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Abstract. In this paper we present results for the existence of classic al solu-
tions of a hydrodynamical system modeling the ow of nematic  liquid crystals.
The system consists of a coupled system of Navier-Stokes equ ations and various
kinematic transport equations for the molecular orientati  ons. A formal physi-
cal derivation of the induced elastic stress using least act ion principle re ects
the special coupling between the transport and the induced s tress terms. The
derivation and the analysis of the system falls into a genera | energetic varia-
tional framework for complex uids with elastic e ects due t o the presence of
nontrivial microstructures.

1. Introduction.  We consider the following hydrodynamical systems modelinghe
ow of liquid crystal materials (cf. [ 1] [13] and their references.):

VitV rv v+r P = r [rdr d+( d f(d) d]; (1)
r v=0; 2
d+vrd drv= (d f(d): (3)

The variables (x;t) arein Q (0;1 ), where Q is a unit square inR? or R3. v(x;t),
d(x;t) are vector elds, representing the velocity eld of the ow and the (averaged)
macroscopic/continuum molecular orientations in R%. P(x;t) is a scalar function
representing the pressure (including both the hydrostatic part and the induced
elastic part from the orientation eld). The constants , and stand for viscosity,
the competition between kinetic energy and potential energ, and microscopic elastic
relaxation time (Debroah number) for the molecular orientation eld. The function
f(d)= &(jdj?> 1)dhas antiderivative F (d) = 5(jdj*> 1)>. The notationr dr d
denotes the 3 3 matrix whose (;j )-th entry is given by r jd r ;d, for1 i;j 3.
And is the usual Kronecker multiplication, e.g. (a b);j = aly for a;b2 R".
The above system is a simpli ed version of the Ericksen-Les model for the
hydrodynamics of nematic liquid crystals ([3], [2], [6], [11], [1Z]). In principle,
the system is a macroscopic continumm description of the tine evolutions of these
materials under the in uence of both the ow eld v(x;t), and the macroscopic
description of the microscopic orientational con gurations, d(x; t), which can be de-
rived from the averaging/coarse graining of the directionsof rod-like liquid crystal
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molecules. In particular, the left hand side of thed equation (3) stands for the kine-
matic transport by the ow eld, while the right hand side rep resents the internal
relaxation due to the elastic energy.

The paper is arranged as follows: the second section will fos on a physical
derivation of the system using Least Action Principle while the third section, which
is the main body of this paper, is devoted to proving the exisence of classical
solutions of the above system with initial data vp(x) and do(x) of certain regularity
properties, to be speci ed later in the paper.

2. Kinematic Transport and Least Action Principle. We notice that all the
physical quantities mentioned above are described within he Eulerian coordinates.
This is especially the case for all the macroscopic order pameters derived from the
averaging process. If we de ne the particle trajectory (the ow maps) x(X;t), with
X being the initial position of particles, which can also be rggarded as Lagrange
material coordinate under the ow eld. By de nition, we exp ect to formally have
the following ODE describing the motion of any particular particle:

Xt = V(X(X;1);1); X(X; 0) = X:

Such trajectory description carry all the information of th e evolution of the system.
In order to include the elastic properties of the material, that is, to describe the
evolution of any microscopic patterns or con gurations, we need to incorporate the
notion of the deformation tensor, F (x(X;t);t) = %(. Notice we adopt the notion
Fij = @@—)’é. By the chain rule, F satis es the following transport law:

Ft+v rF =71 VF: (4)

Here without ambiguity from the context, the F in the transport equation is in
fact in Eulerian coordinate F (x;t), de ned as the push-forward of the original F in
Lagrangian coordinate asF (x(X;t);t) = F (X;t).

If the liquid crystal molecule orientations, as vectors, ae transported and de-
formed by the ow under parallel transport, the director d satis es the following
kinematic transport relation:

d(x(X;t);t) = F do(X);
where do(X) is the initial condition. By taking full time derivative on both sides,
we have
%d(x(x;t);t) = Fdo(X)=rvFdp=rvd=(d r)v:
Hence the total transport of the orientation vector d becomes
d+vrd drv: (5)

In another word, the rate of change ofd in the uid is
d+vrd drv= % d(x(X;t);t) F do(X)

This kinematic transport relation represents the covariart parallel transport with
no-slip boundary condition between the rod-like particle and the uid ([ 7], [10]).
If taking into account other molecular shapes, the kinematt transport can take
di erent forms. In the situation that the shape of the liquid crystal molecules are
disc-like, the kinematic transport will in turn take the for m ( [8] and [1(] )

d(x(X;t);t)= F Tdo(X):
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In a similar way we deduced; + v rd= r Tvd, thatis, d¢+v rd d rv=
(% dx(X;t);t) F Tdo(X) . In more general/complicated ellipsoid shape cases,
we can de ned(x;t) = Edo(X) where E satis es

E= rv+(@ )r "v) E (6)
which can be reformulated into a combination of a symmetric fart and a skew part:
E= E+(2 1)AE;

where A = % and = 4G "u Moreover,2 1= :—qu with r being the
aspect ratio of the ellipsoids ([/]). The spherical, rod-like and discotic molecules
corresponds to the case of being 1=2, 1 and 0 respectively whiler being 1,1 and
0. We want to point out 2 1 can also include those from the relative slippage
between the molecules and solvent. Hence we provide an easgstription of di erent
kinematic transport relation of a vector.

