choose k linearly independent vector �elds
v1; :::; vk in a small neighborhood that span E , and choosecoordinates so that v1 = @x1.
Let f i = dx1(vi ); i = 2; :::; k, and set: ui = vi � f i v1. That is, u is obtained from v by
deleting the term with @=@x1. Then dx1(ui ) = 0. Consider the family of hyperplanes
x1 = const. It follows that the �elds ui ; i = 2; :::; k are tangent to these hyperplanes.
Moreover, that spacegeneratedby the �elds ui is a Lie algebra. By induction, we have a
k � 1-dimensionalfoliation F . The products of the leavesof this foliation and segments of
the x1-axis are the leavesof the desiredfoliation.

Choosea basisof vector �elds v1; :::; vn so that v1; :::; vk generateE . Let � 1; :::; � n be
the dual basis of 1-forms: � i (vj ) = � ij . Then 
( E ) is generated(over smooth functions)
by � k+1 ; :::; � n . According to the Cartan formula,

d� q(vi ; vj ) = L v i � q(vj ) � L v j � q(vi ) � � q([vi ; vj ]):

For i; j � k and q > k the �rst two terms on the RHS vanish. The RHS vanishesfor
all q > k i� [vi ; vj ] is a combination of v1; :::; vk , i.e., when V(E) is a Lie algebra. The
LHS vanishesfor all i; j � k i� d� q belongsto the ideal generatedby � k+1 ; :::; � n , that is,
d
( E ) � 
( E ) ^ 
( M ).

Example-Exercise . Every codimension1 distribution is locally given by a 1-form � .
This distribution is a foliation i� d� = � ^ � . Prove that this is equivalent to � ^ d� = 0.

Exercise: Go dbillion-V ey class. Let F be a cooriented codimension1 foliation on
a manifold M . Choosea 1-form � 2 
( F ); then d� = � ^ � for some1-form � . Prove that
� ^ d� is a closed3-form, and that its cohomologyclassdoes not depend on the choices
involved.

Example . In 3-spacewith coordinates x; y; z considerthe 1-form � = dz+ ydx. Then
� ^ d� is a volume form. This 2-distribution E is an example of a contact structure. In
terms of vector �elds, @y and y@z � @x form a basisof V (E ).

Exercise . Consider the spaceC 2 and the unit sphereS3 in it. For x 2 S3 de�ne a
2-dimensional tangent space:E 2(x) = Tx S3 \

p
� 1Tx S3 (the unique copy of C contained

in the tangent spaceTx S3). Prove that E is a contact structure.
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3. Symplectic geometry .

3.1. Start with symplectic linear algebra.

De�nition . A symplectic structure ! in a linear spaceV is a non-degenerateskew-
symmetric bilinear form.

Note that ! (u; u) = 0 for all u 2 V .

Examples . An area form in the plane is a symplectic structure; one can choosea
basis (p;q) such that ! (p;q) = 1. Taking a direct sum of a number of planes,one obtains
a symplectic structure in every even-dimensionalspacewith a basis (p1; :::; pn ; q1; :::; qn )
such that the only non-trivial products are ! (pi ; qi ) = 1; i = 1; :::; n. Such a basisis called
a Darboux basis.

Let U be a linear space. Then the spaceU � U � has a symplectic structure de�ned
as follows:

! (u1; u2) = ! (l1; l2) = 0 and ! (u; l ) = l(u):

Exercise . Prove that this is a symplectic structure.

Lemma. A symplectic spacehas an even dimension.

Pro of. Choosea Euclidean structure in V n . Then ! is given by a linear operator A:

! (u; v) = (Au; v):

Since ! is skew-symmetric, one has: A � = � A. Therefore det A = det A � = (� 1)n det A.
If A is non-degeneraten must be even.

Similarly to a Euclidean structure, a symplectic structure identi�es the spacewith its
dual: to a vector u 2 V there corresponds the covector ! (u; �) 2 V � .

Theorem (linear Darb oux theorem). All 2n-dimensional symplectic spacesare lin-
early symplectically isomorphic.

