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Abstract. In this paper we present results for the existence of classic al solu-
tions of a hydrodynamical system modeling the 
ow of nematic liquid crystals.
The system consists of a coupled system of Navier-Stokes equ ations and various
kinematic transport equations for the molecular orientati ons. A formal physi-
cal derivation of the induced elastic stress using least act ion principle re
ects
the special coupling between the transport and the induced s tress terms. The
derivation and the analysis of the system falls into a genera l energetic varia-
tional framework for complex 
uids with elastic e�ects due t o the presence of
nontrivial microstructures.

1. Introduction. We consider the following hydrodynamical systems modelingthe

ow of liquid crystal materials (cf. [ 1] [13] and their references.):

vt + v � r v � � � v + r P = � � r � [r d � r d + (� d � f (d)) 
 d] ; (1)

r � v = 0 ; (2)

dt + v � r d � d � r v = 
 (� d � f (d)) : (3)

The variables (x; t ) are in Q � (0; 1 ), where Q is a unit square in R2 or R3. v(x; t ),
d(x; t ) are vector �elds, representing the velocity �eld of the 
ow and the (averaged)
macroscopic/continuum molecular orientations in R3. P(x; t ) is a scalar function
representing the pressure (including both the hydrostatic part and the induced
elastic part from the orientation �eld). The constants � , � and 
 stand for viscosity,
the competition between kinetic energy and potential energy, and microscopic elastic
relaxation time (Debroah number) for the molecular orientation �eld. The function
f (d) = 1

" 2 (j d j2 � 1)d has antiderivative F (d) = 1
2" 2 (jdj2 � 1)2. The notation r d�r d

denotes the 3� 3 matrix whose (i; j )-th entry is given by r i d� r j d, for 1 � i; j � 3.
And 
 is the usual Kronecker multiplication, e.g. (a 
 b) ij = ai bj for a; b2 Rn .

The above system is a simpli�ed version of the Ericksen-Leslie model for the
hydrodynamics of nematic liquid crystals ([3], [2], [6], [11], [12]). In principle,
the system is a macroscopic continumm description of the time evolutions of these
materials under the in
uence of both the 
ow �eld v(x; t ), and the macroscopic
description of the microscopic orientational con�gurations, d(x; t ), which can be de-
rived from the averaging/coarse graining of the directionsof rod-like liquid crystal
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molecules. In particular, the left hand side of thed equation (3) stands for the kine-
matic transport by the 
ow �eld, while the right hand side rep resents the internal
relaxation due to the elastic energy.

The paper is arranged as follows: the second section will focus on a physical
derivation of the system using Least Action Principle while the third section, which
is the main body of this paper, is devoted to proving the existence of classical
solutions of the above system with initial data v0(x) and d0(x) of certain regularity
properties, to be speci�ed later in the paper.

2. Kinematic Transport and Least Action Principle. We notice that all the
physical quantities mentioned above are described within the Eulerian coordinates.
This is especially the case for all the macroscopic order parameters derived from the
averaging process. If we de�ne the particle trajectory (the
ow maps) x(X; t ), with
X being the initial position of particles, which can also be regarded as Lagrange
material coordinate under the 
ow �eld. By de�nition, we exp ect to formally have
the following ODE describing the motion of any particular particle:

x t = v(x(X; t ); t); x(X; 0) = X:

Such trajectory description carry all the information of th e evolution of the system.
In order to include the elastic properties of the material, that is, to describe the
evolution of any microscopic patterns or con�gurations, weneed to incorporate the
notion of the deformation tensor, F (x(X; t ); t) = @x

@X. Notice we adopt the notion
F ij = @xi

@Xj
. By the chain rule, F satis�es the following transport law:

F t + v � rF = r vF : (4)

Here without ambiguity from the context, the F in the transport equation is in
fact in Eulerian coordinate F (x; t ), de�ned as the push-forward of the original F in
Lagrangian coordinate asF (x(X; t ); t) = F (X; t ).

If the liquid crystal molecule orientations, as vectors, are transported and de-
formed by the 
ow under parallel transport, the director d satis�es the following
kinematic transport relation:

d(x(X; t ); t) = F d0(X ) ;

where d0(X ) is the initial condition. By taking full time derivative on both sides,
we have

D
Dt

d(x(X; t ); t) = _F d0(X ) = r vF d0 = r vd = ( d � r )v:

Hence the total transport of the orientation vector d becomes

dt + v � r d � d � r v: (5)

In another word, the rate of change ofd in the 
uid is

dt + v � r d � d � r v =
d
dt

�
d(x(X; t ); t) � F d0(X )

�
:

This kinematic transport relation represents the covariant parallel transport with
no-slip boundary condition between the rod-like particle and the 
uid ([ 7], [10]).
If taking into account other molecular shapes, the kinematic transport can take
di�erent forms. In the situation that the shape of the liquid crystal molecules are
disc-like, the kinematic transport will in turn take the for m ( [8] and [10] )

d(x(X; t ); t) = F � T d0(X ) :
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In a similar way we deducedt + v � r d = �r T vd, that is, dt + v � r d � d � r v =
d
dt

�
d(x(X; t ); t) � F � T d0(X )

�
. In more general/complicated ellipsoid shape cases,

we can de�ne d(x; t ) = Ed0(X ) where E satis�es

_E =
�

� r v + (1 � � )( �r T v)
�

E; (6)

which can be reformulated into a combination of a symmetric part and a skew part:
_E = 
 E + (2 � � 1)AE;

where A = r v+ r T v
2 and 
 = r u �r T u

2 . Moreover, 2� � 1 = r 2 � 1
r 2 +1 with r being the

aspect ratio of the ellipsoids ([7]). The spherical, rod-like and discotic molecules
corresponds to the case of� being 1=2, 1 and 0 respectively whiler being 1,1 and
0. We want to point out 2 � � 1 can also include those from the relative slippage
between the molecules and solvent. Hence we provide an easy description of di�erent
kinematic transport relation of a vector.

