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Chapter 1

Unsolvability of Hilbert's
Tenth Problem

1.1 Hilbert's Tenth Problem

De nition 1.1.1 (Hilbert's Tenth Problem). Given a polynomial p with

De nition 1.1.2. A Diophantine equation is an equation of the form

where p(wq;:::;wWp) is a polynomial with integer coe cients , i.e., coe cients
from Z. Hilbert's Tenth Problem is: to nd an algorithm for decidin g whether
a given Diophantine equation has aninteger solution, i.e., wy;:::;wp 2 Z

Hilbert proposed this problem in 1900. There was no progressintil the
1950s, when M. Davis conjectured that Hilbert's Tenth Problem is unsolvable,
i.e., no such algorithm exists. Davis, Putnam, and J. Robinen made further
progress toward this result, and Matiyasevich completed tke proof in 1969.

A typical method for showing that a problem P is unsolvable is to reduce
the Halting Problem to P. Thus, a solution for P would give a solution to
the Halting Problem, and as the Halting Problem is known to be unsolvable,
P must then also be unsolvable. This is the method used here. Wshall show
that the Halting Problem is reducible to Hilbert's Tenth Pro blem.

The starting point for our presentation is the undecidability of true rst-
order arithmetic, T;. Let the languagel; consist of f+; ;0;1;=g, where +
and are binary operations, 0 and 1 are constants, and = is a binaryrelation.
The terms of L; are variablesx;y;z;:::, the constants 0 and 1, andt; + t5,
t1 to wheret;;t, are terms. The formulas of L, are atomic formulast; = t,
wherets;t, are terms, and: A, A_ B, A~B,A) B, A, B, 9xA, 8A,



where A; B are formulas andx is a variable. As usual, a sentence is a formula
with no free variables.

Let N = f0;1;2;:::g, the set of natural numbers. We also useN to denote
the structure

(N;+; 50,1=);

i.e., the intended model of rst-order arithmetic. Formula s of L; may be in-
terpreted as usual in N, and each sentence of ; is either true or false in N.
A theorem of Tarski says there is no algorithm to determine the truth value
of an L;-sentence inN. T; is the complete theory consisting of all sentences
of L1 which are true in N. Thus Tarski's result is that the theory T; is unde-
cidable. Actually, Tarski shows that the Halting Problem H and many other
noncomputable sets and functions are de nable oveN, i.e., de nable over T;.

When interpreted in N, terms of L1 are equivalent to polynomials with posi-
tive integer coe cients. For example, theterm (x+y) ((1+1) z+y)is equiva-
lent over N to 2xz + xy +2yz+ y2, which is a polynomial in N[x; y; z]. Atomic for-

0 has at least one solution inN.
Accordingly, we consider a modi ed form of Hilbert's Tenth P roblem.

De nition 1.1.3 (Modied Hilbert's Tenth Problem). Given a poly-

Remark 1.1.4. The Modied Hilbert's Tenth Problem is equivalent to the
original problem. Suppose rst that the Modi ed Hilbert's T enth Problem were

tions if and only if 9x; 9xn 2 N such that p( x1;:::; Xn) =0, so Hilbert's
Tenth Problem would be solvable. Conversely, if Hilbert's Tenth Problem were

i ed Hilbert's Tenth Problem would also be solvable. This relies on Lagrange's
Theorem: every natural number is the sum of four squares.

Note that Tarski's Theorem and the Modi ed Hilbert's Tenth P roblem both
deal with di erent kinds of de nability over N. We use the proof of Tarski's
Theorem (see our Math 558 notes [14]) as the starting point foour proof of
unsolvability of the Modi ed Hilbert's Tenth Problem.



1.2 1 Relations and Functions

To warm up, we consider yet another kind of de nability over N.

De nition 1.2.1 ( o formulas). The ( formulas of L; are the smallest
class of formulas closed under propositional connectives*( _,: ,) ,, ) and
bounded quanti cation (8x <t , 9x <t , wheret is a term not mentioning x).

De nition 1.2.2 ( o relations and functions). Arelaton R N¥is g
if it is de nable by a  ( formula. A partial function from N¥ to N is ¢ if

graph( )is o.

Example 1.2.3. The \less than" relation x <y is de nable by the ¢ formula
9Gz<y(x+z+1=y).

Remark 1.2.4. The ¢ relations are only a small subclass of the primitive
recursive relations. Nevertheless, many interesting reldons are . E.g., a
result of Bennett shows that the 3-place exponential relaton x¥ = zis . We
omit the proof.

De nition 1.2.5 ( 1 formulas). A formula G is ; it is of the form 9xF
whereF is .

De nition 1.2.6 ( 1 relations and functions). Arelaton R N¥is 1 if
it is de nable over N by a 3 formula. A partial function ~ from N€ to N is
if graph( )is 1.

We shall prove the following theorem.

Theorem 1.2.7. Ris 1 if and only if R is recursively enumerable, i.e., 9.

is 1 ifand only if is partial recursive.

The forward direction of the theorem is obvious, as 1 relations are clearly

9, and ; partial functions are clearly partial recursive. (See my Mah 558

notes [14].) We must show the converse direction. In particlar, we must show
that all primitive recursive functions are ;.

Lemma 1.2.8. The class of ; relations is closed under unbounded existential
quanti cation, logical and, logical or, and bounded quanti cation.

Proof. SupposeG is 1. Then 9xG is equivalent to 9x 9y F, where F is .
This is then equivalent to 9z29x <z 9y <z F whichis ;.
If 9xF and 9xG are both 1, then 9xF "9xG 9 x9y(F*"G). F* Gis
o and so the formula is ;. The case for disjunction is similar.
Also, 9x <t 9yF 9 y9x <tF and so the class of ; relations is closed
under bounded existential quanti cation.
We have8x <t 9yF 9 z8x<t 9y <zF. The formula 8x<t 9y <zF is
o and thus the whole formula is ; as required. Thus the class of ; relations
is closed under bounded universal quanti cation. O



To nish the proof of Theorem 1.2.7, we now brie y review Gadel's func-
tion. The function is a method of coding arbitrarily long nite sequences of
integers in an arithmetically e ective way.

Lemma 1.2.9. For all k there exist in nitely many a such that
a+tl;2a+1;:::;ka+1l
are pairwise relatively prime.

Proof. Let a be any muliple ofk!. If ia+1 and ja +1 are not relatively prime,

1 i<j k, let p be a prime dividing both ia +1 and ja + 1. In particular p
does not dividea. Thus p > k by our choice ofa. On the other hand, p divides
(ja+l) (la+1)=(j 1i)a sopdividesj i. This contradicts p>Kk. O

The following is a well known result in number theory. We omit its proof.
See the Math 558 notes [14].

Lemma 1.2.10 (Chinese Remainder Theorem). Let my;:::; mg be pair-
wise relatively prime. Givenry;:::;rg suchthat 0 r; <m; fori =1;:::;Kk,
we can ndr suchthatr ry modm; foralli=1;:::;k

De nition 1.2.11 (the function). We de ne

(a;r;i)=Rem(r;a (i+1)+1)

where Remfy; x) is the remainder of y on division by x.

Corollary 1.2.12. Given rg;:::;rk 0, we can nd a;r 0 such that
(ajr;i)y=rjforalli=0;:::;k

Proof. By Lemma 1.2.9 above, leta be such thata+1;2a+1;:::;(k+1)a+1are

pairwise relatively prime, and a > max(ro;:::;rn). By the Chinese Remainder

Theorem, we can ndr suchthatr ri moda(i+1)+1for i =0;:::;k. Thus
(a;ri)y=rj fori=0;:::;k. O

Lemma 1.2.13. The functionis 1.

Proof. It suces to show that Remis 1. We have
Rem(y;x)=r ( r<x "9q<y(y=qgx+r):
Thus Rem and the function are ¢, hence ;. O

Lemma 1.2.14. All primitive recursive functions are ;.

Proof. Z(x)=0is ;viay=0.
S(X)= x+1lis jviay=x+1.
Pui (X1;::55Xp) = Xj IS 1 viay = X.



are 1, we have thatf is 1, because
|

y=f(xiX) 09z 9zm y=h(z;iinizm) Nz = gi(Xe5iiniXn)
i=1

Thus the class of ; functions is closed under composition.
Given f (x1;:::;X,) de ned by

fO;Xx1;:05%n) = g(X13:i:%Xn)
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whereg;hare ,,f is 1 because

0 9 aor( (&r;0)=g(xy;::5;Xp) M (nx)=yn
Bi<x) (a;ri+1)= h(i; (a;ri);Xg;::15%n)):

Thus the class of ; functions is closed under primitive recursion.
It now follows that all primitive recursive functions are ;. O

We can now prove:

P

Theorem 1.2.15. If :NK 1" N is partial recursive, then is 1.

Proof. Let e be an index of , i.e., the Gadel number of a program which com-

putes . Then = * e, (Xg;iinxk) "y 0 'ék)(xl;:::;xk) '
y 0 9 n(State(e;xs;:::;Xk;n))o = 0 " (State(e;xg; 1 Xk; M)k+1 = Y),
where (State(e; X1;:::;Xk;N))o and (State(e; x1;:::;Xk;N))k+1 are primitive re-
cursive functions (see Math 558 notes [14]). Thus is 1. O

The proof of Theorem 1.2.7 is now complete.

Corollary 1.2.16. The Halting Problem H is ;.

1.3 Diophantine Relations and Functions

De nition 1.3.1. A relation R NX is said to be Diophantine if there exists

Hereys;:::;yn range overN. A partial function is said to be Diophantine if
graph( ) is Diophantine.



The following theorem is due to Matiyasevich 1969. It is know as Matiya-
sevich's Theorem, or as the MDRP Theorem (standing for Matiyasevich, Davis,
Robinson, Putnam).

Theorem 1.3.2 (MDRP Theorem). R is Diophantine ) Ris 1. is
Diophantine () is partial recursive.

Corollary 1.3.3. The Halting Problem H = fej' S (0) #g N is Diophan-
tine.

Corollary 1.3.4. Hilbert's Tenth Problem is unsolvable.

So, our goal now is to prove the MDRP Theorem.

Note that the forward direction of the MDRP Theorem is obvious, as
Diophantine implies 1, Which implies  partial recursive. For the converse,
we must show that all partial recursive functions are Diophantine.

By Theorem 1.2.7, it su ces to show that all ; functions are Diophantine.
We begin with the following easy lemma.

Lemma 1.3.5. The binary relation < is Diophantine. The class of Diophan-
tine relations is closed under unbounded existential quaritcation, logical and,
logical or, and bounded existential quanti cation.

Proof. Clearly < is Diophantine, sincex<y () 9 z(x+z+1=y).

so R; * Ry is Diophantine. Thus the class of Diophantine relations is tosed
under logical and.
Similarly, for logical or, we have

so R; _ Ry is Diophantine. Thus the class of Diophantine relations is tosed
under logical or.

under bounded existential quanti cation. O



In addition, we have the following easy lemma.

Lemma 1.3.6. Addition, multiplication, and the functions Quot and Rem gi ven

by
y=gx+r r<x; Quot(y;x)=0qg; Rem(y;x)=r

as well as the Gedel function are Diophantine. The class of Diophantine
functions is closed under composition.

Proof. Trivially + and are Diophantine. We have Quoty;x)=q ( 9 r(r<
X Ny = gx+ r), so Quot is Diophantine, and similarly for Rem. Closure under
composition is easy, as in the proof of Lemma 1.2.14. It now ftows that is
Diophantine. O

By Lemma 1.3.5, to prove the MDRP Theorem, it remains only to show
that the class of Diophantine relations is closed under bouded universal quan-
ti cation. This is the hard part of the proof. Note that bound ed universal
quanti cation was crucial in the proof of Lemma 1.2.14.

We shall follow the exposition of Davis [5]. Most of the work & contained in
the following lemma.

Lemma 1.3.7 (Main Lemma). The following functions are Diophantine.
1. (n;k) 7! nX
2. (k)7 ¢
3.n7!n!
4. (a;b;k) 7! Qikzo (a+ bi)

The proof of the Main Lemma is di cult, and we postpone it to Se ction 1.6
below.

1.4 Bounded Universal Quanti cation

Our goal is to show that if R is ; then R is Diophantine. As we have already
seen, it su ces to prove that the class of Diophantine relations is closed under
bounded universal quanti cation. Here is a awed attempt at a proof of this.

Flawed Proof. We attempt to imitate the proof of Lemma 1.2.14 using the idea
of coding via Gedel's function. Assume that

(8i)1 i «x 9y1  9yn p(k;is:iziya;iinyn) =0

Foreach1 i kpickwitnessesygi);:::;_ () such that p(k;i;:::;ygi);:::;yﬁi)):
0. Let u be an upper bound fork and yj('), 1 i k1 j n.Lettbeany
multiple of u!. By the proof of Lemma 1.2.9, the modulit +1;:::;kt +1 are

pairwise relatively prime. By the Chinese Remainder Theoren 1.2.10, we can



nd ry;:::;r, such that r yj(i) modit+1foralll i Kk,1 | n.Hence

p(k;i;::r;rq;::irp) 0 modit +1:

Form the product szl (t+1)= ct+1. WehaveO it+1 ct+1modit+1.
Multiplying by c and i respectively, we have 0 cit + ¢ cit+ i mod it + 1,
which implies ¢ i mod it + 1. It follows that p(k;c;:::;ry;:::;rn) 0 mod
it+1forall i,1 i k. Sincetheit+1,1 i Kk are pairwise relatively
prime, we have

YK
p(k;c;::i;re;iiiirn) 0 mod (it+1)

i=1
0 modct+1:

The upshot is that we have \packaged" all of our equations forl i Kk into
one equation. But our problem is that it is only modulo ct +

Conversely, assume is a multiple of u!, u k, ct+1 = :(:1 (it +1) and
9r1  9ry, pk; c;:::;rl;:::;rn)' 0 modct+ 1. As before we havec i mod
it+1foreachl i k. Let yj(') = Rem(rj;it +1). Then r; yj(') mod it +1,
hencep(k;i;::: ;y(li); D ;y,(f)) 0 modit +1. If we knew that

ip(k;iyny sy <it +1;
we could conclude _ '
p(k;i iy yiy=o0

and we would be nished. O

In order to repair this awed argument, we rst present a simp le lemma,
Lemma 1.4.1. After that, the proof of closure under bounded wiversal quan-
ti cation is given by Lemma 1.4.2.

all coe cients replaced by their absolute values. O

Lemma 1.4.2. (8i)1 i k91 9ynp(k;i;::i;y1;iii;yn) = 0 if and only if

10



2. ct+1= Q:(:l (it + 1) divides each on;:O(r,’ y),1 | n,
3. pk;c;iriyry;iinry) 0 modcet+ 1.

The point of this lemma is that, by 1.3.7, the right-hand side is Diophantine.
Thus we see that the class of Diophantine relations is closednder bounded
universal quanti cation.

and r; yj(i) mod it + 1. Thus it + 1 divides r; yj(i). Sinceyj(i) u, it +1

divides ;:0 (ri vy). Sinceit+1,1 i k are pairwise relatively prime, it
follows that ct + 1 divides ;:0 (rj y)forl j n,asrequired.
( : Foreachl i k picka prime divisor p; ofit +1. Sincet = g(k;:::;u)!,

we havep; > q(k;:::;u). Let yj(i) = Rem(r;;pi). Note that yj(i) <pi. We claim
(i)

Yj u. To see this, note thatp; divides it +1 which divides ct+1 which divides
v (rj y), hencep; dividesrj yforsomey u. Theny r; y{ mod
()

pi. Noting also thaty u  q(k;:::;u) <pi, we see thaty = y;'. Therefore
yj(') u. _ _

Next we claim that p(k;i;:: :;yi'); D 51')) =0forl i k.By ﬁsumption
we havep(k;c;:::;r1;:::;rn)  Omodct+ 1. Recall that ct+1 = :(:1 it +1

andc i modit +1. Therefore ¢ i mod p;. Moreover r; yj(i) mod p;, SO

p(k;iz sy y®) 0 modct+1
0 modit +1
0 modp;:
Sinceygi);:::;yr(]i) ~u, we havejp(k;i;:::;y(li);:::;yﬁi))j glk;:::;u) < pi.
Hencep(k;i;::: ;yg'); i ;y,ﬂ')) =0 and our lemma is proved. O

Lemma 1.4.2 shows that the class of Diophantine relations i€losed under
bounded universal quanti cation. This completes the proof of the MDRP The-
orem 1.3.2, except that it remains to prove the Main Lemma.

1.5 The Pell Equation

The Main Lemma 1.3.7 asserts that the exponential function (;k) 7! nk and
similar functions are Diophantine. In order to prove this, we need a Diophan-
tine function which is of exponential growth. It turns out th at the solutions of a
particular Diophantine equation known as Pell's equation not only grow expo-
nentially but also are convenient in other ways. Following Davis ([5], reprinted
in [6, Appendix]), we give a self-contained, elementary prsentation of all of the
number theory which we shall use.

11



1.5.1 Basic Properties

We begin with basic properties of the Pell equation.

De nition 1.5.1 (the Pell equation). A Pell equation is an equation of the
formx?> dy’=1whered=a> 1,a 2,a2N.

Examples 1.5.2.
1.a=2, x2 3y?=1.
2.a=3, x2 8y’=1.
3.a=4, x? 15°2=1.
Remark 1.5.3. If (x;y) is any integer solution of the Pell equation, then clearly
(x + ypa)(x ypa) =x%2 dy?=1:

Furthermore, (x;y) is a solution if and only if (jxj;jyj) is 6§0Iution, SO we may
focus on solutions withx;y 0. In this case we havex+y d 1, with equality
only if (x;y) =(1;0).

Remark 1.5.4. There are two obvious solutions of the Pell equation, (10) and
(a;1). Moreover, there is an easy way of generating more solutits, as follows.

Lemma 1.5.5. If (x;y) and (x%y9 are integer solutions of the Pell equation,
then so is k% y% given by

x%0+ yO(P d=(x+ yp d)(x°+ yOD d):
Proof. Taking conjugates, we have

x%0 yO(P d=(x yIO d)(x° yOD d):
Multiplying the two equations, we get

X0 Gy0? = (2 dy?)(x®  dy®)=1
and our lemma is proved. O
We shall now show that all solutions are generated in this way
De nition 1.5.6. For n 0 we de ne x,(a) and y,(a) by
xn(@)+ Yo(@) A= (a+ 0"

By Lemma 1.5.5, kn(a); yn(8)) is a solution of Pell's equation. Whena is xed,
we write X, = Xp(a) and y, = yn(a).

Theorem 1.5.7. All natural number solutions of Pell's equation are of the form
(Xn;yn) for somen.

12



Proof. Otherwise there would be a solution &;y) with

p- p-
Xp+Yn d<x+y d<Xpu +Yna d:
By the above de nition, this becomes
p- p- p-
(a+ d"<x+y d<(a+ d)"*:

Dividing gives

which simpli es to
1< x+y Do Yo D<a+’ d:

Multiplying the solutions as in Lemma 1.5.5 gives

P

1<x%+y% d<a+ pd:
Taking negative reciprocals, we get
1< x%+ yopa< a+ pa:
Adding, we get 0< 2y00 d< 2p d, which implies 0< y°< 1, a contradiction. [
We now obtain recurrences and explicit formulas forx, and yj.