Pro of. Induction in n. For n = 1 the claim is obvious. Choosea pair of vectors p1; q1 2
V 2n such that ! (p1; q1) = 1, and let U be the plane spannedby these vectors. Consider
the orthogonal complement to U with respect to ! ; this is a 2n � 2-dimensional space,
say, W . Then W is a symplectic space. By the induction assumption, it has a basis
(p2; :::; pn ; q2; :::; qn ) as in the above example. One adds (p1; q1) to this basis, and the
result follows.

De�nition . A subspaceL � V 2n of a symplectic space is called Lagrangian if !
vanisheson L and L has the maximal possibledimension.

Lemma. This dimension is equal to n.

Pro of. Let L 0 be the orthogonal complement of L . Then L � L 0 and dim L 0 = 2n� dim
L. Therefore dim L � n. Examples of Lagrangian subspacesare provided by the p- or
q-spacesin a Darboux basis.

Clearly, every 1-dimensionalsubspaceof the plane is Lagrangian.
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Exercise . Consider the symplectic spaceU � U � . Let A : U ! U � be a linear map.
Prove that the graph of A is a Lagrangian subspacei� A � = A. Concludethat the manifold
of all Lagrangian subspacesin 2n-dimensional symplectic spacehas dimensionn(n + 1)=2.

3.2. De�nition . A symplectic structure on a manifold M is a non-degenerateclosed
di�eren tial 2-form ! . Given two symplectic manifolds (M 1; ! 1) and (M 2; ! 2), a smooth
map f : M 1 ! M 2 is symplectic if f � (! 2) = (! 1). A symplectic di�eomorphism is called a
symplectomorphism.

The tangent spaceof a symplectic manifold is a linear symplectic space;in particular,
dim M is even. The condition that ! is closedis harder to \visualize".

Examples 1. Let M be R 2n with Darboux coordinates (p1; :::; pn ; q1; :::; qn ). Then
! = dp1 ^ dq1 + dp2 ^ dq2 + ::: + dpn ^ dqn is a symplectic structure. The sameformula
de�nes a symplectic structure on 2n-dimensional torus (p and q are cyclic coordinates).
The natural embedding j : R 2n � R 2n +2 is symplectic.

2. Let M be a smooth manifold. Then the cotangent bundle T � M has a canonical
symplectic structure ! . First, one de�nes a canonical 1-form � called the Liouville form.
Let p 2 T �

x M and let v be a tangent vector to T � M at point p. Consider the projection
� : T � M ! M ; then d� (v) 2 Tx M . We de�ne � (v) as p(d� (v)). Then one de�nes ! = d� .
A di�eomorphism of M inducesa symplectomorphism of T � M .

To express� is coordinates let (q1; :::; qn ) be local coordinates on M . Then (p1 =
dq1; :::; pn = dqn ) is a basis in every cotangent spaceT �

x M . Thus (p1; :::; pn ; q1; :::; qn ) are
local coordinates in T � M , and onehas: � = p1dq1 + :::+ pn dqn . Therefore ! is a symplectic
form.

Cotangent bundles appear in classicalmechanics as phasespacesof mechanical sys-
tems; we will later discussthis in somedetail.

3. Let M be a surface. A symplectic structure on M is just an area form (it is closed
automatically). Thus every oriented surfacehasa symplectic structure. A symplectic map
of surfacesis simply an orientation and area-preservingmap.

Note that if (M ; ! ) is a closed(compact, no boundary) symplectic manifold then !
de�nes a non-trivial de Rham cohomology class. For example, the sphere S2n is not a
symplectic manifold unlessn = 1.

Exercise (Arc himedes) . Considera spherein 3-spaceand a circumscribed cylinder.
Let f be the radial projection from the sphereto the cylinder. Prove that f is a symplectic
map.

3.3. Euclidean structure identi�es tangent and cotangent spacesand associates the
gradient vector �eld with a function. Similarly, a symplectic structure on a manifold M
associates the symplectic gradient sgrad H with a function H : M ! R (the function H is
often called a Hamiltonian and the vector �eld sgrad H a Hamiltonian vector �eld).