In this paper we will focus on the rod-like shape only. However the anylytical
results can actually be extended to the general shapes, where the parallel transport
equation from (6) becomes

dt + v � r d � 
 d � (2� � 1)Ad: (7)

Before we focus on the analysis of systems for the rod-like molecules, let us take a
closer look at the general kinematic transport relations. Consider two dimensional
liquid crystal molecules being transported by a shear 
owv = (2 ky; 0), where x, y
are the spatial variables. Then we have

r v =
�

0 2k
0 0

�
; 
 =

�
0 k

� k 0

�
; A =

�
0 k
k 0

�
:

We are searching for a stationary solution of the following linear transport equation
with certain eigenmode� of the elastic relaxation:

dt + v � r d � 
 d � (2� � 1)Ad = �d: (8)

Formulate the director d in polar coordinate: d = ( d1; d2) = (cos �; sin � ). The
above equation (8) becomes

� k sin � � (2� � 1)k sin � = � cos� ; (9a)

k cos� � (2� � 1)k cos� = � sin � : (9b)

Divide (9a) by (9b) and � can be evaluated

tan2 � =
� � 1

�
:

Let � = 2 � � 1, then

tan2 � =
� � 1
� + 1

:

It is obvious that there are no steady state solution of the above equation under
the assumption that � 2 (0; 1), i.e. � 2 (� 1; 1). In fact, there will be solutions
periodic in time, in which case the molecular orientation will demonstrate a tumbling
behavior in the 
ow �eld. This classical result for nematic l iquid crystals [10]
is related to many fundamental properties of the materials,such as the molecule
packing and slippery boundary condition between the particle and the 
uids.

Let's come back to rod-like molecule cases. Here we give a formal derivation of
the equations (1) - (3) from the energetic variational point of view. For the moment
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we only consider the reversible part (Hamiltonian part) of the system, i.e. without
the dissipation terms caused by viscosity or internal elastic damping.

We start from the following action functional, in terms of th e 
ow map x(X; t ):

A (x) =
Z T

0

Z

U0

1
2

jx t j2 � �
h1

2
jF � T r X F d0(X )j2 + F (F d0(X ))

i
J dX dt :

Here U0 is the region occupied by the 
uid at time 0 and J = det @x
@X is the Jaco-

bian. Clearly the action functional represented the competition between the hydro-
dynamic kinetic energy and the internal elastic energy due to the presence of the
orientational vector �eld d.

The least action principle (Hamilton's principle) states

� A
�x

= 0 : (10)

Consider the one-parameter volume-preserving di�eomorphism x" , with the in�ni-
tesimal generator @

@�x
� j � =0 = y and the volume-preserving constraint

J " =
@x"

@X
= 1 :

The latter actually implies r � y = 0. This can be easily seen from the Liouville's
formula:

0 =
d
d"

�
�
�
" =0

detF " = det F tr
� � d

d"

�
�
�
" =0

@x"

@X
F � 1

� �
= det F r � y :

Applying the Least Action Principle ( 10) we have:

0 =
d
d"

�
�
�
" =0

A (x" )

=
Z T

0

Z

U0

�
x t � yt � �

h
F � T r X (F d0(X ))

i
:
hd(F " )� T

d"

�
�
�
" =0

r X F d0(X )

+ F � T r X

�
dF "

d"

�
�
�
" =0

d0

� i
J � �f (F d0(X )) :

hF "

d"

�
�
�
" =0

d0(X )
i
J

�
dX dt

push forward to Eulerian coordinate.

Ut stands for the region occupied by the 
uid at time t.

=
Z T

0

Z

Ut

�
Dv
Dt

� y � � r d :
h

� r T yr d + r (d � r y)
i

� �f (d) : (d � r y) dx dt

=
Z T

0

Z

Ut

�
n

vt + v � r v + � r �
�

r d � r d + (� d � f ) 
 d
�o

� y dx dt :

Since y is an arbitrary divergence-free function, we actually obtain the weak form
of the following momentum equation:

vt + v � r v + r p = � � r �
�

r d � r d + (� d � f ) 
 d
�

;

with the pressure term as the Lagrangian multiplier for the incompressibility. Adding
in the dissipative viscosity term we once again recover the momentum equation (1).

vt + v � r v � � � v + r P = r � �; (11)

with the elastic stress � . Adding the elastic dissipation/relaxation to d equation,
we have

dt + v � r d � d � r v = � 

�W
�d

: (12)
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We want to point out such a derivation using the variation wit h respect to domain,
i.e. least action principle (LAP) is equivalent to the princ iple of virtual work.

3. Existence of Weak and Classical Solutions. In the following existence proof
we will focus on the system (1) - (3), equipped with the following initial and periodic
boundary conditions:

v(x; 0) = v0(x) with r � v0 = 0 ; d(x; 0) = d0(x); for x 2 Q (13)

v(x + ei ) = v(x); d(x + ei ) = d(x); (14)

where e1; : : : ; en is the canonical basis ofRn .
We �rst observe the system (1) - (3) has the following scaling property: for

each � > 0, perform the invariant scaling: v� = �v (�x; � 2t); d� = d(�x; � 2t), P� =
� 2P(�x; � 2t); and f � (d� ) = � 2f (d� ). Replace the corresponding terms in the orig-
inal system, then the equations (1) - (3) still hold. Thus we can assign a scaling
dimension to each quantity as follows: eachx i has dimension 1, time variablet has
dimension 2,v has dimension -1,P has dimension� 2, d has dimension 0,f (d) has
dimension -2, r i (= @

@xi
) has dimension -1 and @

@t has dimension -2. This dimen-
sion analysis will provide helpful guide and insight when wederive various energy
estimates of di�erent orders.

Next we formally deduce the basic energy law that governs thedynamics of the
system. Suppose we have a classical solutionv, d of (1) - (3) on QT = Q � [0; T ].
We multiply ( 1) by v, integrate over Q. Then we multiply ( 3) by � d � f (d) and
integrate over Q. Finally, we add the two results together and get (details omitted)

1
2

d
dt

Z

Q
jvj2 + � jr dj2 + 2 �F (d) dx = �

Z

Q
� jr vj2 + �
 j� d � f (d)j2 dx : (15)

Since
 and � don't play important roles in our proof, we just set 
 = � = 1 in the
rest of the paper.

Note that in the basic energy law, all terms are of ordern � 4 where n is the
dimension of the whole spaceRn , n = 2 or 3.

Remark 1. With di�erent kinematic transport relations of d discussed earlier, we
will have di�erent systems that satisfy the exact same energy law (15). Hence
the complete hydrodynamic system is determined by both the energy dissipative
relation, as well as the kinematic transport relation of the internal elastic variables.