In this paper we will focus on the rod-like shape only. Howevethe anylytical
results can actually be extended to the general shapes, whethe parallel transport
equation from (6) becomes

d+vrd d (2 1A 7)

Before we focus on the analysis of systems for the rod-like necules, let us take a
closer look at the general kinematic transport relations. @nsider two dimensional
liquid crystal molecules being transported by a shear owv = (2 ky; 0), wherex, y

are the spatial variables. Then we have
Py = 0o %x . _ 0 k . A= 0 k
- o0 o ' - k 0 Tk O

We are searching for a stationary solution of the following inear transport equation
with certain eigenmode of the elastic relaxation:

d+vrd d (2 1)Ad = d: (8)
Formulate the director d in polar coordinate: d = (d;;d;) = (cos ; sin ). The
above equation @) becomes
k sin (2 1)k sin
kcos (2 1)k cos
Divide (9a) by (9b) and can be evaluated

1
tan? = —

cos ; (9a)
sin : (9b)

Let =2 1, then
2 _ 1.

tan® = 1
It is obvious that there are no steady state solution of the almve equation under
the assumption that 2 (0;1), i.e. 2 ( 1;1). In fact, there will be solutions
periodic in time, in which case the molecular orientation wil demonstrate a tumbling
behavior in the ow eld. This classical result for nematic |iquid crystals [10]
is related to many fundamental properties of the materials, such as the molecule
packing and slippery boundary condition between the partide and the uids.

Let's come back to rod-like molecule cases. Here we give a foal derivation of
the equations (1) - (3) from the energetic variational point of view. For the moment
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we only consider the reversible part (Hamiltonian part) of the system, i.e. without
the dissipation terms caused by viscosity or internal elast damping.

We start from the following action functional, in terms of th e ow map x(X;t):

Z12 hy i
A (x) = Zixij? SiF Tr x Fdo(X)j2 + F(Fdo(X)) JdXdt:
0 U, 2 2

Here Up is the region occupied by the uid at time 0 and J = det @;(( is the Jaco-
bian. Clearly the action functional represented the compettion between the hydro-
dynamic kinetic energy and the internal elastic energy due ¢ the presence of the
orientational vector eld d.

The least action principle (Hamilton's principle) states

A
— =0: 10
. (10)
Consider the one-parameter volume-preserving di eomorpism x*, with the in ni-

tesimal generator@@x j =o =y and the volume-preserving constraint

_ @x _
= X"
The latter actually implies r y = 0. This can be easily seen from the Liouville's
formula:

J’ 1:

_d “ d @x_ ; )

0= T e detF =detF tr T s @(F =detFr vy:
Applying the Least Action Principle ( 10) we have:
0= S AK)

= Xt Yt F Tr x (Fdo(X)) : g el X F do(X)
v i h R
" I "
+F Try O'di,,”_od0 J f (Fdo(X)): %"_Odo(X) J dxdt

push forward to Eulerian coordinate.
Ui stands for the region occupied by the uid at time t.

L h i
= — Y rd: r Tyrd+r(dry) f (d):(d r y)dxdt
0 Uy Dt
Z1Z q o

= VitV rv+ or rdr d+( d f) d ydxdt:
0 Uy

Sincey is an arbitrary divergence-free function, we actually obtan the weak form
of the following momentum equation:

VitV rv+rp= r rdr d+( d f) d;

with the pressure term as the Lagrangian multiplier for the incompressibility. Adding
in the dissipative viscosity term we once again recover the mmentum equation (1).

VitV rv v+rP=r ; (112)

with the elastic stress . Adding the elastic dissipation/relaxation to d equation,

we have
W
d+vrd drv= T: (12)
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We want to point out such a derivation using the variation wit h respect to domain,
i.e. least action principle (LAP) is equivalent to the principle of virtual work.

3. Existence of Weak and Classical Solutions. In the following existence proof
we will focus on the system () - (3), equipped with the following initial and periodic
boundary conditions:

V(X;0) = vo(x) with r vog=0; d(x;0)=do(x); for x2Q (13)

V(X + &)= v(x); d(x+ &)= d(x); (14)

wheree;;:::; e, is the canonical basis ofR".
We rst observe the system (1) - (3) has the following scaling property: for
each > 0, perform the invariant scaling: v = v(x; °t);d = d(x; ?t), P =

2P(x; 2t);andf (d)= 2f(d). Replace the corresponding terms in the orig-
inal system, then the equations (1) - (3) still hold. Thus we can assign a scaling
dimension to each quantity as follows: eaclx; has dimension 1, time variablet has
dimension 2,v has dimension -1,P has dimension 2, d has dimension O,f (d) has
dimension -2,r (= -2) has dimension -1 and—@t has dimension -2. This dimen-
sion analysis will provide helpful guide and insight when wederive various energy
estimates of di erent orders.

Next we formally deduce the basic energy law that governs thelynamics of the
system. Suppose we have a classical solution d of (1) - (3) on Qt = Q [0;T].
We multiply ( 1) by v, integrate over Q. Then we multiply (3) by d f(d) and
integrate_over Q. Finally, we add the two rezsults together and get (details onitted)

1d jviz+ jr di2+2 F (dydx = jrviz+ j d f(d)j*dx: (15)
Since and don't play important roles in our proof, we just set = =1inthe

rest of the paper.
Note that in the basic energy law, all terms are of ordern 4 wheren is the
dimension of the whole spacer™, n =2 or 3.