De�nition . The �eld sgrad H is de�ned by the equality ! (v; sgradH ) = dH (v) that
holds for every vector �eld v on M . Equivalently , i sgrad H ! = � dH .

In other words, sgrad H is the vector �eld dual to the 1-form dH with respect to the
symplectic structure ! .

Example . Compute sgrad H in Darboux coordinates in which ! =
P

dpi ^ dqi . Let
sgrad H =

P
ai @pi + bi @qi . One has: i sgrad H ! =

P
ai dqi � bi dpi . On the other hand,
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dH =
P

Hqi dqi + Hpi dpi . Thus ai = � Hqi ; bi = Hpi , and

sgrad H =
X

Hpi @qi � Hqi @pi :

Exercises . 1. Prove that H is constant along the tra jectoriesof the vector �eld sgrad
H (hint: �nd the directional derivative of H along this �eld).

2. Find the integral curvesof the �elds sgradx2 � y2 in the plane with the symplectic
structure dx ^ dy.

3. Compute the vector �eld sgrad z on the unit sphere x2 + y2 + z2 = 1 with its
standard area form.

Lemma. A Hamiltonian vector �eld preserves the symplectic structure.

Pro of. Let v = sgrad H ; we want to show that L v ! = 0. Indeed,

L v ! = i v d! + div ! = � ddH = 0;

and we are done.

It follows that the respective 1-parameter group of di�eomorphisms consistsof sym-
plectomorphisms.

Conversely, if L v ! = 0 for somevector �eld v then i v ! is closed,and therefore locally
there exists a function H such that i v ! = � dH . Thus v is a locally Hamiltonian vector
�eld. However the function may not exist globally: consider, for example, the �eld @x on
the torus with the symplectic structure dx ^ dy.

3.4. One can de�ne a Lie algebra structure on the spaceof functions on a symplectic
manifold. Let (M ; ! ) be a symplectic manifold and f ; g two smooth functions. De�ne the
Poisson bracket

f f ; gg = dg (sgrad f ):

In other words,
f f ; gg = ! (sgrad f ; sgrad g):

Example . Compute the Poissonbracket in Darboux coordinates:

f f ; gg =
X

f pi gqi � f qi gpi :

Exercise . Show that the Poissonbracket satis�es the Leibnitz identit y:

f f 1f 2; gg = f 1f f 2; gg + f 2f f 1; gg:

Clearly, the Poissonbracket is a skew-symmetric bilinear operation on functions.
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Prop osition. 1. The Poissonbracket satis�es the Jacobi identit y:

ff f ; gg; hg + ff g; hg; f g+ ff h; f g; gg = 0:

2. One has:
[sgrad g; sgrad h] = sgrad f g; hg:

Pro of. The sum in question is a combination of secondpartial derivatives of the three
functions involved. Let u; v; w be the symplectic gradient of the functions f ; g; h. The
secondpartial derivativesof f appear as follows:

ff f ; gg; hg+ ff h; f g; gg = L w L v (f ) � L v L w (f ) = L [w ;v ](f ):

The last expressioninvolves only one derivative, thus the sum in question is free from
secondderivatives of f . The sameapplies to g and h, therefore, the sum is zero. This
provesthe �rst claim.

The �rst claim thus can be written as

L [w ;v ](f ) + ff g; hg; f g = 0

or
L [v ;w ] = L sgrad f g;h g:

The secondclaim follows.

Therefore the mapping f ! sgrad f is a Lie algebra homomorphism.

Exercise . Prove the above Proposition by a direct computation in Darboux coordi-
nates.

3.5. Unlik eRiemannian geometry, symplectic geometrydoesnot have local invariants.
More precisely, one has the next result.

Theorem (Darb oux). Every two symplectic manifolds of the samedimensionare locally
symplectomorphic.

