Dieren tial top ology

Lecture notes

1. Smooth manifolds and smooth maps

1.1. Let U RK;V R" beopensets. Amapf : U! V is called smamth if its
every componert (and there are n) is an in nitely di erentiable function.

1.2. Let X RK;Y R" bearbitrary sets. A mapf : X ! Y is called smooth if
ead point x 2 X has an open neighborhood U and there is a smooth map F : U ! RP"
with Fjx = f.

The obvious properties hold (formulate and prove some): e.g., the composition of
smooth maps is smooth.

1.3. A die omorphismf : X ! Y is a homeomorphismsud that both f andf ! are
smooth.
Note a (potential courter)example: X = Y = R;f (x) = x3.

1.4. M RK is a smoth manifold if ead point x 2 M has an open neighborhood
U M which is di eomorphic to an opensetV R™. The dieomorphism g:U! V
is called a coordinate system and its inverse a parameterization. The number m is the
dimensionof M™ (thus the notation).

This formal de nition meanswhat onealready knows: a smooth manifold is something
without cornersor boundary. From now on when we say "map"” we mean "smooth map”;
when we say "manifold” we mean"smooth manifold".

Examples . The unit spherein R¥*! is a k-dimensional manifold. To prove that
considerthe north pole and shaw that the projection of its neighborhood on the equatorial
hyperplaneis a coordinate system. Another example:if M™ and N" are smooth manifolds
then soisM N, and its dimensionis m + n (prove it!)

Digression . One may de ne a smooth manifold without an ambient Euclidean space
as a reasonabletopological spacewith an open covering U;, homeomorphismsg; : U; !
Vi R™ sudh that when the sets U; and U; intersect the map g 9 1 is smooth (the
latter maps are called transition functions). This de nition is more generalbut essetially
equivalent to the one above. One may de ne di eomorphism similarly (do it yourself).

Exercises . (i) Cover the circle by two open sets, the complemeris to the poles.
Consider the two stereographicprojections, f and g, from the polesto R. Compute the
transition function fg *.

(i) The antip odal map of the unit sphereis a di eomorphism.

(i) The open unit ball is di eomorphic to the whole space.

2. Tangent spaces and dieren tials

2.1. For open U RX the tangent spaceT,U at ead point x 2 U is de ned to be
Rk,



22.ForU RKXandf :U! R" dene the dier ential (or derivative, which is the
same)dyf : RK! R™ by the (familiar) formula:

0.1 () = tlimof(x+ tut) f(x),

herex 2 U, and dyf is a linear map for ead x.
Again the obvious properties hold: chain rule, the di erential of a linear map is the
map itself (formulate and prove!).

2.3. Dimension s invariant under di eomorphisms.
Claim. If anopenU RX is di eomorphic to anopenV R" then k = n.
Pro of. On the level of the di erentials one hasa linear isomorphism betweenRk and R"
(Il out the missing details!).

24. Let MM RK be a manifold, and x is a point of M. We want to de ne the
tangent space Ty M . Intuitiv ely, this is the linear m-dimensional spacethat approximates
M at x. Choosea parameterizationg:U! M whereU R™;let g(u) = x. Then de ne
TxM asthe image of the di erential d,g.

Claim. (i) The de nition is correct, i.e., doesnot depend on the choice of parameteriza-
tion. (ii)) dim TyM = m.

Proof is an exercise(done in class).

2.5. Considertwo manifoldsM Rk andN R'andamapf : (M;x)! (N;y).
We de ne the dierential (linear map for ead x)

df i TxM I TyN
asfollows. By de nition of a smooth map there is an opensetW  R¥ and a smooth map
F:W! R'sudthat Fjy = f. Setdyf = dxFjr, m .

Claim. (i) The de nition is correct, i.e., does not depend on the choice of F. (i) The
range of dyf isindeed TyN .

Proof again is an exercise(also donein class).
Corollary . If M™ is di eomorphic to N" then m = n.

The proof repeats the onein sect. 2.3.

3. Regular and singular values

3.1. Givenamapf : M" I N", apoint x 2 M is called regular if the linear
map dif is non-degenerate.By the implicit function theorem f is a di eomorphism in a
neighborhood of x. A point is singular if it is not regular. A point y 2 N is called a regular
valueif its preimagef *(y) consistsonly of regular points or is empty, and a singular value
otherwise.



Claim. If M is compactandy 2 N is a regular value then f 1(y) is a nite set.

Pro of. The setf 1(y) is closedsincef is cortinuous. A closed subset of a compact
is compact. For each x 2 f 1(y) the map f is a di eomorphism of a su cien tly small
neighborhood of x to a neighborhood of y. Thereforethe setf 1(y) is discrete. A discrete
and compact set is necessarily nite.

Denote the cardinality of the setf *(y) by #f *(y). This is a function of y, locally
constart on the set of regular values.

3.2. Fundamen tal theorem of algebra . This is the famous statemert that ewvery
complex polynomial f (z) = z" + a;z" '+ 1+ a, hasaroot.

Considerf asa map from C to itself. Then (i) f is smooth (prove!).

Extend f to the Riemann sphereS? by f (1 ) = 1 . Then (ii) the extendedf is still
smooth (prove).

Moreover, (iii) the singular points of f are the roots of the derivative f © (prove).

There are nitely many sud roots (at mostn 1), thusf has nitely many singular
values. The complemen to this nite set consists of regular values, and the function
#f 1(y) is constart on this open set. This constart value is not zero: the polynomial f
has somevalues; thus every point of the sphereis a value, in particular, this hold for the
value zero.

3.3. Let us generalizethe notion of regular/singular point. Givenamapf : M™ !
N", apoint x 2 M is called singular if rk dyf < n. For example,if m < n then all points
are singular.

The set of singular points can be big in M but its imagein N is always small.

Theorem (Sard). Let U R™ beanopenset,f : U! R" bea smooth map, and
S U the set of singular points. Then f (S) has zero measure.

It followsthat R" f(S) is dense,soalmost everyy 2 R" is a regular value.
A proof of the Sard theoremis rather technical: seeyour notesor look it up in a book.

3.4. In this section we give a method of constructing smooth manifolds.

Prop osition. Givenasmooth mapf :M™ ! N", lety 2 N be aregular value. Then
f 1(y) is a smooth (m n)-dimensional manifold.

Of coursethis is meaningful only for m  n.