Compared with the system described in [13], we have di�erent kinematic trans-
port and accordingly one more stress term (�d � f ) 
 d in the elastic stress of (1)
and one more transport term d � r v in (3). The latter term stands for the parallel
transport, including both rotation and stretch of the direc tor d. The new terms
bring extra technical di�culties in proving the existence. It is indeed the stretching
e�ect that causes the lose of maximum principle of thed equation. In [13], the fact
from the basic energy law that (15)

v 2 L 2(0; T ; V) \ L 1 (0; T ; H );

d 2 L 2(0; T ; H 2) \ L 1 (0; T ; H 1)

su�ces for the existence of weak solutions. However, this isnot enough in our case
because the extra stress termr� ((� d� f (d)) 
 d) can not be suitably de�ned in the
weak formulation of the problem. One alternative way is to prove higher regularity
of d, say d 2 L 1 (0; T ; L 1 (Q)), in order to make sense of these higher derivative
terms.
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Maximum principle usually proves to be a good approach when one tries to
get L 1 estimates of the variables. Actually, for the model in [13], we can get
maximum principle with d equation by simple calculations. Then f (d) and F (d)
are in turn bounded. However, in our model, the extra term d � r v prevents any
simple derivation of such a good property. Indeed, as we mentioned earlier, d � r v
can be viewed as (A + 
) d whereA is a symmetric operator and 
 a skew one. The
skew part will vanish when we multiply the d-equation (3) by d. However, with
symmetric part the maximum principle fails unless A is negative de�nite, which in
general is not true. This is a common phenomena in such cases as the stretching of
vorticity in 3-D incompressible Euler equations.

Our main result is the following global existence theorem for the classical solu-
tions of the system (1) - (3).

Theorem 3.1. The problem (1) - ( 3), ( 13), ( 14) has a global classical solution

(v; d) 2 C1
�

Q � (0; 1 )
�

provided that v0 2 H 1(Q), d0 2 H 2(Q) and both of them

can be periodically extended to the wholeRn and that either

n = 2;

or

n = 3 and � � C(�; 
; v 0; d0):

The proof contains two parts: a modi�ed Galerkin method intr oduced in [13] to
generate a sequence of approximate solutions and Ladyzhenskaya method (cf. [9]
and [17]) to get a high order energy estimate so that we can pass to thelimit to get
a weak solution de�ned as follows.

De�nition 3.2. (v; d) is called a weak solution of (1) - (14) in QT = Q � (0; T)
if it satis�es the following weak formulation together with the initial and boundary
condition (13) (14)

�
Z T

0

Z

Q
(v;  0� ) dx dt +

Z T

0

Z

Q
(v � r v;  � ) dx dt +

Z T

0

Z

Q
(r v;  r � ) dx dt

= � (v0; � ) (0) +
Z T

0

Z

Q
(r d � r d;  r � ) dx dt

+
Z T

0

Z

Q

�
(� d � f (d)) 
 d;  r �

�
dx dt

and

�
Z T

0

Z

Q
(d;  0� ) dx dt +

Z T

0

Z

Q
(v � r d;  � ) dx dt �

Z T

0

Z

Q
(d � r v;  � ) dx dt

= � (d0; � )� (0) +
Z T

0

Z

Q
(� d � f (d);  � ) dx dt

for any smooth function  (t) with  (T ) = 0 and � (x) 2 H 1
0 (Q).

A weak solution together with high order derivative estimates automatically im-
plies a strong solution, i.e. v 2 L 2(H 2) and d 2 L 2(H 3). Then a bootstrap argument
based on Serrin's work [14] and Sobolev's imbedding theorem will pave the way to
obtain the existence results of classical solutions.
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Here we adopt the functional setting for the well-established space for periodic
problem (see for instance [16]):

H m
p (Q) = f v 2 W m;p

loc (Rn )jv(x + L ei ) = v(x)g ;

_H m
p (Q) = H m

p (Q) \ f v :
R

Q v(x) dx = 0 g;

especially; L 2
p(Q) _=H 0

p (Q) ;

V = f v 2 H 1
p (Q); r � v = 0 in Rn g;

H = f v 2 L 2
p(Q); r � v = 0 in Rn g;

V 0 = the dual of V :

Remark 2. A more concrete de�nition of H m
p (Q) is given by

H m
p (Q) =

n
u =

X

k2 Zn

ck e2i�k �x=L ; �ck = c� k ;
X

k2 Zn

jkj2m jck j2 < 1
o

; (16)

and
_H m

p (Q) =
n

u 2 H m
p (Q) of type (16), c0 = 0

o
;

where L is the length of the square boxQ. Without loss of generality, we can
assumeL to be 1 in the following proof.

The proof the existence of weak solutions contains two main technical tools: a
modi�ed Galerkin method �rst introduced in [ 13] and the Ladyzhenskaya method
for high order energy estimate.

3.1. Approximate Solutions by Finite-dimensional Projection. Let f � i g1
i =1

be the eigenvectors of the Stokes operator in the periodic space with zero mean, i.e.
� i solves

� � i + r Pi = � � i � i in Q; (17)

r � � i = 0 in Q; (18)
Z

Q
� i (x) dx = 0 ; (19)

where Pi 2 L 2
p(Q).

Indeed, one can solve the above eigenvalue problem in 1-d case by explicitly
calculating � i , Pi and � i via Fourier transform(cf. [ 16]). In multi-dimension case,
this can only be achieved implicitly. But still we have the following results:

De�ne
D(A) = f v 2 H; � v 2 H g = _H 2

p (Q) \ H

and the mapping
Av = � � v 8v 2 D(A):

If D(A) is endowed with the norm induced by H 0
p (Q), then A becomes an isomor-

phism from D(A) onto H . Moreover, the operator A can be seen as an unbounded
positive linear self-adjoint operator on H , and we can de�ne the powersA � , � 2 R,
with domain D(A � ) in H . We set

V� = D(A �= 2);

V� is a closed subspace ofH �
p (Q) and in fact

V� = f v 2 _H �
p (Q); r � v = 0 g:
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In particular, V2 = D(A), V1 = V , V0 = H , V� 1 = V 0; A is an isomorphism from
V� +2 onto V� . And we have the equivalent norm

ckvk2� � k A � vk � c0kvk2� 8 v 2 D(A � ): (20)

The above can be regarded as an elliptic estimate in the periodic space case.
Besides, all� i 's are smooth in Rn andf � i g1

i =0 constitutes an orthonormal basis
of H and an orthogonal basis ofV .

Let Pm : H �! Hm , spanf � 1; � 2; : : : ; � m g be the orthonormal projection. We
consider the following approximate problem:

@
@tvm = Pm f � � vm � vm � r vm � r � [r dm � r dm + (� dm � f (dm )) 
 dm ]g ;(21)

vm (�; t) 2 Hm ) r � vm = 0 ; (22)
@
@tdm + vm � r dm � dm � r vm = � dm � f (dm ); (23)

vm (x; 0) = Pm v0(x) dm (x; 0) = d0(x); (24)

vm (x + ei ; t) = vm (x; t ); dm (x + ei ; t) = dm (x; t ): (25)

We �rst want to show the following existence result for the above approximate
problem.