Pro of. We may assumethat two symplectic forms ! 0 and ! 1 are given in a neighborhood
of the origin U � R 2n . Moreover, sinceevery two linear symplectic structures are linearly
isomorphic, we may assumethat the restrictions of both forms to the tangent spaceat the
origin coinide. We will construct a di�eomorphism f of a possibly smaller neighborhood
of the origin such that f � (! 1) = ! 0.

Use the following homotopy method. The form ! t = (1 � t)! 0 + t! 1 is a linear
symplectic structure on the tangent spaceat the origin, and d! t = 0. Therefore ! t is a
symplectic structure in a small neighborhood of the origin. Moreover, ! t = ! 0 + td� where
� is some1-form. We will �nd a family of local di�eomorphisms f t , �xing the origin, and
such that f �

t (! t ) = ! 0.
The main idea is to represent the maps f t as the 
o w of a time-dependent vector �eld

vt :
df t

dt
(x) = vt (f t (x)) :
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Sincef �
t (! t ) = ! 0, one has:

0 =
df �

t ! t

dt
= f �

t (L v t ! t +
d! t

dt
) = f �

t (L v t ! t + d� ):

Thus
L v t ! t + d� = 0 or i v t ! t + d� = 0:

Since ! t is non-degenerate,the last equation uniquely determines the desired vt , and we
are done.

Darboux theorem implies that, without lossof generality, any local computation can
be made in Darboux coordinates. Darboux theorem is only a local result: there may be
many non-equivalent symplectic structures on the samemanifold.

Example . Consider the plane with a linear symplectic form and an open disk. These
are di�eomorphic but not symplectomorphic manifolds: the area of the former is in�nite
and that of the latter is �nite.

3.6. Let (M 2n ; ! ) be a symplectic manifold and N 2n � 1 � M a smooth hypersurface.
Then the restriction of ! to N is not non-degenerateanymore: it has a 1-dimensional
kernel at every point.

De�nition . The characteristic direction � x � Tx N is Ker ! jTx N . The characteristic
foliation F is the 1-dimensional foliation on N whose tangent line at every point is the
characteristic direction.

Let N be a non-singular level surfaceof a smooth function H .

Lemma. For every x 2 N one has: sgrad H (x) = � x .

Pro of. One has: i sgrad H ! = dH = 0 on N .

Assumethat the spaceof leavesof the characteristic foliation F is a smooth manifold
X 2n � 2 (locally this is always the case).

Theorem. X 2n � 2 has a canonical symplectic structure.

Pro of. Let p : N ! X be the projection. De�ne a 2-form 
 on X as follows. Let u1; u2

be tangent vectors to X at point x. Choose a point y = p� 1(x) and tangent vectors
v1; v2 2 Ty N such that dp(vi ) = ui ; i = 1; 2. Set: 
( u1; u2) = ! (v1; v2).

We need to show that this is well de�ned. One may changevi by an element of Ker
dp, that is, by a vector from � y , but such a changedoesnot e�ect ! (v1; v2). One may also
changethe point y. Such a changeis induced by the 
o w of the vector �eld sgrad H from
the preceding lemma. Since sgrad H preserves the form ! , this does not e�ect ! (v1; v2)
either.

SinceTX = TN=� and � is the kernel of ! , the form 
 is non-degenerate.It remains
to show that 
 is closed. Considera point x 2 X , and choosea point y = p� 1(x). Consider
a small 2n � 2-dimensionaldisk V that contains y and is transversal to F . Then U = p(U)
is a neighborhood of x, and p : V ! U is a di�eomorphism. Moreover, p takes 
 to ! jV .
Since! is closed,so is 
.

The above construction is called symplectic reduction.
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Tw o Imp ortan t Examples . 1). Consider Euclidean spaceR n +1 and identify the
tangent and cotangent spacesusing the Euclidean structure. Then TR n +1 = R 2n +2 =
T � R n +1 is a symplectic manifold with the Darboux symplectic structure dp ^ dq, where
(q; p) is a tangent vector with foot point q. Consider the function H (q; p) = p2=2. Then
sgrad H = p@q; this is a constant 
o w with speed jpj. Consider the "unit energy" hyper-
surface H = 1, and make the symplectic reduction construction. The quotient spaceis
the spaceL of oriented lines in R n +1 . We concludethat L is a 2n-dimensional symplectic
manifold. Moreover, one has the following result.