Pro of. Wehave: M RX. Considerx 2 f (y) and let K = Ker dyf. Surely K will be
the tangernt spaceto f 1(y) at x. Let be a projection RK | K, and considerthe map
F:M! N K givenby the formula F(x) = (f (x); (x)). Then F is a map of manifolds
of the samedimensions,and dyF = (dxf; ). ThusdiF is non-degenerateand F is locally
a di eomorphism. Note that F(f (y)) = y K is a smooth manifold, therefore so is
fi(y).

A typical example: the unit sphereis a smooth manifold sinceit is the preimageof a
regular value 1 of the function x2 + ::: + x2.



4. Manifolds with boundary

4.1. A smooth manifold is modeled on an open set in Euclidean space;a manifold
with boundary on an open subsetof a closedhalf-space.

Let RT be the upper half-spacex,, 0; its boundary @R is dened asR™ ! =
fXm = 0g. Then M™  RK is called a manifold with boundary if ead point x 2 M hasa
neighborhood that is di eomorphic to an open subsetin RT'. The boundary @M is the set
of points that goto @R under such di eomorphisms.

Claim. @ is asmooth (m 1)-dimensional manifold (without boundary).

Prove it yourseles.
Thus @ = 0 which should ring the bell for those who took algebraic topology.

Exercise . Let f : M I R be a smooth function and O be a regular value. Then
f 10;1] M isasmooth manifold with boundary f *(0).
For example, the unit ball is a manifold whoseboundary is the unit sphere.

An analog of the proposition in the previous section holds as well.

Prop osition. Let M be a manifold with boundary andf :M™ ! N" is a smooth map.
Lety 2 N bearegularvaluefor f andfor fjgs. Thenf 2(y) is amanifold with boundary

and@ (y)=f (y)\ @v.

4.2. The Brou wer xed point theorem is one of the most celebrated results in
topology; it says that a continuous map of a closedball hasa xed point. Usually it is
proved using the machinery of algebraic topology. Here we will prove a smooth analog of
this result.

Lemma. Let M be a compact manifold with boundary. Then there does not exist a
smooth mapf : M I @M that leavesevery point of the boundary xed.

Pro of. Assumesud a map existsand let y 2 @/ be its regular value. Sincey is also a
regular value of the restriction of f to the boundary (which is the identit y) the setf 1(y)
is a smooth compact 1-dimensionalmanifold whoseboundary is y (seeproposition in the
previous section). But there are only two compact 1-dimensional connected manifolds:
a circle (no boundary) and a segmen (the boundary consists of two points). This is a
cortradiction.

An important particular case:the identical map of the spherecannot be extendedto
the ball.

Now we prove Brouwer's theorem. Let f be a map of the unit ball D" without xed
points. Dene amapg: D" ! S" ! asfollows: g(x) is the point of the sphereon the
line (x; f (x)) which is closerto x than to f (x). Then g is a smooth map (prove it!) which
leavesevery point of the sphere xed. This violates the above lemma.

Onecandeducethe cortinuous xed point theoremfrom its smooth versionsinceevery
cortinuous map can be approximated by smooth ones(actually, even by polynomials).

4.3. Application:  a Frob enius theorem . This theorem says: a matrix with all
non-negative ertries has a non-negative eigervalue.
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Let A be such a matrix consideredas a linear transformation of R". Then A sends
the (closed) positive ortant to itself. WLOG, A is hon-degenerate.Then the mapf :v!
Av=jAvj is a smooth map of the unit sphereto itself sendingthe closedpositive ortant of
the sphereto itself. This positive ortant is topologically the n  1-dimensionalball. By
Brouwer'stheoremf hasa xed point, and this is an eigervector with a positive eigervalue.

5. Immersions and embeddings

5.1. The following terminology is standard. An immersionisamapf :M™ 1 NI
such that dif is injective for all x 2 M. An emledding is an immersion that is also a
homeomorphismon its image; for compact manifolds this simply meansone-to-one. A
submersionis a map sud that dyf is surjective for all x 2 M .

Examples . An 8-shaped curveis an immersion of a circle to the plane; an embedding
of a circle in the plane is a simple closedcurve. The projection of M N onto M is a
surjection. Every point of a surjection is regular.

5.2. By de nition a manifold M ™ is a subsetin someEuclidean space. The inclusion
M  RKis an embedding (proveit!). The dimensionk can be very big a priori; how small
can one make it?

Theorem (Whitney).  Every m-dimensional manifolds can be embeddedinto R?™.

We will prove an easierresult with 2m replacedby 2m + 1 and for compact manifolds.

Pro of. Let k > 2m + 1; we will show that there is a linear projection :RX! Rk 1
such that (M) is embedded. This will prove the result inductiv ely.

When does (M) fail to be embedded? Either if it is not immersed or when |y is
not one-to-one. The former happensif Ker is tangent to M at somepoint. Consider
the mapf : TM | RX givenby f (x; v) = v (more accurately, f (x; v) = dyi(v) wherei is
the inclusion M RK). Sincef is smooth (why?) and dim TM = 2m, by Sard's theorem
almost every vector of R¥ is not in the image of f . Let w be such a nonzerovector; then
the projection along w sendsM to an immersed manifold.

Likewise,considerthe mapg: M M R! RKgivenby g(x;y;t) = t(x y). Again
almost every vector of R is not in the image, and if w is such a nonzerovector then the
projection along w is one-to-oneon M. Choosing w satisfying both conditions provides
the desiredprojection.

Note that the rst part of the proof provides an immersionM™ | R2™_ Also note
that the map f is the proof is the limit of the mapgasx! v.

6. Degree mod 2

Consideramapf :M"™! N" andlety 2 N be a regular value. How does#f (y)
depend on the point y? In this sectionwe will seethat it is independert of y mod 2.

6.1. Twomapsf;g: M ! N are called smathly homotopic if there exists a smooth
mapF : M [0;1]! N sud that F(x;0)= f(x) and G(x;1) = g(x) for all x 2 M. The
map is called a smaoth homotopy betweenf and g. Notation: f g.
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Lemma. Smooth homotopy is an equivalencerelation.

Prove it yourseles.

Similarly, let f and g be di eomorphisms of a manifold M . They are called smaothly
isotopic if there exists a smooth homotopy F : M [0;1]! M sud that for every t the
map F( ;t) is a di eomorphism.