Theorem 3.3. For any m > 0, v0 2 H and d0 2 H 1
p , the problem (21) - ( 25) has

a classical solution(vm ; dm ) on Q � (0; 1 ).

Remark 3. Here a classical solution of the approximate problem means asolution
which

� solves (21) - (23)
� satis�es the initial condition ( 24) and periodic condition (25) in the usual

sense
� is smooth in the interior of QT .

We start to approach the approximate problem by relating it t o an ODE system.
Suppose we have a classical solution (vm ; dm ); then by the fact that vm (�; t) 2 Hm ,
we can write

vm (x; t ) =
mX

i =1

gi
m (t)� i (x): (26)

Then (21) becomes

d
dt

gi
m (t) = � i gi

m (t) +
X

j;k

A i
jk gk

m (t)gj
m (t) + D i

m (t): (27)

where

A i
jk = �

Z

Q
(� j (x) � r � k (x)) � i (x) dx (28)

D i
m (t) =

Z

Q

X

k;l

(r k dm � r l dm + dk
m � (� dl

m � f l (dm ))) r l � k
i dx : (29)

Here superscripts denote the corresponding components of the vectors.
And the initial condition ( 24) becomes

gi
m (0) = ( v0; � i ) for i = 1 ; 2; : : : ; m:

The proof of Theorem 3.3 is based on the following lemma and corollary.
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Lemma 3.4. For any m > 0, there is a T0 > 0 depending onv0, d0, Q and m
such that the problem (21) - ( 25) has a weak solution(vm ; dm ) in QT0 . Moreover,
(vm ; dm ) is smooth in the interior of QT0 .

Remark 4. We say (vm ; dm ) is a weak solution of the problem (21) - (25) provided
that

vm 2 L 1 (0; T0; H )
T

L 2(0; T0; V );

dm 2 L 1 (0; T0; H 1
p \ L 1 )

T
L 2(0; T0; H 2

p )

and that ( 21) - (25) is satis�ed in the weak sense.

Proof. Given any Galerkin approximation of v vector v(x; t ) =
P m

i =0 gi
m (t)� i (x)

with gi
m (0) = ( v0; � i ) and (

P m
i =1 jgi

m (t)j2)1=2 � M for any t 2 [0; T1], where M is
a suitably large constants which will be chosen later. Letd(x; t ) be the solution of
the following linear parabolic equation

@
@t

d + v � r d � d � r v = � d � f (d) :

We shall have the following energy estimate

1
2

d
dt

Z

Q

h
jr dj2 + 2 F (d)

i
dx

= ( v � r d; � d � f (d)) � (d � r v; � d � f (d)) � k � d � f (d)k2

� k v � r dk2 + kd � r vk2 �
1
2

k� d � f (d)k2:

Sincev is smooth in space andF (d) � 0, we can further get

1
2

d
dt

Z

Q
jr dj2+2 F (d) dx+

1
2

k� d� f (d)k2 � Ckr dk2+ C � Ckr dk2+ C+
Z

Q
F (d) dx

with constant C only depending onQ and M .
Gronwall's inequality gives the following estimates

sup
0� t � T1

(kr dk2 +
Z

Q
F (d) dx) � eCT 1 (kr d0k2 + CT1): (30)

If we let T1 � 1, then we can relax the above right hand side so that it is
independent ofT1.

(30) immediately tells that for any t 2 [0; T1], we have
�
�
�
�
�
�

Z

Q

X

k; l

r k d � r l d dx

�
�
�
�
�
�

� C:

Note that Z

Q
dj � di dx = �

Z

Q
r k dj r k di dx

implies we have the same bound for
R

Q jd 
 � dj dx. Last,
R

Q jd 
 f (d)j dx is also
bounded by the same constant becauseH 1(Q) is continuously embedded intoL 4(Q)
when n � 4. Put all these estimates together and recall (29), we have for any
t 2 [0; T1]

mX

i =1

�
�D i

m (t)
�
� � C: (31)
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The above estimate provides us with control on the time derivative, which leads
to a suitable compactness result.

Now we substitute d back into the ODE system (27) and solve it. This will give
us f ~gi

m (t)gm
i =1 . Moreover, we can get the following local estimate

(
mX

i =1

j~gi
m (t)j2)1=2 � (

mX

i =1

j~gi
m (0)j2)1=2 + C1(m; M )t (32)

for t 2 [0; T0]. Here C1(m; M ) is independent ofT0.
If we choose

M = 2 + 2(
mX

i =1

j~gi
m (0)j2)1=2;

the right-hand side in (32) is always less thanM provided T0 small enough.
Then we de�ne ~v(x; t ) =

P m
i =1 ~gi

m (t)� i (x). Thus we have constructed a map
L : v �! ~v de�ned on

V(T0) = f v(x; t ) =
mX

i =1

gi
m (t)� i (x) :

mX

i =1

jgi
m j2 � M for 0 � t � T0; gi

m (0) = ( v0; � )g:

Obviously V (T0) is a closed convex subset ofHm � C([0; T0]). SinceHm has a �nite
dimension, boundedness equals precompactness. On the other hand (27) and (31)
indicate equicontinuity. Then we will have precompactnessof all these gi

m (t). It is
easy to know that a Cartesian product of two compact set is still compact. Thus
by Schauder's �xed point theorem [5], we have a �xed point (vm ; dm ), which is a
local weak solution of the approximate problem (21) - (25).

Besides, from (27) and (29) we have

vm (x; t ) 2 Lip( QT0 ) \ L 2(0; T0; H );

from (23) we have
dm 2 L 1 (0; T0; V1) \ L 2(0; T0; V2):

A standard bootstrapping argument then shows that vm (x; t ) and dm (x; t ) are
smooth in QT0 . This completes our proof of local existence of approximateso-
lutions.

Now that we have smooth solution (vm ; dm ), we can repeat the derivation of
energy estimate in the Introduction, but in a justi�able sen se this time. This gives
us energy estimate for the approximate system.