Lemma. The spaceL is symplectomorphic (up to the sign) to T � Sn .

Pro of. Let l be an oriented line. Denote by p the unit vector in the direction of l and
by q the foot of the perpendicular from the origin to l . The map l ! (q; p) de�nes an
embedding of L to TR n +1 , transversal to the tra jectories of the �eld sgrad H . Therefore
the symplectic structure on L is dp ^ dq. On the other hand, q is perpendicular to p,
therefore the set of pairs (p;q) is TSn (where p is a point of the sphereand q is a tangent
vector). Identifying the tangent and cotangent spacesagain, we obtain the result.

In particular, the spaceof oriented lines in the plane is the cylinder with the area
form dp ^ d� . One can reconstruct the metric of the plane from this area form. Namely,
the next result holds.

Lemma. Let 
 be a plane curve. Given an oriented line l , let f (l ) be the number of
intersection points l \ 
 . Then

length 
 =
1
4

Z

L
f (l )dp^ d�:

Pro of. It su�ces to considera broken line. Sinceboth sidesof the equality are additiv e,
it is enoughto considerone segment. For a segment, this is a direct computation.

The above result belongsto integral geometry.

Exercises . 1. Prove that the spaceof non-oriented lines in the plane is di�eomorphic
to an open Moebius band.

2. Repeat the construction from the previous example replacing Euclidean spaceby
S2. Show that the quotient spaceL is the spaceof oriented great circles in S2, and that
L is symplectomorphic to S2 with its standard area form.

3. Start with an area form � (p; � )dp^ d� on the spaceof oriented line sin the plane;
here � (� p; � + � ) = � (p; � ) > 0 is a positive even function. The formula from the above
lemma de�nes a new \length" in the plane. Prove that this length satis�es the triangle
inequality, that is, the straight segment is the shortest curve betweentwo points.

2). Clearly Cn is a symplectic manifold. Apply symplectic reduction to show that sois
CP n . Start with Cn +1 with its Darboux symplectic structure, and let H (q; p) = (q2 + p2).
Then sgrad H = 2(p@q � q@p). The unit energy hypersurfaceis the unit sphere,and the
vector �eld is the Hopf �eld v(z) = iz . The tra jectories are exp(it )z, and the quotient
spaceis CP n .

This example provides a link between symplectic and algebraic geometry: a smooth
algebraic subvariety of CP n is also a symplectic manifold.
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3.7. The last sectionsare a very brief intro duction to calculus of variations and its
relation to symplectic geometry.

To �x ideas,considerparametric curves
 (t); a � t � b in a manifold M . A functional
F : 
 ! R is a function whoseargument is a curve.

Example . Let M be a submanifold in Euclidean space.The length functional is

Z b

a
jd
 =dtjdt;

and the energy functional is Z b

a
jd
 =dtj2dt:

Exercise . Show that the length functional, unlike the energy one, is independent of
parameterization of the curve.

An in�nitesimal deformation (or a variation ) of a curve 
 (t) is a 1-parameter family
of curves 
 " (t); a variation is determined by the vector �eld along the curve

v(t) = d
 " (t)=d" j" =0 :

Informally , 
 + "v is thought of as a curve, closeto 
 .

De�nition . The functional is called di�eren tiable if the familiar limit

�( 
 ; v) := (F (
 + "v ) � F (
 ))=" j" =0

is a linear function of v. This linear function of v is often called the variation of F . A
curve 
 (t) is called an extremum of F if �( 
 ; v) = 0 for every variation v.

Example . A straight segment with �xed end-points in Euclidean space is an ex-
tremum of the length functional. Indeed, 
 (t) = et where e is unit a unit vector. Let v(t)
be a variation; note that v vanishesat the end-points of the curve. Then

j
 0
" (t)j = 1 + " e � v0(t) + O("2):

Since Z
e � v0(t) dt = 0;

the result follows. The extremals of the length functional are called geodesics.