6.2. Letf;g:M" 1 N" betwo maps, M is compact and without boundary (close,
for short). Let y 2 N be a regular value for both maps.

Lemma. If f gthen#f (y)=#g (y) mod 2.

Pro of. Considera homotopy F : M [0;1]! N. Assume rst that y is a regular value
for F. Then F 1(y) is a 1-dimensional compact manifold with boundary (f (y) 0)[
(g Y(y) 1). Thusthe cardinality of the boundary is#f (y)+ #g *(y). The number of
boundary points of a 1-dimensionalmanifold is always even, and we are donein this case.

Assume now that y is a singular value for F. Being a regular value of f and g the
point y hasa neighborhood U in which #f (z) and# g (z) are constart. Almost every
point z 2 U is a regular value of F, and we can apply the precedingargumert to sud a
regular value.

6.3. Every two points of a connectedsmooth manifold are "b orn equal”. More pre-
cisely, the next result holds.

Lemma. Let M be a connectedmanifold and x;y 2 M. Then there exists a di eomor-
phism f that takesx to y. Moreover, f can be chosenisotopic to the identit y.

Outline of Pro of. It suces to learn how to move a point by a di eomorphism slightly.
This canbe donein a neighborhood di eomorphic to an open ball in Euclidean space,and
the point may be chosenthe certer of the ball. It is easyto move the certer of a ball
radially by a di eomorphism, isotopic to the identity.

6.4. Put all this together.

Theorem. Let M be a closedmanifold, f : M" I N" a smooth map. If x and y are
regular valuesof f then #f 1(x) = #f 1(y) mod 2. Moreover, this residue mod 2 does
not changeif f is replacedby a homotopic map.

The above residuemod 2 is called the degree of f mod 2 and denoted by deg,(f ).

Pro of. Considera di eomorphism h of N, isotopic to the identit y, that takesx to y. Then
y is aregular value for g= hf . Note that f g. By Lemma6.2#f (y) = #g *(y) mod
2. Notice alsothat #g (y) = #f (x). Combining the two equalities we obtain the rst
claim. Let f g. Then there is a common regular valuey 2 N, and the secondclaim
follows from Lemma 6.2.

Exercises . (i) Considerthe map of the unit circle given, in the complex notation, by
z! Zz". What is its degreemod 2?

(i) Consider a complex polynomial of degreen as a smooth map of the Riemann
sphere. Find its degreemod 2.



6.5. Application . Compare two maps of a closedmanifold M to itself: the identity
and a constart map. The degreefor the former is 1 and for the latter it is 0. Therefore
these maps are never homotopic.

Exercise . Is the sametrue for a manifold with boundary? An open manifold?

Corollary . There doesnot exist a smooth map of a ball D" to its boundary S” ! whose
restriction to the sphereis the identit y.

Pro of. If such a map f existed then one would have a homotopy of the identity and a
constart map: F(x;t) = f (tx).

7. Orien tation of manifolds

7.1. We assumethe concept of orientation of a vector spaceis known; in particular,
R" has a standard orientation.

An orientation of a smooth manifold M " is a choice of orientation of every tangent
spaceTy M satisfying the next condition: for eah x 2 M there is a neighborhood U M
and an orientation-pr eservingdi eomorphism (coordinate system) h of U to an open set
in R"; this meansthat dyh is an orientation-preserving linear map for all x.

M is called orientable if there exists an orientation; if M is orientable and connected
there are two opposite orientations.

7.2. If M hasaboundary then there are 3 kinds of tangen vectorsat a boundary point:
inward, tangert to the boundary and outward. An orientation of a manifold determinesan
orientation of the boundary: given x 2 @M, choosea positively-oriented basis (es;:::; €,)
in TyM sud that e;:::; e, aretangert to the boundary and e; is an outward vector. Then
the basis(ey;:::; e,) givesthe desiredorientation of the boundary.

Examples . A sphereis the boundary of a ball; the ball being oriented, so is the
sphere. The product of oriented manifolds is oriented (prove).

Exercise . The previous de nition of the orientation of the boundary works for n 2.
What is the de nition for n = 1?

7.3. Remark . One may de ne an orientation in terms of coordinate systemsas
follows. Let M be covered by open sets U; and h; are their maps to open setsin R".
One requeststhat if U; and U; intersect then the map h, hi is an orientation-pr eserving
di eomorphism of a domain in R"; this simply meansthat its Jacobianis positive.

Example . The Moebius band is not oriented (cover by two open neighborhoods and
write down transition functions).

8. Degree of a map of orien ted manifolds

If the manifolds involved are orientable then the degreeof a map can be de ned asan
integer.

8.1l.Letf :M" ! N" beamap of oriented manifolds and x 2 M is a regular point.
De ne signdyf to be 1dependingonwhetherdyf : TyM ! T; )N presenesorientation

or not. Let y be a regular value; de ne
X
deg(f;y) = sign dyf:
x2f 1(y)

7



The main properties of degreeare the sameas those of degreemod 2.

Theorem. The integer dedf;y) doesnot depend on the choice of a regular value y. If
f gthendegf = degg.

The proof follows the argumerts in Section 6 adjusted to accourt for the orientation.
8.2. More precisely one needsan analog of Lemma 6.2. First we prove

Lemma. Let X be a compact manifold and M = @X, oriented as a boundary. If a map
f:M! N extendstoamapF : X ! N then deg(f;y) = O for every regular valuey.

Pro of. As beforewe may assumethat y is a regular valuefor F. Thenf (y) is a compact
1-dimensionalmanifold in X . Let | beits componert, di eomorphic to an interval, and a
and b its boundary points, a;b2 M. Claim:

sign d,f + signdyf = O:

Oncethis is done, summation over all componerts of f (y) yields the result.

To prove the claim, note that | can be given an orientation asfollows. Let x 2 | and
er; 5 en+1 be a positive basisof Ty X sud that e; is tangent to |. Then e; gives! the
positive orientation if dyF sendsey;:::; e,+1 to a positive basisof TN.

Extend e; to ead point of | ; in particular, at one boundary point, say a, it hasthe
outward direction, and at the other, i.e., b, the inward one. Then

signd,f = 1; signdyf = 1;

and we are done.
An analog of Lemma 6.2 reads as follows.

Lemma. If f gthendeg(f;y)= deg(g;y).