Lemma 1.5.8. We have

Xn m = XnXm  OYnYm;
Ynm = XmYn XnYm:
Proof. Note that
Ko mtye m @ = (ar @

P p-
(Xm  Ym d(Xn yn d)
(XnXm  dYnYm)+(XnYm XmYn) d:

Remark 1.5.9. In the special casem = 1, the previous lemma says
Xn 1 = aXp dyn;
Yn 1 = aYn Xn:
Adding these expressions fox, ; andy, 1 respectively, we get recurrences
Xn+1 = 2&8%n  Xn 1;

Yn+1 = 2@yn  Yn 1

13



Theorem 1.5.10. We have the following explicit formulas:

1 p_
Xn = E(a+ d)n
1 p_

= —(a+ d)"

Yn ga—d( )

Proof. To get an explicit formula for x,, we solve the recurrences,+; = 2axn
Xn 1. Setting x, = z" we getz"*! =2az" z" 1. Dividing by z“piwe get
the quadratiﬁ equation 72 = 2az 1 which has solutionsz = a d. Thus
Xn = A(a+ d)"+ B d)". Using our initial conditions xo=1= A+ B
and x; = g = Aa+ pal+ B(a  d), wg getA = B = 1=2. Thus x =
(1=2)((a+ d)" +(a d)") = d1=2)(a+ d)"e. p_
Similarly, to get an explicit formula for y,, we havey, = A(a+ d)"+B(a
", Bu_t this time Qur initial conditions are yo =0= A+ B andy; = 1=
A(a+ d)+ B@_ d). Jhese equago_ns yieldA = 622 dagdB = 1=2 d.
Thusy, =(1=2 d)((a+ d)"+(a d)") = b(1=2" d)(a+ d)"c. O

1.5.2 Divisibility Properties of Yn
We now obtain some divisibility properties of y,.
Theorem 1.5.11. GCD(Xn;Yyn) = 1.

Proof. Let p be a prime dividing x, and y,. Then p divides x2 dy? =1, a
contradiction. O

Lemma 1.5.12. vy, jy; ifand onlyif njt.

Proof. Assumen jt and lett = nk. We prove y, j yn by induction on
k. For k = 0 we havey, j 0 = yp, and for k = 1 we havey, j yo. Now
Yn(k+1) = Ynk+n = XnYnk * Xnk ¥n, and by induction hypothesisy, j ynk, hence
Yn ] Yn(k+1) -

Conversely, assumey, jyi. Lett = gn+ r with O r <n. We then have
Yt = Yan+r = XrYgn + XgnYr. Sincey, divides yqn, it follows that y, divides
XgnYr. But since GCD(ygn;Xgn) = 1, we have GCD(yn;Xgn) = 1. Thus y,
divides y;, but sincer <n we havey, <y,. Hencer =0,sonjt. O

Theorem 1.5.13. y2 jy; if and only if ny, j t.
Proof. Note that

] % o
PO = rye @F = K e

i=0

p_—
Xnk + Yok d=(a+

. . p-
Comparing coe cients of = d, we see that

Xk L
Yk = o xK Tyl gl D=2 kxK ly, modyS:

14



Setting k = y,, we see thaty? j ynk, i.€., Y2 j Yny, . It follows by Lemma 1.5.12
that y2 j y; for all t divisible by ny,. Conversely, supposey? j y;. By Lemma
1.5.12 again, we haven j t, sayt = nk, soy? j yn . Moreover, we have already
seenthaty,  kx¥ ly, mody2. Itfollows that y2 j kxK ly,, hencey, j kxk 1.
Since GCD(Xn;Yn) = 1, it follows that y, j k, henceny, j nk = t. O

Recall that x,4+1 = 2ax, X, 1 and yp+1 = 2ayn Yn 1. We use these
recurrences to establish some easy properties &f, and y,, by induction on n.

Theorem 1.5.14. If a bmodc, then x,(a) Xn(b), yn(a) yn(b) mod c.

Proof. For n = 0 we have xp(a) =1 = Xg(b) and yp(a) =0 = yg(b). For n=1
we havexj(a) = a b= x3(b) mod ¢, and y;(a) =1 = yi(b). Inductively we
have xh+1 (8) =2ax,(a) Xn 1(8) 2axp(b) X, 1(b)  Xn+1 (b) mod ¢, and
similarly yn+1(2) Yn+1(b) mod c. O

Theorem 1.5.15. y, nmoda 1.

Proof. For n = 0;1 we haveyy = 0, y; = 1. Inductively we have y,.;1
28y, Yn 1 2an (n 1)=2(a 1)n+n+l n+lmoda 1. O

Theorem 1.5.16. If n is even,y, is even. Ifn is odd, y, is odd.

Proof. The initial values yo = 0 and y; = 1 are known. We have yp+1
2ayn VYn 1 Yn 1 Yn 1 Mod 2, so our result is obvious by induction. [

1.5.3 Congruence Properties of X,

We now prove a theorem telling for whichi;j;n arex; x; mod X,.

Lemma 1.5.17. Xon Xj mod Xp.

Proof. By Lemma 1.5.8 we havexzn j = Xp+(n j) = XnXn j + dynYn j =
XnXn j + dyn(YnX; XnY;). Continuing modulo x,, we havexz, ; dyﬁx,— =
(x2  1)x; Xj . |
Lemma 1.5.18. Xan j Xj mod Xp.
Proof. By the previous lemma we haveXsn j = Xon+@n j) Xon

( xj)= x; mod Xp. O
Lemma 1.5.19. Forall0 i<j 2n we havex; 6 x; mod X,. The only

exception is whena=2, n=1, Xo X2 mod Xj.
Proof. If x, is odd, put q=(x, 1)=2. Since 2 < X, the numbers
q; g+1:::; 1;0,L:::;9 19

are all pairwise 6 mod x,. Recalling x, = ax, 1 + dy, 1, we have x,
axp 1 2Xn 1, hencex, 1 Xp=2, hencex, 1 @, sincex, i is an integer.
It now follows that

q Xp 1< < X1< Xp= 1<0<1=xg<x1< <Xn 1 ¢
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are pairwise6 mod x,. Moreover, Lemma 1.5.17 tells us thatx,.+; Xn 1,
cevs Xon 1 X1, Xo2n Xo, all mod x,, and trivially x, 0 modXx,. Itis

If x, is even, putq= x,=2. Since 2] X,, the numbers
g+l; q+2;:::; 1,0;1;:::;9 L9

are all pairwise 6 mod x,,. As before we havex, 1 q, so our result follows
as before, unlessx, 1 = g = Xxp=2. In this exceptional situation we have
2Xn 1 = Xp = aXp 1+ dy, 1, hencea =2 and y, 1 =0, hencen = 1,

Xp=a=2,Xp=2ax; Xo=8 1=7 1= Xxg mod Xj. O
Lemma 1.5.20. If x; x; mod X,, wheren 1, 0<i n,and 0 | < 4n,
then eitherj = iorj =4n .

Proof. Case 1:j 2n. By Lemma 1.5.19,i = j unless the exceptional case oc-

curs. But this implies fi;j g= f0;2g and n = 1, contradicting our assumptions.
Case 2: A<j< 4n. Setj°=4n j. Then0<j%< 2n. By Lemma

1.5.18,xjo  x; mod Xn, hencex; = Xjo mod X,. By Lemma 1.5.19,i = i°
unless the exceptional case occurs. This cannot happen, begse bothi and j°
are> 0. o
Theorem 1.5.21. If0<i nandx; x; modxn,theni= j mod 4n.

Proof. Put j =4nq+ r, where 0 r < 4n. By Lemma 1.5.18,x; Xj X
mod X,. By Lemma 1.5.20,i=rori=4n r. Thusj r i mod4n. O

1.5.4 Diophantine De nability of X, and yn

Theorem 1.5.22. The functions (a;k) 7! xx(a) and (a;k) 7! ygx(a) are Dio-
phantine.

Proof. We show thatx = xy(a) andy = yk(a) if and only if there exist b; u; v;s;t

andw;,1 i 6, satisfying the following system of equations:

x2+(a? 1)y?*=1 (1.1)

uz (@ 1v?=1 (1.2)

sz (P D=1 (1.3)

V= wiy? (1.4)

b=1+4wyy (1.5)

b= a+ wsu (1.6)

S= X+ wal a.7)

t=k+4wsy (1.8)

y=k+ wg 1.9

Note that (1.4){(1.9) amount to saying y? dividesv, b 1 mod 4y, b a mod
u,s xmodu,t kmoddy,y K.
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) : Assumex = xg(a) and y = yx(a). Setn = 2ky, u = xn(a), v = yn(a).
Clearly (1.1) and (1.2) hold. Sinceyx(a) k, (1.9) holds. By Theorem 1.5.13,
yZ divides yoky, = Yn, i.e., y? divides v, so (1.4) is satis ed. By Theorem 1.5.11
we have GCD(u;Vv) = 1 hence GCD(u;y) = 1. Becausen is even,y,(a) = Vv is
even (Theorem 1.5.16), hencel = x,(a) is odd, hence GCD(; 4y) = 1. By the
Chinese Remainder Theorem, we can ndbsuchthatb 1 mod 4y andb a
mod u, so (1.5) and (1.6) are satis ed. Sets = xx(b) and t = yx(b), so (1.3) is
satis ed. Sinceb amod u, we havexg(b) xx(a) mod u, so (1.7) is satis ed.
By Theorem 1.5.15;t = yy(b) kmodb 1. Since4jb 1, we havet k
mod 4y, so (1.8) is satis ed. Thus all of (1.1){(1.9) are satis ed.

( : Assume (1.1){(1.9). We want to prove x = xx(a) and y = yk(a). By
(2.2){(1.3) there exist i;j;n such that x = xi(a), y = yi(a), u = xn(a), v =
yn(a@), s= x;(b), t = y;(b). It remains only to show that i = k.

By (1.6) we havea b mod x,(a), hencex;(a) x;(b) mod x,(a). By
(1.7) we havex;(a) x;(b) mod xn(a). Hencex;(a) x;(a) mod xn(a). By
(1.4) we havey;(a)? j yn(a), henceyi(a) yn(a), hencei n. By Theorem
1.5.21 it follows that i = j mod 4n. By (1.4) we havey;(a)? j yn(a), hence
by Theorem 1.5.13y;(a) j n. Thus i j mod 4y;(a). By (1.5) we haveb 1
mod 4y;(a), i.e., 4yi(a) jb 1. By Theorem 1.5.15,y;(b) j modb 1, hence
y;(b) j mod 4y;(a). But by (1.8) we also havey;(b) k mod 4y;(a). Thus
i j k mod 4y;(a). By (1.9) we havek vy;(a), and obviouslyi y;(a),
hencei = k and we are done. O

1.6 Proof of the Main Lemma

In this section we use properties of Pell's equation to provehe Main Lemma
1.3.7. We begin by proving that the exponential function is Diophantine.

Lemma 1.6.1. Forn;k 1anda 2 we have

k

n xk(@ (a n)yk(@ mod2an n? 1

Proof. The proof is by induction on k. For the base casek = 0 and k = 1,
we havexo (a n)yo=1=n%andx; (a n)y;=a (a n)=n=n.
Assuming our congruence fork 1 and for k, we derive it for k + 1 using the
recurrencesxy+y =2aXk Xk 1 andyk+1 =2ayk Yk 1. Namely,

Xke1 (@ N)yksr = 2a(xk (@ n)yk) (X« 1 (@ N)yk 1)
2an* nk 1=npk 1(2an 1) mod2an n? 1
nk n2=nk*t mod2an n? 1.
Our congruence is now proved for alk. O
Lemma 1.6.2. If nk<a,thennk< 2an n? 1.

Proof. Setg(z) = 2az z?> 1 wherez is a real variable. We haveg(l) =
2a 2 a. Moreover, for1 z < a we haveg¥z) = 2a 2z > 0, hence
g(z) a. Inparticular,for1 n nX<a wehaveg(n) a>nk. O
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Theorem 1.6.3. The function (n;k) 7! nk is Diophantine.

Proof. Seta = Xy+1 (n +1). By Theorem 1.5.22 this is a Diophantine function
of n and k. By Theorem 1.5.10 we haven® < a. Hence by Lemma 1.6.2 we have
n“ < 2an n? 1. By Lemma 1.6.1 we havenk xx(a) (a n)ykx(a) mod
2an n? 1 for any a. But then, for this particular a, it follows that n* = the
remainder ofxi(a) (a n)yk(a) on division by 2an n? 1. Itis now clear that
(n;k) 7! n* is Diophantine, since @; k) 7! x«(a);yk(a) are Diophantine. O

Having shown that the exponential function is Diophantine, we now show
that the other functions mentioned in the Main Lemma are Diophantine.

Theorem 1.6.4. The function (n; k) 7! E is Diophantine.

Proof. Given n and k, chooseM > 2". We have
M+ X n
MKk ;M =ar
i=0

P
whereq= " L, "

M ¥ s an integer, and

: 1 X 1
Mk = = "< 1
i=0 M i=0 I M

Moreover,q ; modM,and | < 2" <M. Itis now clearthat z= | if

k
and only if

9M 9qg M > 2" A g=Quot((M +1)":M*) ~ z=Rem(q; M)

Thus (n;k) 7! | is Diophantine. O
Lemma 1.6.5. Forany M > (2n)"*! we have
$ %
M M"
n'=Quot M"; N =
n
Proof. We have
M M "n!
Mo MM 1) (M n+l)
_ n!
1 &) @ %)
n!
< -
@
n
= nl i
1
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where = n=M. Moreover

1
— =1+ < + 2
1 1 1+2;
hence
1 n
— < (1+2 )"
1 ( )
=1+ @)
i=1 :
X :
= 142 AU
i=1 :
< 1+2 A
i=0 :
= 1+(@2 )@")=1+2"":
Thus M
n! v <n!'+1
n
provided n!2"*1 < 1, and this follows from n(n)2"*! < (2n)"* <M . O

Theorem 1.6.6. The function n 7! n! is Diophantine.

Proof. By the previous lemma we have
z=nl (09 M M> (@2n)"t A~ z=Quot M";

This is Diophantine in view of Theorems 1.6.3 and 1.6.4. O
Theorem 1.6.7. The function
Y
(a;b;n) 7! h(a;b;n) = (a+ bi)
i=0
is Diophantine.

Proof. Given a;b;n, chooseM > (a+ bn)"**  h(a;b;n) such that M is rela-
tively prime to b. Then bis invertible mod M, i.e., 9c(bc 1 mod M), hence
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abc amod M. It follows that

<

h(a; b; ) (a+ bi)

(abc+ bi) mod M

e

"t (ac+i) mod M
i=0
ac+ n

= bn+l + 1 | .
n+1 (n+ 1t
henceh(a; b; n) = the remainder of B"** 27" (n+1)! on division by M. It is
now clear that z = h(a; b;n) if and only if
h i
9M 9c M > (a+ bn)"*t A bc 1modM A z=Rem Bt %U" (n+1)1;M
and this is Diophantine in view of Theorems 1.6.3, 1.6.4, 1.6. O

This completes the proof of the Main Lemma 1.3.7. Thereforewe have
now proved the MDRP Theorem 1.3.2 and with it the unsolvability of Hilbert's
Tenth Problem.
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Chapter 2

Unsolvability of the Word
Problem for Groups

This chapter consists mainly of a proof that the word problem for groups is
unsolvable. This result is due to P. Novikov 1955 and Boone 139. Boone's
proof was simplied by Britton 1963. We follow the exposition of Rotman
[12, Chapter 12]. Note also that a more streamlined proof hadveen given by
Aanderaa/Cohen [2].

At the end of the chapter we present some related results, ifading unsolv-
ability of the triviality problem for groups.

2.1 Finitely Presented Semigroups

We shall rst prove that the word problem for semigroups is unsolvable. This
result is due to Post 1947 and Markov 1947 and is much easier &n unsolvability
of the word problem for groups.

De nition 2.1.1. A semigroupis a setS together with an associative binary
operation :S S! S. We consider only semigroups with anidentity element,
i.e., 12 Ssuchthats 1=1 s=sforall s2S.

Example 2.1.2. Let a;;:::;a, be a nite alphabet. Let S, be the set of
words on az;:::;ap. A word is a nite sequence of letters of the alphabet,
W=a, &, wherel i nforl | k. Herek is the length of W. If
k =0, W is the empty word. Note that S, is a semigroup under concatenation.
For example, If U = abaac V = babg then UV = abaacbabaThis semigroup

De nition 2.1.3. Let R be a subset ofS, S,. We de ne an equivalence
relation g onS,. For W;W°2 S,, dene W g WPif and only if there exists
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a nite sequence of wordsW = Wo; W1;:::;W; = WP such that, for eachi<t,
W, r Wis,i.e.,W; = UXV andW,.; = UY Vforsome X;Y)or(Y;X) 2 R.
For W 2 S, we write [W]g = fW°2 S, jW r W% = the equivalence class of
W modulo r. We put S = Sp= r = the set of such equivalence classes. This
is a semigroup, with the operation being given by Ulr [V]r =[UV]r. The
identity element is 1 =["]gr where" is the empty word. We frequently write W
instead of W]r. Our semigroup S is written as

S=ha;:ilan j Ri:
Each (X;Y ) 2 R is viewed as arelation X = Y which holds in S.

Example 2.1.4. Let S be the semigroupha;bj a® = 1;ab= ba. We refer
to S as the semigroup with generatorsa;b and relations a® = 1, ab = ba
Elements of S are words on the alphabeta; b except we can reduce equivalent
words, e.g.,aababa= aaabba= aaabab= aaaabb= abb In fact, each word is
equivalent to a unique one of the forma', where 0 i 2,j 0. Thus each
element of S has a normal form. The multiplication of normal forms is given
by a'bash = akb*t, wherek = Rem(i + s;3).

De nition 2.1.5. A nitely presented semigroup is a semigroup of the form

set of relations.

De nition 2.1.6. Let S = hag;:::;ay j Ri be a nitely presented semigroup.
The word problem for S is the problem, given two wordsW; W°2 S,, to decide
whether W = W%in S, i.e., whetherW g W2

Example 2.1.7. The word problem for ha;bj a® = 1;ab = ba is solvable,
becausea’ = a’t in Sifand only if i s mod 3, andj = t. In fact, each
word on a;bis equivalent to a unique normal forma'b, 0 i 2,j 0, and
two normal forms are equivalent if and only if they are equal.

Remark 2.1.8. In general, the word problem for a nitely presented semigraip
S = A j Ri is arecursively enumerable or ? problem. This is becauseV = W?°

W Wy rW: R RW, WO

Theorem 2.1.9 (Post, Markov). We can construct a nitely presented semi-
group S such that the word problem for S is unsolvable.

In order to prove this theorem, we shall encode the Halting Poblem into
the word problem for a particular nitely presented semigroup.

Recall that a k-place partial function is partial recursive if and only if it
is computable by some register machine prograni. Please refer to the Math
558 notes [14] for the de nition of register machine prograns.
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Lemma 2.1.10. We can nd a program P such that, given x 2 N, it is unde-
cidable whether P (x) halts.

Proof. By the Enumeration Theorem, let P be a program computing the partial
recursive function e 7! ' & (0): that is, P takes a number e, constructs the
program with that Gedel number, and then runs the program with input O.
Thus P (e) halts if and only if e2 H, whereH is the Halting Set. By Turing's
work, H is undecidable, so the Halting Problem forP is undecidable. O

Notation 2.1.11. We write
Po; P1; iii; Pisii

for the prime numbers 2 3;5;7;11;:::. Thus p; is the ith prime, where we start
indexing with O.

Lemma 2.1.12. Given a k-place partial recursive function (Xg;:::;Xx), we
can nd a 1-place partial recursive function  (z) such that

' (X15:5X k)

(SRR « o R A

forall x1;:::;Xk, and  (z) is computable by a register machine program using
only two registers, R; and R;.

Proof. Let P be a register machine program which computes . Let

halts, it leaves all registers except possiblyPx.+1 empty. Our new program P
for  will be constructed so as to simulateP using only two registers,R; and
R,. In the new program, R; is used to hold a numberz which encodes the

z p

i=1
where z; is the content of P;. Then R, is used for scratch work. EachPi+

instruction is replaced by a program forz 7! z p;. Each P, instruction is
replaced by a program for

z=p if p; divides z;
z7! )
z otherwise

We shall see that this simulation can be performed using oniyR; and Ry. Itis
(X135X k) fmp all v oe e

then clear that  (pi*  P*) ' Pusy $ Xk
The details of the simulation are as follows.
We replace BIL___/I in P by Figure 2.1in P .
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BIkIL BhikIL
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Figure 2.1: Incrementing P;. The number of R} instructions is p;.

We replace 'ﬂ&iw”- IN inP by Figure 2.2in P .
o

.?,e
2
.??

B
We replace — BNRLin P by WIML € BEIL in p |

I
E}QMIZ L
This completes the proof of Lemma 2.1.12. O

Theorem 2.1.13. We can nd a program P using only two registers,R; and
R», such that, givenx 2 N, it is undecidable whether P (x) halts. Furthermore,
when it halts, R; and R, are empty.

