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Abstract

A mass problem is a set of Turing oracles. If P and Q are mass
problems, we say that P is weakly reducible to Q if for all Y 2 Q there
exists X 2 P such that X is Turing reducible to Y. A weak degreeis
an equivalence class of mass problems under mutual weak redaibility.
Let Py be the lattice of weak degrees of mass problems associated \th
nonempty ? subsets of the Cantor space. The lattice Py has been studied
in previous publications. The purpose of this paper is to show that Py
partakes of hyperarithmeticity. We exhibit a family of spec ic, natural
degrees inP,, which are indexed by the ordinal numbers less than ! £¥
and which correspond to the hyperarithmetical hierarchy. N amely, for
each <! £ let h be the weak degree of 6 ), the th Turing jump of
0. If p is the weak degree of any mass problenP, let p be the weak degree
of the mass problemP = fY j9X (X 2 P and BLR(X) BLR(Y))g
where BLR(X) is the set of functions which are boundedly limit recursive
in X. Let 1 be the top degree in Pw. We prove that all of the weak
degrees infh ;1), <! £k are distinct and belong to Py . In addition,
we prove that certain index sets associated with Py, are } complete.
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1 Introduction

Let 2' be the Cantor space, i.e., the space of in nite sequences ofgland 1's. In
previous papers [6, 8, 38, 34, 36, 37] Simpson and others sied the lattice P, of
degrees of unsolvability of mass problems associated withamempty 9 subsets
of 2' . Simpson [34, 36, 37, 38] showed tha®P,, contains many speci ¢, natural
degrees in addition tol and 0O, the top and bottom elements ofP,,. These spe-
ci ¢, natural degrees in P,, arise from foundationally interesting topics such as
reverse mathematics, algorithmic randomness, computatinal complexity, and
subrecursive hierarchies from Gentzen-style proof theory

In the present paper we exhibit some new examples of speci qmatural de-
grees inPy,. Our new examples arise from hyperarithmetical theory. In ader
to introduce our new examples, we rst review some basic fac about the hy-
perarithmetical hierarchy. Some useful references for hygrarithmetical theory
are Ash/Knight [3], Rogers [29, Chapter 16], Sacks [30, ParA], Shoen eld [31,
Sections 7.8{7.11], and Simpson [33, Section VIII.3].

A recursive ordinal is an ordinal number which is the order type of a recursive
well ordering of the integers. Obviously the recursive ordnals form a countable
initial segment of the countable ordinals! Let ! {¥ (pronounced \omega-one-C-
K" or \Church-Kleene-omega-one") be the least nonrecursie ordinal. Thus for
any ordinal we have <! §KX ifand onlyif is recursive. For each such let
00 ) be the th iterated Turing jump of 0. It is known that 0 ( ) is well de ned

LIt is known that an ordinal is recursive if and only if is the or  der type of a } well ordering
of the integers. An interesting re nement of this result is d  ue to Montallan [26].



up to Turing degree. Moreover, 0 ) isa J singleton? The Turing degrees @ ),
<1 $K are collectively known as thehyperarithmetical hierarchy. A Turing
oracle X is said to behyperarithmetical if it is Turing reducible to 0 ( ) for some
<! $K_Itis known that X is hyperarithmetical if and only if X is Turing
reducible to some arithmetical singleton, if and only if X is 1.

Given a Turing oracle X, we identify the Turing degree of X with the weak
degree of the singleton sef X g. In particular, for each <! §K let h be
the Turing degree of 0 ), identi ed with the weak degree of fO( )g. We wish
to embed the degreesh , <! $K, into P,. There is a general Embedding
Lemma due to Simpson [36, Lemma 3.3] (see also [38]) which s as follows:
If sis the weak degree of a § set of Turing oracles, then inf(s; 1) belongs to
Pw. Sincef0( )gis 8, it follows that inf( h ;1) 2 P,,. However, this particular
mapping of the hyperarithmetical hierarchy into P, is of no interest, because
for all 1 we have infh ;1) = 1 in view of the Kleene Basis Theorem. To
obtain an interesting one-to-one embedding of the hyperathmetical hierarchy
into P,,, we need an additional device:bounded limit recursiveness

Given a Turing oracle X and a function f from integers to integers, we say
that f is boundedly limit recursivein X, abbreviatedf 2 BLR(X), if there exist
an approximating function € and a bounding function  such that € is Turing
computable from X , 2is Turing computable, and

if sj ©(n;s) 6 ©(n;s+1)gj< Mn)

with f(n) = lim ¢fn;s) for all n. Here we are implicitly citing the Limit
Lemma, a well known result which says thatf is (unboundedly) limit recursive
if and only if f is Turing reducible® to O°, if and only if f is 9. More precisely,
one can say thatf 2 BLR(O) if and only if f is weakly truth-table reducible to
0% if and only if f occurs at the! th level of the Ershov hierarchy.

We prove below that if Sis § then

S =fYj9X (X 2 Sand BLR(X) BLR(Y))g

is again . In particular, for each <! $X f0o()g is 9. Therefore, letting
h be the weak degree of O( )g , we have infh ;1) 2 P,, by the Embed-
ding Lemma [36, 38]. Moreover, we prove below that all of thes weak degrees
inf(h ;1), <! $K are distinct. In this way we obtain our speci ¢, natural,
one-to-one embedding of the hyperarithmetical hierarchy mto P,,. This is our
rst main result.