Corollary 1. Let (vm ; dm ) be the classcial solution of the approximate problem (21)
- (25) in QT0 obtained in Lemma 3.4. Then

1
2

d
dt

Z

Q
jr dm j2 + jvm j2 + 2 F (dm ) dx = �

Z

Q
j� dm � f (dm )j2 + � jr vm j2 dx (33)

for all t 2 (0; T0). In particular, one has

sup
0� t � T0

� Z

Q
jr dm j2 + jvm j2 + 2 F (dm ) dx

�

+
Z T0

0

Z

Q
j� dm � f (dm )j2 + � jr vm j2 dx dt

�
Z

Q
jr d0j2 + jv0 j2 + 2 F (d0) dx _= C(Q):
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Now we can prove Theorem3.3

Proof. De�ne C(Q) as above in Corollary1. If ( vm ; dm ) is a solution of (21) - (25) in
QT , then kvm k2

L 2 (Q) (T ) + kr dm k2
L 2 (Q) (T ) � C(Q). Following the proof of Lemma

(3.4) we conclude that there is a constant� depending only onm and C(Q) such
that ( 21) - (25) has a solution (evm ; edm ) on Q � [T; T + � ] with evm (T ) = vm (T )
and edm (T ) = dm (T ). Then by the extension property and lemma 3.4 we draw the
conclusion of Theorem3.3. Besides, we have the following energy law

sup
0� t< 1

� Z

Q
jr dm j2 + jvm j2 + 2 F (dm ) dx

�
(34)

+
Z 1

0

Z

Q
j� dm � f (dm )j2 + � jr vm j2 dx

�
Z

Q
jr d0 j2 + jv0j2 + 2 F (d0) dx _= C(Q): (35)

3.2. Higher Order Energy Law. As was pointed out in the introduction, in order
to get the well-posedness of our solutions, we need to get higher regularity, such as
d 2 L 1 (0; T ; L 1 ). This will be achieved if we could getd 2 L 1 (0; T ; V2) by virtue
of Sobolev imbedding theorems. In this section, we adapt a method which was
used by Ladyzhenskaya and others ([9] and [17]) in dealing with the Navier-Stokes
equations to get the needed regularities above.

In order to proceed with Ladyzhenskaya method in the periodic boundary condi-
tion case, we need the followingL 1 estimate, which is di�erent from the standard
treatment by L 4 estimate.

Lemma 3.5. (cf. [16]) If n = 2 , we have

kdkL 1 (Q) � ckdk1=2
L 2 (Q) kdk1=2

H 2 (Q) 8d 2 H 2
p (Q); (36)

kvkL 1 (Q) � ckvk1=2
L 2 (Q) kAvk1=2

L 2 (Q) 8v 2 D(A): (37)

If n = 3 , then

kdkL 1 (Q) � ckdk1=4
L 2 (Q) kdk3=4

H 2 (Q) 8d 2 H 2
p (Q); (38)

kvkL 1 (Q) � ckvk1=4
L 2 (Q) kAvk3=4

L 2 (Q) 8v 2 D(A): (39)

Recall the interior elliptic estimate kdkH 2 (V ) � C(k� dkL 2 (U ) + kdkL 2 (U ) ) where
V �� U and the constant C only depends ofU and V . In our case, we can choose
Q0 which is the union of Q and its neighboring copies. Then we have

kdkH 2 (Q) � C(k� dkL 2 (Q0) + kdkL 2 (Q0) ) = 9 C(k� dkL 2 (Q) + kdkL 2 (Q) ): (40)

Note that in the basic energy law, for every approximate solution, we have the
fact that dm 2 L 1 (0; T ; H 1

p ), then
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Lemma 3.6. The approximate solution dm satis�es

kdm kL 1 (Q) � C
�

k� dm k1=2
L 2 (Q) + 1

�
n = 2 ;

kr dm kL 1 (Q) � C
�

kr � dm k1=2
L 2 (Q) + 1

�
n = 2 ;

kdm kL 1 (Q) � C
�

k� dm k3=4
L 2 (Q) + 1

�
n = 3 ;

kr dm kL 1 (Q) � C
�

kr � dm k3=4
L 2 (Q) + 1

�
n = 3 :

Recall our key step in the proof is to show that d 2 L 1 (0; T ; H 2
p (Q)) with a

uniform bound independent of m.
We start with the de�nition

Am (t) =
Z

Q
jr vm j2 + j� dm � f (dm )j2 dx: (41)

The basic energy law tells that

sup
m

Z 1

0
Am (t) dt < 1 : (42)

For brevity we denote the inner product in L 2(Q) by h�; �i . Besides,vm , dm and Am

will just be simpli�ed as v, d and A.
A straightforward calculation shows that

d
dt

A(t) = � � k� vk2
L 2 � kr (� d � f (d))k2

L 2

+ h� v; v � r vi + h� v; r � (r d � r d)i + h� v; r � ((� d � f (d)) 
 d)i

+ hr (� d � f (d)) ; r (v � r d)i � hr (� d � f (d)) ; r (d � r v)i

+ h� d � f (d); f 0(d)dt i

_= � � k� vk2
L 2 � kr (� d � f (d))k2

L 2 + I + II + III + IV + V + V I:(43)

Let's estimate the righthand side in the above inequality term by term in the
2-D case while keeping in mind the fact that supt kvkL 2 � C and supt kdkH 1 � C.

I = h� v; v � r vi � k � vkL 2 kvkL 1 kr vkL 2

� Ck� vkL 2 k� vk1=2
L 2 kr vkL 2 � "k� vk2

L 2 + C" kr vk4
L 2 ;

II = h� v; � d � r di � k � vkL 2 k� dkL 2 kr dkL 1

� Ck� vkL 2 k� dkL 2 kr dk1=2
L 2 kr � dk1=2

L 2

� Ck� vkL 2 (k� d � f kL 2 + C)(kr (� d � f )kL 2 + C)1=2

� "k� vk2
L 2 + C" (k� d � f kL 2 + C)4 + "kr (� d � f )k2

L 2 + C" :

In the above estimate we used the fact thatkf (d)kL 2 is the same order ofkdkL 6

and H 1
0 norm can be bounded byL q norm for any q > 1 in 2-dimensional domain.

Also note the following fact

kr � dkL 2 � kr (� d � f (d))kL 2 + kf 0(d)r dkL 2

� kr (� d � f (d))kL 2 + kf 0(d)kL 4

�
C + ( k� d � f (d)kL 2 + C)1=4�

� kr (� d � f (d))kL 2 + C
�
C + ( k� d � f (d)kL 2 + C)1=4�

� Ckr (� d � f )kL 2 + C:
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kf 0(d)kL 4 can be bounded bykdkH 1 because of Sobolev's embedding theorem; and
thus can be bounded by constant since we have derivedd 2 L 1 (0; T ; H 1) from the
local energy estimate.