Proof. We begin with the program of Lemma 2.1.10. Using Lemma 2.1.1%ve
convert it to a program using only R; and R,. We then replace —/BRIL

by
KL € KL _€ L
485/59@11 . RN
dnij Ik dnij Ik
to clear R; and R, before halting. O
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Figure 2.2: DecrementingP;. The number of R, instructions is p;.

We now construct a semigroupS with unsolvable word problem.

De nition 2.1.14. Let P be a program using only two registersR;; R, as in

Theorem 2.1.13. Letlq;:::; 1, be the instructions of P. As usual, | is the rst
instruction executed, and |l is the halt instruction. Our semigroup S will have
| +3 generatorsa; b; ; a1;:::; . If Ry and R, contain x and y respectively, and

if Im is about to be executed, then we represent this state as a worda g, a¥b.
Thus a serves as a counting token, andb serves as an end-of-count marker. For

as a productiongy, ! ag,, or as a relationgyn = at,. If In says \increment
R, and go tol,,," we represent this as a productiong, ! ¢,,a or as a relation
On = Ghoa. If Iy says \if Ry is empty go to I,, otherwise decrementR; and
go to In,," we represent this as a pair of productionsbg, ! bag,, agn ! n,,
or as a pair of relationsbg, = bg,, agn = th,. If In says \if Ry is empty
go to |, otherwise decrementR, and go to I,," we represent this as a pair
of productions gnb! ¢h,b gna! a,,, or as a pair of relationsgnb = o,,b,
Gna = Gh,. Thus the total number of productions or relations is|* +21 , where
I=1"+1 andl* is the number of increment instructions andl is the number
of decrement instructions. LetS be the semigroup described by these generators
and relations.

Theorem 2.1.15. P(x) halts if and only if ba*qub= bgbin S.

Proof. The \if" part is clear. For the \only if" part, assume that baqb= bg
in S. This implies that there is a sequence of wordbaqpb = Wy = =
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W, = bgb where eachW;,; is obtained from W; by a forward or backward
production. We claim that the backward productions can be elminated. In
other words, if there are any backward productions, we can rplace the sequence

a backward production then there must be one which is immedigely followed
by a forward production, and these two must be inverses of edcother, because
P is deterministic. Thus we see thatba&q.b = bgb via a sequence of forward
productions. This implies that P(x) halts. Our claim is proved. O

From the previous theorem, it follows that our semigroup S has unsolvable
word problem. This proves Theorem 2.1.9.

2.2 The Boone Group

De nition 2.2.1. A group is a semigroupG such that 8g2 G9g ! 2 G such
that gg *=g g=1.

Notation 2.2.2. Let A be an alphabet. We introduce new lettersa 1, a2 A,
and we write A 1 = fa 'ja2 Ag. We also write (a *) * = a. A word on
A[ A 1lis said toinvolve a if it contains an occurrence ofa or a 1.

De nition 2.2.3. A group presentationis a semigroup presentation
G=h[ A !jRi
where R includes semigroup relations

1

aa '=a la=1;
ie.,aa '=a 'a=",forall a2 A, where" is the empty word. We abbreviate
this as
G=hAjRi:

Note that G is a group, because for any worda?l1 aiekk onA[ A ! we have

(alell aﬁf) 1_ aikek ailel:
De nition 2.2.4. A nitely presented group is a group with a nite presenta-

tion, i.e., G = PA j Ri where A and R are nite.

De nition 2.2.5. Let G be a nitely generated group, and let A be a nite
generating set. Theword problem for G is the problem, given a word W on
A[ A 1, to decide whetherW =1 in G.

Remark 2.2.6. If G is a nitely generated group, the degree of unsolvability
of the word problem of G is independent of nite set of generators chosen. The
same holds for semigroups.
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We now exhibit a nitely presented group with unsolvable word problem.
To do this, we build upon our construction of a nitely presented semigroup
with unsolvable word problem. We use some special featuresfdhe earlier
construction.

Remark 2.2.7. In Section 2.1 we constructed a nitely presented semigroup
S=PA[ Qj Ri with unsolvable word problem, where

A =fa;bg; Q=fo;:::;q0:
Recall that the relations of S were of the form
R=fXign Yi = Uih, Viji 21g

where X;;Yi; U;;V; are words onA. We showed that, given wordsX;Y on A,
it is undecidable whether Xg, Y = bgbin S.

We now introduce a new generatorg = g+; into Q, and we introduce a
new relation bggb = g into R. With this trivially modi ed presentation of the
semigroup S, we now haveQ = fq;;:::;gg. Moreover, given wordsX;Y on
A, it is undecidable whether XgnhY = qgin S.

Notation 2.2.8. If X = &, &, is a word onA, we write

Y 1

X = a, 1

&
Note that X 6 X 1. If X andY are words onA, we write (XqmY) = XqmY.
We now construct a group with unsolvable word problem.

De nition 2.2.9 (the Boone group). Let
S=PA[ QjXign Vi = Ut Vi;i 2 li

be a nitely presented semigroup as in Remark 2.2.7 above. LteG be the group
with generators

Al QIf rijizig[f xitkg

and relations
xa = ax?

ria= axr;x

r X0, Yiri = Uity Vi
tx = xt; triy =rt
kx = xk; krij =rik
k(g 'tq) =(q 'ta)k

foralla2 A andi 2 |. Note that G is a nitely presented group. This particular
group is due to Boone.
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Theorem 2.2.10 (Boone). Let X and Y be words onA. Put
=( XgmY) = XqmY:
The following are pairwise equivalent.
1. XgmY =qin S.
2. = LgR in G, whereL;R are some words orx; x l;ri;ri Lio2l.
3. k( t)=( t) kin G.
Corollary 2.2.11. The word problem for the Boone groupG is unsolvable.

Proof. Thisisimmediate from 1, 3inBoone's Theorem 2.2.10, plus the known

undecidability of XgnhY = gin S. O
Theorem 2.2.12 (P. Novikov, Boone). The word problem for groups is
unsolvable.

Proof. This is immediate from Corollary 2.2.11. O

Before starting the proof of Boone's Theorem 2.2.10, we givan example.

Example 2.2.13. Consider the register machine progranP which empties Ry
and halts:

QRKIL

e )
BN g

i Ik

The Post semigroup relations forP are:

ah = Oy
bg = ba;
bgbh = aq:

The corresponding Boone group relations are:

rp'a tmr = o
rp'h taurs = b '
ra'b ‘gobrs = g

In addition, the Boone group has a generatox and relationsxa = ax?, xb = bx?,
ria= axrix, rib= bxrix, i =1;2;3. This gives a subgroupGs of the Boone
group (see also Lemma 2.3.6 below). The full Boone group is tdined by
introducing additional generators t; k and their associated relations.
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ConsiderP (1), the run of P starting with 1 in Ry, 0in R,. In the semigroup
we have
bagb= bgb= bgb= q:
Hence in the group we have
g = r3'b tgobrs

= rytr,tb taurobrs

= r3lr, b tqubxroxrs

= r3'r,tb tryta tgiribxroxrs

3 Yrotx trytx b la 1q1b|x£{zzrﬂ ;

{z }

L

Setting = ( bagb) = b 'a 'aqb, we haveq= L R, wherelL is a word on
x L ri i21,andRisaword onx;r;;i 2 |. This is an instance of statement
2 of Boone's Theorem.

We now begin the proof of Boone's Theorem.
Proof of 1) 2and2) 3. AssumeXqgnY = qin S. Say
XqmY =Wo= =W,=q

where for each = 1;:::;n there existsi 2 | such that W ; and W are of
the form P Xign, YiQ and PU;q,, Vi Q, where P; Q are words onA.

Note that for any word P on A, we haver;P = PR and 5ri 1= LP, where
R;L are words onx;x I risr, 1. Hence inG we have

PUih,ViQ = Pr; *Xign, YiriQ
= LPXignm YiQR;
henceW ;=L W R foreach =1; ;n. HenceW, = LW_,R where
L= L]_ Ln, R= Rn Rl
are words onx;x %;ri;r; i 21. But Wy =(XgmY) = ,and W, =q =q.
Thus we have = LgR in G. Now, by the relations of G, we have
k( ') = kR gL %MLgR
= kR !q tgR
= R kg tgR
= R 1q tgkR
= R 1q tgRk
= R gL tLgRk
( ) k:

Thus we have proved 1) 2 and 2) 3 in Boone's Theorem. O

It remains to prove 3) 2 and 2) 1.
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2.3 HNN Extensions and Britton's Lemma

In order to nish the proof of Boone's Theorem, we rst study H NN extensions.

Remark 2.3.1. Given a group G, and givenp 2 G, the map G ! G given
by g 7! p lgpis an automorphism of G. Such automorphisms are callednner
automorphisms We shall see that all of the relations used to de ne the Boone
group G describe properties of inner automorphisms.

Theorem 2.3.2 (Higman/Neumann/Neumann). Let G be a group. Let
H; K be subgroups ofG which are isomorphic to each other. Let :H = K be
a particular isomorphism of H onto K. Then there exists a groupG G and
a group elementp2 G such thatp *hp= (h)forall h2 H.

De nition 2.3.3 (HNN extensions). Let G = hA j Ri be a group pre-
sentation. Let : H = K be an isomorphism of a subgroup ofG onto an-
other subgroup of G. Consider the group presentationG = hA j R i where
A =A[fpg,andR =R[f p !Xp= (X)gx whereX ranges over a set of
words onA [ A ! which generateH . We sometimes write this as

G =MG;pjp 'Xp= (X)ix:

By the HNN Theorem 2.3.2, the identity map a 7! a, a2 A, gives an embedding
of Ginto G . Then G is called anHNN extension of G, with stable letter p.

An important special case of an HNN extension is when is the identity
map and H = K, as follows.

De nition 2.3.4 (commuting HNN extensions). Let G= hAjRi bea
group. Let H be any subgroup ofG. ConsiderG°= hA%j R4 whereA°= A[f pg,
and R°= R[f p Xp = Xgx where X ranges over a set of generators dfl .
Then GCis called acommuting HNN extension of G, with stable letter p. Thus
we have

G%=hG;pjp *Xp = Xix:

Note also that p 1Xp = X can be written aspX = Xp.

Remark 2.3.5. The Boone group is nothing but a nite sequence of HNN
extensions. More precisely, each of the letters in our presgation of the Boone
group was introduced as a stable letter for an HNN extension.In particular,

the letters t and k in De nition 2.2.9 are stable letters for commuting HNN

extensions. We spell all this out in the proof of the followirg lemma.

Lemma 2.3.6. The Boone group G (see De nition 2.2.9) is obtained as an
iterated HNN extension.

Proof. We start with the in nite cyclic group Gg = hxi. Clearly

Gi=haa2 Aja xa= x%a2Ai
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is a multiple HNN extension (see De nition 2.6.2 below) of Gy with stable letters
a,az2A.
Consider the free product

Gz = hGyrizi 21 jr; taxri = ax L1, *Xigm, Yiri = Ui, Vi;a2 Aji 2 1

is a multiple HNN extension of G, with stable letters ri, i 2 |. To see this,
consider the subgroupsH; and K; of G, generated byX;gn, i, ax, a2 A, and
Uigh, Vi, ax 1, a2 A, respectively. It is not hard to see that H; and K; are
free on these generators. Hence there are isomorphisms : H; = K; given by
i(Xigm, Yi) = Uiy, Vi, i(ax) = ax 1, a2 A. Thus Gz is a multiple HNN
extension of G, as claimed.
Next we have

Gs = hGg;tjtx = xt;trj = rit;i 2 1i

which is a commuting HNN extension of Gs with stable letter t. Finally, the
Boone group is

G= Gs = MG4; kjkx = xk;kri = rik;k(q tq)=(q tg)k;i 2 Ii
which is a commuting HNN extension of G4 with stable letter k. O

Our proof of Boone's Theorem will be based on a detailed undstanding of
HNN extensions. A key property is given by Britton's Lemma, below.

De nition 2.3.7. In an HNN extension, a pinch is a word of the formp Xp
or pXp ! whereX isaword onA[ A !lyingin H or K respectively. A word
containing no pinches is said to bereduced

Remark 2.3.8. In an HNN extension, any word is equivalent to a reduced
word. This is because the relations ofG allow us to replace pinches by words
not involving p or p 1. Namely, if X is a word onA[ A ! lying in H, then
p XXp = (X)isequivalentto aword onA[ A !lyingin K. Likewise, if X is
awordonA[ A !lyingin K, thenpXp = (X) is equivalent to a word
onA[ A llyingin H.

Lemma 2.3.9 (Britton's Lemma). Let W be a word involvingp or p 1. If
W =1in G , then W contains a pinch.

The proofs of the HNN Theorem 2.3.2 and Britton's Lemma 2.3.9are spread
out over Sections 2.4, 2.5, 2.6 below.
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2.4 Free Products With Amalgamation

In order to prove the HNN Theorem and Britton's Lemma, we rst introduce
free products with amalgamation. The proof of the HNN Theorem is at the end
of this section.

De nition 2.4.1 (free product). Let G1, G, be groups, which we assume
to be disjoint except for the identity element, 1. The free product G; G3 is
the group consisting of all formal productsg: g, wheren 0, g 6 1, and

give rise to distinct elements of G; Go.

Remark 2.4.2. Intuitively, the free product G; G, is the \largest" group
generated byG;[ G,. One way to see this is in terms of generators and relations:
if G, = Mlj R]_I and G, = Mlj Rgi, then G, G, = Ml[ Ag] R]_[ R2|
Another way to see it is in terms of a universal mapping propety:

This means that, given maps fromG; and G, to K, a unique map fromG; G
to K is determined.

Example 2.4.3. The free group onn generators may be viewed as a free prod-
uct

Fn = hag;:iiani = hagi h a,i
where hayi, ..., ha,i are in nite cyclic groups.

Corollary 2.4.4. G; and G, are subgroups ofG; G»,. Moreover, in G;  G»
we haveG;\ G, = 1.

Corollary 2.4.5. For all g1;:::;0n, N 1, g 6 1, with adjacent g from
distinct Gj, we havegy g, 61in Gy Go.

De nition 2.4.6 (free product with amalgamation). Let H be a subgroup
embedded in bothG; and G, via 1 :H ! Giyand , :H,! G, Dene
G1 H G2 = G; G2=N whereN is the normal subgroup of G; G, generated
by 1(h) 2(h) %, h 2 H. The group G; 1 G is called afree product with
amalgamation In terms of generators and relations, ifG; = bA; j Rii, Gy =
A, j Rzi, and A\ Ay =, then

G1 n G2=M1A2jR1R2; 1(X) = 2(X)0x

where X ranges over a set of generators dfi .
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Remark 2.4.7. There is a universal mapping property given by the following
diagram:

This means that, given maps fromG; and G, to K which induce the same map
from H to K, a unique map fromG; 4 G, to K is determined.

Remark 2.4.8. To obtain a concrete description of the elements of5; y G»,
assumeH GiandH G,. Foreachg2 GjnH,j =1;2letg2 G; nH
be a representative of the cosegH. Note that we have uniquely g = gh for
someh 2 H. Then G; 4 G3 is concretely the set of formal productsgy  gnh,
n 0, where adjacentg; come from distinct G; nH, andh 2 H.

Corollary 2.4.9. G; and G, are subgroups ofG; y G2, and G;\ G, = H.

Proof. The rst statement is immediate from Remark 2.4.8. Supposeg; 2
GinH, g2 2 GanH. We havegs = Tih:, g = Tzh2, and g7 6 T, hence

O 6 G- O

Corollary 2.4.10. Letn 1landletg:;:::;gn 2 GjnH where adjacentg; come

from distinct Gj. Thenin G1 4 G» we havegr g, 2H, hencegs g, 6 1.

Proof. For1 i n we haveg 2 H, henceg = grh;, h; 2 H. We then have
G O = TGhiGhz  Gihn

= ghikh)  ghy

= g Qh°
which is clearly 2 H. O
We now use a free product with amalgamation to prove the HNN Theorem.

Proof of the HNN Theorem 2.3.2. Let :H = K with H;K G. Let M =
G hui whereu is a new letter. Let P be the subgroup of M generated by
G[ u 'Hu. Note that P = G u Hu within M, because there can be no
equation go(u thiu)gi(u *hou)  gn 1(u *hpu)g, =1 with g 2 G, hj 2 H,
h,61, 9,61, h,61,...,0, 161, hp 61, n 1.

Similarly, let N = G hvi wherev is a new letter, and letQ = G v Kv
be the subgroup ofN generated byG[ v 'Kv. Clearly P = Q via de ned
by (9)=g, (u *thuy=v ! (h)yvforallg2 G,h2H.

Consider the free product with amalgamationG°= M N. Note that G |
Glviag7! g Forall h2 H we haveu *hu=v ! (h)v, hencep *hp= (h)
wherep = uv 1. This proves the HNN Theorem. O
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We still need to prove Britton's Lemma.

25 Proofof 3) 2

In this section we prove Britton's Lemma (Lemma 2.3.9) in the special case of
commuting HNN extensions (see De nition 2.3.4). We then usethis special case
to obtain the implication 3 ) 2 in Boone's Theorem 2.2.10.

Notation 2.5.1. In the proof of Britton's Lemma and Boone's Theorem, we
shall frequently write W W?° for words W and W°, meaning that W and W°
areidentical as words. This is in contrast toW = W°which means merely that
W and WP are equal as elements of some group.

Let G = hA j Ri be a group. LetH be a subgroup ofG generated by words
Xi,i21,onA[ A 1. Lett be anew letter, and consider the commuting HNN
extension

G= MAjtjR;t IXit= Xi;i21i:

Lemma 2.5.2. G°= G 4 (H h ti) via the canonical mapa 7! a,t 7! t,a2 A.

Proof. Let H = hx;;i 2 | j Si be a presentation ofH on generatorsx; corre-
sponding to X;,i 2 1. Then G 4 (H h ti) has the presentation

PA; X502 15t jJR;S;t Ixit = xi; X = xi;i 2 1i:
In this presentation, the relations S are super uous, so we have
PA; X1 2 1t jR;t Ixit= xi: X = xi3i 2 1
Now the generatorsx;, i 2 | are super uous, so we have simply
PA;t jR;t IXit= X;:i2li
which is G°. O

Lemma 2.5.3. Let W be a word involvingt ort . If W =1 in G° then W
contains a pinch, i.e., a subword of the formt Xt or tXt ! whereX is a word
onA[ A llyingin H.

Proof. If W contains a subword of the formt 1t or tt 1, we are done. Hence
we may safely assume

W Wotst W, t®2W, W, 1t"W, =1

wheren 1,¢ 60, W;isawordonA[ A 1, andWy;:::;W, 1 are nonempty.

We proceed by induction onn. If n =1 we have W  Wpt&*W; =1 in G°
hencet® = W, *W, ' in G° However, by Lemma 2.5.2G°= G 4 (H hti)isa
free product with amalgamation, hence by Corollary 2.4.9t* 2 G\ (H h ti) =
H, which is clearly impossible.
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Assume now thatn > 1. Apply Corollary 2.4.10 to the factorization
W Wo(tel)Wl Wh ]_(ten )Wn =1

Clearly t®;:::;t® 2 H, hence at least one ofWy; W3;:::;W, lies in H. If
Wy 2 H, replace Wp(t®') by (Wot®t) 2 H htinH. If W, 2 H, replace
(t* )W, by (t**W,) 2 H htin H. Applying Corollary 2.4.10 to the resulting

factorization, we see that at least one ofWq;:::;W, 1 liesin H. Thus
w t& W& =1
whereW; 2 H, 1 i n 1. If § and ., are of opposite sign, then we

have our pinch, so we are done. I§ and g., are of the same sign, consider the
equivalent word
WO T WiW, =1

Since W ° contains one less power of, it follows by induction that W ?° contains
a pinch. But then W contains a pinch. O

We have now proved the special case of Britton's Lemma for comuting
HNN extensions (Lemma 2.5.3). The reader who is impatient tosee the proof
of the full Britton's Lemma may skip to the next section. We now use the
special case to prove the implication 3 2 in Boone's Theorem.