In order to state our second main result, letP;, i =0;1;:::, be a standard,
recursive enumeration of all of the nonempty ¢ subsets of 2. Let p; be the
weak degree oP;. Thus by de nition P,, = fp;ji =0;1;:::9. We prove below
that the index set fi jp; = 1gisa 1 complete set of integers. More generally,
if j is such thatp; > 0, then fi jp;i = pjgandfijp; pjgare 1 complete

2By a § singleton we mean a Turing oracle X such that the one-element set fXgis §.
Some interesting results concerning arithmetical singlet ons are due to H. Tanaka [40] and Leo
Harrington (unpublished).

3Note that 0 °= 0@ = the Turing jump of 0 = the halting problem.



sets of integers. We leave it as an open question to charactee the j's such
that fijpi pjgisa 1 complete set of integers.

Another open question is to calculate the degree of unsolvality of Th( Py,),
the rst-order theory of the lattice P,,. We conjecture that Th(Py,) is recursively
isomorphic to O" ), the ! th Turing jump of O. Here O is Kleene'sQ, i.e., a

1 complete set of integers. This conjecture seems reasonabile light of our
results stated above plus the known characterizations of T(S) (up to recursive
isomorphism) for other degree structuresS. See for example Simpson [32] and
Nies/Shore/Slaman [28].

The idea that P,, may partake of hyperarithmeticity was rst broached by
Simpson in his 2005 grant application to the U.S. National Seence Foundation,
which eventually resulted in NSF grant DMS-0600823.

The reader who is familiar with the basics of recursion theoy and hyper-
arithmetical theory will nd that this paper is largely self -contained. We use
standard recursion-theoretical notation from Rogers [29]

2 Bounded limit recursiveness

Let | = f0;1;2;:::g = the set of nonnegative integers. Let!' be the Baire
space i.e., the set of totally de ned functions f :! ! 1.

De nition 2.1.  Let A be a Turing oracle. We de nef :! ! ! to be boundedly
limit recursive in A if there exist an A-recursive approximating function € :
I I 1 and a recursivebounding function ©:1 1 1 such that for all n,

fsjfn;s) 8 ©n;s+1)gis nite of cardinality < 1b(n) and lims f€n;s) = f (n).

We write

BLR(A)= ff 21" jf is boundedly limit recursive in Ag.

Remark 2.2. The next three lemmas provide better understanding of BLRA).
See also Section 6 below. We writé 1 A to mean that f is A-recursive, i.e.,
Turing reducible to A, i.e., computable usingA as a Turing oracle. Let A be
the Turing jump of A.

Lemma 2.3. We havef 2 BLR(A) if and only if f 1 A° with recursively
bounded use ofA° and unbounded use oA.

Proof. \If". Assume f 1 A with recursively bounded use of A® and un-

bounded use ofA, say f(n) = ' éz) A (A° b(n);n) where b(n) is recursive.
Let A? = the nite subset of A°enumerated in the rst s steps of some xed
A-recursive enumeration of A% Let f(n;s) = ' &* S(A2 b(n);n) if this is

de ned, 0 otherwise. Thenfn;s) is A-recursive andf (n) = lim ¢ ffn;s). More-
over

jfsifn;s) 6 Mn;s+1)gj 2b(n)+1



sof 2 BLR(A) via ib(n) =2hb(n) +2.

\Only if". Assume f 2 BLR(A) via an A-recursive approximating function
€ and a recursive bounding function®. We describe how to computef (n). For
eachi < 1b(n) we ask the oracleA® whether

jfsj®n;s)6 Mn;s+1)gj>i.
From the answers to these questions, we immediately read o

k(n) = jfsjf®n;s) 6 ®n;s+1)g.
Then f (n) = n;t) for the least t such that

jffs <t jfn;s) 6 ®n;s+1)gj= k(n).
Here we have usedA® only to compute k(n). Therefore, our use of A® was
bounded by b(n) = maxfp(n;i) ji < 1b(n)g where p(n;i) is a xed, primitive
recursive function. SincefXn) is recursive, so isb(n). O

Lemma 2.4. X 1Y implies BLR(X) BLR(Y), which implies X° 1 Y©

Proof. The rstimplication is clear from the de nition of BLR, beca use ifX
Y then every X -recursive function is'Y -recursive. The second implication is an
easy consequence of Lemma 2.3. O

Lemma 2.5. The following are pairwise equivalent.
1. BLR(X) BLR(Y).

2. For each partial X -recursive function (n) we haveg 2 BLR(Y) where

( (n)+1 if (n) is de ned;

n =
9(n) 0 otherwise

3. There existsh 2 BLR(Y) such that
8n (if ' ™ (n) is de ned then h(n) = * P (n)).

Proof. Clearly 1) 2 and 2) 3. To prove 3) 2, assume that (n) is partial
X -recursive. Let e be an index of , ie., ' X (n) (n) for all n. Let

(n) ' the least X such that ' felj)J (n) is de ned. Since (n) is partial
X -recursive, let p(n) be primitive recursive such that (n) ' f)l()n:)x (p(n)). Let

h be asin 3, and letg(n) ' éll)h'zéz’é')‘))]) (n)+1 if the latter is de ned, O otherwise.