Pro of. One hasa homotopy F : M [0;1]! N. The boundary of M  [0; 1] has two
componerts: M 0 with the right orientation and M 1 with the wrong one. According
to the previouslemma, degFj@M [0O; 1]) = 0. This degreeequalsdeg(g;y) deg(f;y),
and the result follows.

This completesthe construction of the degreeof a smooth map and the proves Theo-
rem 8.1.

Examples . A constart map hasdegree0O. The identit y hasdegreel. An orientation-
reversing di eomorphism hasdegree 1. The map z! z" of the unit circle has degree
n.

9. Applications of degree

9.1. Tangent vector elds on a sphere.
A smooth tangent vector eld on a manifold M RX is a smooth mapv: M | Rk
such that for every x 2 M onehas: v(x) 2 TyM.
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Prop osition. An n-dimensional sphere has a non-vanishing tangert vector eld if and
only if n is odd.

Pro of. Sudh a eld v provides a homotopy betweenthe identity and the antip odal map:
ead point X movesalong the great circle tangert to the vector v(x).

Compute the degreeof the antip odal map of the sphere. It isthe composition of n+ 1
re ections in hyperplanes,ead of which hasdegree 1 (why?) Thusdeg = ( 1)"*'. It
follows that if the eld existsthen n is odd.

Assumsn is odd. Then S" can be thought of asthe unit spherein CX; n= 2k 1.
Let v(x) = 1x. Then v is a smooth tangen vector eld along S" (prove it!).

Remark . It follows that for even n the tangent bunde TS" is not trivial , that is, is
not di eomorphic to S" R". Infact, TS" = S" R" ifandonlyif n= 1;3;7. The "if"
part is easyand the "only if* part is hard.

One generalization is the following problem: how many linearly independert tangent
vector elds arethere on an n-dimensionalsphere?This problem is completely solved (but
the solution is quite hard). Another natural questionis to describe those closedmanifolds
that admit non-vanishing tangent vector elds; this will be done shortly.

9.2. Homotop y classi cation of maps to the sphere.
If two mapsf;g:S'! S! are homotopic then degf = degg. The corverseis true
aswell.

Prop osition. If degf = deggthenf g.

Proof. Amapf : S'! S! canbe lifted to a smooth function F sud that F(x + 1) =
F (x) + k; alifting is de ned up to an integer. We may assumethat f (0) = 0. Let F bea
lifting sud that F(0) = O; let k = F(1). Considerthe function Hy(x) = kx; this function
descendsto a map hy : St ! S! and deghy = k. The linear homotopy tF + (1 t)Hy
implies that f  hy. Thereforedegf = k, and every map f of degreek is homotopic to
h¢. The result follows.

In fact, a more generalresult holds.

Theorem (Hopf ). Let M" be a connectedoriented closed manifold. Two mapsf ;g :
M ! S" are homotopic if and only if degf = degg.

Outline of Pro of. Assume rst that for someregular value y the number of points in
f 1(y) is equalto degf = k. Let xq;:::; Xx be the preimagesof y. Then one may deform
f sothat it maps neighborhoods U; of x; di eomorphically onto S" N, whereN s the
north pole, and maps the complemern of these neighborhoods to N .

In general,f 1(y) = fXxq;::; Xk+2 mg Where the signsat points X1; :::; X, are the same
and the signsat xyx+; and Xg+m+i; 1 = 1;::;m are pairwise opposite. As before, f is
homotopic to a map that wraps neighborhoods of these points onto the sphereand sends
the restto N. It remainsto "cancel” Xx+i With Xx+m+i by a homotopy of f : this is easily
donesinceUy+; and U+ m+i Wrap around the spherein the opposite sense.As a result of
these cancellationsead map f of degreek is reducedto a canonical form, and the result
follows.



9.3. Rotation and winding numbers of plane curv es.

Given a closedimmersedoriented plane curve :S!'! R?, onecan assignan integer
to eadh componert of its complemen asfollows. Fix a point x not on , and let y traverse
. Then the vector xy can be normalizedto a unit one, and one obtains a map from S? to
S!. The degreeof this map is called the rotation numker of the curve with respectto x and
denotedby r (x). Clearly, r (x) doesnot changeaslong asx variesinside a componert of
. It is alsoclearthat r (x) = Oif x liesin the unbounded componert of the complemern

of the curve.

Lemma. When x moves across the rotation number increasesor decreasesy 1, de-
pending on the orientation of (recall the gure on the blackboard).

Pro of. Let x move acrossthe curveto x° and let e be the unit vector proportional to xx°
Compute the rotation number at x and x° as the algebraic number of the preimagesof e.
The number of preimagesat x is 1 greater, and the result follows.

Next, let y again traverse with unit speed. Then the velocity vector © determines
a map from S to S?, called the (tangent) Gaussmap. The degreeof the Gaussmap is
called the winding numker of the curve and denoted by w( ). The winding number does
not change under a homotopy of an immersed curve (regular homotopy). Thus there are
courtably many regular homotopy classesof closedimmersed plane curves.

Example . A counter-clockwise oriented circle with n identical kinks hasw =1 n,
depending on whether the kinks are clock or counter-clockwise.

Remark . A genericimmersed plane curve doeshas neither triple points nor selftan-
gencies. Two genericimmersed plane curves are regularly isotopic if and only if they can
be related by a sequenceof triple point or selftangencymoves.

A corveniert method of computing the rotation and the winding numbersis asfollows.

Lemma. Resolwe ead double point according to the orientation of the curve (recall the
gure); the curve becomesa collection of oriented circles. Then w( ) equalsthe number
of positively oriented circles minus the number of negatively oriented ones,and r (x) is a
similar algebraic number of the circlesthat cortain x inside.

Proof is an exercise(done in class).
The next question one asksis whether the winding number is the only obstruction to
a regular homotopy betweenimmersedplane curves. The answer is as follows.

Theorem (Whitney). If two closedimmersedplane curveshave equal winding numbers
then they are regularly homotopic.

Pro of. We will prove a slightly di erent version of the theorem concerninglong curves
i.e., immersionsof R! to R? which coincidewith the horizontal axiso a su cien tly great
disc.

