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The Hilbert problems and Hilbert's Program

In 1900 the great mathematician David Hilbert laid down a list of 23 mathemat-
ical problems [31] which exercised a great in
uence on subsequent mathematical
research. From the perspective of foundational studies, itis noteworthy that
Hilbert's Problems 1 and 2 are squarely in the area of foundations of mathemat-
ics, while Problems 10 and 17 turned out to be closely relatedto mathematical
logic.1

1. Cantor's Problem of the Cardinal Number of the Continuum.

2. Compatibility of the Arithmetical Axioms.

. . .

10. Determination of the Solvability of a Diophantine Equat ion.

. . .

17. Expression of De�nite Forms by Squares.

. . .
� Simpson's Research is supported by the Grove Endowment, the Templeton Foundation,

and NSF Grants DMS-0600823 and DMS-0652637.
1Moreover Problems 3, 4, and 5 were an outgrowth of Hilbert's i nterest in the foundations

of geometry. I learned this from Professor Bottazzini's tal k at the symposium in Pisa. One
should also mention the so-called 24th Hilbert Problem disc overed by R. Thiele [83] in an
unpublished manuscript of Hilbert. Certainly the 24th Prob lem is foundationally motivated,
and I will argue in a future publication that it points to Reve rse Mathematics.
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Our starting point here is Problem 2, the consistency (= \compatibility") of
the arithmetical axioms. In a later paper [32] published in 1926, Hilbert further
elaborated his ideas on the importance of consistency proofs. Hilbert's Program
[32] asks for a �nitistic consistency proof for all of mathematics. Although we
are not concerned with consistency proofs in Hilbert's sense, we are interested
in certain logical structures which grew out of Hilbert's original concerns.

In answer to Hilbert's Problem 2 [31] and Hilbert's Program [32], G•odel
[28] proved the famous Incompleteness Theorems. LetT be any theory in the
predicate calculus satisfying certain well-known mild conditions. Then we have
the following results:

1. T is incomplete (First Incompleteness Theorem, G•odel 1931).

2. The statement \T is consistent" is not a theorem ofT
(Second Incompleteness Theorem, G•odel 1931).

3. The problem of deciding whether a given formula is a theorem of T is
algorithmically unsolvable (G•odel, Turing, Rosser, Church, Tarski, . . . ).

Some commentators have asserted that the Incompleteness Theorems mark
the end of the axiomatic method. However, I would argue that this view fails
to take account of developments in the foundations of mathematics subsequent
to 1931. The purpose of this paper is to call attention to somerelatively re-
cent research which reveals a large amount of logical regularity and structure
arising from the Incompleteness Theorems and from the axiomatic approach to
foundations of mathematics.2 We shall comment on the following topics:

1. The G•odel Hierarchy.

2. Reverse Mathematics.

3. Foundational consequences of Reverse Mathematics.

4. A partial realization of Hilbert's Program.

The G•odel Hierarchy

Using the Second Incompleteness Theorem as our jumping-o� point, we de�ne
an ordering of theories as follows. LetT1 and T2 be two theories as above. We
write

T1 < T 2

to mean that the statement \ T1 is consistent" is a theorem ofT2. One sometimes
says that the consistency strengthof T1 is less than that of T2. Often this goes
hand-in-hand with saying that T1 is interpretable in T2 and not vice versa. We
may think of T2 > T 1 as meaning that T2 is \more abstract" or \harder to

2Another line of research which reveals a great deal of struct ure is Gentzen-style proof
theory as carried on by many researchers including Sch•utte [60] and Takeuti [78].
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interpret" or \less concrete" or \less meaningful" or \less surely consistent"
than T1.

It is known that the < ordering gives rise to a hierarchy of foundationally
signi�cant theories, ordered by consistency strength. We dub this the G•odel
Hierarchy, because it seems to us that the possibility of such a hierarchy became
apparent through the work of G•odel. In any case, the G•odel Hierarchy has been
a central object of study in foundations of mathematics subsequent to 1931. It
turns out that the G•odel Hierarchy exhibits a number of remarkable regularities,
including a kind of linearity.