Then g satises 2. To prove 2) 1, letf 2 BLR(X) be given. For all n and
all i f{n) + 1, let ;(n) ' the ith successive value of(n;s) ass ! 1
The functions ;(n) are uniformly partial X -recursive, so by 2 the functions
g(n)= i(n)+1if ;(n)is dened, O otherwise, are uniformly BLR(Y) with
uniformly recursive bounding functions g (n). Let g(n) = gi(n) 1 for the least



i such that gi+1 gl) = 0. Then f = g 2 BLR(Y) via the recursive bounding
function g(n) = ~ fg(n)ji< fn)g. O
Theorem 2.6. The binary relation BLR(X) BLR(Y) is §. Furthermore,
if Sis §thensois

S =fYj9X (X 2 Sand BLR(X) BLR(Y))g.
Proof. By Lemma 2.5, BLR(X) BLR(Y) if and only if there exists h 2
BLR(Y) such that 8n (h(n) = * P* (n) if the latter is de ned). This holds if

and only if there exist (indices for) a totally de ned Y -recursive function & and
a totally de ned recursive function R such that

8n (if sj A(n;s) 6 A(n;s + 1) gj < A(n))

and 8n8s9t>s (R(n;t) = ' 5112 X t(n) if the latter is de ned). A Tarski/Kura-
towski computation (see Rogers [29, Section 14.3]) shows dlh this statement is
9. This proves the rst part of the theorem.
In order to prove the second part, we rst prove it with S replaced by P,
whereP isa { subsetof!'.Let T !'<" be arecursive tree such that

P = fpaths through Tg,

P=ff21'j8(f j2T)g

By Lemma 2.5,Y 2 P if and only if there exist f 2 P and g 2 BLR(Y) such

that 8i (g(2i) = f(i)) and 8n(g(2n +1) = ' P (n) if the latter is de ned).
This holds if and only if there exist (indices for) a totally d e ned Y -recursive
function g and a totally de ned recursive function g such that

8n (jfsj g(n;s) 6 g(n;s +1)gj< b(n))
and
8 8s9t>s (hg(2iit)ji<ji2 T)
and
8n8j 8s9t>s (g(2n +1;t) = ' ("IN T (n) if the latter is de ned).

Thus, by a Tarski/Kuratowski computation, P is 3.
Now let S be 9, say
S=fXj9i8m9nR(i;m;n; X )g
whereR is recursive. Consider the 9 set
P = fhii2 (X f)j8mR(i;m;f (m);X)g.
By what we have already proved,P is . But clearly the Turing upward

closure of S is the same as the Turing upward closure ofP. Hence by Lemma
2.4 we haveS = P . It follows that S is §, Q.E.D. O



Remark 2.7. (1) We could modify De nition 2.1 by requiring fto be not only
recursive but also primitive recursive. In this case, Lemma2.3 would hold with
\recursively bounded" replaced by \primitive recursively bounded”. Lemma
2.5 and Theorems 2.6, 4.4, 4.5, 4.7 would go through unchandebut with a
di erent meaning. (2) Alternatively, we could modify De ni tion 2.1 by allowing
 to be A-recursive instead of merely recursive. In this case, Lemma.3 would
hold with \recursively bounded" replaced by \ A-recursively bounded”. Lemma
2.5 would fail, the de nition of S would need to be changed accordingly, and
Theorems 2.6, 4.4, 4.5, 4.7 would go through with this change

3 Diagonal nonrecursiveness and 1-genericity

De nition 3.1.  Afunction g2 ! ' is said to be 1genericif for every recursively
enumerable set of stringsA | < there exists a string g such that either
2A0r:9 ( and 2 A).

Remark 3.2. There is an extensive literature on 1-genericity. See Kumabe [24]
and the references listed there.

Remark 3.3. In the de nition of 1-genericity, it su ces to consider only the
particular recursive sets of strings

An=f 21 j B (n)is de nedg.
This is because, for any recursively enumerable se& ! < , we can nd an n
such thatforall g2 1", P9n)isdenedifandonlyif 9 g( 2 A).
Lemma 3.4. Given a Turing oracle X, we can nd a 1-generic g such that
BLR(X) =BLR( g).

Proof. Dene h2 ' byh(n) ="' P* m)+1if * P (n)is de ned, 0 otherwise.
Letthe setsA,, n=0;1;2;::: be as in Remark 3.3. De ne a sequence of strings

0 1 n as follows. Begin with ¢ = hi, the empty string.
Assuming that , has already been de ned, ask the oracle Dwhether there
exists n2hh(n)i such that 2 A,. If the answer is yes, let ,+1 = the

least such in some xed recursive engmeration of! < . If the answer is no,
let n+1 = n2Hh(n)i. Finally let g= | . By Remark 3.3, g is 1-generic.
By construction, the sequence of strings ,, n = 0;1;2;::: is boundedly limit
recursive in each of the oraclesX and g with bounding functions 4" and 2"

respectively. Moreover, h(n) = .1 (j nj) and * %) * * D7 ma(n). it
follows by Lemma 2.5 that BLR(X ) = BLR( g). O
De nition 3.5. A function f 2 !'' is said to be diagonally nonrecursive ab-

breviated DNR, if f (n) 6" § (n) for all n.