First, one may introduce, by a regular homotopy, pairs of opposite kinks (recall the
gure on the blackboard) sothat is represened asa connectedsum of a curve ¢ with
zero winding number and a standard curve of non-zero winding number. It remains to
construct a homotopy of ¢ to the horizontal axis.
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Consider the tangent angle (t) of the curve ; this angle is zero for jtj >> 1.
Consider the family of functionss (t); 0 s 1. Let ¢ bethe immersed curve whose
tangent angleis given by this function. This curve is horizontal o a compact, and its left
part coincideswith the x-axis but it may not be true for the right part. Howewver one can
easily adjust s sothat it becomesa long curve, and, moreover, do this inside a xed disc,
independertly of s.

Remark . Sincethe winding number is invariant under regular homotopy, one cannot
turn an immersedcurve with a non-zerowinding number inside out. Surprisingly, this can
be done with a 2-sphere(there is an interesting movie available about it).

9.4. Linking number.

It is intuitiv ely clear that a pair of embedded circles in spacemay be linked or not.
How doesone measuresud a linking? Let and betwo oriented disjoint curves,and let
points x and y traversethe curves. Then the vector xy can be normalized to a unit one,
and this givesa map from T2 to S2. The degreeof this map is called the linking number of

and and denotedby Ik ( ; ). The linking number doesnot changeunder homotopies
of the curves as long as they remain disjoint. If there exists a homotopy that takesthe
curvesinto two di erent halfspacesthen the linking number is zero (why?)

One can compute the linking number from the projections of the curveson the (hori-
zontal) plane. Choosingthe north pole of the unit sphereasa regular value, it follows that
the linking number is the algebraic number of those intersection points of the projections
of the curvesat which goesunder . There are two typesof sud intersections, and they
contribute with the opposite signs.

Corollary . The linking number changessign if the orientation of either curve is reversed,
and remains the sameif both are reversed.

Remarks . (i) Two circlesmay be linked even if their linking number vanishes{ recall
a gure on the blackboard.

(i) A generic plane projection of a knot is a generic immersed plane curve with
the additional information on over/undercrossing, that is, there are no triple points or
selftangencies. It is natural to consider knots up to isotopies. Two knots are isotopic if
and only if their generic projections are related by a sequenceof the Rademeister moves
R1, R2, R3: the kink, the selftangencyand the triple point moves.

10. Vector elds and Euler characteristic

10.1. Index of a vector eld at a point.

Recall that a vector eld v on a manifold M R" isasmooth mapv:M ! R"
such that for every x 2 M the vector v(x) 2 TyM. Let x be an isolated zero of v. We will
de ne an integer-valued index i(x) that will be also sometimesdenoted by i, (X).

First, assumethat M is an open domainin R". Then v(t)5jv(t)j is a map of a small
spherearound x to the unit sphere,and the index i(x) is de ned asthe degreeof this map.
This de nition can be also applied to a point x sud that v(x) 6 0, and the result will be
i(x) = 0 (why?)
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Exercise . Let v(z) = z"; this givesa vector eld in the plane with an isolated zero
at the origin. The index of this eld is n.

To de ne the index of a vector eld on a manifold we consider a coordinate system
near a zero of the vector eld and apply the previous de nition. One must ched that
this de nition is correct, i.e., doesnot depend on the choice of a coordinate system. This
follows from the next lemma.

Lemma. The index of an isolated zero of a vector eld in an open domain in Euclidean
spacedoesnot changeunder di eomorhisms of the domain.

Pro of. Let f be adi eomorphism, x°= f(x) andv®=d v f 1. The statemert is that
ivo(x9 = iy(x).

We may assumethat x = x°= 0; consider a corvex neighborhood U of the origin.
First, let f be orientation preserving. Then considerthe family of mapsf(y) = f (ty)=t
forO<t 1;dene: fo(y) = dof (y) (this makessensesinced (y) = lim of (ty)=t). We
claim that this is a smooth homotopy betweenf and d . Indeed, if f (y) = x10:(y) + i +
XnOn(y) then fi(y) = x10:1(ty) + ;1 + X 0 (ty), and the claim follows. Moreover, the linear
map d is isotopic to the identity.

Thus we have a family of vector elds v = d; v f, L with vo = v and v; = V° and
ead hasthe origin as an isolated singularity. Degreeof a map does not change under a
homotopy, therefore the indices of v and v° are equal.

It remainsto consideran orientation reversingf . Suc anf canberepresenied as g
where g is orientation preservingand : (X1;:5Xn) ! ( X1;X2;:5X,). Then it su ces
to prove that i,o(0) = 1 wherevl=d v ! Indeed,d = since is alinear map,
anddeg = 1. Thusiw(0)=( 1)i,0) ( 1)=iy(0).

10.2 Poincare-Hopf theorem .

Let M be a compact manifold and v a vector eld on M with isolated zerces. If M
has a boundary then we assumethat v has the outward direction at ead point of the
boundary.

P
Theorem (P oincare-Hopf ). The sum i,(x) does not depend on the eld v (and
equalsthe Euler characteristic (M) { a remark for those who know what Euler charac-
teristic is).

Example . Consider an even-dimensionalsphere,and let v be the vector eld "from
North to South pole". Then v hastwo zerces, the poles, and the indices are equal to 1
(why?) It follows that for every tangernt vector eld on this spherethe sum of indices of
zeroesequals?2; in particular ead vector eld hasat lest one zero.

Start the proof with the simplestcase:M" R" is a compact domain in Euclidean
space. Considerthe (normal) Gaussmapg: @ ! bfS" ! that assignsthe outward unit
normal vector to every point of the boundary of M .

The Theorem is a consequencef the next lemma.

Lemma (Hopf ). If v is a vector eld in M that has the outwardFdirection at ewvery
boundary point (and, in particular, does not vanish on @) then i,(x) equals the
degreeof the Gaussmap g.
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Pro of. Delete a small disc around ead zero of v. One obtains a new manifold M © with

boundary. Consider the map v=jvj of @ ° to the unit sphere. This map extendsto M

therefore the degreeof this map equals zero (Lemma 8.2). That is, the sum of degrees
of this map on the s,gnall spheresaround the zerces of v plus the degreeon @V is zero.
The former equals iv(x) (minus sinceead small spherehasthe "wrong" orientation);

the latter equalsdeg g sincev is homotopic to the unit outward normal eld. Lemma is
proved.

10.3. In nitesimal  computation of the index .

The index of an isolated zero of a vector eld v at point x cab be found from the
partial derivativesof v at x. Consider rst the caseof a vector eld in an open domain
U R";thusvisamapU! R". A zerois called nondegenerateif the di erential dyv
is a nondegeneratelinear map.