A schematic representation of the G•odel Hierarchy is in Table 1. Each of
the theories in Table 1 is of considerable signi�cance for the foundations of
mathematics. Generally speaking, the idea of Table 1 is thatthe lower theories
are below the higher theories with respect to the< ordering. The exception
is that PRA, RCA0, and WKL0 are all of the same consistency strength. A
number of these theories will be described below in connection with Reverse
Mathematics.

It is striking that a great many foundational theories are li nearly ordered
by < . Of course it is possible to construct pairs of arti�cial theories which are
incomparable under< . However, this is not the case for the \natural" or non-
arti�cial theories which are usually regarded as signi�cant in the foundations of
mathematics. The problem of explaining this observed regularity is a challenge
for future foundational research.

As an alternative to the < ordering, one may consider a somewhat di�erent
ordering, the inclusion ordering. Our jumping-o� point her e is the First Incom-
pleteness Theorem. Assuming that the language ofT1 is part of the language
of T2, let us write

T1 � T2

to mean that the sentences which are theorems ofT1 form a proper subset of
the sentences in the language ofT1 which are theorems ofT2. We may think of
T2 � T1 as meaning thatT2 is \more powerful" or \stronger" than T1. In many
cases the< ordering and the � ordering coincide. In Table 1 the lower theories
are always below the higher theories with respect to the� ordering.

In addition to the observed linearity noted above, another kind of observed
regularity is the existence of repeating patterns at various levels of the G•odel
Hierarchy. For example, the foundationally signi�cant analogies

RCA0

WKL0
=

� 1
1-CA0

ATR0

and
WKL0

ACA0
=

ATR0

� 1
1-CA0

have been explored by Simpson [70, Remark I.11.7, Chapter VIII].
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strong

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

...
supercompact cardinal
...
measurable cardinal
...

ZFC (Zermelo/Fraenkel set theory)

ZC (Zermelo set theory)

simple type theory

medium

8
>>>>>>>>>><

>>>>>>>>>>:

Z2 (second-order arithmetic)
...

� 1
2-CA0 (� 1

2 comprehension)

� 1
1-CA0 (� 1

1 comprehension)

ATR0 (arithmetical trans�nite recursion)

ACA0 (arithmetical comprehension)

weak

8
>>>>>>>>>><

>>>>>>>>>>:

WKL0 (weak K•onig's lemma)

RCA0 (recursive comprehension)

PRA (primitive recursive arithmetic)

EFA (elementary function arithmetic)

bounded arithmetic
...

Table 1: Some benchmarks in the G•odel Hierarchy.
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Foundations of mathematics

Foundations of mathematics (f.o.m.) is the study of the most basic concepts
and logical structure of mathematics as a whole. Among the most basic math-
ematical concepts are: number, shape, set, function, algorithm, computability,
randomness, mathematical proof, mathematical de�nition, mathematical ax-
iom, mathematical theorem.

I founded the FOM list in 1997 and ran it during the years 1997{2002 as an
electronic forum for lively discussion of issues and programs in f.o.m. Currently
the FOM list resides at http://www.cs.nyu.edu/mailman/li stinfo/fom/ and is
moderated by Martin Davis with the help of an editorial board . Both the FOM
list and my book Subsystems of Second Order Arithmetic[70] were developed
in order to promote a sometimes controversial idea:

Mathematical logic is or ought to be driven by f.o.m. considerations.

A crucially important f.o.m. question which we shall study below is:

What axioms are needed in order to prove particular mathematical
theorems?

Subsystems of second-order arithmetic

Second-order arithmetic, denotedZ2, is a theory with two sorts of variables.
There are number variables m; n; : : : intended to range over the set of natural
numbers N = f 0; 1; 2; : : :g and set variables X; Y; : : : intended to range over
subsets ofN. In addition the language of Z2 includes the predicates + and �
intended to denote addition and multiplication on N, as well as the membership
predicate 2 intended to denote the membership relation

2 = f (n; X ) j n 2 X g � N � P(N)

on N � P(N). Here P(N) is the powerset ofN, i.e., the set of all subsets ofN. In
addition Z2 has the usual apparatus of the predicate calculus includingproposi-
tional connectives: ; ^ ; _; ) ; , , number quanti�ers 8n; 9n, and set quanti�ers
8X; 9X .