Proof of 3) 2. Recall from the proof of Lemma 2.3.6 that the Boone group
G = Gs is a commuting HNN extension of G4 with stable letter k, namely

G = hG4; kjkx = xk;kri = rik;k(q tq)=(q tg)k;i 2 Ii;

where G, is the subgroup ofG generated by the generators other thark. More-
over, G4 is a commuting HNN extension of Gz with stable letter t, namely

Gs= hGs;tjtx = xt;trj = rit;i 2 1i;

where G3 is the subgroup of G4 generated by its generators other thant.

Assume 3, i.e., k( t) = ( 1t) k. By Britton's Lemma with stable
letter k, 't belongs to the subgroup generated by x;r;;q tq;i 2 |. Thus
there is an equation

w 't Ro(q %Ry Ry 1(q t* R, =1

where the R; are (possibly empty) words onx;x 1;ri;r, i21,and g = 1
Choose this equation so thatn is as small as possible. By Britton's Lemma
with stable letter t, W contains a pincht®Xt € wheree= 1 andX = R for
some wordR on x; x l;ri;ri 1-i 2 I. There are two cases.

Case 1:t° is the rst occurrence of t in W. Thus téXt © t Roq te.
Hencee=1, e = 1, andX Rog !. SinceX = R, we have = RqRol,
which gives us 2 in Boone's Theorem.
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Case 2:t®Xt © t®gRjq t%+ forsomej,1 j n 1. Henceg = e,
g+« = eandX gRq . We then have

1tE] Ctei +1 g
1tE] Rtej +1 q
qu

lxq

= g 'dRq 'a= R,

q 1tej qu q 1tej +1 q

O O o o

so in W we may replaceR; 1q t®gR;gq t%+ gqR+1 by Rj 1RjRj+1 contra-
dicting minimality of n. This completes the proof of 3) 2. O

2.6 Proof of Britton's Lemma

Having proved a special case of Britton's Lemma, we now use ito prove the
full lemma.

Lemma 2.6.1 (Britton's Lemma). Let
G =HGipjp Xp= (X)ix

be an HNN extension ofG with stable letter p (see De nition 2.3.3). If W is a
word involving porp 1, and if W =1in G , then W contains a pinch.

Proof. If W has a subword of the formp p or pp !, we are done. Assume this
is not the case, i.e.,

W Wop*W, Wy 1p* Wy =1

wheren 1,e1;:::;€, 60, Wop;:::;W, arewordsonA[ A 1, andWq;:::; W, 1
are nonempty.
Introduce a new letter t, and form

G°=mMip;tjR;p Xp= (X);t Xt = Xix

which is a commuting HNN extension of G with stable letter t. In G° we
have (tp) X (tp) = p t Xtp = p Xp = (X), so there is a homomorphism
:G ! GYgivenbya7!a p7'tp,a2 A. Thusin G° we have

WO= Wo(tp)®W; W, 1(tp)*"W, = (W)=1:

Applying Lemma 2.5.3 to W° we see thatW? contains a \special pinch," i.e., a
subword of the formt *YtortYt ! whereY isaword onA[ A *[f pglying
in H.

If our special pinch ist 1Yt, then we havee, < 0,e+1 > 0,andY W, for
somei, 1 i n 1. SinceY liesinH, W; liesin H. Going back to G , we
see thatW has a subwordp W;p and this is a pinch.
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If our special pinch istY t 1, then we havee > 0,e+1 < 0,andY pWp ?!

forsomei,1 i n 1. SinceY liesinH,W; = p 1Y pliesin K. Going back
to G , we see thatW has a subwordpW;p ! and this is a pinch.
This completes the proof of Britton's Lemma. O

We shall also need the following generalization.

De nition 2.6.2 (multiple HNN extension). Let G = hA j Ri be a group
presentation. Assume that we have isomorphisms; : H; = K;,i 2 |, whereH;
and K; are subgroups ofG. Consider the group presentation

G = Mpi;i 21 jRp *Xip = (X))

where X, i(X;) range over generators ofH;; K; respectively. We call this a
multiple HNN extension with stable letters p;, i 2 1.

Lemma 2.6.3 (multiple Britton Lemma). Let G be a multiple HNN ex-
tension of G as above. IfW =1in G and W involves at least one stable letter,
then W contains apinch, i.e., a subwordp; Xpi or pi XPp; ! where X is a word
onA[ A !lyingin H; or K; respectively.

induction on n. We may assume thatG = Gy G; G, = G where,
foreachi =0;:::;n 1, Gj+1 = hGj;p; j :::i is an HNN extension of G; with
stable letter p;. By Britton's Lemma with stable letter p,, W contains a subword
P, Xpn Or pnXp,* where X is a word on A;A L;py;p,tiiiiipn 1P, Y and

have our pinch. Otherwise, letZ be a word onA[ A ! such that X = Z in
Gh 1. Then XZ '=1in G, 1, so by inductive hypothesisXZ ! contains a
pinch. But Z 'isaword onA[ A ! only, soX contains a pinch. O

2.7 Proofof 2) 1

We now complete the proof of Boone's Theorem 2.2.10.

Proof of 2) 1. Assume 2, i.e.,
LXamYR=q;

whereX and Y are words onA, and L and R are words onx;x 1:r;; r, Li21.
Note that our equation takes place in Gz, the subgroup of the Boone group
generated by A;q; o;:::;q;X;ri;i 2 I. Recall also from the proof of Lemma
2.3.6 that G3 is a multiple HNN extension of G, with stable letters rj;i 2 1.

We may safely assume thatl; R are freely reduced i.e., they do not contain

subwords of the formx 1x, xx 1, r, i, rir; Li2l. Using this assumption,
we have:
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Lemma 2.7.1. L andR arefr;ji 2 | g-reduced.

Proof. Otherwise, L or R contains a pinch of the formr; Ixer; or rixer; L where
e 6 0. Thus, it suces to show that x¢, e 6 0, cannot belong to the sub-
group H; generated byXqn, Yi;ax;a 2 A, or to the subgroup K; generated by
Uigy, Vi;ax ;a2 A.

In the rst case, suppose

W Wo(XiGn, Yi)* W1 Wn 1(XiGn, Yi)® "W, = x°©

whereg = 1 and eachW, is a (possibly empty) word on ax; (ax) ;a2 A.

Gi=hcaa2 Aja xa= x%a2Ai

(see the proof of Lemma 2.3.6). Therefore, by Corollary 2.4, W cannot involve
On,- Hencen=0and W  W,. Thus we have

X ®Wo  x f(ax)t (ax)* =1

wherea; 2 A and f; = 1. By the multiple Britton Lemma 2.6.3 with stable
letters a;a 2 A, we see thatx ®Wy contains a pinch of the forma x"a or
ax®"a ! for somea 2 A. By inspection of x Wy, both forms are impossible.
HenceW, is empty, hencex® = 1, hence e = 0, a contradiction.

The second case is similar. This proves the lemma. O

We continue with the proof of 2) 1. We are assumingLXgm YR = qin
the Boone group, and we wish to obtainXqmY = qin the Post semigroup.
Let N be the number of occurences of; r; Li21inL andR. We proceed
by induction on N. If N =0, we have L = x5, R = x!, and our assumption
becomes
XSXqmY X' = Q:

xSX and Y x' belong to G;. By Corollary 2.4.5, it follows that ¢, = g and
xSX = Yxt =1. Hences=t=0and X and Y are empty, so our conclusion
XgmY = gin S trivially holds.

Assume now thatN > 0. Hence, by the multiple Britton Lemma 2.6.3 with
stable lettersr;;i 2 |, there is a pinch inLXqgm Y R. By Lemma 2.7.1,L and R
arefr; ji 2 I g-reduced, i.e., they individually do not contain a pinch. Hence
there must be a pinch which spand. and R. It follows that

LXgmYR  L%®xSXgmY x'r; °R®
wheree= 1,L L%5, R x'r; °R% and r{xXom Y x'r; © is a pinch.
If e= 1, then xXgn Y X! lies in the subgroupH; generated by X dm, Vi,

ax, a2 A. If e=1, then xSXqmY X! lies in the subgroup K; generated by
Uith, Vi, ax 1, a2 A. Since we are in the free productG; hq;a;:::;qi, itis
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clear that m = m;, hencegn = Gn,. We consider only the casee = 1, the
other case being similar.
SincexsXgm Y Xt lies in H;, there exists an equation

W XX Am Y X Wo(Xitn Y)Wy Wh 1(XignYi)* W, =1

whereg = 1andW, is a possibly empty, freely reduced word orax; (ax) ;a2
A. Choose this equation so thatn is as small as possible. Since our equation
W =1 holds in the free product G; hagyi, it follows that 1 + e; + +e, =0
and, by Corollary 2.4.5, each of the words between two consetive occurrences
of g, or %1 are = 1in Gy. In particular, if ¢ =1 and g+ = 1, then
YWY, '=1,andif = 1andeg.s =1,then X; 'W,;X; = 1. Either way,
W; =1, hence (Xign Yi)® W; (XignYi)®+ =1 contradicting minimality of n.
Therefore, we must havee; = = €,. Since 1+e; + + e, =0, it follows
that n=1and e; = 1. We now have

w X*XOm Y X' Wo(Xitn Yi) W1
X*Xqm Y X*'WoY; g, 'X twy=1

in the free product G; hgni. It follows by Corollary 2.4.5 that Y xX*WY, =1,
hencexsX X; 1w; =1.

Lemma 2.7.2. Y; is an initial segment of Y, and X; is a nal segment of X .

Proof. We rst show that Y; is an initial segment of Y. Let Y©° Y Ly after
cancelling subwords of the forma 'a for all a 2 A. It suces to show that
the rst letter of YCis positive (i.e., an element ofA, not of A 1). If not, let
b 12 A !bethe rstletter of YO and considerx'WoY %= x'WyY; 'Y = 1.
Applying the multiple Britton Lemma with stable letters a;a2 A, we see that
x'WoY © contains a pincha®Za ¢, wheree= 1 andZ lies in hxi. SinceW, is
a freely reduced word onax; (ax) ;a2 A, our pinch is not contained in x'Wj.
Hencea © must be the rst letter of Y2 Our pinch is then aZa ¢  bxb 1,
hencex belongs to the subgroup oftxi generated byx?, a contradiction.

We have now proved thatY; is an initial segment of Y. The proof that X;
is a nal segment of X is similar. O

By the previous lemma, letY = Y;Y%and X = X%, where X °and Y° are
words on A. We then have

WoY &K'= WoY Y, Ixt=1;  xSX0W; = xX X; w;=1:

Consider the automorphism of Gy givenby (a)= afora2 A, and (x) =
x L. In particular, for all a2 A we have (ax)= ax =, taxri. Since Wy
and W; are words onax; (ax) ;a2 A, we have

(Wo) = r; *Wor; ; (W1) = r, *Wiyr;:
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Moreover,
WoY%) = (Wo)YX t=1; (x°XW1) = x SX0 (W) =1:
We now have:

g = LXgmYR

= L%, %°Xqm, Y X'riR°

= L% %SXOXigm, Vi YX'ri R

= L% w, Xign, YW, 'rRC

= L% (W1) r; Xigm, Yiri (Wo) 'R

= L% (W1) 'Uigy, Vi (Wo) 'R°

= L% SX%Uig, ViYX 'R
Note that L% * and x 'R are words onx;x *;ri;r; ;i 2 1 with N 2 oc-
currences ofr;; r, i 2 1. Hence, by induction hypothesis,X U;q,, ;Y%= qin

the semigroupS. Thus XgmY = XXgy, YiY?= XUiq,, ViY?= qin S, and
we have proved 1. O

This completes our proof of Boone's Theorem 2.2.10. Thus wedve proved
that the word problem for groups is unsolvable.

2.8 Some Re nements

In this section we state without proof some re nements of Theorem 2.2.12 con-
cerning unsolvability of the word problem for groups.

The following result is due to Higman. For a proof, see Aandesia/Cohen [2]
or Rotman [12, Chapter 12] or Shoen eld [13, Appendix].

Theorem 2.8.1 (Higman's Theorem). Let G = PA j Ri be a recursively
presented group, i.e.,A and R are recursive. ThenG is recursively embeddable
in a nitely presented group.

This following result is due to C. Miller [8, Corollary 3.9]. The proof uses
Higman's Theorem.

Theorem 2.8.2 (C. Miller). We can construct a nitely presented group
G such that G and all nontrivial quotient groups of G have unsolvable word
problem.

In another direction, let G = bA j Ri be a nitely presented group, and
consider the following sets of words oA [ A 1.

1.S;=fWjw=1in Gg.

2.S,=fW jW 61 in some nite homomorphic image of Gg.
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Remark 2.8.3. It is easy to see thatS; and S, are disjoint and recursively

enumerable. Therefore, ifS; and S, are complementary (i.e., if G is residually

nite ), then S; and S, are recursive. To say thatS; is recursive means exactly
that the word problem for G is solvable.

The following result is due to Slobodskoi [17]. See also Kh&@mpovich [9].

Theorem 2.8.4 (Slobodskoi). ~ We can construct a nitely presented group G
such that both S; and S, are nonrecursive.

The following stronger result has been announced by Aandema[1].

Theorem 2.8.5 (Aanderaa). We can construct a nitely presented group G
such that S; and S, are recursively inseparable.

2.9 Unsolvability of the Triviality Problem

In this section we consider group-theoretic problems of aniher kind, concerning
not just a single group, but rather a family of groups.

De nition 2.9.1 (triviality problem). The triviality problem for groups is
as follows.

Given a nitely presented group G = bA j Ri, to decide whetherG
is the trivial group, i.e., G = 1.

Note that thisisa ¢ problem, becauseA is nite,and G=1 () 8 a2 A9n 9
nite sequence of words such thata W, r W1 Rr rR W, L1

We shall show that the triviality problem for groups is unsolvable. This and
similar results (see Corollary 2.9.10 below) are due to Adia 1955 and Rabin
1958. It turns out that these results follow fairly easily from the unsolvability
of the word problem for groups.

Let G be a xed, nitely presented group. We reduce the word problem for
G to the triviality problem for nite presented groups. The re duction is given
by the following de nition and lemma.

De nition 2.9.2. Let G = A j Ri be a xed, nitely presented group. Given
aword W on A[ A 1 let G = hA%j RY, where A= A[f x;y;zg, and R?
consists ofR plus the relations

(1) x MWty 'wy)x =z lyz

) X 2(yxy)x? = z%7

3 x Syx® =z 3(yzy)z®

4 x 3 lyay)x®! =z 3y 1 0o
where A = fay;:::;a,0. Note that G, is a nitely presented group.
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Lemma 2.9.3.
1. If W 61in G, then G embeds intoG, .
2. If W =1in G, then G, is trivial.

Proof. Assume rst that W 6 1 in G. Within the free product G hx;yi,
consider the subgroupH generated byy plus the left hand sides of equations
(1){(4). Itis straightforward to check that H is free on these generators (use
Corollary 2.4.5). Similarly, in the free group hy;zi, consider the subgroupK
generated byy plus the right hand sides of (1){(4). Again, K is free on these
generators. Thus, there is an obvious isomorphism : H = K, and we have

Gy = (G hxyi) ly;zi;

i.e., G, is the free product of G hx;yi and hy;zi with H and K amalgamated
via . Itfollowsthat G) G hxyyi! G .
Now assumeW =1in G. ThenW 'y Wy =1in G, , hence by (1)y = 1.

Hence by 2)x =1,by (3) z=1,and by (4) a4 =1,1 i n. We conclude
that G, = 1. O
Theorem 2.9.4 (unsolvability of the triviality problem). The triviality

problem for nitely presented groups is unsolvable.

Proof. Let G be a nitely presented group such that word problem for G is
unsolvable. ThenW = 1 in G if and only if G, is trivial. Thus the word
problem for G reduces to the triviality problem for nitely presented gro ups.
Hence, the latter problem is unsolvable. O

Using Theorem 2.9.4, S. Novikov has obtained the following ndecidability
result in geometry. We state this result without proof.

Theorem 2.9.5 (S. Novikov). Fix n 5. If M is a nitely presented, com-
pact, connected,n-dimensional manifold without boundary, then it is undecid-
able whether M is di eomorphic to the n-sphere,S". Instead of di eomorphic,
we can say homeomorphic.

Remark 2.9.6. To each nitely presented, connected manifoldM is associated
a nitely presented group 1(M), the fundamental groupof M , consisting of the
homotopy classes of closed paths i . It is well known that the fundamental
group of the n-sphere, S", is trivial. Conversely, there is a theorem of Smale
saying that, under certain circumstances, if the fundamentl group of an n-
dimensional manifold M is trivial, then M = S". Smale's result is used in
the proof of S. Novikov's result. For an exposition of the proof of S. Novikov's
result, see Nabutovsky [10, Appendix]. Nabutovsky has appéd S. Novikov's
result to draw some purely geometrical consequences.

One easily generalizes Theorem 2.9.4 as follows.
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De nition 2.9.7. Let P be a property of groups which is invariant under
isomorphism. We call P a Markov property if there exist nitely presented
groups G1; G, such that (1) G; has property P, (2) for any group H G, H
does not have propertyP.

Examples 2.9.8. Let P = triviality, niteness, Abelianness, solvability, nilpo -
tence, etc. Each of these properties is a Markov property.

Theorem 2.9.9 (Adian, Rabin). Let P be a Markov property. Given a
nitely presented group H, it is undecidable whetherH has property P.

Proof. Fix a nitely presented group K with unsolvable word problem. Given
a word W in K, form the nitely presented group

Hw = G1 (K G :

If W=1in K, then Hy = G; has property P. If W 6 1 in K, then G, |

K Gz! (K G2)Y ! Hw,soHw does nothave propertyP. Thus, the word
problem for K is reducible to the problem of deciding whether a given nitey
presented group has propertyP. Hence, the latter problem is unsolvable. [

Corollary 2.9.10.  Given a nite presented group H, it is undecidable whether
H is trivial, nite, Abelian, solvable, nilpotent, etc.
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Chapter 3

Recursively Enumerable
Sets and Degrees

In this chapter we study the lattice of recursively enumeralde sets of natural

numbers, under inclusion. We also study the partial orderirg of degrees of
unsolvability of recursively enumerable sets of natural nunbers, under Turing

reducibility. A standard reference for these subjects is Sare [18]. A useful
supplementary reference is Rogers [11].

3.1 The Lattice of R.E. Sets

The purpose of this section is to introduce the lattice of reairsively enumerable
sets. We begin by reviewing some basic properties of relations on N, the set
of natural numbers.

De nition 3.1.1. Recall that R N is recursive if the characteristic function
R :N¥1 N,denedby gr(xi;:::;%x¢)=1if R(X1;:::;xk) holds, 0 otherwise,
is recursive.

De nition 3.1.2. Recallthat S NXis 9 if

whereR  N¥*1 s recursive.

Remark 3.1.3. In our de nition of S being Y, instead of saying that R is
recursive, we could say thatR is primitive recursive. Also, by Theorem 1.2.7,
this is equivalent to S being i, i.e., we can say thatR is . Moreover,
by Matiyasevich's Theorem 1.3.2, this is equivalent to S being Diophantine.
However, we shall not make use of these results.

Proposition 3.1.4. Sisrecursive ) Sis §,ie,Sand: Sare 9.
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Proof. The =) direction is trivial. For the ( = direction, assume that Sis ¢,
say

hencesS is recursive.

Proposition 3.1.5. If S;;S, NK are 9, thenso areS; [ S; and S;\ S;.

soS;[ S; andS;\ S, are 9. O
The next proposition is known as the ¢ Uniformization Principle.

Proposition 3.1.6. Let S N1 be 9. Then there is a partial recursive
function :NX 17 N such that

Lo (X Xk) #0090 yS(Xas i Xk Y),

a partial recursive function. Put  (xg;:::;Xk) " ( (X1;::75Xk))o- O

Proposition 3.1.7. “NK 1P Nis partial recursive () graph( )is 9.