Lemma. Onehas:i,(x) = 1 depending on the sign of the determinant of dyv.

Pro of. SincedyV is nondegeneratey is a di eomorphism in a su cien tly small neighbor-
hood of x. Then, asin Lemma 10.1, v can be replacedby its di erential, and then by id,
depending on the sign of det dyv. Lemma is proved.

Next, we extend the above lemmato the caseof a generalsmooth manifold M™  R".
A vector eld v on M can be consideredasamapv: M ! R", andits dierential is a
linear map dyv: TyM I R".

Lemma. Let v(x) = 0. Then Im (dyv) = TxM. Let D be the determinant of the linear
map dyv:TxM I T,M. Theni,(x) = 1 dependingon the signofD.

Pro of. Consider a parameterization h : U ! M of a neighborhood of point x. Let
e; i = 1;::;m be the basicvectorsin R™; then t; = dhy(g) = @=@; is a basis of the
tangent spaceT, )M . We want to nd the image of t;(u) under the linear map dp V.
One has:
Oh(uyV(ti) = du(vh)(&) = @(h(u))=@;:
We canwrite: v= ", vjt; wherev ):élre somefunction;. Therefore
@h(u)=@; = (@=@)t; + v (@ =@):
j j
In a zeroof the eld v the last sum va)rgishes,and one concludes:
dyv(ti) = (@;=@i)tj 2 TxM:
j
Thus the linear map dyv maps TxM to itself and the determinant of this map equalsthat
of the matrix (@;=@;). The previouslemmaidenti es it with the index of the zero of the
vector eld in U that is di eomorphic to v under h, and we are done.
10.4. End of pro of of the Poincare-Hopf theorem .
Now we considera closedmanifold M"™ RX, and let v be a tangernt vector eld on

M with nondegenertezerces(in the senseof the previous section). Fix a su cien tly small
, and let N bethe setof points at distanceat least from M. It is clearthat if is small
enoughthen N is a manifold with boundary. The proof of the Poincare-Hopf theorem
follows from the next lemma.
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P
Lemma. The sum of indices i,(Xx) equalsthe degreeof the normal Gaussmap @GN !
skt

Pro of. For every point x 2 N there is a unique point r(x) 2 M closestto x (the foot of
the perpendicular from x to M ). Extend the vector eld v to a vector eld w on N by
the formula:

w(x) = v(r(x)) + (x  r(x)):

Note that w coincideswith v on M. We claim that w has the outward direction along
the boundary @\ . Indeed, @\ is a level hypersurfaceof the function (x) = jx  r(x)j2.
Then grad = 2(x r(x)). Since gradient is perpendicular to the level hypersurface,
the vector x  r(x) is perpendicularto @N at x 2 @ . Thus the claim is equivalent to
the inequality: w(x) (x r(x)) > 0. The left-hand sideis jx r(x)j? sincex r(x) is
perpendicular to v(r(x)), and the claim follows.

According to Lemma 10.2, the sum of indices of the eld w on N equalsthe degree
of the Gaussmap. To nish the proof we needto identify zeroesof w with those of v.

Notice that w is the sum of two orthogonal vectors;thusif w(x) = Othen x 2 M and
v(x) = 0. It remainsto seethat the indices of w and v at x are equal. This follows from
the local computations in the previous section. Indeed, dyw(t) = dyv(t) fort 2 TyM, and
dyw(t) = t for t perpendicular to TyM . Therefore the determinant of the linear map dyw
equalsthat of dyv, and the lemma is proved.

One arguessimilarly in the casewhen M has a boundary; we will not dwell on that.
10.5. Vector elds and triangulations

In this section we will relate Euler characteristic (M) de ned asthe sum of indices
of zeroesof a vector eld with a more familiar combinatorial notion (familiar to those who
had algebraic topology).

Let M" be a closed manifold. Let M be triangulated, that is, partitioned into n-
dimensional simplices (top ological imagesof linear simplices)in sud a way that adjacert
simpliceshave a whole facein common. Denote by f; the number of i-dimensionalsimplices
in the triangulation.

Theorem. (M) = I:)( 1)'f;.

Pro of. We will construct a vector eld on M that hasa zero at the certer of ead face
of the triangulation; moreover the index of the zero at the certer of an i-dimensional face
equals( 1)'. Then the result will follow from the Poincare-Hopftheorem.

The construction is inductive. If the eld v is already constructed on the boundary
of an i-dimensional simplex (that consistsof j -dimensional simpliceswith j < i) then we
extend v smoothly inside the simplex sothat the certer of the simplex is an attracting zero
(recall the picture on the blackboard). We claim that if x is the certer of an i-dimensional
facethen iy(x) = ( 1)'. Indeed, the linearization of v at x is a diagonal matrix with n i
onesand i minus oneson the diagonal. Henceits determinant is ( 1)', and we are done
by alemmain 10.3.

The aboveptheore_m, combined with the Poincare-Hopf theorem, implies that the al-
ternating sum ( 1)'f; doesnot depend on the choice of the triangulation, but only on
the topology of M.

14



11. Examples of manifolds

So far, we did not consider any interesting examplesof manifolds. The goal of this
sectionis to comeup with this shortcoming.
11.1. Pro jectiv e spaces.

Let V be an n + 1-dimensionalvector space;its projectivization P (V) is the set of 1-
dimensionalsubspaceglines through the origin) in V. The spaceV may bereal or complex;
the projectivization is calledthe real or complexprojective space respectively, and denoted
by RP" or CP". Wewill be mostly speakingabout the real case,indicating the di erences
with the complex one when appropriate (it is your exerciseto prove everything in the
complex case).

Remark . A similar operation of spherization is more familiar to you: S(V) consists
of oriented 1-dimensional subspaces(rays through the origin) in V and coincides with
n-dimensional sphere.

The previous remark implies that S" is a 2-sheetedover of RP ", namely, that the
latter is obtained from the former by identifying pairs of antip odal points. Equivalertly,
RP " is obtained from VO by identifying proportional vectors:v tv; t2 R; t6 0.