Remark 3.6. There is an extensive literature on DNR functions and their
Turing degrees. See for instance Jockusch [21], Kjos-HaresMerkle/Stephan
[23], and Ambos-Spies/Kjos-Hanssen/Lempp/Slaman [1]. Tte following lemma
appears in Demuth/Kwcera [15, Corollary 9].



Lemma 3.7. If gis 1-generic, there is noDNR function 1 g.
Proof. Fix an index e. Consider the recursively enumerable set of strings
A=f jon( & (n)#=" 1 (n)#o.
Becauseg is 1-generic, there are two cases.
Case 1. There exists g such that 2 A. Then for somen we have
'Oy #= P (n) # hence' P9(n) #=" P (n) # hence' P9 is not DNR.

Case 2. For some g, there is no belonging to A. Fix such a
De ne a partial recursive function (n) as follows. Givenn, look for such

that ' &' (n) #. If and when we nd sucha ,dene (n)=" s (n). If no
such is found, let (n) be unde ned.
Let n be an index of . We claim that ' &’ (n) " for all . Otherwise,
there exists such that' & (n) #and (n)' ' & (n), by de nition of
(n). But then

= (= P4

hence 2 A, contradicting the case hypothesis. This proves our claim.
Our claim implies that ' &9(n) ". Hence' %9 is not totally de ned, hence
not DNR.

We have now shown that' %9 is not DNR for any e, Q.E.D. O

Theorem 3.8. Given a Turing oracle X, we can nd a Turing oracle Y such
that BLR(X) = BLR( Y) and there is noDNR function 1 Y.

Proof. This is immediate from Lemmas 3.4 and 3.7. O

4 Embedding hyperarithmeticity into Pw

The Embedding Lemma of Simpson [36, 38] reads as follows.

Lemma 4.1 (Embedding Lemma). LetS !' be §. Let s be the weak degree
of S. Then inf(s; 1) belongs toPy,.

Proof. See [36, Lemma 3.3] or [38, Lemma 4]. O

Remark 4.2. Simpson [34, 36, 37, 38] has used the Embedding Lemma to
obtain many examples of speci c, natural degrees inP,,. In particular, let d
be the weak degree of DNR, the set of diagonally nonrecursiviinctions, and
let r, be the weak degree of R, the set of n-random sequences of 0's and 1's.
Using the Embedding Lemma 4.1, Simpson [34, 36] has shown thal and r;
and inf(r,; 1) belong to P,, and that

O<d<ry<inf(rg; 1)< 1,

where 0 and 1 are the bottom and top degrees inP,,.



We now extend this methodology as follows.
De nition 4.3.  For any set S of Turing oracles, let
S =fYj9X (X 2 Sand BLR(X) BLR(Y))g.

If sis the weak degree of, let s be the weak degree o§ . By Lemma 2.4,s
depends only on the weak degres and not on its representative S.

Theorem 4.4. If Sis §, then the weak degreénf(s ;1) belongs toP,,.
Proof. By Theorem 2.6S is 9. Therefore by Lemma 4.1 infc ;1) 2P,,. O

Theorem 4.5. If ;& S f X jX°% 1 0°Q, then the weak degreénf(s ;1) is
incomparable with each of the weak degrees and r; and inf(rz;1).

Proof. Since S is nonempty, Theorem 3.8 givesY 2 S such that there is no
DNR function 1 Y. Itfollowsthat d s, henced inf(s ;1). On the other
hand, sinceS f X j X° 1 0%, it follows by Lemma 2.4 that S f Y j
YO 1 0%, and this set is known to be of measure 0. (See for instance [37
proof of Theorem 4.5].) In addition, recall that 1 is the weak degree of PA, the
set of complete extensions of Peano Arithmetic, and it is knwn that the set
fy 22 jo9X (X 2 PAand X 1 Y)gis also of measure 0. (See for instance
the general non-helping result in [34, Lemma 7.3].) Since Ris of measure 1, we
can nd Y 2 Ry not belonging to either of these sets of measure 0. It follows
that r, 6 inf(s ;1), hence inf(r,;1) 6 inf(s ;1). The proof is now nished,
becaused < r; < inf(rp;1). O

Remark 4.6. The e ect of Theorems 4.4 and 4.5 is to supplement the Embed-

ding Lemma 4.1 by providing another general method for disceering speci c,

natural degrees inP,,. We shall now use this technique to embed the hyper-

arithmetical hierarchy into P,,. Recall from the Introduction that 0 ( ) is the
th Turing jump of 0, and h is the weak degree of the singleton set0( )g.

Theorem 4.7. Foreach <! §X we haveinf(h ;1) 2P,. Foreach <! £
exceptO, inf(h ;1) is incomparable withd and r; and inf(r»;1) in the lattice
ordering of Py,. Forall < <! $X we haveinf(h ;1) < inf(h ;1), in fact
inf(h :d) < inf(h :d).