Proof. ( =: If the graph of is ¢, let S =graph( ), and apply the previous
lemma to conclude that is partial recursive.
=) : If s partial recursive, let P be a program which computes . Then

(Xq;iix) " ék)(xl;:::;xk) where e = #( P). Thus (Xg;:::;xk) " yif

where the State function is primitive recursive. (See the Madh 558 notes [14].)
Thus graph( )is §. O

Proposition 3.1.8. S NKis {ifand only if S =domain( ) for some partial
recursive function : Nk 17 N,
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then we may take (xi;:::;Xk) ' the leasty such that R(x1;:::;Xk;Y), and
clearly this is partial recursive. Conversely, if is partial recursive,say ="'¢"’,
then the domain of is fhxy;:::;xki 2 N¥ j 9n (State(e;xq;:::;Xk;n))o = 09
which is clearly 9. O

The next proposition is known as the ¢ Reduction Principle.

Proposition 3.1.9. 1 S;;S, N¥are ¢,thenwecan nd setsS?;SY N
such that S9 S;,SY S, SO S8=S;[ Sy, and SP\ S9= ;.

Proof. SinceS; and S, are ¢, we can express them as

SIx1;::xk) 9 Y[Ra(X1;  ;Xxk;2)™:9 2z yRy(X1piiiixe;z)]:
Clearly this works. Note the similarity to the proof of Rosser's Theorem. [

Corollary 3.1.10. If P;;P, NX are 9, and if P;\ P, = ;, then there is a
recursiveR NX suchthatP; RandP,\ R=;.

Proof. Let S; = N¥nP1, S, = NKnP,, and apply the Reduction Principle 3.1.9.
Then SP[ SY= S;[ S, = NX, S9\ S9 = ;, hence by Proposition 3.1.4S9; S9
are recursive. SetR = SJ. O

Remark 3.1.11. The previous corollary is known as the ¢ Separation Prin-
ciple. On the other hand, there is no 9 Separation Principle, as shown by the
next proposition.

De nition 3.1.12. S1:S, NK are said to berecursively inseparableif there
is no recursiveR Nk suchthatS; RandR\ S, = ;.

Proposition 3.1.13.  We can nd (1’ setsB1;B>, N suchthat B;\ By = ;
and B1; B, are recursively inseparable.

Proof. Put B; = fej' (el) (e)" igfori=1;2. ClearlyB;\ B, =; and B1;B>
are 9. If By; B, were recursively separable, lef : N!f 1;2g be recursive such
that f (e) =2 forall e2 By, andf(e) =1 for all e2 B,. Sincef is recursive,
f='% for somee. If f (e) =1, then ' ¢ (e) = 1, which implies e 2 B;, which
implies f () = 2, a contradiction. The contradiction is similar if we assume
f (e) =2. Thus By;B, are recursively inseperable. O

We now introduce the lattice of recursively enumerable sets

De nition 3.1.14 (recursively enumerable sets). Let A be a subset ofN.
We say that A is recursively enumerable abbreviated r.e., if it is either empty
or the range of a recursive functionf : N! N.
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Theorem 3.1.15. A is recursively enumerable () Ais 9. Moreover, if
A is recursively enumerable and in nite, then A is the range of a one-to-one
recursive function.

Proof. Let A = range(f) wheref : N ! N is recursive. Thenx 2 A |
owf (w) = x and this is 9. Now assume thatA is innite and ¢, say A =
fx j9y R(x;y)g where R recursive. Put

B=f2jR(x;y)":9 z<yR(x;2)q:

Then B is innite and recursive. Dene g : N! N by g(n) =the nth
smallest element ofB. This is known as the principal function of B. Clearly

B IS recursive, since we can obtain it by recursion asg (0) = least element of
B, g(n+1)=least w2 B such that w> g(n). Now, let f (n) =( g(n))o.
Clearly f is one-to-one and recursive, and rangé&() = A. O

The previous theorem says that r.e. sets are the same thing as§ sets. Thus
we have the following properties of r.e. sets.

Theorem 3.1.16.

1. Let A1;A2 N be recursively enumerable. Then we can nd recursively
enumerable setsAY  A;, A A, such that A9 A9 = A;[ A; and
A\ A= ;.

2. We can nd recursively enumerable set8;;B, N suchthatBi\ B, = ;
and B1; B, are recursively inseparable.

Proof. Part 1 is a special case of the Reduction Principle 3.1.9. Par2 is a
restatement of Proposition 3.1.13. O

An algebraic context for results of this kind is lattice theory.

De nition 3.1.17 (lattices). A lattice is a partially ordered setL = (L; )in
which any two elements have a least upper bound and a greatesower bound.

Examples 3.1.18. We consider two familiar examples of lattices.

1. Consider the set of positive integers partially ordered l divisibility, i.e.,
a b a divides b. This is a lattice. The lL.u.b. and g.l.b. operations
are just LCM and GCD.

2. Let X be a set. The powersetP(X) = fY jY Xgis a lattice under
inclusion, i.e.,Y Z | Y Z. The lL.u.b. and g.l.b. operations are
given by [ and\ .

De nition 3.1.19 (the lattice of r.e. sets). We write
E=fA NjA is recursively enumerable:
By Proposition 3.1.5, E is a lattice under inclusion. The l.u.b. and g.l.b. opera-

tions are given by[ and\ . We refer to E asthe lattice of r.e. sets
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De nition 3.1.20 (lattice terminology). In an abstract lattice-theoretic
context, the lattice operations l.u.b. and g.l.b. may be deroted _ and * respec-
tively. If L is any lattice, we say that L is distributive if the laws a” (b_ c) =
(a”"b)_(arc)anda_(b"c)=(a_b)” (a_c) hold. All of the lattices considered
in this chapter are distributive.

If a lattice L has a bottom element and a top element, they are denoted 0
and 1 respectively. For example,P(X) and E are lattices with 0 and 1. The
lattice of positive integers under divisibility has 0 but no 1.

Let L be a distributive lattice with 0 and 1. An element a 2 L is said to
be complementedwithin L if there exists b2 L (necessarily unique) such that
a”b=0and a_b=1. The whole lattice L is said to be complementedif
every element ofL is complemented within L. For example, the lattice P (X)) is
complemented. ABoolean algebrais de ned to be a complemented distributive
lattice. Thus P(X) is a Boolean algebra, butE is not.

Remark 3.1.21. Let A 2 E be an r.e. set. By Proposition 3.1.4,A is com-
plemented within E if and only if A is recursive. Since nonrecursive r.e. sets
exist, it follows that the lattice E is honcomplemented. Theorem 3.1.16 above
expresses further lattice-theoretic properties oft.

Remark 3.1.22. Later in this chapter (Sections 3.6 and 3.7), we shall prove
the following two theorems of Friedberg, which express yet rare lattice-theoretic
properties of E. This is the beginning of a large subject.

1. If A Nisr.e. and not recursive, then we can nd nonrecursive r.e. sts
B1;B, such that A = B;[ B, and B;\ B, = ;. (Furthermore, we can
demand that B1; B, are recursively inseparable. According to Rogers [11,
Exercise 12.21], this re nement is due to K. Ohashi.)

2. We can nd a nonrecursive r.e. setA N such for any r.e. setB A,
either BnA is nite or NnB is nite. Such anr.e. setA is called amaximal
r.e. set.

3.2 Many-One Completeness

A useful way to compare the recursion-theoretic complexityof subsets ofN,
whether recursively enumerable or not, is via many-one redcibility.

De nition 3.2.1 (many-one reducibility). Let A;B  N. We say that A
is many-one reducibleto B, abbreviated A , B, if there exists a recursive
function f : N! N such that 8x (x 2 A ( f(x) 2 B).

De nition 3.2.2 ( m-completeness). An r.e. set C is said to be many-one
completeif, for all r.e. sets A, A  C. We sometimes writem-complete as an
abbreviation for many-one complete.

Example 3.2.3. The most straightforward example is as follows. Let

C = 223 j' D(x)#g:
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Clearly C is 9, hence r.e. We claim thatC is many-one complete. To see this,
let A be anr.e. set. By Proposition 3.1.8, let (x) be a partial recursive function
such that A = domain( ). Let e be an index of , i.e., the Gadel number of a
program which computes . (Using a notation to be introduced later, we can
write A = W,, i.e.,, eis anindex of A.) For all x 2 N we have (x)"' ' S (),
hencex 2 A () )#0 "Pxy#0 2232C. ThusA n C via
the primitive recursive function f (x) = 2¢3*. We have now shown thatC is
m-complete.

In addition, we have the following examples.

Examples 3.2.4. Recall from Math 558 [14] the sets
H = fe2 Nj' {(0) #g = the halting set

and
K = fe2 Nj' ¥ (e) #g = the diagonal halting set :

Clearly H and K are ¢, hence r.e.
Proposition 3.2.5. H and K are many-one complete.

Proof. Recall the Parametrization Theorem, which reads as follows Given a
partial recursive function (x;y), we can nd a primitive recursive function

f (x) such that ' El()x)(y) " (x;y) for all x;y. (For a proof of the Parama-
trization Theorem, see the Math 558 notes [14].) Given an r.eset A, consider
the partial recursive function (x;y) ' 1if x 2 A, unde ned otherwise. Ap-

ply the Parametrization Theorem to get a primitive recursive function f (x)
such that, for any vy, ' @ (y) # 0 X 2 A. Setting y = 0, we see that

f(x)
X2 A f(x) 2 H. Setting y = f (x), we see thatx 2 A f(x) 2 K.
ThusA  HandA , Kviaf. O

Examples 3.2.6. In Chapters 1 and 2 we considered several mathematical
problems including Hilbert's Tenth Problem, the Word Probl em for groups,
and the Triviality Problem for groups. We pointed out that th ese each of these
problems is ¢, i.e., recursively enumerable, and we proved that each of thm
is unsolvable, i.e., nonrecursive. More precisely, we sh@d how to many-one
reduce the halting setH (or any other r.e. set) to each of them, via explicitly
speci ed, primitive recursive functions. In particular, e ach of these problems is
not only unsolvable but also many-one complete.

In a similar vein, one can show that many other well known unsévable
problems such as the Validity Problem for the predicate calalus, the Decision
Problem for Z; (= rst-order arithmetic), etc., are r.e. and many-one comp lete.
It follows that each of these problems is many-one reducibléo any of the others.
In this sense, all of these problems are equivalent, i.e., #y are all equally
unsolvable.
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Remark 3.2.7. Later in this chapter (see Sections 3.10{3.16), we shall sty
the general concept ofdegrees of unsolvability due to Turing. From this point

of view, the upshot of our examples above is that a great many mosolvable
problems including the Halting Problem, Hilbert's Tenth Pr oblem, the Word
Problem for groups, the Validity Problem for predicate calculus, etc., are all of
the same degree of unsolvability.

3.3 Creative Sets

In this section we de ne an interesting class of r.e. sets, th creative sets. We
then prove a theorem due to Myhill 1955, which says that an r.e set is creative
if and only if it is many-one complete.

Notation 3.3.1. Let
W, = domain(* ) = fx 2 Nj' O (x) #g:

By Proposition 3.1.8, the sequencélN,, e = 0;1;2;::: is an enumeration of all
the r.e. sets. We refer to this as thestandard enumeration of the r.e. sets. Given
anr.e. setA, anindex or r.e. index of A isanye 2 N such that A = W,. Clearly
any r.e. set has in nitely many indices.

De nition 3.3.2 (creative sets). Anr.e. set C is said to becreative if there
exists a partial recursive function (e) such that for all e, if W\ C = ;, then
(e) #and (e) 2W,[ C. We call a creative function for C.

Proposition 3.3.3.  If C is creative, then C is not recursive.

Proof. If C were recursive, thenN n C would be recursively enumerable, say
NnC = W.. Then W\ C = ;, hence (x) #and (e) 2 W[ C, a contradiction
sinceWe[ C = N. O

Remark 3.3.4. We have just proved that creative sets are nonrecursive. In
addition, we can say that a creative setC is \e ectively nonrecursive." By this
we mean that C is r.e. and nonrecursive and furthermore, the nonrecursiveess
holds because of a computable function (€) which e ectively provides a witness
for the fact that W, is not the complement of C, for all r.e. sets We.

Example 3.3.5. The diagonal halting set K of Example 3.2.4 is creative.
Namely, a creative function for K is the identity function, (e) = e for all
e. To see this, note that by de nition K = fej e 2 Weg. Hence, for all e, if
We\ K = ;,then eZW, and e ZK.

Exercise 3.3.6. Show that the r.e. setsC and H of Examples 3.2.3 and 3.2.4
are creative.

Exercise 3.3.7. Consider the set of Gadel numbers of sentences which are pre
able in the theory Z;, rst-order arithmetic, a.k.a., Peano Arithmetic. Show
that this set is creative. Instead of Z1, we could use any recursively axiomatiz-
able theory to which Rosser's Theorem applies.
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Theorem 3.3.8. Let A and B be r.e. sets. IfA is creative andA B, then
B is creative.

Proof. Assume that A is creative via , and assume thatA |, B via f. By the
Parametrization Theorem, let h(x) be a primitive recursive function such that

L) (E(y) for all x;y. It follows that Wi = f (W) for all e.
Now, if We\ B = ;, then W)\ A= ;, hence (h(e)) #and (€) 2 Wy [ A,
hencef ( (h(e))) 2 W[ B. Thus, a creative function for B is given by e 7!

f( (h(e). O
Corollary 3.3.9. Let C be anr.e. set. IfC is m-complete, then C is creative.

Proof. We have already seen that creative r.e. sets exist. For exani@, we have
seen that K is creative. If C is m-complete, then K , C, hence by the
previous theoremC is creative. O

Our next goal is to prove the converse: ifC is creative, then C is m-complete.

Lemma 3.3.10. If C is creative, then we can nd a total recursive function
p(e) which is a creative function for C.

Proof. Let (e) be a creative function for A which is partial recursive. Consider
the 9 predicate
S(e;X) ()" x _We\ C6;:

Clearly 8e9xS(e;x). By 9 uniformization (Proposition 3.1.6), we can nd a
total recursive function p(e) such that 8e S(e; p(e)) holds. Then p(e) is a total
creative function for C. O

In order to prove that creative sets are m-complete, we need a mysterious
and powerful theorem known as the Recursion Theorem.

Theorem 3.3.11 (Recursion Theorem). Let (w;x1;:::;Xk) be a partial
recursive function. Then we can nd e such that

Example 3.3.12. We can nd an e such that ' IS (x) = e+ x for all x. In

particular, ' ¢ (0) = g, i.e., eis the Gadel number of a program which outputs
e. Thus, there is a program which outputs its own Gedel nhumber.

Actually, we need an even more powerful result, namely a undrm version
of the Recursion Theorem. Here \uniform" means \parametrized."

Theorem 3.3.13 (Uniform Recursion Theorem). Let (wW;y;Xq;:::;Xk)
be a partial recursive function. Then we can nd a primitive r ecursive function

h(y) such that

C(K) e
ﬁ&)(xl, 111 Xk)
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Example 3.3.14. We can nd a primitive recursive function h(y) such that
i) h(y) + y+ x for all y;x.

Remark 3.3.15. The Recursion Theorem follows easily from the Uniform Re-
cursion Theorem, by treating the parametery as a dummy variable.

Proof of the Uniform Recursion Theorem. We are given a partial recursive func-

recursive function f (w;y) such that

V(K)o Ny e
By (XL TT0X) T (WY X3 1115 X)
for all y;xq;:::;Xk. In the same way, nd a primitive recursive function d(z)
such that ) )
SN COEEEET O R (ﬁ) BNESHEE)
for all z;x1;:::;Xk. Here the expression on the right hand side is assumed to

be unde ned, if * & (z) is unde ned. Finally, let g(y) be a primitive recursive
function such that

9@ T(d@):y)
for all y;z. We then have

V(K)o ' v (k)
X Xq;::0,X
k) '(gl()y)(g(Y))( 1 k)

N P
f(d(ayy ) X131 0

so we may seth(y) = d(g(y)). O
We are now ready to prove the following result of Myhill.
Theorem 3.3.16. An r.e. set is creative if and only if it is many-one complete.

Proof. We have already seen in Corollary 3.3.9 thatm-complete sets are cre-
ative. It remains to prove that creative sets arem-complete. LetC be a creative
set. By Lemma 3.3.10, letp(e) be a total recursive function which is a creative
function for C. Let A be any r.e. set. We wish to show thatA |, C. Consider
the partial recursive function (w;y;x) ' 1if p(w) = x andy 2 A, unde ned
otherwise. By the Uniform Recursion Theorem, leth(y) be a primitive recursive

function such that ' ) (x) " (h(y);y:x) for all y;x. Thus Wy = fp(h(y))g

h
if y2 A, and Wyy) =(Y) if yZ2A. Fory 2 A we havep(h(y)) 2 W), hence
Whyy\ C 6 ;, hencep(h(y)) 2 C. Fory 2 A we have Wy = ;, hence
p(h(y)) 2 C. Thus A  C via the total recursive function f (y) = p(h(y)).
This shows that C is m-complete. O

52



Myhill 1955 has also obtained the following result, which sgs that any two
creative sets (or equivalently, m-complete sets) arerecursively isomorphic to
each other.

Theorem 3.3.17. If C; and C, are creative sets, then there is a total recursive

function : N "1°™ N such that (C;) = C,. Note that is a recursive
permutation of the natural numbers.

Proof. We omit the proof. O

Remark 3.3.18. Using Myhill's results, we see that all of the specic, non-
recursive r.e. sets mentioned in Section 3.2 are not only ofhe same degree of
unsolvability, but also recursively isomorphic to each otter.

3.4 Simple Sets

All of the nonrecursive r.e. sets which we have encounteredbsfar are many-one
complete, and hence creative. Nevertheless, there exist neecursive r.e. sets
which are not creative. We now show one method for constructig such sets.

De nition 3.4.1 (simple sets). Anr.e. set A is said to besimple if its com-
plement

A =:A = NnA
is in nite yet does not include an in nite r.e. set.

Clearly a simple set cannot be recursive, because by Propaigin 3.1.4 the
complement of a recursive set is r.e.

Theorem 3.4.2. There exists a simple set.

Proof. Consider the 9 relation
S(e;x) x> 2eand x 2 We:

By ¢ uniformization, let (€) be a partial recursive function which uniformizes
S(e;x). In particular, if W, is in nite, then (e) #and (e) > 2e. Let A be the
range of . Thus A is an r.e. set which has nonempty intersection with every
in nite r.e. set. To prove that A is simple, it remains to show that A is in nite.
This is so becausgA \f 0;1;:::;2xgj x for all x, which follows from the fact
that each element of A\f 0;1;:::;2xgis of the form (e) for somee<x. O

Theorem 3.4.3. A creative set is not simple.

Proof. Let C be a creative set, and letp be a creative function for C. By the
Parametrization Theorem, let f (e; X) be a primitive recursive function such that
that Ws (e;x) = We [f xg for all e;x. Let ey be an index of the empty set, i.e.,
We, = ;. Extend this to a recursive sequence of indicesy; e1; €2;::: by putting

en+1 = f (en;p(en)) for all n. By induction we have
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and We, \ C = ;, hencep(e,) # and p(e,) 2 W, [ C, for all n. Thus

is an in nite r.e. subset of C. HenceC is not simple. O

Corollary 3.4.4. There exist nonrecursive r.e. sets which are not creative,
hence not many-one complete.

3.5 Lattice-Theoretic Properties
De nition 3.5.1. A property of r.e. sets is said to belattice-theoretic if it is
de nable over the E, the lattice of r.e. sets.

Remark 3.5.2. In the previous de nition, we could have used any of the lan-
guagesi\ ;[; g orf\ ;[g orfg orf\g orflg forE, without changing which
properties of r.e. sets are de nable ovelE. This is because

A B A[ B=B A\ B=A
and
A[ B = the unique C suchthat8D(C D, (A D~"B D))
and
A\ B = the unique C suchthat8D(C D, (A D~B D)):

Moreover, the top and bottom elementsN and ; and the equality relation = for
the lattice E are de nable in any of these languages.

Examples 3.5.3. The following properties of r.e. sets are lattice-theorett.
1. A is recursive () A is complemented, i.e.,
9B(A[ B=NandA\ B = ;).
2. Ais nite ( 8 B(A\ B isrecursive).
3. A is simple () A nonrecursive and8B (B innite ) A\ B 6 ;).
4. A and B are recursively inseparable ()
:9 R(Rrecursive® A R"R\ B =;).
Here of course the quanti ers range overkE.
The following surprising theorem is due to Harrington.
Theorem 3.5.4. An r.e. setA is creative if and only if

(9C A)(8B C)(9R)[R recursive,R\ C nonrecursive,R\ A= R\ B]

where the quanti ers range over E. Thus, the property of being creative is
lattice-theoretic.