The axioms ofZ2 express basic properties ofN and P(N). Among the axioms
are all instances of thefull comprehension schemeconsisting of the universal
closures of all formulas of the form

9X 8n (n 2 X , �( n))

where �( n) is any formula in which the set variable X does not occur freely.
A basic foundational discovery essentially due to Hilbert/Bernays [33, Sup-

plement IV] is that it is possible to formalize the vast majority 3 of rigorous core

3Of course we must make exceptions for extremely abstract bra nches of mathematics such
as set-theoretical topology and the arithmetic of uncounta ble cardinal numbers.
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mathematics within Z2. Virtually every theorem of rigorous core mathematics
(including the key theorems of analysis, algebra, geometry, combinatorics, etc.)
can be formalized as a sentence in the language of ofZ2, and in virtually all
cases these sentences are then provable as theorems ofZ2.

Later Kreisel [44] emphasized the importance ofsubsystemsof Z2. By a
subsystem ofZ2 we mean any theory in the language ofZ2 which is � Z2. For
example, if we restrict the comprehension scheme ofZ2 to formulas �( n) with
a �xed �nite number of set quanti�ers, the resulting theory i s both < Z2 and
� Z2. Thus we have in�nitely many di�erent subsystems of Z2. It can be shown
that Z2 itself is not �nitely axiomatizable, but trivially each the orem of Z2 is
provable in some �nitely axiomatizable subsystem ofZ2 obtained by discarding
all but �nitely many of the axioms of Z2. Therefore, in view of Hilbert/Bernays
[33, Supplement IV], it becomes interesting to try to correlate particular the-
orems of rigorous mathematics with the subsystems ofZ2 in which they are
provable. Thus subsystems ofZ2 emerge as benchmarks for the classi�cation
of rigorous mathematical theorems according to their \logical strength." This
kind of calibration was apparently �rst pioneered by Kreisel.

Subsequently subsystems ofZ2 were investigated by a number of researchers
including Kreisel [44, 45], Feferman [15, 16], Friedman [21, 22, 23], Simpson
(numerous publications including [70]) and Simpson's Ph.D. students.4 Some
interesting subsystems ofZ2 appear in Table 1: RCA0, WKL0, ACA0, ATR0,
� 1

1-CA0, � 1
2-CA0.5 As an outcome of ongoing research, it is now fair to say

that subsystems of Z2 are basic for our current understanding of the logical
structure of contemporary rigorous mathematics. An important component of
this understanding is Reverse Mathematics, as we shall now explain.

Reverse Mathematics

Given a mathematical theorem � , let S� be the \weakest natural" 6 subsystem
of Z2 in which � is provable. The following widespread phenomena have been
observed:

1. Often it is possible to determineS� exactly. In other words, S� ` � and
there is no \natural" S � S� such that S ` � .

4Among the Ph.D. theses supervised by Simpson on subsystems o f Z2 and Reverse Math-
ematics are Steel 1976 [76], Smith 1979 [74], Brackin 1984 [5 ], Brown 1987 [6], Hirst 1987
[35], Yu 1987 [86], Ferreira 1988 [20], Hatzikiriakou 1989 [ 30], Marcone 1993 [48], Humphreys
1996 [36], Giusto 1998 [27], and Mummert 2005 [52]. Some key p apers in Reverse Mathe-
matics are Simpson [66, 69], Friedman/Simpson/Smith [25, 2 6], Friedman/McAloon/Simpson
[24], Brown/Simpson [8, 9], Brown/Giusto/Simpson [7], Hum phreys/Simpson [37, 38],
Mummert/Simpson [53], Shioji/Tanaka [62], Solomon [75], T anaka [79, 80, 81], and
Tanaka/Yamazaki [82]. The basic reference for subsystems o f Z2 and Reverse Mathemat-
ics is Simpson [70].

5The subscript 0 denotes quanti�er-free induction. This mea ns that the systems assume
induction only for quanti�er-free formulas. An advantage o f such systems is that they are
�nitely axiomatizable.

6Later in this paper we shall propose a rigorous criterion of \ mathematical naturalness"
for subsystems of Z2 .
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2. In such cases it often turns out that S� and � are logically equivalent
over a much weaker subsystemS. In other words, S ` S� , � for some
S � S� . (In particular S� is �nitely axiomatizable over S.)

3. Only a relatively small number of subsystems ofZ2 tend to arise repeatedly
as S� in this context.

Thus we obtain an illuminating classi�cation of mathematic al theorems up to
logical equivalence over weak base theories in which the theorems in question
are not provable.

