Differential Equations

LECTURE 10

Distinct Roots of the Characteristic Equation

1. Real, Distinct Roots

Recall from last time that a second order linear homogeneous differential equation with constant
coefficients

(10.1) ay” +by' +cy=0
is solved by y(t) = e, where r solves the characteristic equation
(10.2) ar? +br + ¢ = 0.

So, when the characteristic equation has two distinct real roots r1 # ro, we get two solutions
y1(t) = et and yo(t) = €™, It will turn out that, in this case, yi(t) and y2(t) are “different”
enough so that the general solution of Equation is given by

y(t) = cre™t + coe™t.

Then, given initial conditions, we can solve for ¢; and cs.
ExampLE 10.1. Solve the IVP
y'+3y —18y=0  y(0)=0,y'(0) = —1.
The characteristic equation is
r*+3r—18=0
(r+6)(r—3)=0
so the roots are 71 = —6 and ro = 3. Thus the general solution and its derivative are
y(t) = cre % + coe®
Y (t) = —6cre73 + 3cge®

and plugging in the initial conditions yields the system of equations

O0=c1+e
—1 = —6¢1 + 3c2
which has solution ¢; = é and co = —%. Thus the particular solution is

y(t) = ée_ﬁt - %e?’t.
ExAMPLE 10.2. Solve the IVP
' =7y +10y=0  y(0)=3,y(0) = 2.
The characteristic equation is
r* —Tr+10=0
(r—=>5)(r—2)=0.
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The roots are r; = 5 and ro = 2, so the general solution and its derivative are
y(t) = c1e%t + cpe?
Y (t) = 5ere + 2cqe?.

Plugging in the initial conditions yields the system of equations

3=rc1+co
2 =5c1 + 2¢9
which has solution ¢; = —%, cy = ?, and so the particular solution is
4 5 13 o
t)=—= e,
y(t) 3¢ + 3¢
O
ExampLE 10.3. Solve the IVP
29" — 5y +2y=0 y(0) = —3,4/(0) = 3.
The characteristic equation is
22 —B5r+2=0
(2r—1)(r—2)=0.
The roots are v = % and 19 = 2. Thus the general solution and its derivative are
y(t) = crezt + cpe?t
y'(t) = %e%t + 2¢0e™.
Plugging in the initial conditions gives
—3=c1+co
3="242
= — Co.
5 2
This system is solved by ¢; = —6 and co = 3. So the particular solution is
y(t) = —6e2" + 3¢,
O

EXAMPLE 10.4. Solve the IVP
y'+5y =0 y(0)=2,9(0) = 5.

The characteristic equation is

2+ 5r =0
r(r+5)=0
and this has roots r; = 0 and ro = —5. The general solution and its derivative are

y(t) =c1 + coe

Y (t) = —5ege
Using the initial conditions yields
2=c1+co
—5 = —bey
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which has solution ¢; = 1 and ¢ = 1, So the particular solution is

y(t) =1+e "
O
ExAMPLE 10.5. Solve the IVP
y' =2y —8=0 y(2)=19(2)=0.
The characteristic equation is
r?—2r—8=0
(r—4)(r4+2)=0
so the roots are r; = 4 and ro = —2. The general solution and its derivative are
y(t) = cre + 5%
Yy (t) = derett — 2cpe™
and plugging in the initial conditions yields
1= 6168 + 62674
0= 40168 — 2026_4.
The solution is ¢; = %6_8 and cg = %64 and the particular solution is
(1) = et 4 2
0
ExaMPLE 10.6. Find the general solution to the DE
y' +y —3y=0.
The characteristic equation is
r4+r—3=0
which has roots
-14+/13
me=——p
Thus the general solution is
y(t) = cle%\/ﬁ + 626_1_2\/ﬁ
O

2. Complex Roots

Now suppose the characteristic equation has complex roots of the form r1 2 = a £1i3. By
our earlier discussion, this means that we have the following two solutions to our original differential

equation [T0.1}
yi(t) = el TP OEa
This is problematic, because both y;(t) and ya(t) are complex-valued. Since our original equa-
tion was both simple and had real coefficients, it would be ideal if we could find two real valued
“different” enough solutions so that we can form a real-valued general solution. How do we do this?

Euler’s Formula. Euler’s Formula says
e = cos() + isin(h).

In other words, we can write an imaginary exponential as a sin and a cos. How do we establish
this? There are two nice ways of seeing this fact.
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Differential Equations. First, we want to write e’ = f(0) +ig(#). We also have
dr. 4
ff+ig = 0 [e’e} =i =if —g.
Thus f' = —gand ¢’ = f, so f" = —f and ¢” = —g. Since ¢ = 1, we know that f(0) = 1 and
g(0) = 0. We conclude that f(6) = cos(f) and g(f) = sin(#), so
¥ = cos(f) + isin(f).
Taylor Series. Recall that the Taylor series for e®

= " T
x f— JR— JR— JR— E—
=> — 4zt TR TR I
while the Taylor series for sin(x) and cos(x) are
o0
) _ (71)nx2n+1 _ 1‘3 .565
sm(x)—?;) CEE] =z 3!+5!
o0
B (_1)nx2n _ 132 $4

If we set x = 10 in the first series, we get

G0 i (Zzl)n

n=0
Ciip 02 93 0* P
— +Z —*—5—1—5“—?—

62 9t . 63 6
—<1—2'+4| >+Z<0 y‘i‘g— )
B Z n92n i (_1)n92n+1

= (2n + 1)!

- cos(@) +4 51n(0).
So we can write our two complex exponentials as
elotib)t — cateift — oot (cog(Bt) + 4 sin(Bt))
elatiB)t _ gat —ift _ jat (cos(Bt) — isin(fBt))

where the minus sign pops out of the sign in the second equation due to the oddness of sin. Notice
that our new expressions are still complex. However, using the Principle of Superposition, we can
obtain the following two solutions:

y1(t) = % (e*(cos(Bt) + isin(Bt))) + = (e*(cos(Bt) — isin(Bt))) = e cos(Bt)

(t) = % (et (cos(Bt) + isin(Bt))) — % (¢**(cos(Bt) — isin(Bt))) = e sin(t).

EXERCISE. Check that y;(t) = e cos(Bt) and ya(t) = e**sin(ft) are in fact solutions to the
differential equation when the roots of are o £ 3.

So now we have two solutions y;(¢) and y2(¢) which are real-valued. It turns out that they’re
also “different” enough, so, if the roots to the characteristic equation are 72 = o £ i3, we have
the general solution

N | =

y(t) = c1e™ cos(Bt) + coe® sin(Bt).
Let’s do some examples.
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ExaAMPLE 10.7. Solve the IVP
y' =4y +9y =0 y(0) =0,y'(0) = —2.
The characteristic equation is
r2—4r+9=0
which has roots r1 2 =2+ iv/5. Thus the general solution and its derivative are
y(t) = c1e cos(V5t) + coe® sin(V/5t)
Y (t) = 2¢1€? cos(V/5t) — Vbere? sin(vV5t) + 2c0e? sin(V/5t) + V5epe?t cos(Vt).

If we apply the initial conditions, we get

0= C1
—2=2c1 + \/502
which is solved by ¢; =0 and ¢ = —%. So the particular solution is

y(t) = —jgth sin(v/5t).
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