Differential Equations

LECTURE 31

Systems of Differential Equations

To this point, we’ve only discussed individual differential equations. But it’s quite rare that a
situation in the real world is modeled using only a single function: quite often, there are several
interplaying factors at work in the evolution of something.

A good example is population dynamics. It would be possible to model the size of a single
population using a single differential equation, making certain assumptions about death and birth
rates (namely, that they are constant). But in general, this won’t be the case: the death rate
of a prey species is dependant on the size of a predator population and the size of the predator
population will depend on the number of prey. To be able to write down a model for the size of
the prey population, we need to know the predator population, and vice versa. This would then
give us a system of two interlocked differential equations.

WEe’ll turn our attention to this area next. An example of a system of first order linear equations
is

:L‘ll =31 + x2
:B'2 = 2x1 — 4xo.

We call a system like this coupled because we need to know what x; is to know what x5 is and vice
versa.

It’s important to note that there will be a lot of similarities between our discussion here and our
earlier discussion of second and higher order linear equations. There’s a very good reason for this:
any higher order linear equation can be written as a system of first order differential equations.
Let’s see how this is done.

Example 31.1. Write the following second order differential equation as a system of first order
linear differential equations.

y'+4y —y=0  y(0)=2 3 (0)=-2

All that’s required to rewrite this equation as a first order system is a very simple change of
variables. In fact, this is always the change of variables to use for a problem like this. We set

z1(t) = y(t)
z2(t) = ¥/ (1)
Then we have
95/1 = ?// = T2
wh=vy"=y—4y =21 — das.
Notice how we used the original differential equation to obtain the second equation. The first

equation, 2} = x4, is always something you should expect to see when doing this, just by virtue of
the change of variables we use.
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All we have left to do is to convert the initial conditions.
21(0) = y(0) = 2
22(0) = y'(0) = -2
Thus our original initial value problem has been transformed into the system

) =1 z1(2) =0

2
rh =211 — 3%2 x9(2) = -2

Let’s do an example to see how this works for higher order linear equations.

Example 31.2. Write
y(4) + ty"’ _ 2y// . 3y/ —y=0
as a system of first order differential equations.
We want to start by making an analogous change of variables as in Example The only

difference is that, since our equation in this example is fourth order, we will need four new variables
instead of just two.

=y
Ty = Z//
T3 = y”
ZL'4 — y//l

Then we have
1’/1 = y/ = T9
th =y = a3
ﬂjé — y/// — .T4

"

xﬁ:y(4):y—|—3y/+2y”—ty =21 + 322 + 223 — txy

as our system of equations. ]

To be able to solve these, we need to review some facts about systems of equations and linear
algebra.

1. Systems of Equations

In this section, we will restrict our attention only to the linear algebra that might come up
when studying systems of differential equations. This is far from a complete treatment, so if you're
curious, taking a linear algebra course would be a good idea.

Suppose we start with a system of n equations with n unknowns, z1,zo, ..., z,.

a11T1 + aors + ... + aipxy, = by (311)

ao1x1 + a2 + . . . + aopx, = by

ap1x1 + ap2s + ... + GupTn = by
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Here’s the basic fact about systems of equations with the same number of unknowns as equa-

tions, such as (31.1)).

Theorem 31.1. Given a system of n equations with n unknowns, there are three possibilities for
the number of solutions:

(1) no solutions;
(2) exactly one solution;
(8) infinitely many solutions.

We have one more definition to give: a system of equations such as (31.1]) is called nonhomo-
geneous if at least one b; # 0. If every b; = 0, the system is called homogeneous. A homogeneous
system has the following form.

a11r1 + aexe + ...+ apxy, =0 (31.2)

agx1 + axnra + ...+ agpxy, =0

An1x1 + apoxos + ...+ appnxy, =0
Notice that there is always at least one solution, given by
$1:x2:...:xn:0.

This solution is called the trivial solution. This means that it is impossible for a homogeneous
system to have zero solutions, and Theorem [31.1] can be modified as follows.

Theorem 31.2. Given a homogeneous system of n equations with n unknowns, there are two
possibilities for the number of solutions:

(1) exactly one solution, the trivial solution;
(2) infinitely many non-zero solutions in addition to the trivial solution.