As an example, consider the well-known Perfect Set Theorem:every un-
countable closed set in Euclidean space includes a perfect set. It has been shown
(see [70, Theorem V.5.5]) that the Perfect Set Theorem is logically equivalent
to ATR0 over the much weaker systemRCA0. Thus we haveS� = ATR0 where
� is the Perfect Set Theorem as formalized in the language ofZ2.

As a second example, consider the Lusin Separation Theorem in descriptive
set theory: any disjoint pair of analytic sets is separated by a Borel set. The
Reverse Mathematics investigations of Simpson [70, Sections V.3 and V.5] have
shown that Lusin's Theorem, like the Perfect Set Theorem, islogically equivalent
to ATR0 over RCA0.

As a third example, de�ne a countable bipartite graphto be a setE � N� N.
A matching is a set M � E such that i = m if and only if j = n for all
(i; j ) 2 M and (m; n) 2 M . A covering is a set C � N such that for all
(i; j ) 2 E at least one of i; j belongs to C. A K•onig covering consists of a
matching M and a coveringC such that for all ( i; j ) 2 M exactly one of i; j
belongs to C. The Podewski/Ste�ens Theorem [57] asserts that every count-
able bipartite graph has a K•onig covering. The Reverse Mathematics investi-
gations of Aharoni/Magidor/Shore [2] and Simpson [69] haveshown that the
Podewski/Ste�ens Theorem, like the Perfect Set Theorem andLusin's Theorem,
is logically equivalent to ATR0 over RCA0.

Combining these three examples, we obtain the odd-looking result that the
Perfect Set Theorem, Lusin's Theorem, and the Podewski/Ste�ens Theorem are
pairwise logically equivalent (over RCA0). Thus these three theorems coming
from completely di�erent branches of mathematics have beenclassi�ed into
precisely the same equivalence class (modulo logical equivalence overRCA0)
and calibrated at precisely the same level of consistency strength in the G•odel
Hierarchy.

Remarkably, a series of case studies of this kind has revealed a clear pattern
which is documented in my book [70]. Namely, a large number ofmathematical
theorems (several hundreds at least) fall into a small number of equivalence
classes (�ve).

This completes our broad outline of the ongoing program of Reverse Math-
ematics as pioneered by Kreisel, Friedman, and myself and developed in many
subsequent research papers. The foundational signi�canceof this program will
be discussed below.

The basic reference on Reverse Mathematics is Part A of my 1999 book [70].
A more up-to-date reference on Reverse Mathematics is the 2005 volume [65]
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which includes papers by a number of prominent researchers.

The Big Five

The �ve most important subsystems of Z2 for Reverse Mathematics are:

1. RCA0 (Recursive Comprehension Axiom). This is a kind of formalized
recursive or computable mathematics. The! -models ofRCA0 are precisely
the nonempty subsets ofP(N) which are closed under Turing reducibility.
The smallest ! -model of RCA0 is REC = f X j X is recursiveg.

2. WKL0 (Weak K•onig's Lemma). This consists of RCA0 plus a compactness
principle: every in�nite subtree of the full binary tree has an in�nite path.
The ! -models ofWKL0 are precisely the Scott systems [61]. REC is not
an ! -model of WKL0, but it is the intersection of all such models.

3. ACA0 (Arithmetical Comprehension Axiom). This consists of RCA0 plus
the comprehension scheme restricted to formulas �(n) with no set quan-
ti�ers. The ! -models ofACA0 are the nonempty subsets ofP(N) which
are closed under Turing reducibility and the Turing jump operator. The
smallest ! -model of ACA0 is ARITH = f X j 9n (X � T 0(n ) )g where 0(n )

is the nth Turing jump of 0.

4. ATR0 (Arithmetical Trans�nite Recursion). This consists of RCA0 plus an
axiom saying that the Turing jump operator, or equivalently arithmetical
comprehension, can be iterated along any countable well-ordering. Each
! -model ofATR0 is closed under relative hyperarithmeticity. The ! -model
HYP = f X j X is hyperarithmeticalg is not itself an ! -model ofATR0, but
it is the intersection of all such models. In fact, HYP is the intersection
of all � -models ofATR0 (Simpson [70, VII.2.7 and VIII.6.11]).