Proof. We omit the proof. O
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3.6 The Friedberg Splitting Theorem

The purpose of this section is to prove the following splitting theorem, due
essentially to Friedberg but with a small re nement due to Ohashi. We have
previously stated this result as the rst item in Remark 3.1.22.

Theorem 3.6.1. Let A be a nonrecursive r.e. set. Then we can nd r.e. sets
Bi1;B, suchthat A= B;[ By, B1\ B, = ;, and B1; B, are recursively insepa-
rable. It follows that B; and B, are nonrecursive.

Remark 3.6.2. Note that this statement is lattice-theoretic.
In order to present the proof, we rst introduce some notation.

Notation 3.6.3 ( nite approximation). Recall from the Math 558 notes
[14] that ' & (x) ' vy if and only if

9n [(State(e;x; n))o = 0 * (State(e;x;n))2 = y]:
We now introduce the nite approximation ' (el% (x)"' yifand only if
e;X;y <s”"9n<s [(State(e;x;n))o =0 " (State(e;x;n))2 = y]:
e (@)

Note that the 4-place relation ' 591_2, (x) 'y and the 3-place relation' ¢:5(Xx) # are
primitive recursive, and ' (elé (x) ' y implies €;x;y <s. Moreover,

Oy 09 s Ay,

and
"PO#09 st A #:

In addition, there is a monotonicity property:
R yrs<t)) TRy

Recall also Notation 3.3.1, according to whichW, = domain(" (el)). We now
introduce the nite approximation

We.s = domain(* {2):

Again, the 3-place relatiogx 2 We.s is primitive recursive, and X 2 We.s implies
X;e <s. MoreoverWe = (We;s. Also, s <t implies We;s  Wey.

We now prove the Friedberg Splitting Theorem.

Proof of Theorem 3.6.1. We are given a nonrecursive r.e. setA. Letf :N! N
be a one-to-one, total recursive fumé:tion such thatA =range(f). Dene AS =
ff(0);:::;f(s 1)g. We haveA = ~_AS. Alsos<t implies AS Al

For eache2 N andi = 1;2 there will be a requirement
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Roe+i : Bi \ We 6 ; \if possible.”

We order these requirements as

where lowered numbered requirements will receive higher [pority.
The construction will consist of a de nition of a recursive function

g:N!f 1;2g:
At stage s+ 1 we shall de ne g(s) =1 or g(s) =2. We shall then de ne
BS*' =ff(n)jn s;g(n)=1g; BS*' =ff(n)jn s;g(n)=2g;
beginning with BY = BY = ;. At the end of the construction we shall de ne

[ [
Bi= $=ff(n)jgin)=1g; Bp= B5=ff(n)jg(n)=2g:

S S

Obviously B1; B, will be r.e. sets, becausg is recursive. Moreover, this method
of construction automatically guarantees that A = B; [ B, and B\ B, = ;.

The details of the construction are as follows.

Stage 0.B? = B = ;.

Stage s+1. At this stage we de ne g(s), i.e., we decide whetherf (s) goes
into B, or into B,. Let es be the leaste such that f (s) 2 Wes and either
B\ Wes = ; or B3\ Wes = ;. If & is unde ned, or if Bf\ Wes = ;, then
dene g(s) =1, i.e,, put f(s)into By, i.e, B = B§[f f(s)g, B5™ = BS.
Otherwise, de ne g(s) = 2, i.e., put f(s) into B, i.e., B§+1 = B3 [f f(s)g,
BS*' = BS.

Note that, by construction, e; takes on each possible value at most twice, so
limses=1.

We claim that the construction gives r.e. setsB1; B, which are recursively
inseparable. To see this, assume for a contradiction thaR is a recursive set
separatingB;;B,. We haveB; R andB,;\ R = ;. Let e and k be such that
We= R and Wy = NnR. ThenB;\ Wy = ; and B,\ W, = ;. Hence for alls
we haveBf\ Wys = ; and B5\ Wes = ;. For all suciently large s we have
es > e and es >k, hence by constructionf (s) 2 We.s [ Wis. Thus, there is a
nite set F such that (8x 2 AnF)9s(x 2 AS*™ n(Wes [ Wks)). On the other
hand, it is obvious that (8x 2 NnA) 9s(x 2 (Wes [ Wks) NAS*). HenceA is
recursive, a contradiction. This completes the proof. O

3.7 Maximal Sets

De nition 3.7.1 (maximal sets). Anr.e.setA N is said to bemaximal if
1. A= NnA is in nite, yet
2.8re.B A, eitherBnA or NnB is nite.

56



Remark 3.7.2. Maximality is a lattice-theoretic property. It is equivale nt to
A being a maximal element of the latticeE = E=f nite setsg.

Remark 3.7.3. If A is maximal, then A is simple. This is easily proved.

The following theorem is due to Friedberg. We have already sited this as
item 2 in Remark 3.1.22.

Theorem 3.7.4. There exists a maximal set.

Remark 3.7.5 (moyable markers). In our construction of a maximal set A,
we shall haveA = _ A® where

A° Al AS
and eachASs is nite. Here A%;Al;:::;AS;::: will be a recursive sequence of

nite sets. We shall write a = the nth element of As, i.e.,
As=faj<aj< <aS< g:

In addition, we shall have a, = lim s a$ = the nth element of A, so that
A=fay<a;< <ap< g:

A construction with these general features is known as anovable marker con-
struction. We think of &} as the position of the nth marker at stage s. Since
As  AS*l we haveaS*! = & for somej  n. This means that, whenever a
marker is moved, it always lands on a position that was previaisly occupied by
another marker. The fact that a, =limsa; < 1 means that the nth marker is

moved only nitely many times, and its nal position is a,.

De nition 3.7.6 ( e-states). We dene (e;x;s) = the e-state of x at stage
ki = 0 otherwise. In addition, we dene (e;x) =lims (e;x;s) = the nal
e-state of x.

Remark 3.7.7. The e-states are a bookkeeping device. Our strategy will be
to maximize the nal e-state of a, with respect to the lexicographic ordering of
e-states. This ordering is de ned by putting

if and only if there existsi esuchthatke= lg;:::;ki 1 =1 1;k <Ij.
We now prove Theorem 3.7.4.

Proof. Our construction is as follows.

Stage 0. PutA® = ;, and a2 = efor all e.

Stage s+1. We haveAs = fa§ < a$ < <ai< (¢. Choose the leaste
such that (e;&;s) <ix (&;&;s) for somej >e . For this e, choose the least

j.e., Astl = As,
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Remark 3.7.8. By construction, a® a>** for all i. If no eis chosen at stage
s+1, then a® = & for all i. If eis chosen at stages + 1, then af = a**' for

alli<e,anda’ < af” forallj e and (e;&;s)<ix (€;8™;s+1).

Remark 3.7.9. Clearly the construction is primitive recursive, and A = _A®
is an r.e. set. The idea behind the construction is that for eah index i we have
a requirement

Ri: for all e i, as 2 W; \if possible,”

with priority i. Lower numbered requirements receive higher priority, embdied
in the lexicographic ordering of e-states.

Lemma 3.7.10. For all e, az = lim s a3 exists and is nite, i.e., the eth marker
moves only nitely many times.

Proof. By induction on e, let s; be such that8s >s;8i <e (& = af"l). It
follows that 8s 53 8i < e (i was not chosen at stages+1). Hence, for everys

sy, if a5 < as$*! then ewas chosen at stags+1, and (e;&;s) <iex (€;&™ ;).
Since there are only 2'! e-states, it follows that fs s; j a$ < as*tgis of
cardinality < 2¢*1. This proves our lemma. O

Because of the previous lemma, we now know that
A=fay<a;< <ae< ¢

is in nite.
Lemma 3.7.11. :9e9j(e<j ™ (e;a)<ix (€§)).

Proof. Suppose not, i.e..e<j and (e;&) <ix (€;g). By Lemma 3.7.10, for
all suciently large sand alli j we havea} = a and (e;a;s) = (e;a).
In particular ag = a. and (e;&8;s)= (e;a) <iex (€;3)= (e;&;s). Hence
somei e must have been chosen at stage + 1, hence a$ < a$*™, and this is
a contradiction. O

Lemma 3.7.12. 8e(We\ A or We\ A is nite ).

Proof. By induction on e, we have8k < e (Wx \ A or W, \ A is nite), i.e.,

(e La)= (e 1;q)forallsucientlylarge iandj. If W\ A andWe\ A are
both in nite, there exist i andj suchthate i<j and (e 1,a)= (e 1;q)
and a 2 W, and a; 2 We. It follows that (i;a;i) <ex (i;a;), contradicting
Lemma 3.7.11. O

This completes the proof of Theorem 3.7.4. O
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3.8 The Owings Splitting Theorem and its Con-
sequences

Remark 3.8.1. Recall from De nition 3.1.20 that a Boolean algebrais a com-
plemented distributive lattice with 0 and 1. We state withou t proof the following
well known algebraic facts.

1. Every distributive lattice with 0 and 1 is a sublattice of a Boolean algebra
with the same 0 and 1.

2. Every Boolean algebra is isomorphic to a subalgebra of thBoolean alge-
bra (P(X);[;\;;;X), where X is a set.

hence is of cardinality 2'.

On the other hand, there are plenty of distributive lattices with 0 and 1 which
are not complemented, i.e., not Boolean algebras. Examplesre: (1) any linear
ordering with a bottom element 0 and a top element 1 and at leasone additional
element; (2) the lattice of functions [0; 1% for any nonempty set X . Here [Q 1]
is the unit interval in the real line.

Recall that E, the lattice of r.e. sets, is a distributive lattice with 0 and
1. It is not a Boolean algebra, because there exist nonrecure r.e. sets. The
Friedberg Splitting Theorem says:

If A 2 E is nonrecursive, then there exist nonrecursiveB1;B, 2 E
suchthat B;[ B = AandB;\ B, = ;.

We now consider some closely related lattices.
De nition 3.8.2. We de ne
E = E=f nite setsg:

Like E, E is a distributive lattice with 0 and 1 and is not a Boolean algebra.
Unlike E, E is atomless i.e.,

8a2E (a>0)9 b2E (a>b> 0)):
De nition 3.8.3. Let C be a xed r.e. set. We de ne
E(C)=fA2EjA Cg;

the lattice of r.e. supersets ofC. Again, E(C) is a distributive lattice, with
0 = C and 1 = N. Note that there is a lattice homomorphism E ! E (C) given
by A 7! A[ C. This homomorphism is a retraction. We de ne

E (C) = E(C)=f nite setsg:

This is again a distributive lattice with 0 and 1.
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Examples 3.8.4.

1. If C is conite, then JE (C)j = 1. This is a degenerate case, which we
shall ignore.

2. If Cis amaximal set, thenE(C) = fC[ F;C[ (N F)jF is nite g. Hence
E (C) = the 2-element Boolean algebraf 0; 1g. In fact, this property is
equivalent to maximality of C.

3. LetC = C;\ C, whereC;; C, are maximal sets such thatC,[ C, = N, e.g.,
C; f evengandC, f oddsy. Then E (C) = the 4-element Boolean
algebraf0;¢;; cy; 19. Herec; and ¢, are the equivalence classes @&; and
C, modulo nite sets.

4. Similarly let C = C;\ \ C, whereC; is maximalandC;,i=1; n
are pairwise disjoint. Then E (C) = the 2"-element Boolean algebra.

5. In the same vein, there exist r.e. setsC such that E (C) is an in nite
Boolean algebra. This Boolean algebra can be atomless or naiomless,
depending onC.

6. If C is a coin nite r.e. set which is not simple (e.g.,C = ;, or C creative),
then the lattices E(C) and E (C) are not Boolean algebras.

Exercise 3.8.5. Show that E(C) is a Boolean algebra if and only ifE (C) is a
Boolean algebra.

Remark 3.8.6. As we have just seenE(C) and E (C) can look quite di erent
from E and E . Nevertheless, the Friedberg Splitting Theorem generalies to
E(C). This is the content of the Owings Splitting Theorem, which we now state.

Theorem 3.8.7 (Owings). If A 2 E(C) is noncomplemented, then there exist
noncomplementedB1;B, 2 E(C) such that A= B;[ B, andB;\ B, = C.

Remark 3.8.8. Setting C = ;, we recover the Friedberg Splitting Theorem.

Before proving the Owings Splitting Theorem, we examine itsconsequences
concerning lattice-theoretic properties ofE(C) and E (C).

Theorem 3.8.9. If E (C) is nite, then E (C) is a Boolean algebra. Hence
JE (C)j =2" and C is the intersection of n maximal sets, for somen.

Proof. SupposeE (C) were not a Boolean algebra. It follows thatE(C) is not a
Boolean algebra. LetA 2 E(C) be noncomplemented. By the Owings Splitting
Theorem, let A = B; [ B, whereB;\ B, = C and B; and B, are noncom-
plemented. By the Owings Splitting Theorem again, letB, = Bz [ Bg4, where
B3\ B4 = C and B3z and B4 are noncomplemented. Continuing in this fashion,

we generateB;;B3;Bs;:::. This is an in nite sequence of honcomplemented
elements of E(C), the intersection of any two of which is C. It follows that
E (C) is in nite. This proves our theorem. O
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Corollary 3.8.10. jE (C)j & 3.

Next we shall use the Owings Splitting Theorem to characterze the r.e.
sets C for which E(C) is a Boolean algebra. Recall that this property implies
that C is simple. We shall now de ne a subclass of the simple sets, bad the
hyperhypersimple sets. This class was rst de ned by Post.

De nition 3.8.11 (hyperhypersimple sets).

1. An array is a uniformly r.e. sequence of r.e. sets. Thus an array corsis
of a sequence of 9 setsB; N, i =0;1;2;:::, such that in addition the
2-place relationfhx;iij x 2 Bigis 9. By the Parametrization Theorem,
this is equivalent to saying that B; = W ;) for all i, wheref (i) is some
primitive recursive function.

2. An r.e. set C is said to be hyperhypersimple abbreviated hhsimplg if C
is in nite and there does not exist an array of pairwise disjant r.e. sets
Wi iy, 1 =0, 12,10, such that Wy iy \ C 6 ; forall i.

Theorem 3.8.12 (Lachlan). E(C) is a Boolean algebra if and only ifC is
hyperhypersimple.

Proof. In this proof we shall apply a uniform version of the Owings Sfitting
Theorem. The uniform version reads as follows.

Given an r.e. index of a noncomplementedA 2 E(C), we can recur-
sively nd r.e. indices of noncomplementedB;; B, 2 E(C) such that
Bl[ B, = AandBl\ B, = C.

Assume now that E(C) is not a Boolean algebra. LetA 2 E(C) be noncom-
plemented. Repeatedly apply the Owings Splitting Theorem & in the proof of
Theorem 3.8.9 to generate an in nite sequence of noncompleemted sets

we want, except that these sets are not pairwise disjoint (utessC = ;). To make
them pairwise disjoint, let (x) be a partial recursive function which uniformizes
the ¢ relation S(x;i) x 2 By+1. By the Parametrization Theorem, let f (i)
be a primitive recursive function such that W; ;y = fxj (x) ' igforalli. Then

clearly W; (), 1 =0;1;2;:::, are pairwise disjoint, and Ws () \ C=B,:+1\C6;
for all i. Thus C is not hhsimple.
Conversely, assume thatC is not hhsimple. Let W; (), i =0;1,2;::: be an

array of pairwise disjoint r.e. sets such thatWy () \ C 6 ; foralli. Set

F
AZC[ (Wi\Wf(i)):
i=0
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Obviously A 2 E(C). We claim that A is noncomplemented inE(C). Suppose
B 2 E(C) is the complement of A within E(C), i.e., A\ B=CandA[ B =N.

Let e be such thatB = We. Let X 2 Ws (¢) \ C. Since theWs iy, 1=0;1,2;:::,
are pairwise disjoint, we havex 2 B, X2 We, X2 We\ Wi , X2 A.
This contradiction completes the proof. O

Exercises 3.8.13.
1. Show that C is hhsimple if and only if, for all r.e. setsA, A[ C isr.e.
2. Show that if C; and C, are hhsimple thenC;\ C; is hhsimple.

3.9 Proof of the Owings Splitting Theorem

In this section we prove Theorem 3.8.7, the Owings SplittingTheorem.

Remark 3.9.1. The general framework for the proof will be the same as for the
Friedberg Splitting Theorem. Let A and C be r.e. sets. Letf be a one-to-one
recursive function which enumeratesA. We write AS = ff(0);:::;f(s 1)g.
Similarly, let C* be an enumeration of C. Just as in Section 3.6, we shall
recursively decide at stages + 1 whether to put f (s) into By or into B,. Thus
we shall automatically haveB;B, r.e. andB;[ B, = AandB;\ By = ;.

In order to prove the Owings Splitting Theorem, we shall wantto make sure
that By [ C and B, [ C are noncomplemented inE(C). Note that, for any r.e.
setsB and C, B[ C is complemented inE(C) if and only if B[ C is r.e. In
other words, there existse such that We = B[ C. In particular, We\ BnC = ;.
Therefore, our strategy in the construction will be to make W\ B; nC 6 ; \if
possible,” for all e and for i = 1;2. As in Section 3.6, these requirements will
have a priority ordering given by (€%i% < (e;i) if and only if 2e°+ i°< 2e+ i.

As part of our construction, in order to mitigate the e ect of C, we shall
de ne an auxiliary recursive function h(e;i;s) for all e and for i = 1;2. This
function will somehow control the process.

The details of our construction are as follows.

Stage 0. LetBY = BY = ;. Let h(e;i;0)=0 for all eand fori =1;2.

Stages+1. If 9x < h (e;i;s) such that x 2 We.s\ BPnC?, let h(e;i;s+1) =
h(e;i;s). Otherwise, let h(e;i;s+1) = h(e;i;s)+1. Set y = f(s). Choose
the least (e;i) such that y 2 Wes and y < h(e;i;s). Put y into Bj, i.e.,
BS*t = BF[f yg. If no such (e;i) exists, put y into Bj.

By construction, B1;B, are r.e. andA = B;[ B, and B3\ B, = ;. Note
also that h(e;i;s) h(e;i;s+1) for all s.

De nition 3.9.2.  Say that (e;i) is good if limg h(e;i;s) < 1 . Otherwise, say
that (e;i) is bad

Lemma 3.9.3. (e;i)is good ( We\ BinC6 ;.
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Proof. =) : Assume ;i) is good but W\ BinC = ;,i.e., We\ Bj C. Since
(e;i) is good, let s be so large thath(e;i;t) = h(e;i;s) 8t>s. Lett>s be so
large that 8x < h (e;i;s)(x 2 We\ B; ) x 2 C'). Hence:9 x < h (e;i;t)(x 2
We\ BInC!). Thereforeh(e;i;t+1) = h(e;i;t)+1 > h(e;i;s), a contradiction.

( =: Assume (e;i)is bad andW.\ B;nC 6 ;. Fix x 2 W\ B;nC. Since ;i)
is bad, limg h(e;i;s) = 1 , hence for all su ciently large s we havex < h (e;i;s)
and x 2 We:s \ B? nC3, henceh(e;i;s+ 1) = h(e;i;s), a contradiction. O

Lemma 3.9.4. |If (e;i) is good, thenfsj (e;i) is chosen at stages+1gis nite.

Proof. If (e;i) is chosen at stages + 1, we havey = f(s) < h(e;i;s). Since
limsh(e;i;s) < 1 and f is one-to-one, this can happen only nitely many
times. O

Lemma 3.9.5. Suppose §é;i) is bad. If (e;i) is chosen at stages + 1, then
y="f(s)2C.

Proof. Since ;i) is chosen at stages + 1, we havey = f(s) 2 Wes and
y<h(eji;s)andy 2 Bis"l . Soy 2 W\ B;. Hence, by Lemma 3.9.3y2 C. O

Lemma 3.9.6. Assume that A[ C is noncomplemented inE(C). Then for
i=1;2,B;i[ C is noncomplemented inE(C).