III to V can be estimated as follows

IV � kr (� d � f )kL 2

�
kr vkL 2 kr dkL 1 + kvkL 1 kD 2dkL 2

�

� kr (� d � f )kL 2

�
h
kr vkL 2 (kr (� d � f )kL 2 + C)1=2 + k� vk1=2

L 2 (k� d � f kL 2 + C)
i

� "kr (� d � f )k2
L 2 + C" kr vk4

L 2 + "k� vk2
L 2 + C" k� d � f k4

L 2 + C" ;

III = h� v; r � ((� d � f ) 
 d)i = �h d � r � v; � d � f i ; (44)

V = �hr (� d � f ); r (d � r v)i = h� d � f; �( d � r v)i

= h� d � f; � d � r vi + h� d � f; d � r � vi + 2 h� d � f; (r d � r ) � r vi :

Remark 5. We have ignored the boundary terms when integrating by partsdue to
the periodic boundary condition. Without this assumption, some boundary terms
would remain persistent and undermine the whole estimates. That's one of the
main reasons we focus on periodic boundary condition instead of smooth bounded
domain. Note that the second term in the estimate ofV is exactly the righthand
side in (44) except the sign. Therefore these two terms cancel each other. In fact,
they are exactly what we cannot control.

The remaining part of V can be handled as follows

h� d � f; � d � r vi � C(k� d � f kL 2 + C)(kr (� d � f )kL 2 + C)kvkL 1

� "kr (� d � f )k2
L 2 + "k� vk2

L 2 + C" k� d � f k4
L 2 + C"

and

h� d � f; (r d � r ) � r vi � k � d � f kL 2 kr dkL 1 kD 2vkL 2

� Ck� d � f kL 2 (kr (� d � f )kL 2 + C)1=2k� vkL 2

� C" k� d � f k4
L 2 + "kr (� d � f )k2

L 2 + "k� vk2
L 2 + C" :

The estimate of the last term in d
dt A(t) is dealt in three parts:

V I = h� d� f; f 0(d)dt i = h� d� f; f 0(d)
�
� v�r d+ d�r v+� d� f (d)

�
i = eI + fII + gIII:

Note that f 0(d) is of order O(jdj2). Then

eI � k � d � f kL 2 kf 0(d)kL 1 kr dkL 2 kvkL 1

� Ck� d � f kL 2 kdk2
L 1 k� vk1=2

L 2 � Ck� d � f kL 2 (k� d � f kL 2 + C)k� vk1=2
L 2

� "k� vk2
L 2 + C" k� d � f k4

L 2 + C" ;

fII � k � d � f kL 2 kf 0(d)kL 1 kdkL 1 kr vkL 2

� Ck� d � f kL 2 (k� d � f kL 2 + C)3=2kr vkL 2

� Ck� d � f k4
L 2 + Ckr vk4

L 2 + C;

gIII � k � d � f k2
L 2 kf 0(d)kL 1 � Ck� d � f k2

L 2 (k� d � f kL 2 + C)1=2

� Ck� d � f k4
L 2 + C:
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Finally, choose" small enough and put all these estimate together. This gives

d
dt

A(t) +
1
2

(k� vk2
L 2 + kr (� d � f )k2

L 2 )( t) � C(A2(t) + 1) : (45)

Since we already know that A(t) is integrable over [0; T ] with uniform bound
independent of m from the local energy estimate (33), Gronwall's inequality tells
that

sup
0� t � T

[A(t) +
Z t

0
k� vk2

L 2 + kr (� d � f )k2
L 2 dx] � expf

Z t

0
A(s) dsgA(0) + CT: (46)

This high order energy estimate immediately tells that

vm 2 L 1 (0; T ; V) \ L 2(0; T ; H 2); (47)

dm 2 L 1 (0; T ; H 2) \ L 2(0; T ; H 3) (48)

with uniform bound independent of m.

3.3. Passage to the Limit. In order to deal with the weak convergence of nonlin-
ear terms, we need a compactness result for strong convergence of function sequences
f vm g and f dm g. Here we apply Arzela-Ascoli compactness theorem [4] to obtain
the desired results.

To get equicontinuity, we start from the weak form of the approximate problem.
Easy to know that the approximate solution (vm ; dm ) satis�es the following identity

�
Z T

t

Z

Q
(r i vm ;  0� ) dx dt +

Z T

0

Z

Q
(r i (vm � r vm );  � ) dx dt

+
Z T

0

Z

Q
(r i r vm ;  r � ) dx dt

= � (r i vm (t); � ) (t) +
Z T

0

Z

Q
(r (r dm � r dm );  r � ) dx dt

+
Z T

0

Z

Q
(r i [(� dm � f (dm )) 
 dm ];  r � ) dx dt

for any smooth function  (t) with  (T ) = 0 and � 2 H 1.
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By Taking the di�erence between initial times at t and t + � and setting  = 1
on (0; T � " ) � (t; t + � ), we have for v

hr i (vm (t + � ) � vm (t)) ; � i

=
Z t + �

t

Z

Q

n
(r i (vm � r vm ); � ) + ( r i r vm ; r � ) � (r i (r dm � r dm v); r � )

�
�
r i ((� dm � f m ) 
 dm ); r �

� o
dx ds

� kr � kL 2

Z t + �

t

�
kvm kL 4 kr vm kL 4 + k� vm kL 2 + kr dm kL 4 kD 2dm kL 4

+ kr � dm kL 2 + kr f m kL 1

�
ds

� kr � kL 2

Z t + �

t

�
C + k� vm kL 2 + kr � dm k

�
ds

� kr � kL 2 C�
�

1 +
Z t + �

t
(k� vm kL 2 + kr � dm kL 2 ) ds

�

(by Cauchy-Schwarz inequality)

� Ckr � kL 2 �:

In the above we have used the result from local high order energy estimates (47)
and (48). Choosing � = r vm (t + � ) � r vm (t) we obtain

kr vm (t + � ) � r vm (t)kL 2 � C�;

which provides the compactness off vm g in C(0; T ; H 1). Similarly, we can also show
that f dm g is compact in C(0; T ; H 2)

Applying Arzela-Ascoli Theorem we have the following weak (star) convergence
by weak (star) compactness

1. vm k �! v weakly in L 2(0; T ; H 2), weak-star in L 1 (0; T ; V), strongly in
C(0; T ; V);

2. dm k �! v weakly in L 2(0; T ; H 3), weak-star in L 1 (0; T ; H 2), strongly in
C(0; T; H 2).