2. Linear Algebra

While we could, in principle, solve the systems of equations and directly, we have
some very powerful tools available to us. This is why linear algebra was invented. The main
”objects” of study in linear algebra are matrices and vectors.

An ntimesn matriz (sometimes referred to as an n-dimensional matriz) is an array of numbers
with n rows and n columns. It’s possible to consider matrices with different numbers of rows and
columns, but this is more general than we will need. An n x n matrix has the form

ailp a2 ... Qin

asr a22 ... Q9p
A= .

anl Gp2 ... GOnn

There’s one special matrix we will need to be familiar with; this is the n-dimensional identity
matrizc

1 0 ... 0

01 0
In: .

0 0 1
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We will be focusing on 2 x 2 matrices in this class; the principles of everything we will discuss
extend to higher dimensional matrices, but the computations are much simpler in 2 dimensions.

Matrix addition and subtraction are fairly straightforward: everything is done componentwise.
The same goes for multiplying a matrix by a constant, called scalar multiplication: we just multiply
every component of the matrix by that constant. This will be illustrated in the following example.

Example 31.3. Given the matrices

3 1 -2 0
A—<_2 5> and B_<1 4>,
compute A — 2B.

The first thing to do is to compute 2B5.
-2 0 -4 0
m=2(3 ) =5 4)
3 1 —4 0
A-2B= <—2 5><2 8>
(7T 1
S \—-4 -3)°

Notice that these operations require the dimensions of the matrices to be equal.
A wvector is a one-dimensional array of numbers. For example,

Then we have

T

€2
X =

T,

is a vector of n unknowns. We can think of a vector as a 1 x n or an n x 1 dimensional matrix,
with regard to operations.

We can multiply two matrices A and B together by ”multiplying” each row in A by each
column in B. That is, to find the element that is in the ith row and the jth column, we multiply
corresponding elements in the ith row of the first matrix and the jth column of the second matrix
and add these products together.

Example 31.4. Compute AB, where
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Notice that AB # BA. Matrix multiplication is not commutative. Also, the dimensions of the
matrices being multiplied are important: if the number of columns of A do not match the number
of rows of B, we cannot compute AB. Also, the identity matrix [, is the identity for matrix
multiplication; I,A = AI, = A for any matrix A.

In particular, we can multiply an n-dimensional matrix and a vector with n components together

as in the following example.
2 -1\ (-1
3 2 4 )

We proceed by "multiplying” each row in the matrix by the vector.

G =) ()

Example 31.5. Compute

I
N
—
Do
~—
T
—_
~—
+
T
—~ =
~—
—~
=~
~—
N—

O

Remark. Multiplication of a matrix with a vector yields another vector. We then have an interpre-
tation of a matrix A as a linear function on vectors (it’s not hard to see that matrix multiplication
breaks up over sums). This point of view is not essential, but is useful for what will follow over the
next few lectures. It gets fleshed out more in a linear algebra course.

2.1. Determinants. Every square (n X n) matrix has a number associated to it, called the
determinant. We won’t learn how to compute determinants for n > 2, as the process gets more
and more complicated as n increases. The standard notation for the determinant of a matrix is

det(A) = |A].
For a 2 X 2 matrix, the determinant is computed using the following formula.

a b
d

’ = ad — b; (31.3)

that is, the determinant is the product of the main diagonal minus the product of the off diagonal.
Example 31.6. Compute the determinants of
2 3 1 2
A_<1 2> and B—<2 4>.
There’s not much to do here but use (31.3)).
det(4) = (2)(2) - 3)(1) =
det(B) = (1)(4) — (2)(2) =
O

We call a matrix A singular if det(A) = 0 and nonsingular otherwise. In the previous example,
the first matrix was nonsingular while the second was singular.



Differential Equations Lecture 31: Systems of Differential Equations

Determinants give us important information about the existence of an inverse for a given matrix.
The inverse of a matrix A, denoted A™!, satisfies

AA Tt =A"1A=1,
. Inverses do not necessarily exist for a given matrix.
Theorem 31.3. Given a matriz A,

(1) if A is nonsingular, an inverse A~" will exist;
(2) if A is singular, no inverse A~! will exist.
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