Proof. Suppose thatB; [ C is complemented inE(C), say We = B; [ C. In
particular, We\ B; nC = ;, hence ;i) is bad. By Lemma 3.9.4, lets; be so
large that, for all s s; and all good €%i9 < (e;i), (€%i9 is not chosen at
stages + 1. Put

We=1fxj9s s1(X2Wes”x2A%Ax<h(ei;s))g:

Clearly W, is r.e.

We claim that f/Ve[ C is the complement ofA[ C in E(C).

Suppose rstthat x 2 A[ C. SinceB; A, we haveA Bj, hencex 2 We.
Since ;i) is bad, for all suciently large s s; we havex < h (e;i;s), and
X 2 Wes. Sincex 2 A, x 2 AS, hencex 2 We.

Suppose next thaty 2 We\ A. Sincey 2 We, lets s; besuchthaty 2 We.s

t > s be such thaty = f(t). Clearly y 2 Wer andy < h(e;i;t). Hence, by
construction, at staget + 1 some bad €%i% (e;i) was chosen. Hence, by
Lemma 3.9.5,y 2 C.

We have now proved our claim. ThusA [ C is complemented inE(C). O

The proof of the Owings Splitting Theorem 3.8.7 is now complée.

Remark 3.9.7. Our construction above is uniform. Therefore, givenr.e. idices
for A and C, we can use the Parametrization Theorem to primitive recursvely
nd r.e. indices for B; and B,. This extra uniformity was used in the proof of
Lachlan's Theorem 3.8.12.
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3.10 Oracle Computations

In this section we discussoracle computations i.e., computations where the
computing device has the ability to consult an oracle. Intuitively, an oracle is
a \black box" which, given a natural number as input, immediately produces a
natural number as output. Our formal de nitions are as follows.

De nition 3.10.1 (oracles). An oracle is a total function f : N! N. We
write NN for the set of all oracles. Note that NN is also known as theBaire
space

De nition 3.10.2.  Recall from Math 558 [14] that a register machine program
consists of four kinds of instructions: a start instruction

= 0| | —
increment instructions
Em;?K(IL Il
decrement instructions
—Wm%f :
and stop instructions
BN

We now introduce a fth kind of instruction

_ BNNKL_

called anoracle instruction. In the presence of an oracld , the e ect of BNKIL

is to replace the contentn of R; by f(n). In other words, if R; contains n
before executing E}@ML then afterward R; contains f (n). We de ne an oracle

program to be a register machine program as in Math 558 [14], except #t
oracle instructions are allowed.

De nition 3.10.3 (oracle computations). Let P be an oracle program, letf

64



We also introduce notations such as
w! =domain(* &)

De nition 3.10.4 ( f -recursive functions, etc.). Let f 2 NN be a xed

oracle. A partial function - Nk 17 N is said to be partial f -recursive or
partial recursive in f or partial recursive relative to f , if there existse 2 N such
that (xg;:::5;%xk) " ! ék);f (Xg;::1;xk) for all xg;:::;xk 2 N. Similarly, a set
A N is said to bef -recursively enumerableif and only if A = W{ for some
e2 N, etc.

Remark 3.10.5. If the oracle f happens to be recursive, then clearly is
partial f -recursive () is partial recursive, A is f-r.e. | A is r.e.,
etc. Thus we see that oracle computations are a generalizath of ordinary,
non-oracle computations.

Remark 3.10.6 (relativization to an oracle). Let f 2 NN be a xed oracle.
A routine generalization of the Enumeration Theorem from Math 558 [14] asserts
that for each f 2 NN and eachk 0 the partial function

is partial f -recursive. Similarly, all of our previous results about patial re-
cursive functions, r.e. sets, the arithmetical hierarchy,etc., generalize routinely
to partial f -recursive functions, f -r.e. sets, thef -arithmetical hierarchy, etc.,
where f 2 NN is an arbitrary oracle. This process of routine generalizabn,

replacing ' Q) by (T ete., is known asrelativization to f .

De nition 3.10.7 (relativized arithmetical hierarchy). Let f 2 NN be a
xed oracle. For k;n 1, arelatonS Nk is said to be 9 if there exists an
f -recursive relationR  N¥*" such that

S(X1;::5Xk) 9 y18y2  yan R(X1;:iiXkiY1iY2;:::0:Yn)

where there aren alternating quanti ers, and the last quanti er is existent ial
if n is odd, universal if n is even. A relation P NX is said to be 9f if : P
is O, Arelation D NK is said to be 97 ifitis both 3 and %f. The
classes &f, 9f  Of 'n 1 are known as thef -arithmetical hierarchy. All of
the standard results about the arithmetical hierarchy (seeMath 558 notes [14])

generalize routinely to the f -arithmetical hierarchy, for each f 2 NN,

Remark 3.10.8. Instead of viewingf as a xed oracle, we may choose to view
f as a variable ranging over the Baire spac&N. In this way, one develops a kind
of recursion theory overNN, including a version of the arithmetical hierarchy
over NN, etc. The starting point of this theory is the following de n ition.

De nition 3.10.9 (partial recursive functionals).

P

1. A partial functional is a partial function : NN NX 1™ N, wherek O.
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2. A partial functional : NN NK 1” N is said to be partial recursive if it
is computable, i.e., if there existse 2 N such that

Example 3.10.10. We exhibit an oracle program which computes the partial
recursive functional ( f;x) ' the leasty x such that f (y) > 0.

Moo, BNIMES L
2
e
e
PNl BNKML C BNKML  BNNML BNl
=,

BRIML___ANKL

Letting e be the Gadel number of this program, we have' A x)" ( f;x) for

all f 2 NN and all x 2 N.

The Enumeration, Parametrization, and Recursion Theoremsfrom Math 558
[14] easily generalize to partial recursive functionals, s follows:

Theorem 3.10.11 (Enumeration Theorem). For eachk 0 we have a
partial recursive functional

(fresxasiinyxe) 70 80 (xqsoinxi)
Theorem 3.10.12 (Parametrization Theorem). Given a partial recursive
functional ( f;Xo;X1;:::;Xk), we can nd a primitive recursive function h(xg)
such that o

' ﬁ&'o)(xl;:::;xk) o FiXooiXaiiniXk)
forall f 2 NN and all Xxg;x1;::::%Xc 2 N
Theorem 3.10.13 (Recursion Theorem). Given a partial recursive func-
tional ( f;Xo;X1;:::;Xk), we can nd an index e 2 N such that

T (xgrnx) O (Cfexarinixe)
forall f 2 NN and all xq::::;%k 2 N.

In this vein we obtain an alternative generalization of the arithmetical hier-
archy from Math 558 [14], as follows.
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De nition 3.10.14 (arithmetical hierarchy). For k 0, a relation R
NN NK is said to berecursive if its characteristic function g : NNV N<! N
is recursive. Fork Oandn 1, arelatonS NN Nk is said to be O if
there exists a recursive relationR NN NK*" such that

S(ixaiinixk) 9 y18y2  ynR(F X1l Xkiy1iy2::i,Yn)

where there aren alternating quanti ers, and the last quanti er is existent ial if
n is odd, universal if n is even. A relationP NN NX is saidto be Qif: P
is 9. Arelation D NN Nk issaidto be ¢ ifitisboth ¢ and 9.

3.11 Degrees of Unsolvability

We now introduce Turing degrees, a.k.a., degrees of unsolidity.

De nition 3.11.1 (Turing reducibility). Let f and g be total functions,
i.e., f;g 2 NN, We say that f is Turing reducible to g, abbreviated f 1 g, if
f is computable usingg as an oracle, i.e.f is recursive relative to g, i.e., f is
g-recursive, i.e.,

9e8xf (x) = ' W9(x):

Proposition 3.11.2.  For f;g;h 2 NN, we have
1.f +f,and
2. iff tgandg 71 h,thenf 1 h.
Proof. Straightforward. Note that, if we write
REC(f)= fh2 NVjhisf -recursivey;
thenf 1 gifandonlyif REC(f) REC(0Q). O

De nition 3.11.3. For f;g 2 NN we say that f is Turing equivalent to g,
abbreviatedf 1 g,iff tgandg 1 f,ie., REC(f)=REC(Q).

Proposition 3.11.4. 1 is an equivalence relation onNN.
Proof. Immediate from Proposition 3.11.2. O
De nition 3.11.5 (Turing degrees). We let Dt denote the set of equivalence
classes oNN modulo Turing reducibility:

Dr = N'= 1:

Elements of Dt are known asTuring degreesor degrees of unsolvabilityor some-
times just degrees For any f 2 NN, the Turing degree of f is

degr (f) = fg2 NVjf 1 gg:

We partially order Dt by letting degt(f) deg;(g) if and only if f 1 g.
Clearly this relation does not depend on the representativechosen from each
equivalence class.

67



The structure of the partial ordering (D1; ) has received much scrutiny in
hundreds of research papers. In this section we mention onlyhe most basic
properties of Dt.

Proposition 3.11.6. Dy has a least element0, which is just the set REC of
recursive functions.

Proof. Straightforward, since any recursive function isg-recursive for allg. O

Proposition 3.11.7.  Every pair of Turing degreesa; b 2 Dt has a least upper
bounda_b 2Dy. Thus (Dr; ) is an upper semilattice.

Proof. Let a = deg;(f) and b = degr(g) be given, wheref 2 NN and g 2
NN. We dene a function f g 2 NN by letting (f g)(2n) = f(n) and
(f g)(2n+1)= g(n) for all n 2 N. We claim that

degr(f g) = deg+(f)_degr(9);

i.e., deg; (f @) is the least upper bound of deg (f) and deg;(g). Clearly
f 1f gandg tf g Foranyh2 NN iff thandg 1 h,thenitis
straightforward to show that f g 1 h. O

De nition 3.11.8 (Turing degrees of sets). Given a setA N, we de ne
degr (A) = deg;( a). In other words, the Turing degree of a setA N is
de ned to be the Turing degree of its characteristic function 5 : N ! N.
The following proposition shows that there is no loss in conslering only Turing
degrees of sets, rather than functions.

Proposition 3.11.9.  Every Turing degree contains (the characteristic function
of) a set.

Proof. Let deg; (f) be an arbitrary Turing degree, wheref 2 NN. It is straight-
forward to prove that f 1+ A whereA = G = f2"3" jf(n) = mg. The
proof uses the fact thatf is a total function. O

De nition 3.11.10. For f 2 NN, we let f®= Hf be the Halting Problem
relative to f, i.e.,

fO=H" = fej' {1 (0) #g:
We can show thatH' is a complete 9" set,i.e.,Hf is %' andevery %' set
A Nis o, Hf. This is the relativization to f of the fact that the Halting

ProblemH = fej' S (0) #gis a many-one complete r.e. set.
Proposition 3.11.11.  For all f;g 2 NN we have

1. f<t HF.

2. 1ff tgthenH' 1 HOY.

3.f tgifandonlyif Hf ., H9.
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4 H" 1:H" but Hf 6 : HF.
Proof. Straightforward. O

De nition 3.11.12 (the Turing jump). For any Turing degreea = deg (f)
we leta®=deg (f 9 = deg; (H'). The degreea’is called the Turing jump of a.
By Proposition 3.11.11,f 1 gimpliesHf 1 H9. Thus a°is well de ned for
all a2 D+. The Turing jump operator J : Dt ! D 1 is de ned by J(a) = a°

Lemma 3.11.13. For any Turing degree a we have the strict inequality a < a°
Forall a;b2D+,ifa bthena® bl

Proof. This is immediate from Proposition 3.11.11. O

De nition 3.11.14. For a 2 Dt we de ne the iterated Turing jumps of a by
induction as follows. Leta® = a, and let a®*? = (a(")%for eachn 2 N. Note

that if a = degy(A) then a™ = deg; (A(M), where A@® = A and A("*D =
AMO,

An interesting relationship between Turing degrees and thearithmetical hi-
erarchy is given by the following theorem due to Post.

Theorem 3.11.15 (Post). Forn 1,asetA Nis 2 ifandonlyifitis
r.e. relative to 0" . More generally, forA;B N, Ais B if and only if A
is r.e. relative to B(™ 1,

Proof. We omit the proof. See my Spring 2004 lecture notes [15]. O

Corollary 3.11.16. Forn 1,Ais QO ifandonlyif A 1 0" Y. More
generally, A is 9B ifand only if A 1 B(" 1,

Proof. Ais 98 A:Aare 9B A;: A are r.e. relative to

B(™ D (  Alisrecursive relative toB(™ Y je, A B D, O
We note the following special case.

Corollary 3.11.17. A 7 Q%if and only if A'is .

3.12 The Sacks Splitting Theorem and its Con-
sequences

A substructure of (Dt; ) which has received a huge amount of attention is the
recursively enumerable Turing degrees.

De nition 3.12.1.  Let
Er = fdeg; (A) j A is recursively enumerablg:

The elements of Er are called recursively enumerable Turing degreesor r.e.
Turing degrees or sometimes justr.e. degrees
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The essential structure ofEr is given by the following proposition.
Proposition 3.12.2.

1. 0;0°2 Er.

2. 0 is the bottom element of Er.

3. 0%is the top element of Er .

4. Er is closed under l.u.b. This means that ifa;b 2 Er thena_b 2 Ey.

Proof. Statements 1 and 2 are obvious. IfA is r.e., then by Proposition 3.2.5
A . H =0°%henceA + 0°and this gives statement 3. Alternatively,
statement 3 follows from Corollary 3.11.17. For statement 4 note that if A;B

N are r.e. then so is

A B=f2njn2 Ag[f 2n+1jn2 Bg
and A B= A B - O
Remarks 3.12.3.

1. There are many Turing degreesa such thata 0°yet a 2 Ey. Examples
are provided by the Kleene/Post construction (see for instance [15]).

2. There are many setsB N such that deg; (B) 2 Ey yet B is not r.e. For
example, letB be the complement of a nonrecursive r.e. set.

At this moment, we have not yet proved that there exist any r.e. Turing
degrees other than0 and 0% We shall prove the following theorem, which gives
this and much more information concerning the structure of the r.e. degrees.

Theorem 3.12.4 (Sacks Splitting Theorem). Let A N be a nonrecursive
r.e. set. LetC N be nonrecursive. There exist r.e. set®; and B, such that

.A=B1[ By,
.B1\ By=,
. B1 671 By,
. B2671 By,

. 0<1 Ba<t1 A,
.B1 Bax T1A,

1

2

3

4

5. 0<t Bi <t A,
6

7

8. C 671 By,

9

. C671 B
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Before proving the Sacks Splitting Theorem, we note some ots corollaries.
Say that b;;b, 2 Dt are incomparable and write by j by, if by 6 by and
b, 6 b;.

Corollary 3.12.5. For any a 2 Er with a > 0, there exist by;b, 2 Er such
that a> b; > 0,a>b,>0,a=b;_by,andb;jb,.

Proof. This is an immediate translation of parts 1{7 of the Sacks Spitting
Theorem 3.12.4. O

Corollary 3.12.6 (Friedberg, Muchnik). There are incomparable r.e. Tur-
ing degrees inEr.

Proof. Apply Corollary 3.12.5 with a = 0° O

Corollary 3.12.7. There is an in nite strictly descending sequence of r.e. Tur
ing degrees. There is an in nite set of pairwise incomparal®# r.e. Turing degrees.

Proof. Start with ag = 0% By Corollary 3.12.5 nd r.e. degreesa;;a, < ap such
that a; j a,. By Corollary 3.12.5 again, nd r.e. degreesas;as < a; such that

as j a4. Continuing in this fashion, we see thatag > a, > as > is an in nite
descending sequence of r.e. degrees, whie; as; as;::: is an in nite sequence
of pairwise incomparable r.e. degrees. O

Corollary 3.12.8. For any a > 0 in Er, there existsb in Er such that a >
b> 0.

Proof. Apply Corollary 3.12.5 to a. O

Corollary 3.12.9 (Friedberg, Muchnik). There exists a recursively enu-
merable Turing degreea which is intermediate, i.e., 0 < a < 0% Equivalently,
a6 0;0°%

Remark 3.12.10 (natural examples). The previous corollary is the solu-
tion to Post's Problem (see Rogers [11]). Another interesting and important
problem, which remains open, is to nd an example of a recursiely enumer-
able Turing degree other than0 and 0° which is mathematically natural. The
term \mathematically natural" has not been rigorously de n ed, but we would
recognize such an example if we saw one.

3.13 Proof of the Sacks Splitting Theorem

We now turn to the proof of the Sacks Splitting Theorem. We bedn by noting
that many of the conclusions will follow automatically, if we can only prove that
A6T1 B; and A 61 B».

Lemma 3.13.1. Let A;B ;B ber.e. sets suchthatA = B;[ B, andB;\ B, =
;. ThenA 1 B; B, Moreover,if A6 By and A 61 B,, thenB; 61 B>
and B, 61 By, hence O<t B; <1 A and 0<t By <t A.
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Proof. Assume rstthat A;B1;B, arer.e.with A= B;[ B, andB;\ B, = ;.
We haven 2 A () (n2B;_n2Bjy),soclearlyA 1 By By. Forthe
converse, note that

n2B; ( (n2A"n2B,):

Since: B, is 9, it follows that By is 9. But By is 9, hence I, so we

actually have that B; is %, i.e., By is A-recursive, i.e.,B; 1 A. A similar

argument shows thatB, 1 A. We now see thatB; B, 1 A.

Now assume in addition that A 6t B; and A 6 1 B,. We therefore have
B: <t Aand B, <1 A. SinceB; B, A, it follows that B; and B, are
Turing incomparable, hence nonrecursive. O

We shall obtain the Sacks Splitting Theorem as a consequena# the follow-
ing theorem of Binns, which is not only more general but also asier to state.

Theorem 3.13.2 (Binns Splitting Theorem). Let P NN be 9 with no
recursive members, i.e.P\ REC = ;. Let A be an r.e. set. Then we can nd
r.e. setsBi; B, suchthat A= B;[ B,, B1\ B, = ;, and there is nof 2 P such
that f 1t Byorf 1 Bo.

Proof. We postpone the proof to Section 3.15. O

Remark 3.13.3. The next lemma shows that the Binns Splitting Theorem
implies its own generalization, replacing the ? setP NNbya 9setS NN
However, it fails for $ sets. For example, it fails badly for the 9 set

NNNnREC = ff jf is not recursiveg,
as shown by the Friedberg Splitting Theorem.
De nition 3.13.4 (weak equivalence).

1. ForS NN, let 8 be the Turing upward closure of S, i.e.,

8=fg2NVj(of 29)(f 7 0)g:

2. For S;;S, NN, we say that S; and S, are weakly equivalent and write
S wS, if and onIy if Sl = Sg.

Lemma 3.13.5. Givena $setS NN, wecan nda ¢setP NN such
that P  S.

Proof. The proof uses the technique of Skolem functions. Sincgis 9, we have
S = ff 2NV j9k8mInR(f;k;m;n)g
where R is recursive. Put

P = thki*(f g)j8mR(f;k;m;g(m))g:
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Here rki2 (f @) is our notation for the unique h 2 NN such that h(0) = k
and h2m + 1) = f(m), and h(2m +2) = g(m) for all m. Clearly P is 9.
Moreover, if kki2 (f g) 2 P, thenf 2 S. Conversely, iff 2 S, let k be
such that 8m 9n R(f; k; m; n ), and de ne g by putting g(m) = least n such that
R(f;k;m;n). Theng 1 f, hencekki2(f g 1 f and2 P. O

De nition 3.13.6 ( 9 singletons). We say thatf 2 NN isa 9 singleton if
the singleton setff gis 9. This is equivalent to ff g being 9.

Lemma 3.13.7. Iff 1 0°thenf isa ¢ singleton.

Proof. Assumef 1 0% By Corollary 3.11.17 f is 9, i.e., the predicate
D(n;m) f(n)=mis 9. Hence

P=fg2NVj8nD(n;g(n))g=fg2 NNjg=fg=ffg
is 9 as asubsetoN,ie.,f isa 9 singleton. O

Proposition 3.13.8.  The Binns Splitting Theorem implies the Sacks Splitting
Theorem.