Remark 1. With di erent kinematic transport relations of d discussed earlier, we
will have dierent systems that satisfy the exact same enery law (15). Hence
the complete hydrodynamic system is determined by both the sergy dissipative
relation, as well as the kinematic transport relation of the internal elastic variables.

Compared with the system described in 3], we have di erent kinematic trans-
port and accordingly one more stress term (d f) din the elastic stress of ()
and one more transport termd r v in (3). The latter term stands for the parallel
transport, including both rotation and stretch of the direc tor d. The new terms
bring extra technical di culties in proving the existence. It is indeed the stretching
e ect that causes the lose of maximum principle of thed equation. In [13], the fact
from the basic energy law that (15)

v2L20;T;V)\ LY (0;T;H);

d2 L*0;T;H?)\ LY (0;T;HY)
su ces for the existence of weak solutions. However, this isnot enough in our case
because the extra stresstermm (( d f(d)) d) can not be suitably de ned in the
weak formulation of the problem. One alternative way is to prove higher regularity

of d, sayd 2 L! (0;T;L?* (Q)), in order to make sense of these higher derivative
terms.
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Maximum principle usually proves to be a good approach when e tries to
get L' estimates of the variables. Actually, for the model in [L3], we can get
maximum principle with d equation by simple calculations. Thenf (d) and F (d)
are in turn bounded. However, in our model, the extra termd r v prevents any
simple derivation of such a good property. Indeed, as we meidned earlier,d r v
can be viewed asfA + ) dwhereA is a symmetric operator and a skew one. The
skew part will vanish when we multiply the d-equation (3) by d. However, with
symmetric part the maximum principle fails unless A is negative de nite, which in
general is not true. This is a common phenomena in such cases the stretching of
vorticity in 3-D incompressible Euler equations.

Our main result is the following global existence theorem fo the classical solu-
tions of the system (1) - (3).

Theorem 3.1. The problem (1) - (3), (13), (14) has a global classical solution

(v;d)2CY Q (0;1) provided thatvy 2 H(Q), do 2 H?(Q) and both of them
can be periodically extended to the whol®" and that either

n=2;
or
n=3 and C(; ;v o;do):
The proof contains two parts: a modi ed Galerkin method intr oduced in [L3] to
generate a sequence of approximate solutions and Ladyzhd@ya method (cf. [9]

and [17]) to get a high order energy estimate so that we can pass to thémit to get
a weak solution de ned as follows.

De nition 3.2.  (v;d) is called a weak solution of () - (14) in Q1 = Q (0;T)
if it satis es the following weak formulation together with the initial and boundary
condition (13) (14)

Z.Z Z.Z Z:Z
(v; %)dxdt+ (v rv; )dxdt+ (rv; r )dxdt
0 Q 7.7 0 Q 0 Q
= (vo; ) (0)+ (rdr d; r )dxdt
7.7 °e

+ (d f(d) d; r dxdt
0 Q

and
Z:Z Z:Z7Z Z:Z

(d; %)dxdt+ (v rd; )dxdt (d rv; )dxdt
0 O 0 Q 0 Q
Z.Z

= (doi ) (O)+ (d f(d); )dxdt
0 Q

for any smooth function (t) with (T)=0and (x) 2 H3(Q).

A weak solution together with high order derivative estimates automatically im-
plies a strong solution, i.e.v 2 L2(H?)and d 2 L?(H3). Then a bootstrap argument
based on Serrin's work [ 4] and Sobolev's imbedding theorem will pave the way to
obtain the existence results of classical solutions.
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Here we adopt the functional setting for the well-establisted space for periodic
problem (see for instance 16]):
HI'(Q) = fv2 WP (R”)jv&x + Lej) = v(x)g;
HM(Q)= HI(Q\f v o v(x)dx =0g;
especially L3(Q) =HJ(Q)
V=fv2H}Q)r v=0in R"g;
H=1fv2L3Q)r v=0in R"g;
V9= the dual of V :
Remark 2. A more concrete de nition of H ' (Q) is given by
n X 1 = X - . - - o
HY'(Q= u= o€t o= ¢k jki*Mjaj?< 1 ;  (16)
k2zn k2zn
and n 0
HY'(Q) = u2HJ(Q) of type (16), co =0 ;
where L is the length of the square boxQ. Without loss of generality, we can
assumel to be 1 in the following proof.

The proof the existence of weak solutions contains two mainéchnical tools: a
modi ed Galerkin method rst introduced in [ 13] and the Ladyzhenskaya method
for high order energy estimate.

3.1. Approximate Solutions by Finite-dimensional Projection. Letf gk,
be the eigenvectors of the Stokes operator in the periodic gize with zero mean, i.e.
i solves

i+r P = i i inQ; (17)
rZ i=0 in Q; (18)
i(x)dx =0; (19)

Q

where P; 2 L3(Q).