Proof. By [30, Section 11.4] or [33, Section VIII.3], the singletonset f0( )g is
9. Hence, by Theorem 4.4, infh ;1) 2 P,,. For > 0 we obviously have
0¢ ) 1 0% hence by Theorem 4.5 inff ;1) is incomparable with d and r; and
inf(rp;1). For < <! $X we obviously have § ) <1 0( ), henceh < h ,
henceh h , hence inf(h ;d) inf(h ;d). To obtain a strict inequality,
apply Theorem 3.8 to getY such that BLR(0( )) = BLR( Y) and there is no
DNR function 1 Y. ThenY 2 f0()g and, since BLR(( ) $ BLR(0()),
thereisnoZ 1 Y suchthatZ 2f0( )g . This shows thath 6 inf(h ;d). It
now follows that inf(h ;d) < inf(h ;d), hence inf(h ;1) < inf(h ;1). O



5 Index sets associated with Py,

In this section we prove that certain index sets associated ith weak reducibility
in Py, are 1 complete. The proof is based on the following lemma concerng
O subsets ofl ' . Let REC = fg2!' jgis recursivey.

Lemma5.1. Given ¢setsP;Q !' suchthatQ\ REC = ;, we can e ectively
nda ¢setH(P;Q) !' such thatP is homeomorphic toH (P;Q) and there
do not existg2 Q and h 2 H(P; Q) such thatg t h.

Proof. The proof of Lemma 5.1 will involve a construction and two sudemmas.
We begin with some general remarks concerning treemaps.

De nition 5.2. A treemapis a function F : ! < | 1< such that
F()2Hi F( 2Hhi)
forall 2!'< andalli2!. AtreeisasetT ! such that
8 8 (( and 2T)) 2T)
Given a treemapF and a tree T, we have another tree
F(T)=f j9 ( 2Tand F( )g.

Remark 5.3. Given 2 F(T), let be mininal such that F( ). Then

2 T and s asubstringof ,ie., = h(jo); (u);:::; (jm 2)i for some
jo<ji< <jm 1<] jwherem = j j. Therefore, in the de nition of F(T),
the quantier 9 can be replaced by a bounded quanti er, namely

F(T)=f j(9 substringof )( 2T and F()g
From this it follows that, for example, if F and T are recursive then so ig=(T).
Remark 5.4. The sets
P = fpaths through Tg
and
F (P) = fpaths through F(T)g.

are closed subsets of ' and we have ahomeomorphismF : P ! F(P), i.e., a
continuous, open, one-to-one mapping oP onto F(P), de ned by

S
F(f)= fF(C)I  fg

forall f 2 P. Inparticular,if T ! <" isarecursivetreeandr :! < | 1< is
a recursive treemap, thenP and F(P) are ? subsetsofl ' ,andF : P! F(P)
is a recursive homeomorphism oP onto F (P).

We now begin the proof of Lemma 5.1. Given a § setQ !' such that
Q\ REC=;,letU ! be arecursive tree such that

Q=1fg2!' jgis a path through Ug.

10



We shall useU to de ne a treemap Hq.

In constructing Hg, we s(SnaII sometimes identify strings 2 ! < with
their Gedel numbers #( )= ~; i p 1 \where Po; P1; P2;::: are the prime
numbers 2 3;5;::: in increasing order. For integerse and strings , we write

e( )= NG ()ij<niwheren =least| suchthat' ) (j) ". Note that
1< 1 1< s recursive andmonotonic, i.e., implies () e( ).

The construction of Hg is as follows. We de ne Hg( ) by induction on

2 1< . Begin with Hq(hi) = hi where hi is the empty string. Assume that
Ho( ) has already been de ned. In order to de neHq( 2 hi), let e=j j and
let o = Hg( )®hi. Given p, let .41 =the least such that , and

e( n) e( ) 2 U. If no such exists, let 41 be unde ned. This must
happen for somen, because otherwise we would have ¢( ) e(ns1) 2 U
for all n, hence , ¢( n) would be a recursive path throughU, i.e., a member
of Q\ REC, contradicting the assumption that Q\ REC = ;. We then let
Ho( 2hi)=  for the leastn such that .1 is unde ned.

Sublemma 5.5. Hg is a treemap, andHg 1 0°
Proof. This is clear from the construction of Hq. O

Sublemma 5.6. There do not existf 2 !'' and g2 Q such thatHo(f) 1 g.

Proof. SupposeHq(f) 1 g. Let e be such that' él);HQ(f) = g. Let 2hi =
f e+1 and consider the de nition of Hg( 2 hi). Since ,:1 is unde ned and

n = Ho( 2Hi) = Ho(f e+1), thereis no Ho(f e+ 1) such that
e( ) e(Ho(f e+1))and () 2 U. In particular, ' él);HQ(f) is not a
path through U. In other words, g 2 Q. This proves the sublemma. O
Now letP !' be 9. By Remarks 5.3 and 5.4 and Sublemma 5.5 (P)
0;0°

is 37 andHg is a homeomorphism ofP onto Hg (P). It follows that Hg(P)
is 9, say

Ho(P)=fh2!' j8m9nR(m;n;h)g
whereR ! I 1! isrecursive. De ne
H(P;Q)=fh k2!' j8m(k(m)=least n such that R(m;n;h))g.