5. � 1
1-CA0 (� 1

1 Comprehension Axiom). This consists ofRCA0 plus the com-
prehension scheme restricted to formulas �(n) with exactly one set quan-
ti�er. The smallest � -model of � 1

1-CA0 is f X j 9n (X � T 0(n ) )g where
0(n ) is the nth hyperjump of 0.

These �ve systems correspond to Chapters II through VI of my book [70] and are
colloquially known as \the Big Five." Table 2 gives a rough indication of which
kinds of mathematical theorems are provable in which of these subsystems ofZ2.
Each � in the table indicates that there are some theorems in the given branch
of mathematics which fall at the given level of the G•odel Hierarchy. Some of
these results are listed below.

In Reverse Mathematics to date, the most useful base theory has beenRCA0,
and the most useful benchmark systems have beenWKL0, ACA0, ATR0 and � 1

1-
CA0. We shall now list some of these results. References for these results may
be found in [70].
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RCA0 WKL0 ACA0 ATR0 � 1
1-CA0

analysis (separable):

di�erential equations � �

continuous functions � � �

completeness, etc. � � �

Banach spaces � � � �

open and closed sets � � � �

Borel and analytic sets � � �

algebra (countable):

countable �elds � � �

commutative rings � � �

vector spaces � �

Abelian groups � � � �

miscellaneous:

mathematical logic � �

countable ordinals � � �

in�nite matchings � � �

the Ramsey property � � �

in�nite games � � �

Table 2: Mathematics in the Big Five.
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Reverse Mathematics for WKL0

WKL0 is equivalent overRCA0 to each of the following mathematical theorems:

1. The Heine/Borel Covering Lemma: Every covering of [0; 1] by a sequence
of open intervals has a �nite subcovering.

2. Every covering of a compact metric space by a sequence of open sets has
a �nite subcovering.

3. Every continuous real-valued function on [0; 1] (or on any compact metric
space) is bounded (uniformly continuous, Riemann integrable).

4. The Maximum Principle: Every continuous real-valued function on [0; 1]
(or on any compact metric space) has (or attains) a supremum.

5. The local existence theorem for solutions of (�nite systems of) ordinary
di�erential equations.

6. G•odel's Completeness Theorem: every consistent �nite (or countable) set
of sentences in the predicate calculus has a countable model.

7. G•odel's Compactness Theorem: a countable set of sentences in the predi-
cate calculus is satis�able if and only if it is �nitely satis �able.

8. Every countable commutative ring has a prime ideal.

9. Every countable �eld (of characteristic 0) has a unique algebraic closure.

10. Every countable formally real �eld is orderable.

11. Every countable formally real �eld has a (unique) real closure.

12. Brouwer's Fixed Point Theorem: Every (uniformly) conti nuous function
� : [0; 1]n ! [0; 1]n has a �xed point.

13. The Separable Hahn/Banach Theorem: Iff is a bounded linear functional
on a subspace of a separable Banach space, and ifkf k � 1, then f has an
extension ef to the whole space such thatk ef k � 1.

14. Banach's Theorem: In a separable Banach space, given twodisjoint convex
open setsA and B , there exists a closed hyperplaneH such that A is on
one side ofH and B is on the other.

15. The existence and uniqueness of Haar measure on separable, locally com-
pact groups.

16. Every countablek-regular bipartite graph has a perfect matching.
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Reverse Mathematics for ACA0

ACA0 is equivalent overRCA0 to each of the following mathematical theorems:

1. Every bounded, or bounded increasing, sequence of real numbers has a
least upper bound.

2. The Bolzano/Weierstra� Theorem: Every bounded sequenceof real num-
bers, or of points in Rn , has a convergent subsequence.

3. Every sequence of points in a compact metric space has a convergent
subsequence.

4. The Ascoli Lemma: Every bounded equicontinuous sequenceof real-valued
continuous functions on a bounded interval has a uniformly convergent
subsequence.