Indeed, one can solve the above eigenvalue problem in 1-d @by explicitly
calculating i, P; and ; via Fourier transform(cf. [16]). In multi-dimension case,
this can only be achieved implicitly. But still we have the following results:

De ne

D(A)=fv2H; v2Hg=HJ(Q)\ H
and the mapping
Av = v 8v2D(A):
If D(A) is endowed with the norm induced by HS(Q), then A becomes an isomor-
phism from D (A) onto H. Moreover, the operator A can be seen as an unbounded
positive linear self-adjoint operator onH, and we can de ne the powersA , 2 R,
with domain D(A ) in H. We set

V = D(A"?),
V is a closed subspace dfl , (Q) and in fact

V =fv2H,(Q)r v=0g
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In particular, V, = D(A), V1 = V, Vo = H, V 1 = V% A is an isomorphism from
V 42 onto V . And we have the equivalent norm

ckvk, k A vk ckvk, 8v2D(A ): (20)

The above can be regarded as an elliptic estimate in the peritic space case.
Besides, all i's are smooth inR" andf igilzo constitutes an orthonormal basis
of H and an orthogonal basis ofV.
Let Pmn: H! Hpy, sparf 1; 2;:::; mg be the orthonormal projection. We
consider the following approximate problem:

@@th:me Vm Vm 'V r [rdy r dn+( dn f(dn)) dnlg21)

Vm (i) 2Hm )r  vm =0; (22)

Sdm+ Vi rdn dn V= dn f(dn); (23)
Vin (X; 0) = Pmvo(X)  dm(x;0) = do(X); (24)
V(X + &;1) = Vin(X;t);  dm(X + &;t) = dm (X t): (25)

We rst want to show the following existence result for the above approximate
problem.

Theorem 3.3. Forany m> 0, vo 2 H and dy 2 H‘}, the problem @21) - (25) has
a classical solution(vy;dm) on Q  (0;1 ).

Remark 3. Here a classical solution of the approximate problem means solution
which
solves @1) - (23)
satis es the initial condition ( 24) and periodic condition (25) in the usual
sense
is smooth in the interior of Qr.

We start to approach the approximate problem by relating it t o an ODE system.
Suppose we have a classical solutionvg ; dn, ); then by the fact that v, (;t) 2 Hpy,
we can write

X
Vm(X;t) = g (t) i(x): (26)
i=1
Then (21) becomes
_ _ X _ _
%g'm(t)= iOn (D) + Al g (Ddh (1) + Dy, (1): (27)
jik
where 7
K = (j) 1 k() i(x)dx (28)
z 3
Din(t) = (r kdm rdm+dy (dyn fl(dm))ro fdx: (29)
Q ki

Here superscripts denote the corresponding components offi¢ vectors.
And the initial condition ( 24) becomes

g§n(0)=(vo; i) fori=21;2:::;m:

The proof of Theorem 3.3 is based on the following lemma and corollary.
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Lemma 3.4. For any m > O, there is a Tp > 0 depending onvg, dp, Q and m
such that the problem 21) - (25) has a weak solution(vVm; dm) in Qr,. Moreover,
(Vm;dm) is smooth in the interior of Qr,.

Remark 4. We say (v ; dm) is a weak solution of the problem @1) - (25) provided
that
T
Vm 2 L' (0;To;H) * L2(0;To; V);
dm 2 L' (0;To;Hp\ L) L2(0;TosHY)
and that (21) - (25) is satis ed in the weak sense.
P .
Proof. Given any Galerkin Igpproximation of v vector v(x;t) = i”lo Om (1) i1 (x)
with g, (0) = (vo; i) and (7, jgi, (1)j)¥2 M for any t 2 [0; T1], where M is
a suitably large constants which will be chosen later. Letd(x;t) be the solution of
the following linear parabolic equation

@ _ :
@%ﬂv rd drv= d f(d):

We shall have the following energy estimate
h [
1 d . 2
>4t o jr dic+2F(d) dx
= (vrd d f(d) (drv, d f(d) k d f(dk?
kv rdk?+kd r vk® %k d f(d)k:

Sincev is smooth in space and-(d) 0, we can further get

z
~— jr dj?+2F(d) dx+ }k d f(dk?® Ckr dk®+C Ckr dk®+C+  F(d)dx
2dt g 2 0
with constant C only depending onQ and M.
Gronwall's inequality gives thze following estimates
sup (kr dk? + F(d)dx) €Ti(kr dok? + CTy): (30)
0t Ty Q

If we let T 1, then we can relax the above right hand side so that it is
independent of T;.
(30) immediately tells that for any t 2 [0; T1], we have

Z x
rkd r |ddX C:
Q kI
Note that 7 7
d ddx= rdr ddx
Q R ©

R
implies we have the same bound forQ id djdx. Last, 0 jd  f(d)jdx is also

bounded by the same constant because *(Q) is continuously embedded intoL 4(Q)
when n 4. Put all these estimates together and recall 29), we have for any
t 2 [0;T4]

DI (t) C: (31)
i=1
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The above estimate provides us with control on the time deriative, which leads
to a suitable compactness result.

Now we substitute d back into the ODE system (27) and solve it. This will give
us fg, (t)gm, . Moreover, we can get the following local estimate

X il 12\1=2 X .| 12\1=2
( Jem (%) (i (0)°) + Ca(m; M)t (32)
i=1 i=1
for t 2 [0; Tg]. Here C1(m; M) is independent of T.
If we choose

>(n H —
M=2+2(  jg,(0)*)*?
i=1
the right-hand side in (32) is glwayslless thanM provided Tp small enough.
Then we de ne wWx;t) = i”ll &, (t) i(x). Thus we have constructed a map
L:v! wdenedon