The structure of a smooth manifold on RP " is de ned asfollows. Choosecoordinates
Xo; 5 Xy in V. Then a point of RP" is determined by an (n + 1)-tuple (Xo;:::;Xn) up
to a non-zerofactor: (Xo;::;Xn)  t(Xo;::;Xn). Cover RP" by n+ 1 opensetsU;; i =
0;:::;n where U; is determined by the condition: x; 6 0. Then ead U; is in one-to-one
corresppndencewith R", namely,

X
fi i (Xo;ixp) ! —: i — 1 is omitted:
i (0 n) X; X;

Thus we have coordinate systemson RP " that determine the desiredstructure of a smooth
manifold.

Exercise . Compute the transition functions fifj L

One may wonder how to embed RP " in a linear space. The answer is given explicitly
by the next lemma whoseproof is an exercise.

Lemma. The formula

D f (XpXq)9

(Xo; i Xn) ! 1 pig n+1

de nes an embedding of RP " to R(M*D(n+2) =2,

Examples . RP ! is di eomorphic to St. Indeed, RP ! is obtained from R = Uy by
adding a"p oint at in nit y", the equivalenceclassof (0; 1). For the samereason,CP ! = S2,
the Riemann sphere.

11.2. Classical surfaces.

Unlik e higher dimensions,in dimension 2 a complete classi cation of closedmanifolds
is available (we formulate it without proof). Oriented manifolds are characterized by a
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singlenon-negative integer g called gerus; M 4 is a spherewith g handles. In particular, Mg
is a sphere,and M, is a torus. An alternativ e description is that M4 is a connectedsum
of g tori: Mg = T2#::# T2. The surfaceM4 can be obtained from a 4g-gon by pasting
its sidespairwise { recall the picture on the blackboard. It followsthat (Mg) =2 2g.
The sameformula follows from the fact that (T2) = 0 and the next additivit y property
of Euler characteristic.

Lemma.
(M[N)= M)+ (N) (M\ N);

and, in particular,
(M2#N?) = (M)+ (N) 2

Pro of. Supposethat M and N are triangulated sothat thesetriangulations give the same
triangulation of their intersection. Then the rst formula is just the inclusion-exclusion
formula for the number of simplicesin the triangulations.

It followsthat (M2 D?)= (M?) 1 and likewisefor N2. Since (S') = 0, the
secondformula follows too.

Similarly, non-oriented closedmanifolds are characterized by a positive integer h; the
manifold K, is the connectedsum of h copiesof the projective plane. Since (RP?) = 1
(why?), one concludesfrom the above lemmathat (K,) = 2 h. The surfaceKy can
also be obtained from a 2h-gon by pasting its sidespairwise { recall the picture on the
blackboard, and this givesanother computation of its Euler characteristic.

The connectedsum of two projective planesK ; is called the Klein bottle. A curious
property of the connectedsummation of surfacesis as follows.

Lemma. RP?#K,= RP?# T2,

Pro of. Delete a disc from the projective plane: what remainsis the Moebiusband { recall
a picture. Attach a handle to the Moebius band and move one of its feet around: what
you have now is a connectedsum of the Moebius band and the Klein bottle. This nishes
the proof.

To summarize, closed2-dimensional manifolds are characterized by two things: their
orientabilit y and Euler characteristic.

11.3. Lie groups .

A Lie group is a smooth manifold G which is also a group, and the two structures
agreein the sensethat the inversionand multiplication mapsg! g *and(g:;0)! 010
are smooth.

The rst example is R" (the group operation is summation of vector). Another
example of a comnmutativ e Lie group is n-dimensional torus.

The group GL (n; R) consistsof non-degeneraten n matrices;is it clearthat this is
a Lie group? An important subgroup of GL (n; R) is SL(n; R) which consistsof matrices
with determinant 1.
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Lemma. SL(n;R) is a smooth manifold.

Pro of. Considerthe function f (A) = detA; we want to how that 1 is a regular value of
f . Compute the dierential of f at matrix A 2 f 1(1):

da(f)(B) = lim (det(A+tB) det(A)=t= lim (det(E + tA 1B) 1)=t=tr(A B);

where E is the unit matrix. It follows that da (f ) is non-degenerate:e.g.,da (f )(A) 6 O.

Corollary . The tangent spaceto SL(n;R) at the unit matrix E consists of traceless
matrices, i.e. matrices with zerotrace.

Two other important groups are O(n) and U (n) that consist, respectively, of the
linear transformations of n-dimensionalreal or complex spacethat presere scalarproduct
or Hermitian product. In down-to-earth terms, these groups consistsof n  n real or
complex matrices A satisfying A A = E; here A is the transpose matrix in the real
caseand the transpose complex conjugate matrix in the complex case. The subgroups
SO(n) O(n) and SU(n) U(n) consistof the matrices with the unit determinants.

Example . SO(2) is di eomorphic to the circle, and sois U (1). The group SU(2) is
di eomorphic to S® (why?)
Note the next curious fact.

Prop osition. SO(3) is di eomorphic to RP 3.

Pro of. We claim that ewvery transformation from SO(3) is a rotation about some axis
through someangle. Indeed, let A 2 SO(3). It suces to show that A hasa unit eigen-
value; then A is a rotation about the respective eigen-space.Consider the eigenproblem:
det (A E ) = 0. This cubic equation has a real root that must be 1. If it is 1 we are
done. If it is 1 then A presenesthe plane, perpendicular to the eigen-direction,and is a
re ection in this plane; then the third eigen-walue of A is 1.

We may consideronly rotations through the anglesfrom 0 to ; the direction of the
rotation givesthe axis an orientation (by the left-hand rule). Encode suc a rotation by
the vector whosedirection is that of the axis and whosemagnitude is the angle of rotation.
We obtain a ball of radius , but the points on its boundary should be identied with the
antip odal point: the rotations through and coincide. The result is the real projective
space,and we are done.

11.4. Homogeneous spaces.

We say that a Lie group G acts on a manifold M if G is a subgroup of the group of
di eomorphisms of M. More formally, we haveamap :G M ! M and (g;x) isthe
imageof x 2 M under g2 G. We write g(x) instead of (g;x); the natural equality holds:
(0192)(X) = 01(g2(x)). In particular, the unit elemen of the group is the identit y map of
M. The de ned action is also called left action; we will not dwell on what right action is.

Example . An action of a group G on a linear spaceby linear transformations is
called a linear representation of G.