Exercise . Prove that the great circles on a sphereare geodesics.

Let L (x; u; t) be a time-dependent smooth function on TM called, in this context, the
Lagrangian. Consider the functional on, say, closedcurves in M :

F (
 ) =
Z

L(
 (t); 
 0(t); t) dt:
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Theorem. A curve 
 (t) is an extremal of the functional F if and only if the following
Euler-Lagrangeequation holds identically along 
 (that is, x = 
 (t); u = 
 0(t)):

d
dt

@L
@u

=
@L
@x

:

Pro of. Choosea local coordinate system near 
 . One has:
Z

L(
 + "v ; 
 0+ "v 0; t) dt =
Z

L(
 ; 
 0; t) dt + "
Z � @L

@x
(
 ; 
 0; t)v +

@L
@u

(
 ; 
 0; t)v0
�

dt:

Integrating by parts on the RHS, one concludes:

�( 
 ; v) =
Z � @L

@x
(
 ; 
 0; t) �

d
dt

@L
@u

(
 ; 
 0; t)
�

v dt:

This integral vanishesfor every v i� the expressionin the parenthesis is zero, i.e., if Euler-
Lagrangeequation holds.

Example . Let L (x; u; t) = u2=2. Then the Euler-Lagrange equation reads: u0 = 0.
Therefore the extremals are the lines x(t) = ut + c.

Remarks . 1. Assume that L (x; u) does not depend on time. Using the chain rule,
the Euler-Lagrangeequation can be rewritten as L ux u + L uu u0 = L x :

2. Although the computation was made in local coordinates, its result, the Euler-
Lagrangeequation, has an invariant meaning.

Exercises . 1. Consider a Lagrangian L(x; u) in Euclidean spacesatisfying:
(i) L (x; u) is homogeneousof degree1 in u, i.e., L (x; tu) = tL (x; u) for all t > 0;
(ii) the matrix of mixed partial derivativesL xu is symmetric.
Prove that the extremals are straight lines (not necessarilyarc-length parameterized!)
2. Consider the Lagrangian

L(x; u) =
u2

1 � x2 +
(u � x)2

(1 � x2)2

where jxj < 1. Prove that the extremals are straight lines (this is the hyperbolic metric
inside the ball).

3. Let M be a hypersurface in Euclidean space. Prove that the geodesics
 (t) on
M satisfy the following condition: for every t the accelerationvector 
 00(t) belongsto the
2-plane spanned by the velocity 
 0(t) and the normal vector to M at point 
 (t). Also
prove that the extremals of the energy functional are the geodesicswith a constant speed
parameterization. This meansthat the geodesicsare the tra jectories of a free particle on
M : the only force acting on the particle is perpendicular to the hypersurface.

3.8. Assumethat the Lagrangian L(x; u) is a time-independent convex function of u.
Again working in local coordinates, set:

q = x; p = L u :

In these new coordinates, the Euler-Lagrange equation reads: p0 = L q. De�ne a new
(Hamiltonian) function as follows:

H (q; p) = pu � L (x; u);

the correspondence L ! H is called the Legendre transformation; it has an invariant
meaning to be discussedin the next section.
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Theorem. The Euler-Lagrange equation is equivalent to the Hamilton equations of the
vector �eld sgrad H :

q0 = Hp; p0 = � Hq:

Pro of. One has:

dH = Hpdp+ Hqdq = pdu + udp � L x dq� L u du = udp � L x dq

(the secondequality due to p = L u ). Therefore

Hp = u; Hq = � L x :

Since u = p0 and, due to the Euler-Lagrange equation, L x = d(L u )=dt = p0, the result
follows.

Remark . The respective symplectic structure is dp^ dq = d(L u ) ^ dx.

Thus the tra jectoriesof the Hamiltonian vector �eld are the extremalsof the respective
Lagrangian. This result provides an equivalence between Lagrangian and Hamiltonian
mechanics,and showsthat the variational calculusis closelyrelated to symplectic geometry.