X X0
V(To)= fv(xit)=  gn(®) i(x):  jgni® M for0 t To; gn(0)=(vo; )o:
i=1 i=1
Obviously V (Tp) is a closed convex subset dfi, C([0; Tp]). SinceH, has a nite
dimension, boundedness equals precompactness. On the otheand (27) and (31)
indicate equicontinuity. Then we will have precompactnessof all these g, (t). It is
easy to know that a Cartesian product of two compact set is stl compact. Thus
by Schauder's xed point theorem [5], we have a xed point (v, ;dm), which is a
local weak solution of the approximate problem @1) - (25).
Besides, from @7) and (29) we have

Vm (X;t) 2 Lip(Qr,) \ L?(0; To;H);
from (23) we have
dm 2 L (0;To; Vi) \ L2(0; To; Va):
A standard bootstrapping argument then shows that v (Xx;t) and dpy (x;t) are

smooth in Qr,. This completes our proof of local existence of approximateso-
lutions. O

Now that we have smooth solution {/,;dy), we can repeat the derivation of
energy estimate in the Introduction, but in a justi able sen se this time. This gives
us energy estimate for the approximate system.

Corollary 1. Let (vm;dn) be the classcial solution of the approximate problen?()

- (25) |£1 Qr, obtained in Lemma 3.4. ThenZ

}E it dmj®+ jVmj? + 2F (dp) dx = j dm f(dm)i®+ jr vmj®dx (33)
Q Q

for all t 2 (0;Tp). In particular,zone has

sup jr dmj®+ jVmj® +2F (dm) dx
0t To Q
Z+Z
+ j dm f(dm)i®+ jr vmj®dxadt
2) Q

jr doj® + jvoj* + 2F (do) dx =C(Q):
Q
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Now we can prove Theorem3.3

Proof. De ne C(Q) as above in Corollaryl. If (v, ;dn) is a solution of (21) - (25) in
Qr, then kvmkf 2 (o) (T) + kr dnkf2(o)(T)  C(Q). Following the proof of Lemma
(3.4) we conclude that there is a constant depending only onm and C(Q) such
that (21) - (25 has a solution @n;&,) on Q [T;T+ ] with e,(T) = vn(T)
and &, (T) = dn (T). Then by the extension property and lemma 3.4 we draw the
conclusion of Theorem3.3. Besides, we have the following energy law

z
sup jr dmj?+ jvmj? +2F (dm) dx (34)
°Z71z°
+ j dm f(dm)i®+ Jr vmj?dx
Z) Q
jr doj? + jvoj® + 2F (do) dx = C(Q): (35)
Q
O
3.2. Higher Order Energy Law. As was pointed out in the introduction, in order

to get the well-posedness of our solutions, we need to get Higr regularity, such as
d2L! (0;T;LY). This will be achieved if we could getd 2 L (0; T;V,) by virtue
of Sobolev imbedding theorems. In this section, we adapt a nteod which was
used by Ladyzhenskaya and others {[] and [17]) in dealing with the Navier-Stokes
equations to get the needed regularities above.

In order to proceed with Ladyzhenskaya method in the periodc boundary condi-
tion case, we need the following-* estimate, which is di erent from the standard
treatment by L* estimate.

Lemma 3.5. (cf. [16]) If n =2, we have

kdkpr () ckdk 5o, kdky 7o, 8d2 HE(Q); (36)

kvkLs () Ckvk oo KAVK S0y 8V 2 D(A): (37)
If n=3, then

kdk_: ()  ckdk 7o, kdki7io, 8d2 HE(Q); (38)

kvkis (@) ckvk(Z o kAVK (o) 8V 2 D(A): (39)

Recall the interior elliptic estimate kdky2¢yy C(k dk z(yy + kdk 2(yy) where
V U and the constant C only depends ofU and V. In our case, we can choose
Q°which is the union of Q and its neighboring copies. Then we have

kdky 2(Q) C(k dkLZ(QO) + kdkLZ(QO)) =9C(k dkLZ(Q) + kdkLZ(Q)): (40)

Note that in the basic energy law, for every approximate soltion, we have the
fact that dm 2 L (0;T;Hp), then
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Lemma 3.6. The approximate solutiond,, satis es

kdmki: (@ C Kk dmki3(g) +1 n=2;
ki dnkis ) C ki dmki3io) +1 n=2;
kdmki: (@) C Kk dmkizig, +1 n=3;
ki dukis @ C ki dmkiag +1 n=3:

Recall our key step in the proof is to show thatd 2 L (0;T;HZ(Q)) with a
uniform bound independent of m.
We start with the de nitionZ

An()= jr vmj®+j dm f(dm)j®dx: (41)
Q
The basic energy law tells that
z 1
sup An(t)dt< 1: (42)
m 0

For brevity we denote the inner product in L?(Q) by h; i. Besidesvy, dn and Ap,
will just be simplied as v, d and A.
A straightforward calculation shows that

%A(t) = k vk?, kr ( d f(d)k?,

+h v;vrvi+hvir (rdr di+hwvr (( d f(d) di
+hr( d f(d);r(v rd)yi hr ( d f(d);r (d r v)i
+h d f(d);fYd)ci

= k vk, kr (d f(Ad)KZ+ 1+ 11 + 11 + 1V + V+ VI(43)

Let's estimate the righthand side in the above inequality term by term in the
2-D case while keeping in mind the fact that supkvk_. C and sup kdky: C.