5. Every countable commutative ring has a maximal ideal.

6. Every countable vector space (overQ) has a basis.

7. Every countable �eld (of characteristic 0) has a transcendence basis.

8. Every countable Abelian group has a unique divisible closure.

9. K•onig's Lemma: Every in�nite, �nitely branching tree ha s an in�nite path.

10. Ramsey's Theorem for colorings of [N]3 (or of [N]k for any �xed k � 3).

Reverse Mathematics for ATR0

ATR0 is equivalent overRCA0 to each of the following mathematical theorems:

1. Any two countable well-orderings are comparable.

2. Ulm's Theorem: Any two countable reduced Abelianp-groups which have
the same Ulm invariants are isomorphic.

3. The Perfect Set Theorem: Every uncountable closed, or analytic, set has
a perfect subset.

4. Lusin's Separation Theorem: Any two disjoint analytic sets can be sepa-
rated by a Borel set.

5. The domain of any single-valued Borel set in the plane is a Borel set.

6. Every clopen (or open) game inNN is determined.

7. Every clopen (or open) subset of [N]N has the Ramsey property.

8. Every countable bipartite graph admits a K•onig covering.
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Reverse Mathematics for � 1
1-CA0

� 1
1-CA0 is equivalent overRCA0 to each of the following mathematical theorems:

1. Every tree has a largest perfect subtree.

2. The Cantor/Bendixson Theorem: Every closed subset ofR (or of any
complete separable metric space) is the union of a countableset and a
perfect set.

3. Every countable Abelian group is the direct sum of a divisible group and
a reduced group.

4. Every di�erence of two open sets in the Baire spaceNN is determined.

5. Every G� set in [N]N has the Ramsey property.

6. Silver's Theorem: For every Borel (or coanalytic, or F� ) equivalence rela-
tion with uncountably many equivalence classes, there exists a perfect set
of inequivalent elements.

7. For every countable setS in the dual X � of a separable Banach spaceX
(or in l1 = c�

0), there exists a smallest weak-� -closed subspace ofX � (or
of l1 respectively) containing S.

8. For every norm-closed subspaceY of l1 = c�
0, the weak-� -closure of Y

exists.

Foundational implications

Reverse Mathematics and the Big Five have a number of implications for the
foundations of mathematics. We brie
y list some of these implications.

Formalization

In Reverse Mathematics, speci�c mathematical theorems areclassi�ed according
to the subsystems ofZ2 in which they are formally provable. This kind of
classi�cation provides data which are of obvious interest from the viewpoint of
the Russell/Whitehead formalization program.

Mathematical naturalness

As a byproduct of Reverse Mathematics, certain speci�c subsystems of Z2 are
identi�ed as being mathematically natural, and the natural ness is rigorously
demonstrated.

Namely, a subsystemS of Z2 is to be considered mathematically natural
if we can �nd one or more core mathematical theorems� such that S , �
is provable over a weak base theory. In particular, there is abundant evidence
(some of which has been presented above) thatWKL0, ACA0, ATR0, and � 1

1-CA0

are mathematically natural in this sense.
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RCA0 computable mathematics Pour-El/Richards

WKL0 �nitistic reductionism Hilbert

ACA0 predicativity Weyl, Feferman

ATR0 predicative reductionism Feferman, Friedman, Simpson

� 1
1-CA0 impredicativity Buchholz et al.

Table 3: Foundational programs and the Big Five.

Consequences of foundational doctrines

With the help of Reverse Mathematics, we can explore the consequences of
particular f.o.m. doctrines, including:

1. computable analysis (see Aberth [1], Pour-El/Richards [58]).

2. �nitistic reductionism (see Hilbert [32]).

3. predicativity (see Weyl [84, 85], Kreisel [44], Feferman[15, 16, 19]).

4. predicative reductionism (see Feferman [17], Simpson [71], and Fried-
man/McAloon/Simpson [24]).

5. impredicative or � 1
1 analysis (see Buchholz et al. [10]).

From the foundational viewpoint, it is desirable to understand what each of
these doctrines would mean in terms of their consequences for mathematical
practice. Reverse Mathematics provides data which can be ofgreat importance
for such understanding.

Note �rst that, roughly speaking, each of the above foundational doctrines
says that mathematics ought to be restricted to that which is provable in a
particular subsystem ofZ2. See Table 3. The question then arises, which math-
ematical theorems would be \lost" by such a restriction? Reverse Mathematics
provides precise answers to such questions, by telling us which mathematical
theorems are and are not provable in which subsystems ofZ2.

We now discuss two examples: the Cinq Lettres Program [29] and Hilbert's
Program [32].