Clearly H(P;Q) is $and h 7! h k is a homeomorphism ofHq(P) onto
H(P;Q). Moreover, for all h k 2 H(P;Q) we haveh k 1 h 2 Hq(P),
hence by Sublemma 5.6 there is ng 2 Q suchthatg + h k. Note also that
our construction was such that, given ¢ indices of P and Q, we can e ectively

nd a 2;0" index of Ho(P), @ Jindex of Ho(P), and a ¢ index of H (P; Q).
This nishes the proof of Lemma 5.1. O

We now return to the study of 2 subsets of 2.
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Theorem 5.7. Let P;, i =0;1;::: be a standard recursive enumeration of the
nonempty ¢ subsets of2' . For eachi, let p; be the weak degree d®. If j is
such thatp; > 0, then the index setsfi j pi = pjgandfijp; pjgare 1
complete sets of integers.

Proof. Let Se, e=0;1;:::be astandard recursive enumeration of the ¢ subsets
of I'' . As a consequence of the Kleene Normal Form Theorem, it is wieknown
that the index setfej Se = ;g isa 1 complete set of integers. We shall reduce
this 1 complete set to each of the index sets in question. Fix an indej such
that p; > O, i.e., P\ REC = ;. Given an index e, Lemma 5.1 tells us that
we can e ectively nd an index h(e;j) such that S,y = H(Se; Pj). Also, the
proof of the Embedding Lemma 4.1 (see also Simpson [36, Lemn$a3] and [38,
Lemma 4]) tells us that we can e ectively nd an index f (e;]) such that P; (¢;)
is weakly equivalent to Sg [ P;. Combining these two results, we obtain:

Given an index e, we can e ectively nd an index i = f (h(e;j);j)
such that P; is weakly equivalent toH (Se;Pj) [ P;.

Now, if Se = ; then H(Se; Pj) = ;, henceP; is weakly equivalent to P;. On the
other hand, if Se 6 ; then H(Se;P;) 6 ; and for all h 2 H (Se; Pj) there is no
g2 P; such that g 71 h, henceP; is not weakly reducible to P;. Thus we see
that the 1 complete setfej S = ;g is reducible to both fi j pj = p;g and
fijp; p;gvia the reduction e 7! f (h(e;j);j). This proves our theorem. O

Corollary 5.8. The index setfi jp; = 1gis 1 complete.

Proof. This is the special casgyj = 1 of Theorem 5.7. O

Remark 5.9. All of the special casesp d of Theorem 5.7 can be given
an alternative proof based on Theorems 2.6 and 3.8. An open @stion is to
characterize the indicesj such that fi jp; pjgis 1 complete.

The following corollary of Theorem 5.7 is originally due to Smpson/Slaman
[39] who proved it using a di erent method. Let Pg be the lattice of strong
degrees of nonempty ? subsets of 2.

Corollary 5.10. Each nonzero weak degree irP,, includes in nitely many
strong degrees inPs.

Proof. We begin with some background information. If P and Q are mass
problems, we say that P is strongly reducible to Q if there exists a partial

recursive functional suchthat ( Y)2 P forall Y 2 Q. A strong degreeis an
equivalence class of mass problems under strong reducilyli Obviously strong

reducibility implies weak reducibility, but the converse does not hold. In the
case of ¢ subsets of 2, the strong reducibility relation

f(i;j ) j Pi is strongly reducible to Pjg

is easily seen to be arithmetical, in fact $. (See for instance Simpson [34,
Corollary 4.9] or Cenzer/Hinman [9].) On the other hand, Theorem 5.7 implies
that the weak reducibility relation

12



f(i;j ) j Pi is weakly reducible to P; g

is 1 complete, hence not arithmetical, hence not 9.

To prove Corollary 5.10, let p > 0 be a weak degree irP,,. We must show
that there exists an in nite set 1 ! such that (a) forall i 2 1, P; is of weak
degreep, and (b) for all i;j 2 1,if i 6 j then P; and P; are of di erent strong
degrees. If such an did not exist, then there would be a nite set of indices

fij P; is of weak degreepg

would be §, contradicting Theorem 5.7 which says that this setis 1 complete.
This proves the corollary. O

6 More on bounded limit recursiveness

This section is tangential to the rest of the paper. The purpcse of this section
is to compare our notion of bounded limit recursiveness, Denition 2.1 above,
with other notions that have appeared in the recursion-theaetical literature.

Remark 6.1. Rogers [29, Chapters 8 and 9] and Downey/Jockusch/Stob [17]
have consideredtruth-table reducibility and weak truth-table reducibility. For
X;Y 22 wewrite X ¢ Y to mean that X is truth-table computable from Y.
Forf 21" andY 2 2" wewritef ., Y tomean thatf is weakly truth-table
computable from Y. We sometimes identify a setA ! with its characteristic
function A 22 denedby Aa(n)=1if n2A,0ifn2A.

Theorem 6.2. For f 21" we havef 2 BLR(0) if and only if f y 0° if and
only if f occurs at level ! of the Ershov hierarchy.