I = hwvv rvi k vk z2kvk 1 kr vk, 2
Ck vk ok VK°kr vk z "k VK2, + Cokr vk

Il = hv, drd k vkk dkz2kr dk:
Ck vk ok dk okr dk52kr  dk(3
Ck vki2(k d fkez+ C)kr ( d f)k.+ C)¥2
"k vk?,+ Co(k d fkez+ C)*+"kr ( d f)k?,+ C:
In the above estimate we used the fact thatkf (d)k, - is the same order ofkdk, s

and H3 norm can be bounded byL % norm for any g > 1 in 2-dimensional domain.
Also note the following fact

ke dkee ke (df(d)kez+ kfqd)r dkye
ke (d f(d)kee+kiqdk+ C+(k d f(dk._+ C)*
ke (d f(d)kee+C C+(k d f(dk._+ C)*
Ckr ( d f)k.+ C:
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kf (d)k_« can be bounded bykdky: because of Sobolev's embedding theorem; and
thus can be bounded by constant since we have derived2 L* (0; T;H?) from the
local energy estimate.

Il to V can be estimated as follows

v kr (d f)kez kr vk zkr dk i + kvke: kD 2dk, -
kr (d ke
kr vkio(kr (d f)ke+ C)¥2+ k vkiF(k d fke+ C)
"kr (d f)kZ.+ Cokr vk{. + "k Vki.+ Ck d fki,+ C;

M =hwvr (d f) di=hdr v, d fi (44)

V.= h (d frdrvi=hd f (dryvi
= hd f; drvi+hd f;d r vi+2h d f(rd r) rvi:

Remark 5. We have ignored the boundary terms when integrating by partsdue to
the periodic boundary condition. Without this assumption, some boundary terms
would remain persistent and undermine the whole estimates. That's one of the
main reasons we focus on periodic boundary condition instehof smooth bounded
domain. Note that the second term in the estimate ofV is exactly the righthand
side in (44) except the sign. Therefore these two terms cancel each otheln fact,
they are exactly what we cannot control.

The remaining part of V can be handled as follows
hd f;, druvi Ckk d fke2+C)kr ( d f)k.2+ C)kvk,:
"kr ( d f)k?,+ "k vk, + Ck d fk,+ C
and
hd f;(rdr)ruvi k d fkeeokr dk 1 kD?vk, 2
Ck d fkea(kr ( d f)k2+ C)¥2k vk2
Ck d fklz+"kr ( d f)ki.+ "k vki;+ C:
The estimate of the last term in d‘itA(t) is dealt in three parts:
Vi=hd ffYddi=hd f;fqd vrd+drv+ d f(d) i=F+fl +81
Note that f d) is of order O(jdj?). Then
E k d fkeakfqd)k. 1 kr dkg2kvky 1
Ck d fkeokdk?, k vki;> Ck d fkea(k d fkez2+ Chk vk3
"k vk?,+ C-k d fki,+ C;

fi k dfkezkfd)ke: kdk,: kr vk, 2
Ck d fkeo(k d fke2+ C)*2kr vk 2
Ck d fk{.+ Ckr vk, + C;

di k d fkZkf%dk: Ck d fki.(k d fk.+ C)¥?
Ck d fki.+cC:
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Finally, choose" small enough and put all these estimate together. This gives
d 1 2 2 2 .
aA(t)+ é(k vki. + kr ( d f)ki2)(t) C(A“(t)+1): (45)

Since we already know thatA(t) is integrable over [Q T] with uniform bound
independent of m from the local energy estimate 383), Gronwall's inequality tells
that

z t z t
sup [A(t)+  k vkZ.+kr ( d f)kl.dx] expf A(s)dsgA(0)+ CT: (46)
Ot T 0 0

This high order energy estimate immediately tells that

Vm 2 L1 (0;T;V)\ L%(0;T;H?); (47)
dm 2 LY (0;T;H?)\ L2(0;T;H?3) (48)

with uniform bound independent of m.

3.3. Passage to the Limit.  In order to deal with the weak convergence of nonlin-
ear terms, we need a compactness result for strong convergamof function sequences
fvmg and fdng. Here we apply Arzela-Ascoli compactness theorem4] to obtain
the desired results.

To get equicontinuity, we start from the weak form of the approximate problem.
Easy to know that the approximate solution (vy, ; dm) satis es the following identity

Z:Z7Z Z:Z7Z
(r ivm; ©)dxdt+ (r i(Vm T Vm); )dxdt

t Q 0 Q

Z:Z
+ (rir vm; r )dxdt

0 Q

Z:Z
= (rivm(t); ) () + (r(rdm r dpn); r )dxdt

z.7 °e

+ (ri[( dm f(dm)) dm]; r )dth
0 Q

for any smooth function (t) with (T)=0and 2 H1.
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By Taking the di erence between initial times at t andt+ and setting =1
on(O;T ") (tt+ ), we have forv

hri(vm(t+ ) vm(t); i

t+ n
= (ritvm rvm); )+(rirvm;r ) (ri(rdm r dnv);r )
t Q 0
ri(( dn fm) dm);r dxds
Zt+
kr k|_2 kakL4kr mGL4 + k mGLZ + kr dka4kD2dmk|_4
t
+kr  dmk 2+ kr fke:  ds
Zt+
kr kg2 C+Kk Vpk2z+ kr dnk ds

t
Zt+

kr  kC 1+ (k Vmkp2 + kr  dnk_2)ds
t

(by Cauchy-Schwarz inequality)
Ckr Kkp2:

In the above we have used the result from local high order engy estimates @7)
and (48). Choosing =71 vp(t+ ) r vpn(t) we obtain

kr vim(t+ ) r vn(k,2 C;

which provides the compactness of v, g in C(0; T; H ). Similarly, we can also show
that fdy, g is compact in C(0; T;H?)