Since (vm ; dm ) solves the approximate problem (21) - (25) both in weak and
strong sense, we have the weak form the equations:8 smooth function  (t) with
 (T ) = 0 we will have

�
Z T

0

Z

Q
(vm ;  0� j ) dx dt +

Z T

0

Z

Q
(vm � r vm ;  � j ) dx dt

+
Z T

0

Z

Q
(r vm ;  r � j ) dx dt

= � (v0; � j ) (0) +
Z T

0

Z

Q
(r dm � r dm ;  r � j ) dx dt

+
Z T

0

Z

Q
((� dm � f (dm )) 
 dm ;  r � j ) dx dt
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and

�
Z T

0

Z

Q
(dm ;  0� ) dx dt +

Z T

0

Z

Q
(vm � r dm ;  � j ) dx dt

�
Z T

0

Z

Q
(dm � r vm ;  � j ) dx dt

= ( d0; � j )� (0) +
Z T

0

Z

Q
(� dm � f (dm );  � j ) dx dt:

Easy to see that the above two integral equations converges (subsequence extracted
if necessary ) respectively to the following integral equations whenm �! 1

�
Z T

0

Z

Q
(v;  0� j ) dx dt +

Z T

0

Z

Q
(v � r v;  � j ) dx dt

+
Z T

0

Z

Q
(r v;  r � j ) dx dt

= � (v0; � j ) (0) +
Z T

0

Z

Q
(r d � r d;  r � j ) dx dt

+
Z T

0

Z

Q
((� d � f (d)) 
 d;  r � j ) dx dt

and

�
Z T

0

Z

Q
(d;  0� j ) dx dt +

Z T

0

Z

Q
(v � r d;  � j ) dx dt

�
Z T

0

Z

Q
(d � r v;  � j ) dx dt

= ( d0; � j )� (0) +
Z T

0

Z

Q
(� d � f (d);  � j ) dx dt:

An approximation argument shows that we can replace� j with any function � 2
H 1

0 (Q) for v equation or � 2 L 2(Q) for d equation. Thus we get a weak solution
(v; d) for the original problem ( 1) - (3), (13), (14).

Again, since we have the high order energy estimate (46), a bootstrap argument
shows that the solution is actually a classical solution. With this we have proved
the following theorem

Theorem 3.7. When n = 2 , for any T > 0, the system (1) - ( 3), ( 13), ( 14) has a
classical solution onQ � (0; T) provided v0 2 H 1

p (Q), d0 2 H 2
p (Q).

Next we want to extend our existence results from any �nite time interval (0; T )
to the whole time domain (0; 1 ), i.e. A(t) is uniformly bounded in time (0 ; 1 )
where

A(t) =
Z

Q
jr vj2 + j� d � f j2 dx:

The short proof is taken from [15], which is very similar to the Uniform Gronwall's
inequality.

Recall the higher order energy law (45)

d
dt

A(t) � C A(t)2 + C:
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We multiply e�
Rt

s CA (� ) d� and get

d
dt

�
A(t)e�

Rt
s CA (� ) d�

�
� C e�

Rt
s CA (� ) d� � C:

Assuming s < t < s + r , we integrate the leftmost and rightmost above with respect
to t from t to s + r , which gives

A(s + r ) e
Rs + r

s A ( � )d� � A(t) e
Rt

s A ( � )d� � C(s + r � t) � Cr ;

or becomes after rearrangement

A(s + r ) � A(t)e
Rs + r

t CA (� ) d� + C r e
Rs + r

s CA (� ) d� � (A(t) + C r ) e
R1

0 CA (� ) d� ;

Integration of the above with respect to t betweens and s + r gives

A(s + r ) � C
�

r +
1
r

�
:

By sending s to 1 we draw our conclusion that A(t) is uniformly bounded in
time (0; 1 ).

With this estimate, we prove the results for the 2-dimensional case ofTheorem
3.1

Proof. Let's recall (45)

d
dt

A(t) +
1
2

(k� vk2
L 2 + kr (� d � f )k2

L 2 )( t) � C(A2(t) + 1) :

Applying the above lemma we will get

sup
0� t< 1

[A(t) +
Z t

0
k� vk2

L 2 + kr (� d � f )k2
L 2 � C; (49)

which implies that

vm 2 L 1 (0; 1 ; V ) \ L 2(0; 1 ; H 2); (50)

dm 2 L 1 (0; 1 ; H 2) \ L 2(0; 1 ; H 3): (51)

Then for any large T we can apply Lion's compactness theorem, thus get a global
solution (v,d) of the system (1) -(3),(13),(14) over the whole time interval (0; T ).

3.4. 3D case. In 3 dimensional case, we need one more condition, namely large
viscosity � or small initial data A(0) and C(Q) (recall (35)), to guarantee a uniform
bound of A(t), which leads to the existence of a weak solution.

Remark 6. In comparison, the usual assumption in 3 dimensional Navier-Stokes
equation is large viscosity� or small initial data in the sense ofH 1 norm, manifested
as

d
dt

Z
1
2

jvj2 dx � � �
�

1 �
Ckr vk3=4

L 2

�

�
k� vkL 2 :

In our case, we also need the large viscosity/small initial data alternating condition,
as we will see in the estimate.
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Still let's recall the terms we want to estimate

d
dt

A(t) = � � k� vk2
L 2 � kr (� d � f (d))k2

L 2

+ h� v; v � r vi + h� v; r � (r d � r d)i + h� v; r � ((� d � f (d)) 
 d)i

+ hr (� d � f (d)) ; r (v � r d)i � hr (� d � f (d)) ; r (d � r v)i

+ h� d � f (d); f 0(d)dt i

= � � k� vk2
L 2 � kr (� d � f (d))k2

L 2 + I + II + III + IV + V + V I:

We still need to estimate the above righthand side term by term:

I � k � vkL 2 kr vkL 2 kvkL 1 � Ck� vk7=4
L 2 kr vkL 2

� "kr vk2
L 2 k� vk2

L 2 + "k� vk2
L 2 + C" ;

II � k � vkL 2 k� dkL 2 kr dkL 1 � Ck� vkL 2 (k� d � f kL 2 + C)kAr dk3=4
L 2

� Ck� vkL 2 (k� d � f kL 2 + C)(kr (� d � f )kL 2 + k� d � f k3=2
L 2 + C)3=4

� Ck� vkL 2 (k� d � f kL 2 + C)

�
h
kr (� d � f )kL 2 + ( kr (� d � f )k

1
2
L 2 + C)k� d � f k + C

i 3
4

� Ck� vkL 2 (k� d � f kL 2 + C)