Proof. The proof is straightforward. See Lemma 2.3 above, plus Rogse [29, Ex-
ercise 9-45, pages 158{159], plus Downey/Jockusch/Stob 71 paragraph preced-
ing De nition 1.1], plus Arslanov [2]. Note also that, according to [17, De nition

1.1], a Turing oracle X is array recursive if and only if there exists g i O°
which eventually dominates allf 1 X. O

Remark 6.3. For arbitrary Turing oracles Y, it is not always the case that
f 2 BLR(Y) if and only if f ,« YO For example, letf 2 !'' be so fast-
growing that f 4 Z forall Z 2 2'. In particular f 4 YO for all Turing
oraclesY, but by Lemma 3.4 we havef 2 BLR(Y) for someY .

On the other hand, there is the following result for f 0; 1g-valued functions.

Theorem 6.4. For X ! we haveX 2 BLR(Y) if and only if X ¢ Y©

Proof. Let g be the characteristic function of X . Note that g 2 2' . For the \if"
part of the theorem, assumeX 4 Y%i.e.,g ¢ YO This means that there is a
recursive mappingn 7' h i ji <é< ni such that for all n, g(n) = 1 if and only if
(Q9i<kn)(ni Y9 Let YO= " _YOowhereY? Y? AARR AN
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is a 'Y -recursive sequence of nite sets. Leg(n;s) =1if (9i<kn)(ni YD,
0 otherwise, and letg(n) = maxfj nijji<kng. Clearly g2 BLR(Y9 via the
Y -recursive approximating function g and the recursive bounding functiong.
For the \only if" part of the theorem, assume g 2 BLR(Y9 via a Y -recursive
approximating function g and a recursive bounding function. We may safely
assume thatg(n;s) < 2 for all n and s, and g(n; 0) = O for all n. We now
describe how to computeg from Y° Given n, for eachi < g(n) ask the oracle
YO%whetherjfsjg(n;s) 6 g(n;s+1)gj>i. Upon receiving the answers to these
questions, we know the numberjf s j g(n;s) 6 g(n;s +1)gj. Then g(n) =0 if
this number is even, 1 if itis odd. ThusX ¢ Y° Q.E.D. O

Corollary 6.5. For arbitrary Turing oracles X and Y, we haveX?®  YOif
and only if X°2 BLR(Y).

Proof. This is immediate from Theorem 6.4 upon recalling thatX® ! . O

Corollary 6.6. For arbitrary Turing oracles X and Y, the binary relation
X% 4 Y%is $in X and Y.

Proof. Let h be the characteristic function of X ©. By Corollary 6.5, X°  Y©
if and only X°2 BLR(Y), i.e., h 2 BLR(Y). This holds if and only if there
exist (indices for) a totally de ned Y -recursive function fi and a totally de ned
recursive function B such that

8n (jf sj B(n;s) 6 A(n;s +1)gj < A(n))

and
8n(n2 X% 8 sot(t>s andf(n;t) = 1))
and
8n(n2X°%8 sot(t>s andB(n;t) =0)).
By a Tarski/Kuratowski computation, this statementis $in X and Y. O

De nition 6.7.  We say that X is jump-traceable byY (Simpson [35]) if there
exist recursive functionsf (n) and g(n) such that 8n (" P * () #) ' P> (n) 2
W,)) and 8n (Wi g(n)).

Lemma 6.8. Assume thatBLR(X) BLR(Y). Then X is jump-traceable by
Y and X9© t YO

Proof. Assume BLR(X) BLR(Y). By Lemma 2.5 the function
v ()X e (10X .
n+1 if n) #
A= m= " " v
otherwise
belongs to BLR(Y), say h(n) =lim sf(n;s) and
ifsjf(n;s) 8 A(n;s + 1) gj < A(n)
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where f is Y-recursive and B is recursive. By the S-m-n Theorem letf (n)

be recursive such thathY(n) = fA(n;s) j s = 0;1;2;:::g for all n. Then

h(n) 2 Wy,,, and jw i  R(n), henceX is jump-traceable by Y. To show
that X° YO note that X °2 BLR(X), henceX °2 BLR(Y), henceX©® YO

by Theorem 6.4. This completes the proof. O

Remark 6.9. Lemma 6.8 may suggest that, in general, BLRK) BLR(Y) if
and only if X is jump-traceable by Y and X° Y% We do not endorse such
a conjecture, but we shall now prove some additional resultsn this direction.

Lemma 6.10. Assume thatX is jump-traceable byY and (X Y)° YO
Then BLR(X) BLR(Y).

Proof. Consider the partial X -recursive function X (n) ' the least X
such that ' S;)j;j(n) #. Clearly X% = dom( X) = fnj *(n) #g. Since X
is jump-traceable by Y, let f(n) and g(n) be recursive functions such that
8n( X (n)#) X(n)2W,)and8n (WY, j g(n). We may safely assume

that for all 2 WY, we have’ fjl;)j;j(n) #and' ff;)j;j(n) " for all . Now
for eachn and eachi<g (n) let ,; ' the ith member of WfY(n) in order of Y -

recursive enumeration. As in the proof of Lemma 6.8, leh* (n) = ' 511) X (n)+1

if ' %1) X (n) #, 0 otherwise. We shall now describe how to computé* (n) from
YO Since X Y)° 4 YO we can ask questions of the oracleX Y)°via the
oracleY? Givenn, for eachi < g (n) ask the oracleY ®whether ; # X. After
receiving the answers to these questions, we know the unique< g (n) such that

ni # X ifsuch ani exists. We can then use the oracl&’ to ndthis = ;.
We then haveh* (n) = 511;)].5].(n)+1 if exists, O otherwise. Since our use of °
in computing h* (n) was recursively bounded, we havé* 2 BLR(Y) by Lemma
2.3. It then follows by Lemma 2.5 that BLR(X) BLR(Y), Q.E.D. O