Applying Arzela-Ascoli Theorem we have the following weak étar) convergence
by weak (star) compactness

1. Vm, ! v weakly in L?(0;T;H?), weak-star in L* (0;T;V), strongly in
C(O;T;V),

2.dn, ! v weakly in L2(0;T;H?3), weak-star in L (0;T;H?), strongly in
C(0;T;H?).

Since (m;dm) solves the approximate problem @1) - (25) both in weak and
strong sense, we have the weak form the equations8 smooth function (t) with
(T) = 0 we will have

z.2 z.2
(Vm; %) dxdt+ (Vm T Vm; j)dxdt

0 _Q 0 Q

z.Z
+ (r vm; r j)dxdt

0 Q

z.2

= (vo; j) (0)+ (rdm r dm; r j)dxdt
z.2 °e

+ (( dm f(dm) dm; r j)dxat
0 Q
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and

(dm; ©)dxdt + (Vm T dm; j)dxdt
Q 0 Q
(dm 1 Vvm; j)dxdt
Z.2
=(do; j) (O)+ ( dn f(dm); j)dxdt
0 Q

0

Easy to see that the above two integral equations convergesqubsequence extracted
if necessary ) respectively to the following integral equaibns whenm ! 1

ZTZ ZTZ
(v; °)dxdt+ (v rv; j)dxdt

0 0

2.2 Q

+ (rv;, r j)dxdt

0 Q

z.2
= (vo; j) (0)+ (rdr d; r j)dxdt

7.7 °°

+ ( d f(d) d; r j)dxdt
0 Q

and
Z.:Z Z:Z

(d; °;)dxdt+ (v rd; j)dxdt
z. 7 ° e
(d rv; j)dxdt
0 Q
Z:Z
(do; j) (0)+ ( d f(d); ;)dxdt
0 Q

An approximation argument shows that we can replace ; with any function 2
H(Q) for v equation or 2 L2%(Q) for d equation. Thus we get a weak solution
(v;d) for the original problem (1) - (3), (13), (14).

Again, since we have the high order energy estimate4@), a bootstrap argument
shows that the solution is actually a classical solution. Wth this we have proved
the following theorem

Theorem 3.7. Whenn =2, for any T > 0, the system () - (3), (13), (14) has a
classical solution onQ  (0;T) provided vo 2 H2(Q), do 2 HZ(Q).

Next we want to extend our existence results from any nite time interval (0;T)
to the whole time domain (0;1 ), i.e. A(t) is uniformly bounded in time (0;1 )
where Z

At)=  jrvi2+j d fj?dx
Q
The short proof is taken from [15], which is very similar to the Uniform Gronwall's
inequality.
Recall the higher order energy law {5)

d |
FAM  CAW?+C:
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. Rt
We multiply e < CA0)d and get

d RtCA()d RtCA()d
o A(t)e s Ce s C:

Assumings <t<s +r, we integrate the leftmost and rightmost above with respect
to t from t to s+ r, which gives
A(s + r)eRS”M A e AL C(s+r t) Cr;
or becomes after rearrangement
A(s+ 1) A(t)eRtS”CA( )d 4 CreRsS”CA( bd (A + Cr)eRo1 cal)d .

Integration of the above with respect tot betweens and s+ r gives
A(s+r) C r+ Fl
By sendings to 1 we draw our conclusion that A(t) is uniformly bounded in
time (0;1).
With this estimate, we prove the results for the 2-dimensioral case ofTheorem
3.1
Proof. Let's recall (45)
d 1 2 2 2
aA(t)+ §(k vki. + kr (d f)ki2)(t) C(A“(t)+1):

Applying the above lemma we will get

Zt
sup [A(t)+ k vkl +kr( d f)ki. C; (49)
0 t<1 0
which implies that
Vm 2 L1 (0;1 ;V)\ L?%(0;1 ;H?); (50)
dm 2 LY (0;1 ;H?)\ L?0;1 ;H?3): (51)

Then for any large T we can apply Lion's compactness theorem, thus get a global
solution (v,d) of the system (1) -(3),(13),(14) over the whole time interval (0;T). O

3.4. 3D case. In 3 dimensional case, we need one more condition, namely lge
viscosity or small initial data A(0) and C(Q) (recall (35)), to guarantee a uniform
bound of A(t), which leads to the existence of a weak solution.

Remark 6. In comparison, the usual assumption in 3 dimensional NavieiStokes
equation is large viscosity or small initial data in the sense ofH ! norm, manifested
as
z

d 1 .,

—  Zjvjcdx 1

a2V
In our case, we also need the large viscosity/small initial @ta alternating condition,
as we will see in the estimate.