The Cinq Lettres Program

An interesting exchange of letters among Borel, Hadamard and Lebesgue con-
cerning the foundations of set theory has been preserved in [29]. These great
mathematicians were horri�ed by the existence of arbitrary or pathological sets
of points in Euclidean space. To remedy this di�culty, they p roposed to restrict
attention to well-behaved sets, such as Lebesgue measurable sets or Borel sets.
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As a result of relatively recent research in Reverse Mathematics [70, Section
V.3], it is now known that the basic theory of Borel and analytic sets (the
Lusin Separation Theorem, etc.) can be developed inATR0. Moreover, it is
known proof-theoretically (see Friedman/McAloon/Simpson [24]) that ATR0 is
� 1

1-conservative over Feferman's systems of predicative mathematics [15, 16].
Thus all � 1

1 or arithmetical theorems of Borel mathematics are predicatively
provable, and it becomes possible to argue that restricted mathematics in the
Cinq Lettres style is predicatively reducible.

A partial realization of Hilbert's Program

Hilbert's Program [32] calls for all of mathematics to be reduced to �nitism.
Namely, each �nitistically meaningful theorem is to be given a �nitistic proof.
The Second Incompleteness Theorem of G•odel [28] implies that Hilbert's Pro-
gram cannot be completely realized. For instance, the statement \�nitism is
consistent" (assuming a precise formal analysis of �nitism) is �nitistically mean-
ingful yet not �nitistically provable.

Nevertheless, a signi�cant partial realization of Hilbert 's Program has been
obtained:

1. Tait [77] has argued that PRA (Primitive Recursive Arithmetic) embodies
all of �nitistic mathematics.

2. Parsons [56] and Friedman (unpublished, but see [70, Section IX.3]) 7 have
shown that WKL0 is conservative overPRA for � 0

2 sentences. Moreover,
Tait's argument shows that this class of sentences includesall �nitistically
meaningful sentences.

3. A large portion of core mathematics, including many of thebest known
nonconstructive theorems, can be carried out inWKL0. A sampling of
these results is included in the above discussion of ReverseMathematics
in WKL0. See also Simpson [70, Chapter IV].

4. In addition to WKL0 there are other subsystems ofZ2 which are likewise
� 0

2-conservative overPRA and which su�ce to prove even more core math-
ematical theorems concerning measure theory and Baire category theory.
See for instance Brown/Simpson [9] and Brown/Giusto/Simpson [7].

Thus we see that a large portion of rigorous core mathematicsis �nitistically
reducible. The general intellectual signi�cance of this partial realization of
Hilbert's Program has been argued vigorously in Simpson [68].

Beyond the Big Five

In addition to the Big Five, a number of other subsystems ofZ2 have arisen in
Reverse Mathematics.

7See also Sieg [64] and Kohlenbach [43].
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The most striking recent discovery is the existence of Reverse Mathematics at
the level of � 1

2 comprehension,8 thus going far beyond the Big Five as measured
by the G•odel Hierarchy. We now describe this result brie
y.

Mummert [52] and Mummert/Simpson [53] have initiated the Reverse Math-
ematics of general topology. The relevant de�nitions are asfollows. Let P be a
partially ordered set. A �lter 9 on P is a setF � P such that (a) p 2 F; p � q
imply q 2 F , and (b) p 2 F; q 2 F imply 9r (r 2 F; r � p; r � q). A maximal
�lter on P is a �lter on P which is not properly included in any other �lter on
P. Let MF( P) be the topological space whose points are the maximal �lters
on P and whose basic open sets are of the formf F 2 MF( P) j p 2 F g where
p 2 P. It can be shown that all complete metric spaces and many nonmetrizable
topological spaces are homeomorphic to spaces of the form MF(P) where P is
a partially ordered set. Moreover, every complete separable10 metric space is
homeomorphic to MF(P) for some countable partially ordered setP.

A topological space is said to becompletely metrizableif it is homeomorphic
to a complete metric space. A topological space is said to beregular if its
topology has a base consisting of closed sets. It is well-known and easy to see
that every metrizable topological space is regular. Let MFMT be the following
metrization theorem:

Given a countable partially ordered set P, the topological space
MF( P) is completely metrizable if and only if it is regular.