�
h
kr (� d � f )k

3
4
L 2 + ( kr (� d � f )k

3
8
L 2 + C)k� d � f k

3
4
L 2 + C

i

� "k� vk2
L 2 k� d � f k2

L 2 + "(kr (� d � f )kL 2 + C)2(k� d � f kL 2 + 1) 2

+ C" k� d � f k2
L 2 + C" :

In the above we have employed the following estimate

kf 0(d)r dkL 2 � Ckdk2
L 1 kr dkL 2 � CkAdk3=2

L 2 � C(k� d � f kL 2 + C)3=2:

We keep on estimating theIV term:

IV � kr (� d � f )kL 2

h
kr vkL 2 kr dkL 1 + kvkL 1 kD 2dkL 2

i

� Ckr (� d � f )kL 2

h
kr vkL 2 (kr (� d � f )k + k� d � f k

3
2
L 2 + C)

3
4

+ k� vk
3
4
L 2 (k� d � f kL 2 + C)

i

� Ckr (� d � f )kL 2

n
kr vkL 2

�
h
kr (� d � f )k + k� d � f kL 2 (kr (� d � f )kL 2 + C)1=2 + C

i 3
4

+ k� vk
3
4
L 2 (k� d � f kL 2 + C)

o

� " (kr vk2
L 2 + 1 + k� d � f k2

L 2 )(kr (� d � f )k + C)2 + "k� vk2
L 2 + C" :

Same as the 2D case, there are some cancellation betweenh� v; r � [(� d� f ) 
 d]i
and hr (� d � f ); r (d � r v)i . And this ends up with two terms that can be handled
as follows
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jh� d � f; � d � r vij � kr (� d � f )kL 2 (k� d � f kL 2 + C)kvkL 1

� kr (� d � f )kL 2 (k� d � f kL 2 + C)k� vk3=4
L 2

� "k� vk2
L 2 + "kr (� d � f )k2

L 2 k� d � f k2
L 2 + C" ;

jh� d � f; (r d � r )r vij � k � d � f kL 2 kr dkL 1 kvkH 2

� k � d � f kL 2 k� vkL 2 (kr (� d � f )kL 2 + C)3=4

� "k� d � f k2
L 2 k� vk2

L 2 + "kr (� d � f )k2
L 2 + C" :

The estimate of the last term in d
dt A(t) is proceeded as follows:

h� d � f; f 0(d)dt i = h� d � f; f 0(d)
�

� v � r d + d � r v + � d � f (d)
�
i

= eI + fII + gIII:

And they are bounded by higher order terms separately:

eI = �h � d � f; f 0(d)(v � r d)i � k � d � f kL 2 kf 0(d)kL 2 kvkL 1 kr dkL 1

� Ck� d � f kL 2 kdk2
L 4 k� vk3=4

L 2 (kr (� d � f )kL 2 + C)3=4

� "k� d � f kL 2 k� vk2
L 2 + "kr (� d � f )k2

L 2 + C" ;

fII = h� d � f; f 0(d)(d � r v)i � k � d � f kL 2 kf 0(d)dkL 4 kr vkL 4

� Ck� d � f kL 2 kdkH 2 kvkH 2

� " (k� d � f k2
L 2 )k� vk2

L 2 + C" k� d � f k2
L 2 + C" ;

gIII = h� d � f; f 0(d)(� d � f )i � k � d � f k2
L 2 kf 0(d)kL 1

� k � d � f k2
L 2 (k� d � f kL 2 + C)3=4

� k � d � f k2
L 2 (kr (� d � f )kL 2 + C)3=4

� "kr (� d � f )k2
L 2 k� d � f k2

L 2 + C" k� d � f k2
L 2 + C" :

Putting all the estimates together we have

d
dt

~A(t) � � (� � " ~A(t))k� vk2
L 2 � (1 � " ~A(t))( kr (� d � f )kL 2 + C)2 + C" ~A(t)

where
~A(t) = A(t) + 1 :

Besides we notice thatA(t) is integrable over the whole time domain (0; 1 ) by
(42), there exists M > 0 such that

Z t +1

t

~A(s) ds � M (52)

for any t 2 (0; 1 ).
If

� � 2"M + "C " M + " ~A(0); (53)

then initially there is some T0 > 0 such that

� � " ~A(t) � 0 (54)
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for all t 2 [0; T0]. Then in this time period

d
dt

~A(t) � C" ~A(t):

We assumeT� is the largest suchT0 and claim that T� = 1 . The reasoning is as
follows

� If T� � 1, then

2"M + "C " M + " ~A(0) � � = " ~A(T� ) � "
h

~A(0) +
Z 1

0

d
ds

~A(s) ds
i

� " ~A(0) + "
Z �

0
C" ~A(s) ds = " ~A(0) + "C " M

which yields a contradiction.
� If 1 < T � < 1 , then we consider the interval [T� � 1; T� ]. From the de�nition

of M it's easy to see there existst � 2 (T� � 1; T� ) such that A(t � ) � 2M .
Then

2"M + "C " M + " ~A(0) � � = " ~A(T� ) = " ~A(t � ) + "
Z T �

t �

C" ~A(s) ds � 2"M + "C " M:

Again we reach a contradiction.
Therefore we draw our conclusion thatT� = 1 , which implies

~A(t) � �="

for any t 2 (0; 1 ).
Same as the 2 dimensional case, now we have

vm is uniformly bounded in L 1 (0; T ; V);

dm is uniformly bounded in L 1 (0; T ; H 2):

Remark 7. Note that ( 53) is an alternation between large viscosity and small
initial data. Indeed, we recall the estimate (35):

sup
0� t< 1

� Z

Q
jr dm j2 + jvm j2 + 2 F (dm ) dx

�

+
Z 1

0

Z

Q
j� dm � f (dm )j2 + � jr vm j2 dx

�
Z

Q
jr d0j2 + jv0 j2 + 2 F (d0) dx _= C(Q):

If C(Q), which is also part of the initial data, is small enough, then we can expect
the M de�ned by ( 52) to be very small so that (53) still holds without assuming �
to be large.

Once obtaining the uniform bound it is similar to get compactness by Lions'
Compactness theorem and obtain a weak solution (v; d) of the original system (1) -
(3), (13), (14) by passing to the limit. We omit the details here and just state the
result, which is the 3 dimensional part of Theorem 3.1

Theorem 3.8. When n = 3 , for any given T > 0, the system (1) - ( 3), ( 13), ( 14)
has a global classical solution, provided thatv0 2 H 1

p (Q), d0 2 H 2
p (Q) and � is large

enough or initial data is small enough.
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