Differential Equations

LECTURE 11

Complex and Repeated Roots

1. Complex Roots

Last time, we saw that when the characteristic equation has complex roots r1o = a £ 13, the
general solution of

ay”" +by +cy=0
is
y(t) = c1e™ cos(Bt) + c2e™ sin(Bt).
Let’s do some examples.
ExAMPLE 11.1. Solve the IVP
y' =4y +9y =0 y(0)=0,5(0) = -2.
The characteristic equation is
r?—4dr+9=0
which has roots 112 = 2 £ iv/5. Thus the general solution and its derivative are
y(t) = c1e® cos(V/5t) + cae® sin(V/5t)
Y (t) = 2c1e* cos(V5t) — VBere? sin(vV/5t) 4 2cae! sin(V/5t) + V5eae® cos(Vt).
If we apply the initial conditions, we get
0=0c
—2 =2c1 + V5ea

2

which is solved by ¢; = 0 and ¢; = ——=. So the particular solution is

S

y(t) = —jge% sin(V/5t).

ExaMPLE 11.2. Solve the IVP
y' =8y +17y=0  y(0)=2,y'(0) =5.
The characteristic equation is
r’ —8r+17=0,
which has roots r1 2 = 4 £ 7. Hence the general solution and its derivative are
y(t) = cre? cos(t) 4 coet sin(t)
y' (t) = dere cos(t) — cret! sin(t) + dege sin(t) + coe? cos(t)
and plugging in initial conditions yields the system
2=c1
5 =4c1 + ¢,
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so we conclude ¢; = 2 and ¢ = —3 and the particular solution is

y(t) = 2™ cos(t) — 3¢t sin(t).

ExaMPLE 11.3. Solve the IVP
4y + 12y +10y =0  y(0) = —1,4'(0) = 3.

The characteristic equation is
4r% +12r + 10 = 0,

which has roots ry 2 = —% + %z So the general solution and its derivative are

t t
y(t) = crestcos (= ) + coe2'sin ( =
2 2
'(t) 5 3% cos ! ! 2tsi ! + 5 3tsi 5 + L 3t cos !
= —cye — ] — Zcrez’sin | - —coe2'sin | — —coe .
Y 2! 2) 2 2) " 2% 2) " 2% 2

Plugging in the initial conditions yields

which has solution ¢; = —1 and ¢y = 9. The particular solution is
t t
y(t) = —e3t cos <2> + 9e2' sin <2> .

ExAMPLE 11.4. Solve the IVP

"4y =0 <I):—1O ’(3>:4.
y" + dy v (] v (5

The characteristic equation is
r?24+4=0,
which has roots r1 2 = £2i. The general solution and its derivative are
y(t) = c1 cos(2t) + co sin(2t)
y'(t) = —2c sin(2t) + 2¢5 cos(2t).
The initial conditions gives the system

—10 = C2
4 = —201

so we conclude ¢; = —2 and ¢y = —10 and the particular solution is

y(t) = —2cos(2t) — 10sin(2t).
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2. Repeated Roots

The last case we have to consider is when the characteristic equation has a repeated root
ry = r9 = r. This is problematic, though: our usual method of finding solutions to constant
coefficient equations would lead us to form the two solutions

yit)=et=e"t gpt) = =

But these are the same, and definitely not different in any sense, let alone different enough to form
a general solution. So we're left needing a second solution which is “different” (in a way I promise
I will make precise later) from y;(t) = e"*. What do we do?

Let’s start by recalling that if the quadratic equation ar? 4 br 4+ ¢ = 0 has a repeated root r, it
must be r = —%. Thus our solution is, more precisely, y; (t) = e~3st. We know that any constant
multiple of y; is a solution. These, though, won’t help us find a different enough second solution.

The question that might come to mind is if it’s possible that we can find a solution of the form

_b
y2(t) = v(t)yi(t) = v(t)e 2",
i.€., yo is the product of some other function of ¢ and y;.
In the past, when we’ve guessed at the form of a solution, we’ve checked our guess and derived
specifics by plugging the guess into the differential equation. This is no different. So we’ll need to
differentiate ya(t):

b
ya(t) = v/ (e %" = u(t)e !
_b b _ b b b b by
Yo (t) =" (t)e 24" — %U'(t)e 2a’ — %v’(t)e 2a" + @v(t)e 2a
b b2

M et Py — 2t by
=" (t)e" 2a - (t)e 2a —i-@v(t)e 2a’,

For the rest of this calculation, I'm going to stop explicitly denoting the parameter of v, but don’t
forget that v is a function, not a constant. Now, plugging in:

2
a v”e_%t — év'e_%t + —b ve_%t +b v'e_%t — ive_%t +c (Ue_%t) =0
a 4a? 2a

e~ 2t (av” + (=b+ by’ + ﬁ—ﬁJrc =0
av v da  2a )=

e~ 3at (cw" — % (b2 — 4ac) U) =

a

Since we're in the repeated root case, we know that the discriminant b? — 4ac = 0. As exponentials
are never zero, we're left with the condition
av” =0=1"=0.

We can drop the a because a can’t be zero: if a were zero, our equation wouldn’t be second order!
So, what form can v take? It must be that v is linear, i.e.

v(t) =ct+k

for some constants ¢ and k. Thus, for any such v(t), y2(t) = v(t)e_%t will be a solution. The most
general possible v(t) that will work for us is ¢t + k. We can take ¢ = 1 and k = 0 to get a specific
v which is nice and simple, and then our second solution is

yo(t) = te !
and the general solution is

y(t) = cre” 2t + tege2at.
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REMARK. Here’s another way of looking at this choice of constants. Suppose we don’t make
it. Then we have, for our general solution,

y(t) = cle_%t + ca(ct + k:)e_%t

_by _by _by
= c1e 2a" 4+ cocte” 20" + coke 2a

b b
= (c1 + c2k)e 2a" + cocte” 24,

Since c1, c2, ¢, and k are just constants, we’ll just roll them together and write
b

b
y(t) = cre 2’ + cote 24"
To summarize the previous discussion: if the characteristic equation has repeated roots r| =
ro = r, the general solution is
y(t) = cre” + cate™.

Let’s work some examples.
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