An action is called transitive if for every two points x;y 2 M there existsg 2 G sud
that g(x) = y. In other words, the G-orbit of ewvery point is all of M. A manifold M

17



is called a homagyeneus space of a group G if G acts transitively on M. The isotropy
sulgroup Gy~ G of a point x 2 M consistsof those elemerts of G that leave x xed.

Example . A group G acts on itself by left multiplication; this makes G into a
homogeneousspace.

Exercises . (i) If M is a homogeneousspacethen the isotropy subgroupsGy and Gy
are isomorphic for every two points x;y 2 M.
(i) M isin one-to-onecorrespndencewith G=H where H is the isotropy subgroup.

Many important manifolds are homogeneouspacespelov we considera few examples.

Example . Considerthe natural action of the group SO(n) on the unit sphereS" 1.
The isotropy subgroup of a point is SO(n  1). Thus S" 1= SO(n)=SO(n 1).

Stiel manifold V,x consistsof k-tuples of orthonormal vectorsin R". In particular,
Vo:r = S" T and V,, = O(n) (why?). Stiel manifold is a homogeneousspace of the
group O(n) that acts as follows: (er;::;;e) ! (Aes;::;;Aex); A 2 O(n); this action is
transitiv e (why?) The isotropy subgroup of a point (ey;:::; e) consistsof the orthogonal
transformations that presene ead e ; these are orthogonal transformations of the space,
orthogonal to Span (ey;:::; &), that is, the group O(n k). ThereforeV,x = O(n)=0O(n
k).

Exercise . Show that V.., 1 = SO(n).

Lemma. V,k isank k(k+ 1)=2-dimensional manifold.

Pro of. Stiel manifold can be consideredas a subsetin R™ as follows. Choose some
orthonormal basisin R" and let & = (Xi1;:;Xin). The numbers x; are coordinates
in R™, and we have realized V,x as a subsetin R"€. The coordinates Xj are not
independert. Namely, sincee are org?onormal, onehask(k + 1)=2 equations:

XisXjs = jj -
S

Compute the tangernt spaceto Vpk R"™ at a cornveniert point X whose coordinates
satisfy: xj = . Let X (t); fxij (t)g be a curve on Vy, sud that X (0) = X. Then

Xis (D)Xjs(t) = ;5 % (0)= j:
S
Denote by vj; the velocity vector dx; =dt at t = 0. Di erentiating, one nds: vj + vj; =
0, i;j = 1,2 k. Thus the tangent spacein question consists of the vectors v;; with
Vi = Vi, ;] = 1 k. The dimension of this spaceis as claimed.

Grassmann manifold , or simply, Grassmannian,G,. is the spaceof k-dimensional
linear subspacesin n-dimensional linear space (real, default, but one can also consider
the complex case). In particular, G,1 = RP" ! and G, 1 = RP" ! too (why?)
Grassmannmanifold is a homogeneousspaceof the group O(n) that naturally actson R"
and, therefore, on the Grassmannian. The isotropy subgroupof a point isO(k) O(n k),
thus Gk = O(n)=0(k) O(n k).

Exercise . Show that G,k = Gn.n «-

We nish by proving that Grassmannianis a smooth manifold and computing its
dimension.
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Lemma. Gpk isak(n k)-dimensional manifold.

Pro of. Consider a point of G, that is a k-dimensional subspaceV of R". Let U be
the orthogonal space. Then every k-dimensional subspace,closeto V, is the graph of a
linear map from V to U. Thus a neighborhood of V is identi es with the spaceof linear
maps from k-dimensionalto n  k-dimensional space,that is, with the spaceofk (n k)
matrices. We have constructed a parameterization of a neighborhood of V; thus dim
Gnk = k(n k).

Problems

l.

1. Let M be a smooth manifold. Prove that TM (the set of tangert vectors) is also
a smooth manifold. Givena smooth mapf : M ! N, provethat & : TM ! TN is also
smooth.

2. Prove that the set of a). nondegeneraten n matrices; b). n n matrices whose
determinant equals 1 is a smooth manifold. Prove that the map A! A ! is smooth in
both cases.

3. Find the singular points and singular values of the map from the plane to itself
given, in complex notation, by z! z® 3z.

4. Provethat S S* canbe embeddedto R"*k*1,

5. Let M™ be a compact manifold (without boundary). Prove that M cannot be
immersedto R™.

I

1. Prove that everymap M ™ I S" with m < n is homotopic to a constart map.

2. Let M and N be oriented manifolds. Considerthemap :M N ! N M given
by (x;y) = (y;x). When is it orientation-preserving?

3. Consideramapf : C! C givenby (i) a complex polynomial of degreed; (ii) a
rational function P=Q with degP = p, degQ = g. Find degf.

4. Givenamapf : S'! S! which sendsantip odal points to antip odal points, prove
that deg, (f) = 1.

5. Considera 2 2 matrix A with integer ertries. This matrix determinesa map f
from the torus T2 = R2=Z2 to itself: if v2 R? then f (v) = Av mod Z2. Find degf .

6. Let n = 4k 1. Construct 3 linearly independen tangert vector elds on S" (hint:
use quaternions). Prove that TS?2 is trivial.

[l

1. Given a closedimmersed plane curve, prove that the number of its double points
has the parity opposite to its winding number.

2. Assuming Whitney's theorem on immersed plane curves, prove that there are
exactly two homotopy classesof closedimmersedcurveson the 2-sphere.

3. What is the relation betweenlk ( ; Yandlk (; ) ?
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4. Let A be anondegeneraten n matrix. Considerthe vector eld x! Ax in R".
Find ia (0).

5.Foreadin=1;0; 1, 2; 3;::construct afunction f (x;y) suc that the index of
the vector eld grad f at the origin equalsn.

v

1. Prove that the Euler characteristic of an odd-dimensional closedmanifold is equal
to zero (hint: usethe Poincare-Hopftheorem; considertwo elds, v and v).

2. Find (RP").

3. Prove that RP "*! is orientable while RP " is not. In particular, prove that the
projective plane cannot be embeddedin 3-space.

4. Prove Lemma 11.1.

5. Prove that O(n) is a smooth manifold, nd its dimensionand describe it tangent
spaceat E.

6. Let G" bea Lie group. Provethat G carriesn linearly independen tangert vector
elds (hint: choosen linearly independernt vectorsin the tangernt spaceTg G; extend them
to a vector eld on G using the di eomorphisms fy:G! G wherefy(h) = gh).
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