Example: Billiard . Let 
 be a closedconvex plane curve. The billiard dynamical
system describes the motion of a free particle inside 
 , subject to the law of elastic re
ec-
tion: the angle of insidenceequals that of re
ection. The billiard transformation T acts
on the spaceof oriented lines intersecting 
 ; it sendsan incoming ray to the outgoing one.

Let t be the arc-length parameter along 
 . Given an oriented line l , let 
 (t1) and

 (t2) be the intersection points with the curve, and let � 1;2 be the anglesbetween 
 and
l at points 
 (t1;2). Note that (t1; t2) can be used as coordinates of the line l . Denote
by H (t1; t2) the distance between points 
 (t1) and 
 (t2). It follows from the Lagrange
multipliers method that

@H (t1; t2)
@t1

= � cos� 1;
@H (t1; t2)

@t2
= cos� 2:

Hence
dH = cos� 2dt2 � cos� 1dt1;

and therefore
sin � 2dt2 ^ d� 2 = sin� 1dt1 ^ d� 1:

This is a T-invariant symplectic form.

Exercise . Prove that this T-invariant symplectic form coincideswith the previously
discussedarea form dp^ d� on the spaceof oriented lines.

Continue with billiards. Consider three consecutive points:

(t1; � 1) = T(t0; � 0); (t2; � 2) = T(t1; � 1):

It folows from the previous formulas that

@H (t0; t1)
@t1

+
@H (t1; t2)

@t1
= 0:
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This formula gives the billiard transformation a variational meaning. Supposeone wants
to shoot the billiard ball from a given point x 2 
 so that after a re
ection at point y 2 

it arrivesat a given point z 2 
 . How doesone �nd the unknown point y? Answer: this
point is a critical point of the function jxy j + jyzj.

Exercise . Extend the above results to multi-dimensional billiards.

3.9. In this last section we discussthe geometrical meaningof the Legendretransfor-
mation. For simplicit y, we talk about singlevariable although everything extendsverbatum
to multiv ariable case. Let f (u) be a convex function: f 00(x) > 0. Fix a number p and
consider the line v = pu. Consider the distance (along the vertical) from the line to the
graph of the function:

pu � f (u) := F (p;u):

There existsa unique u for which this distanceis maximal: f 0(u) = p. Denote this maximal
distance by g(p) { this is the Legendretransformation of the function f (u).

Example . If f (u) = ua=a then g(p) = pb=bwhere 1=a+ 1=b= 1.

It follows from the de�nition that

pu � f (u) + g(p)

for every pair (u; p). This is called the Young inequality. In particular,

pu �
ua

a
+

pb

b

for u; p > 0; a; b> 1; 1=a+ 1=b= 1.

Prop osition. The Legendretransformation is involutiv e.

Pro of. Consider two planes: (u; v) and (p; r ) ones. Consider the equation

r + v = pu:

For a �xed (p; r ) this equation describes a non-vertical line in the �rst plane; for a �xed
(u; v) it describes a non-vertical line in the second one. Thus the planes are dual: a
(non-vertical) line in one is a point of the other.

Given a convex curve 
 in one plane, the set of its tangent lines is a curve 
 � in the
other plane; this curve is called a dual curve. It follows from de�nition of the Legendre
transformation that the line v = pu � g(p) is tangent to the graph v = f (u). Thus the
graph of g(p) is dual to the graph of f (u).

It remains to show that dualit y is an involutiv e relation. Let 
 be a curve and 
 � its
dual. A tangent line to 
 � is a limit position of a line l through two very closepoints, say,
A; B 2 
 � . The points A; B in the secondplane correspond to two lines a; b in the �rst
plane, tangent to 
 . The intersection of two very closetangents to 
 is a point L , dual to
the line l and closeto 
 ; in the limit, L 2 
 . Thus 
 �� = 
 .

Exercise . Describe the curves,dual to v = u2 and to v = u3.
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