It can be shown (see [53]) that MFMT is an easy consequence of well-known
metrization theorems due to Urysohn and Choquet. It is straightforward to
formalize MFMT as a sentence in the language ofZ2.

Mummert/Simpson [53] have shown that MFMT is equivalent to � 1
2-CA0

over � 1
1-CA0. Thus we have a convincing instance of Reverse Mathematics at

the level of � 1
2 comprehension.

In addition to Mummert/Simpson [53], a number of researchers have discov-
ered Reverse Mathematics at other levels of the G•odel Hierarchy. We now list
and describe these developments in order of increasing consistency strength.

1. Simpson/Smith [73] (see also [70, Section X.4]) introduced a systemRCA�
0

which is < RCA0 and � RCA0. They showed that

RCA0 = RCA�
0 + � 0

1 induction

and that RCA�
0 can replaceRCA0 as the base theory in much of Reverse

Mathematics. Moreover, a number of core mathematical theorems (e.g.,
the fact that every polynomial can be factored into irreducible polynomi-
als) are equivalent to RCA0 over RCA�

0.

8By � 1
2 comprehension we mean � 1

2-CA0 , i.e., Z2 with the comprehension scheme restricted
to formulas �( n) with exactly two set quanti�ers.

9Note that this is just the usual notion of �lter which �gures p rominently in forcing over
models of axiomatic set theory. See for instance Kunen [46].

10 A metric space is said to be separable if it has a countable dense subset. Most of the
topological spaces occurring in core mathematics arise fro m complete separable metric spaces.
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2. Yu [86] introduced a systemWWKL0 which arises repeatedly in the Re-
verse Mathematics of measure theory. For example,WWKL0 is equivalent
over RCA0 to a formal statement of the Vitali Covering Theorem [7]. It
turns out that WWKL0 is strictly intermediate between RCA0 and WKL0

and is closely related to algorithmic randomness in the sense of Martin/L•of
[49]. See also Simpson [70, Section X.1] and Brown/Giusto/Simpson [7].

3. Cholak/Jockusch/Slaman [12] and Hirschfeldt/Shore [34] have studied a
number of Reverse Mathematics questions centering around

RT(2) = Ramsey's Theorem for exponent 2.

A problem which remains open is to determine exactly the consistency
strength of RCA0 +RT(2). It is also open whether WKL0 � RCA0 +RT(2).
It is known that not all ! -models ofWKL0 satisfy RT(2).

4. Beginning with Dobrinen/Simpson [14] there has been an explosion of
activity in the Reverse Mathematics of measure-theoretic regularity. This
turns out to be closely related to the study of low-for-randomness in the
sense of Ku�cera/Terwijn [47]. In addition to [14] see also Binns et al.
[3], Cholak/Greenberg/Miller [11], Kjos-Hanssen [41], Simpson [72], and
Kjos-Hanssen/Miller/Solomon [42].

5. Simpson [67] has performed an axiomatic study of so-called basis theorems
for ideals in commutative and noncommutative rings, leading to Reverse
Mathematics at the levels

RCA0 + ! ! is well-ordered

and

RCA0 + ! ! !
is well-ordered

in the G•odel Hierarchy. It is known that these theories are strictly inter-
mediate betweenRCA0 and ACA0 with respect to the < and � orderings,
and incomparable with WKL0 with respect to the � ordering.

6. Rathjen/Weiermann [59] (building on unpublished work of H. Friedman)
have performed an axiomatic study of Kruskal's Theorem in graph theory,
leading to Reverse Mathematics at the level

RCA0 + #
 ! is well-ordered

where #
 ! is the Ackermann ordinal, a.k.a., the small Veblen ordinal.
It is known that this theory is strictly intermediate betwee n ATR0 and
� 1

1-CA0 with respect to the < ordering and incomparable with ACA0 and
ATR0 with respect to the � ordering.
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7. Tanaka [80, 81] (see also [70, Section VI.7]) and his colleagues MedSalem
and Nemoto (see [50, 54, 55]) have investigated the Reverse Mathematics
of determinacy at various levels of the arithmetical hierarchy. Some of the
subsystems ofZ2 which arise in this way are strictly intermediate between
� 1

1-CA0 and � 1
2-CA0.

Thus we see that the G•odel Hierarchy and Reverse Mathematics can be expected
to persist as signi�cant f.o.m. research areas for a long time to come.
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