3=4
M k Vk|_2:
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Still let's recall the terms we want to estimate

%A(t) k vk?, kr ( d f(d)k?,
+h v;vrvi+hvir (rdr di+hwvr ((d f(d) di
+hr( d f(d);r(v rd)yi hr ( d f(d);r (d r v)i
+h d f(d);fYd)ci
k vkZ, kr (d f@d)kZ+1+11 +11 +1V +V+ VI

We still need to estimate the above righthand side term by tem:

|k vkeokr vk okvker  Ckoovk/Shkr vk e
"kr vkZ.k VkZ.+ "k VvkZ.+ Cr;

I k vkook dkokr dke:  Ck vkea(k d fkeo+ C)kAr dk’*
Ck vko(k d fko+C)kr( d f)ko+k d fk;7+C)>*
Ck vkiz(k d fk.z+ C)
h

Slw

1 |
kr ( d f)kez+(kr ( d f)k?,+C)k d fk+C
Ck vkiz(k d fkz+C) i

ke (d f)ki,+(kr ( d f)ki,+C)k d fki,+C
"k vk?k d fkZ,+"(kr ( d f)keo+ C)%(k d fkp2+1)2

+Ck d k¥, + C:
In the above we have employed the following estimate

kfqd)r dk, . Ckdk?, kr dk.> CkAdk’; C(k d fk.+ C)>2

We keep on estimating thelV term:
h [
v ke (d f)k2 kr vk_okr dk i + kvki: kD?dk, -
h

Ckr ( d f)kez kr vkea(kr ( d f)k+k d fki, +C)F
i
+k vkiy(k d fke+C)
n

Ckr (d f)kez krvk:

h P

kr ((d f)k+k d fkeo(kr ( d f)k2+ C)1¥2+C
0

+k vk,%z(k d fko+ C)

"(kr vkZ: +1+ k d fkZ)(kr ( d f)k+ C)?+ "k vki:+ C::
Same as the 2D case, there are some cancellation betweenv;r [( d f) d]i

andhr( d f);r (d r v)i. And this ends up with two terms that can be handled
as follows
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jn d f; d rvij ke (d f)ke2(k d fkp 2+ C)kvkp:
ki (d f)kee(k d fko+ C)k vk,
"k vk?, +"kr ( d f)k’;k d fkZ,+ C;
jhd £, (rd r)rvi k d fkezkr dk 1 kvkye
k d fkook vkeo(kr (d f)k2+ C)**
"k d fki:k vk?,+"kr ( d f)k?,+ Cn:
The estimate of the last term in (?—IA(t) is proceeded as follows:

hd ff Yd)di hd f£f%) vrd+drv+ d f(d)i

= e+ fI + 4
And they are bounded by higher order terms separately:
B = h d fifqd)(v rd)i k d fkokfqd)k 2kvk 1 kr dk_ 1

Ck d fkyokdkZ.k vk3i(kr (d )k + C)%*
"k d fkeek vkZ.+ "kr ( d f)ki.+ Cr;

fio = hd £ rv)i k dfkekfYd)dk :kr vk
Ck d fkgokdkyz2kvky2
"(k d fki)k vkZ.+ Ck d fki,+ Cr;

gl = hd ffYd)( d f)i k d fkikfYd)k.:
k d fki.(k d fk.+ C)**
k d fki.(kr ( d f)k.+ C)**
"kr (d f)k?.k d fki,+Ck d fki,+ C:
Putting all the estimates together we have
%A‘(t) ( "A({)k vk, (@ "A@)(kr ( d f)k.2+ C)2+ CA(t)
where
A(t)= A(t)+1:
Besides we notice thatA(t) is integrable over the whole time domain (Q1 ) by

(42), there exists M > 0 such that
Z

A(s)ds M (52)
t

foranyt 2 (0;1 ).
If
2'M +"C-M + "A(0); (53)
then initially there is some T > 0 such that

"A(t) 0 (54)
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for all t 2 [0; To]. Then in this time period
d
aA‘(t) C-A(t):

We assumeT is the largest suchTy and claim that T = 1 . The reasoning is as
follows

If T 1,then
h Z1 4 i
2'M + "C+M + "A(0) ="A(T) " A(O)+ &'A‘(s) ds
7 0
"A(0)+ "  C-A(s)ds= "A(0)+ "C-M
0

which yields a contradiction.
If1<T < 1,then we consider the interval [T 1; T ]. From the de nition
of M it's easy to see there exist¢ 2 (T  1;T ) such that A(t) 2M.

Then
Zq

2'M +"C:M + "A(0) ="A(T)="A(t)+" CA(s)ds 2'M +"C-M:
t

Again we reach a contradiction.
Therefore we draw our conclusion thatT = 1 , which implies
Ay ="
foranyt 2 (0;1 ).
Same as the 2 dimensional case, now we have
Vm is uniformly bounded in L (0; T;V);
dm is uniformly bounded in L* (0; T:H?):

Remark 7. Note that (53) is an alternation between large viscosity and small
initial data. Indeed, we recall t?e estimate (35):

0sup jr dmj?+ jvmj2 + 2F (dm) dx
t<
+ j dm f(dm)jz"' ir ijzdx
z % @

jr doj” + jvoj* + 2F (do) dx =C(Q):
Q

If C(Q), which is also part of the initial data, is small enough, then we can expect
the M de ned by (52) to be very small so that (53) still holds without assuming
to be large.

Once obtaining the uniform bound it is similar to get compactness by Lions'
Compactness theorem and obtain a weak solutiony; d) of the original system (1) -
(3), (13), (14) by passing to the limit. We omit the details here and just state the
result, which is the 3 dimensional part of Theorem 3.1

Theorem 3.8. When n =3, for any given T > 0, the system (1) - (3), (13), (14)
has a global classical solution, provided thaty 2 HF}(Q), do 2 HS(Q) and s large
enough or initial data is small enough.
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