Theorem 6.11. Assume thatX 1 Y. Then BLR(X) BLR(Y) if and only
if X is jump-traceable byY and X°  Y°

Proof. The \only if" follows from Lemma 6.8. The \if* follows from Le mma
6.10 upon noting that X 1Y and X? 4 Y%imply (X Y)? 4 YO O

We say that X ! is Y -recursively enumerableif X is the range of aY -
recursive function.

Theorem 6.12. Assume thatX 1 Y and X is Y -recursively enumerable.
Then the following are pairwise equivalent.

1. BLR(X) BLR(Y).
2. X is jump-traceable byY .
3. X0 4 Y@
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Proof. Lemma 6.8 gives 1) 2 and 1) 3. To prove 2) 1, assumeX is
jump-traceable by Y. Let *(n), h*(n), f(n), g(n), ni be asgin the proof
of Lemma 6.10. SinceX is Y -recursively enumerable, letX = _Xs where
Xo X1 Xs Xg+1 is a 'Y -recursive sequence of nite sets. We
identify the sets X and X with their characteristic functions. We shall now
describe how to computehX (n) from Y© Given n, for eachi < g (n) ask the
oracle Y? whether 9s( n; # Xs) and whether 9s9t(s <t and i # Xs
and p; 6 X;). After receiving the answers to these 3(n) questions, we know
the unique i < g (n) such that ,; # X if such ani exists. We can then
use the oracleY to nd this = ;. We then have h*(n) = * % (n) +1
if  exists, O otherwise. Thush* 2 BLR(Y). It follows by Lemma 2.5 that
BLR(X) BLR(Y). This nishes the proof of 2) 1. To prove 3) 2, recall
the proof by Nies (see (ii) (i) of [27, Theorem 4.1]) that if X is recursively
enumerable andX ®  0°then X is jump-traceable. The same proof relativizes
to Y to give our implication 3 ) 2. This completes the proof. O

We now draw some additional corollaries.

De nition 6.13. We say that X is superlow (see Mohrherr [25], Nies [27], Simp-

son [35]) if X© 4 0° We say that X is jump-traceable (see Nies [27], Simpson

[35], Figueira/Nies/Stephan [20], Cholak/Downey/Greenberg [11], Downey/Greenberg
[16]) if there exist recursive functionsf (n), g(n) such that 8n (' ()X (n) #)

% (n) 2 Wy () and 8n (jW (nyj < g (n)).

Corollary 6.14. The setfX j X is superlong is 3.
Proof. This is the special caseY =0 of Corollary 6.6. O

Corollary 6.15. For all X, BLR(X) BLR(0) if and only if X is jump-
traceable and superlow.

Proof. This is the special caseY =0 of Theorem 6.11. O

Remark 6.16. Nies [27] has shown that, in general, jump-traceability dos not
imply superlowness, and superlowness does not imply jumpraceability. In the
following corollary, the equivalence 2, 3 is due to Nies [27, Theorem 4.1].

Corollary 6.17. If X is recursively enumerable, the following are pairwise
equivalent.

1. BLR(X) BLR(0).
2. X is jump-traceable.
3. X is superlow.

Proof. This is the special caseY =0 of Theorem 6.12. O
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De nition 6.18.  We say that Y is superhigh (see Mohrherr [25], Binns/Kjos-
Hanssen/Lerman/Solomon [7], Cholak/Greenberg/Miller [12], Kjos-Hanssen [22],
Simpson [35]) if #° Y% We say that Y is generalized superhigh(see Barm-
palias/Lewis/Soskova [4]) if (Y 090  Y©

Corollary 6.19. For all Y the following are pairwise equivalent.
1. BLR(Y 0% BLR(Y).
2. Y 0%s jump-traceable byY .
3. Y is generalized superhigh.

Proof. This is the special caseX = Y  0°of Theorem 6.12. O

Corollary 6.20. The setfY jY is generalized superhigbis .
Proof. The method of Theorem 2.6 shows that, for any 3 binary relation
S(X;Y), the set

fY jOX (S(X;Y) and BLR(X) BLR(Y))g

is 9. Letting S(X;Y) be the binary relation X = Y 0°% we see that the
setfY j BLR(Y 0% BLR(Y)gis 9. Our result then follows in view of
Corollary 6.19. O

Remark 6.21. We do not know whether the setfY j Y is superhighgis 9,

nor whether Y being superhigh is equivalent to BLR(®) BLR(Y). More
generally, for1 <! $£K we do not know whether @ *Y  YCis equivalent
to BLR(O( )) BLR(Y). If this were the case, it would follow by Theorems 2.6
and 4.7 thatfy jol *V  Y%is 9 and of weak degreeh .
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