Proof. Assume the Binns Splitting Theorem 3.13.2. We deduce the S&s Split-
ting Theorem 3.12.4. Let A be a nonrecursive r.e. set, and lelC be a nonre-
cursive set. Becauseé\ isr.e., we haveA 1 0% IfC 1 Qput S=1f A; cg,
otherwise put S = f ag. By Lemma 3.13.7Sis $. By Lemma 3.13.5 let
P w Sbe 9. Apply the Binns Splitting Theorem to A and P to obtain r.e.
setsB1;B, such that By [ B, = A and B;\ B, = ; and there is nof 2 P
suchthatf 1 Biorf 1 B,. SinceP  SandB;;B, 1 0% we have
A 67 B, A61T B, C 67 By, C 67 B,. The remaining conclusions of the
Sacks Splitting Theorem now follow, in view of Lemma 3.13.1. O

It remains to prove the Binns Splitting Theorem.

3.14 Finite Approximations

For most proofs involving degrees of unsolvability, it is neessary to consider
nite approximations to oracle computations. Intuitively , if an oracle compu-
tation ' & (x) halts, then this computation can only use a nite amount of

information from the oracle f , because it only performs a nite number of steps

before halting. We state this insight formally as Proposition 3.14.3 below.

Notation 3.14.1 ( nite sequences). We let Seq = NN denote the set of
nite sequences of natural numbers. Thelength of 2 Seq is denoted Ih().
For f 2 NN and n 2 N we write

f[n] = HKO);f@);:::;f(n 1)i 2 Seq

Thus Ih(f [n]) = n. We write f if f extends , i.e., if f[n] = where
n=1lh( ). For ; 2 Seq we write if is aninitial segment of , i.e.,
Ih( )< Ih( )and (i)= (i) forall i< Ih( ).
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De nition 3.14.2 ( nite approximations). For e;s;x;y2 Nand 2 Seq,
we write

W)y

if and only if e;x;y <s and for some (equivalently, all) f 2 NN extending ,

the oracle computation' A (x) halts in fewer than s steps with output y, and

during this computation, no oracle information from f is used except the part
of f which is in

Proposition 3.14.3.  We have:
1. P x)" yifand only if 9n9s' R M) .

2. DT (xy' yifandonlyif 9s' R F(x) " y.

3. Ifs tand ,then' &2 (x)* yimplies” &' (x) " .
4. The 5-place relation' él% (x) ' vy is primitive recursive.
Proof. Straightforward. O

De nition 3.14.4 (use functions).

1. u(f; e;x) = the supremum of all n such that the oracle information f (n)
is used in the computation of' Sl (x).

2. u(;e;x;s) = the supremum of all n < Ih( ) such that the oracle infor-
mation (n) is used in the rst s steps of the computation of’ g% ().

Proposition 3.14.5.
1. u(f;e;x) =lim s u(f [s]; €; X; S).
2. The 4-place functionu( ;e; x;s) is primitive recursive.
Proof. Straightforward. O

De nition 3.14.6 (trees). A tree is a setT  Seq such that , 2T
implies 2 T. If T is a tree, apath through T isanyf 2 NN suchthatf[n]2 T
for all n. The set of all paths through T is denoted [T].

Proposition 3.14.7. Givena ¢setP NN, we can nd a primitive recursive
tree T  Seq such thatP =[T].

Proof. Let P NNbe 9. ThenP = ff j8nR(f;n)gwhereR is recursive. Let
e be an index of g, i.e.,’ Sl ()= gr(f;n)forall f 2 NNandn 2 N. Dene

T= 2Seq 8n<Ih() &) (n60

Then T is a primitive recursive tree, and P is the set of paths throughT. O
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Notation 3.14.8. For A N we write
1. ((91) A (X) Vo ((91); A (X),
2. u(A;e;x) " u( a;e;x).

3. Aln] = alnl,

3.15 Proof of the Binns Splitting Theorem

We now restate and prove the Binns Splitting Theorem 3.13.2.

Theorem 3.15.1. Let P NV be ¢ with P\ REC = ;. For any r.e. set
A we can nd r.e. setsB;;B, such that A = B; [ B, B1\ B, = ;, and
:9f2P(f TBl_f TBZ)-

Proof. The general framework for the proof is as for the Friedberg Slitting
Theorem. Letf be a one-to-one recursive function such thatA = range(f ). We
write AS = ff(0);:::;f(s 1)g. Our construction will be such that at stage
s+ 1 we have already de ned Bf and B5 with AS = B3 [ B3 and B3\ B5 = ;
and at this stage we decide whether to putf (s) into B; or Bs.

Our requirements for the Binns Splitting Theorem are

R(e;i): ' VBi2p:
As usual, we de ne a priority ordering of the requirements by putting
€% < (e;i)

if and only if 2e%i%< 2e+i. Our strategy for satisfying R(e; i) will be to preserve
computations tending to put ' Bi into P. This may seem counterintuitive, since
R(e;i) requires that ' B 2 P. However, by preserving nite approximations to
' B, we will eventually force' &/ to be either recursive or not total, hence2 P.

By Proposition 3.14.7 let T be a primitive recursive tree such that P =
[T], the set of paths through T. Thus ' §i 2 P if and only if 8x' A (x) #
and8y 'Bi(x) x<y 2 T. Note also that if ' &®'(x) # then ' &' (x) =
limg' (el;%;BiS[S](x) and u(Bj;e;x) = lim s u(B?[s]; e;x;s). We de ne the length
function by

n . D < E 0

I(e;i;s) =sup y 8x<y ' @ Fx)#and * 8% Fx) x<y 27T

We de ne the restraint function by

n . o
r(e;i;s) = sup  u(BS[slie;x;s) x I(e;i;s)and ' 828 ) #

Roughly speaking, the length functionI(e;i;s) measures the amount of agree-

ment between' (el;%;BiS[S] and the tree T, while the restraint function r(e;i;s)
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tells us how much oracle information needs to be preservedniorder to keep
this agreement, for the sake of requiremenR(e; ).

Our construction is as follows.

Stage 0:B9=BY=;.

Stages+ 1: Let x = f (s). Choose the least &;i) such that x r(e;i;s). If
i =1 or (e;i) is unde ned, enumerate x into B,. If i =2, enumerate x into Bj.

This completes the construction.

The injury set | (e;i) is de ned by

I(e;i) = fs+1jf(s)2BS™ nBSandf(s) r(e;i;s)g:

This is the set of stages at whichR(e;i) is injured. By construction, if s+1 2
I (e;i) then some €%i% < (e;i) was chosen at stages + 1. In other words, a
requirement can be injured only for the sake of requirement®f higher priority.

Lemma 3.15.2. The following hold for all e;i.
1. I (e;i) is nite.
2. MBi2p,
3. r(e;i) =lim gr(e;i;s) exists and is nite.

Proof. We prove 1, 2, and 3 by simultaneous induction on §;i). Assume that 1,
2, and 3 hold for all (€%i9 < (e;i). Put r = maxfr(e%i%j (e%i9 < (e;i)g. Let
s; be such thatAS[r+1] = A[r+1]and r(e%i%s) = r(e%i9 for all (€%i9 < (e;i)
ands s;. Then by construction | (e;i) f 0;:::;s1 + 149, so this injury set is
nite. This proves 1.

To prove 2, assume for a contradiction that' BB 2 p. Then, giveny, we
can e ectively nd s>s; suchthat8x vy (el;%;B‘S[S](x) # and

. E
CWEEy x oy 2T

For all such s we havey I(e;i;s), henceu(BJ[s];e;y;9)  r(e;i;s). More-

overs+1 2 | (e;i), hence by construction" S;B;l S+ gy =+ QBT ) g
follows that * P81 (y) = * £B Ty for all such s. Thus * £ is recursive,
contradicting our assumption that P\ REC = ;. This proves 2.

To prove 3, consider the leasty such that either ' A (y)" or

D E
"MBix) x y 2T:
Chooses; > s; such that' él;é;Bis[S](x) = BB (x)forall x<y andalls s;.
Note that for all s s, we have
D 0B E D E
tes () x<y = PP x<y 2T;
hencel(e;i;s) yandr(e;i;s) u(Bf[s];e;x;s)forall x<y.
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Case 1:' él;%;B‘s[S](y) "foralls sp. Thenforalls s, we havel(e;i;s)=y
andr(e;i;s+1)= r(e;i;s).
Case 2:' él;i:B‘ [sl(y) # for somes s,. Then for any suchs we have
r(e;i;s) u(Bf[sl;e;y;9);
. s+1 . s
hence by construction" (el;;;Bli (41 gy =+ BBy 1t follows that for all
suchs we have' (y)=" (el;%;B‘S[S](y), hence

D (1):BF[s] E
"est (X)) x oy 2T,

hence againl(e;i;s) = y andr(e;i;s+1) = r(e;i;s).
In either case we have (e;i;s+1) = r(e;i;s) for all su ciently large s. Thus
3 holds, and our lemma is proved. O

This completes the proof of the Binns Splitting Theorem. O

Exercise 3.15.3. A Turing degree b is said to below if b®= 0°% Prove that
the r.e. Turing degreesb; = deg;(B1) and b, = deg; (B2) constructed in the
proof of the Binns Splitting Theorem 3.15.1 are low.

3.16 Some Additional Results

In this section we mention some additional results and probéms concerning r.e.
Turing degrees.

More to come ......
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Chapter 4

Randomness

It seems appropriate to call an in nite sequence of 0's and B \random" if it
is the result of an in nite sequence of independent coin tosss using a fair or
unbiased coin. The purpose of this chapter is to de ne and disuss a mathemat-
ically rigorous, recursion-theoretic concept of randomnes which corresponds
to this intuitive, non-mathematical notion. References for this material are
Downey/Hirschfeldt [7] and Simpson [16].

4.1 Measure-Theoretic Preliminaries
In this section we present the measure-theoretic backgrouwhmaterial which we
shall need.
De nition 4.1.1 (the Cantor space).
1. The Cantor spaceis the set
2N = f0;1gN = fX :N!f 0;19g:

Note that each X 2 2N is an in nite sequence of 0's and 1's, namely

2. We write Seq, = 2<N =the set of nite sequences of 0's and 1's. According
to our Notation 3.14.1, for all 2 Seg, and X 2 2N we haveX if and
only if X[Ih( )]= . For 2 Seg we put

N =fx22VjX g:
We view the Cantor space 2 as a topological space with basic open sets

N, 2 Seg.dhusU 2N is said to beopen if there exists G Segq,
suchthatU= ,o N .

Remark 4.1.2. ltis easy to see that the above-de@ed topology on the Cantor
space is the same as the product topology on™2= <, f0; 1g, where the two-
point spacef 0; 1g has the discrete topology. Therefore, by Tychono 's Theoran,

2N is compact.
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Remark 4.1.3. The points of 2V are just the in nite sequences of 0's and 1's.
Eventually we are going to de ne what it means for a point of 2V to be random.
The standard method of formalizing informal notions such asindependence and
probability is by means of measure theory as we shall now explain.

De nition 4.1.4 (probability measures). Let | be a nonempty set. A -
algebraon | is a setS P(l), the powerset ofl, such that ; 2S andl 2 S
and S is closed under the operations of countable union, countalel intersection,
and complementation. A probability measureon | is a function :S ! [0;1],
whereS is a -algebra onl, suchthat (;)=0and (I1)=1and

t R
( Sn) = (Sn)

n=1 n=1
for all sequences of pairwise disjoint set$;;S,;::: 2 S. This last property is
known as countable additivity. A probability spaceis an ordered triple (I; S; )
as above. ForS 2 S, the measure of S is the real number (S).

Remark 4.1.5. Let (I; S; ) be a probability space. A setS | such that
S 2 S is called anevent For S 2 S, the measure ofS is thought of as the
probability of the event S, i.e., the likelihood that a \random" or \randomly
chosen" element ofl will belong to S. Note that we have not yet rigorously
de ned the concept \random."

De nition 4.1.6 (Borel sets, regularity).

1. Let| be atopological space. TheBorel setsof | are the smallest -algebra
on | containing the open sets ofl. A Borel probability measure on | is
a probability measure on | such that the domain of consists of the
Borel sets ofl .

2. Let (I; S; ) be a probability space such thatl is also a topological space,
and S includes the Borel sets ofl . We say that is regular (with respect
to the given topology onl) if, forall S2 S,

(8) =inff (U)jS UandU is opery:

Theorem 4.1.7 (the fair coin measure). There exists a Borel probability
measure on 2V such that, for all 2 Seg, (N )= 1=2")  Note that

is unique with these properties. We refer to as the fair coin measure on 2,
because it arises by viewingk 2 2\ as the result of a sequence of independent
tosses of a fair coin. It can be shown that is regular.

Proof. We omit the proof. See any measure theory textbook. O

De nition 4.1.8 (null sets). In any probability space, a null set is any subset
of a set of measure 0. Thusl | isnullifand only if T S forsomeS 2 S
such that (S) =0. Note also that, if is regular, then T is null if and qnly if
8 > 09 open setU suchthat T U and (U) . Equivalently, T Un
where eachU, is open and (U,) 1=2".

n
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4.2 E ective Randomness

In this section we de ne what it means for a point X 2 2N to be \e ectively
random." In this context, \e ectively" means \recursion-t heoretically."

We rst consider what it means for a subset of 2 to be \e ectively open."
From now on, let be the fair coin measure on 2.

De nition 4.2.1. AsetU 2Vissaidtobe ¢if U=fX 2 2Vj9kR(X;k)g
whereR is recursive. A sequence of setd, 2V, n 2 N, is said to beuniformly
Qif Uy = X 2 2V j 9k R(X; k;n)g for some xed recursive predicateR.

Proposition 4.2.2 (e ective ogenness). u 2Nis ¢if and only if U
is e ectively open, i.e.,, U = >, N for some recursively enumerableG
Seg. Moreover, we may assume thatG is primitive recursive and pairwise
incompatible, i.e., there are no; 2 G such that . A similar result holds
for uniformly ¢ sequences of sets af, 2N, n 2 N.

Proof. Assume that U is 9, say U = fX 2 2V j 9kR(X;k)g where R is
recursive. Lete be such that' & (0) ' leastk such that R(X; k). Then

U= U =fx 22V X(0) #g:

A e with this last property is called an index of U, or a ¢ index of U. Thus
we have a uniform ¢ indexing of all 9 subsets of 2.

We now use the idea of nite approximations from Section 3.14 Given an
indexeof U 2V, dene G Segq by

G=Ge=f 2Seqgj' ® (0)#":9 © M5 (0) #g:

S
Then U = 26 g and G is primitive recursive and pairwise incompatible.
Conversely, ifU =~ ,;N whereG is r.e., then clearlyU is 9. The uniform
version is proved similarly. O

Remark 4.2.3. As usual, we relativize as follows. Given an oraclé 2 NN, we
saythatU 2Vis 9T ifu=1fx 22VjokR(f X;k)gwhereR is recursive.
It can be shown that U 2V is open if and only if U is 9" for somef . Thus
we see a close analogy between open sets and r.e. sets. Thislagy can be

pushed much farther.
The following is a recursion-theoretic analog of De nition 4.1.8.

De nition 4.2.4 (e ectively null sets). AsetT 2Nis said to bee ectively
null 4|f there exists a uniformly 2 sequence of seté), 2N, n 2 N, such that
T ,Unand (U,) 1=2" for all n.

We are now ready to de ne our concept of recursion-theoreticandomness.

De nition 4.2.5 (randomness). A point X 2 2V is said to be e ectively
random, or just random, if X does not belong to any e ectively null set. An
equivalent condition is that the singleton setf X g is not e ectively null.
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Corollary 4.2.6. (fX 2 2Nj X is randomg) = 1.

Proof. There are only countably many e ectively null sets. By countable addi-
tivity, their union is null. The corollary is a restatement o f this. O

Remark 4.2.7. The great mathematician Kolmogorov invented probability
theory. He also invented a theory of algorithmic randomnessknown as Kol-
mogorov complexity Our concept of randomness was originally formulated in
1966 by Martin-Lef, a former Ph. D. student of Kolmogorov. It can be shown
that this concept of randomness is closely related to Kolmogrov complexity.

Proposition 4.2.8. If X 2 2V is recursive, thenX is not random.

Proof. If X is recursi-ve, then the setsU, = Ny ) are uniformly ¢ of measure
1=2". HencefXg= | U, is e ectively null, hence X is not random. O

Proposition 4.2.9. Ifa 9setP 2V is of measure 0, then it is e ectively
null. It follows that no X 2 P is random.

Proof. Let ebe a %index of XnP. Then P = fX 2 2V ' % (0) "g. Put
Ve = fX 22Nj" (eléx [S](O) "g. CIearIy-Fhe sets Vs, s 2 N are uniformly 9,
andVp Vi Vs and P = _Vs. Hence by countable additivity
lims (Vs) = (P)=0. The function s 7! (V) is primitive recursive, so let
h(n) = the least s > n such that (Vs) 1=2". Then h is recursive, hence
the setsUy = Vh(ny, N 2 N, are uniformly 9. Moreover (Up) 1=2" and
P = Uy, soP is e ectively null. O

Remark 4.2.10. Letus say that X 2 2V is weakly randomif X does not belong
to any ¢ subset of 2 of measure 0. We have just shown that ifX is random
then X is weakly random. The converse does not hold. For example, gCohen
genericX 2 2N is weakly random but not random.

We pause to mention the following useful property of random squences.
Note that this property is in fact equivalent to randomness.

Theorem 4.2.11 (Solovay).  Assume that A 2 2V is random. If U, 2N,
n 2 N, are uniformly 9 such that

s
(Un) < 1
n=0

thenfn2 NjA 2 Uygis nite.
P
Proof. Let c be such that ,1]:0 (Up) c¢<1. Foreachk 1 put
Wi = fX22Yj9 Kn (X 2 Uy)g:

Note that the sets Wy, k 1, are uniformly 9. We claim that (Wg) c=k
To see this, write

Wis = X 22Yj(9 ¥n  s) (X 2 Un)g
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S
and note that Wy = (Wys. We have

X x
c (Un) (Un)
n=0 n=0
x Z Z ¥
= Un(X)dX = Un (X ) dX
nZ:O X X n=0

KWis (X)dX = Kk (Ws)
X

so (Wks) c=k It follows that (Wg)=supgs (Wks) c=kas claimed. Let
h be primitive recursive such thath(n) 2"cfor all n. Tltien Whn) is-Hniforme

9 of measure 1=2". SinceA is random, we haveA 2 =  Wyny = |, W, SO
A 2 W, for somek, i.e., 9 n A 2 U,. ThusfnjA 2 Uygis nite. O

We end this section with the following interesting result.

Theorem 4.2.12 (Martin-Lof). The union of all e ectively null sets is e ec-
tively null.

T
Corollary 4.2.13.  We can write fX 2 2V j X is not randomg= , U, where
Un is uniformly ¢ and (U,) 1=2" for all n.

Proof. Put S= fX 2 2V j X is notrandomg. By the de nition of randomness, S
is the union of all e ectively qull sets. It follows by Theorem 4.2.12 that S itself
is e ectively null. Thus- S o Un whereU, is uniformly 9 anfl (Up) 21=20
for all n. But clearly | Uy itself is e ectively null, hence S= | U,. O

Remark 4.2.14 (tests for randomness, e ectively null G sets). The
following terminology is sometimes used. De ne atest or test for randomness
to be ane ectively null G set, i.e., asetofthe form | U, whereU, is uniformly

Qand (Un) 1=2"forall n. WesaythatX 2 2N passesthetesif X 2 | Un.
By the de nition of randomness, X is random if and only if X passes all tests.
Corollary 4.2.13 tells us that there is auniversal test, i.e., a test such that if X
passes that test then it passes all tests and is therefore ralom.

We may reformulate Corollary 4.2.13 by saying that the setf X 2 2N j X is

not randomg is e ectively null G . Moreover, it is the largest e ectively null G
set, which is the same as the largest e ectively null set.

Corollary 4.2.15. fX 2 2Nj X is randomgis 9.

Proof. By the de nition of the arithmetical hierarchy, S 2Nis 9 if and only
if S= ", U, where U, is uniformly 9. In particular, by Corollary 4.2.13,
fX 2 2Nj X is not randomgis 9, hencefX 2 2Nj X is randomgis 9. O

Corollary 4.2.16. Forall > Owecan nda 9setP 2V such that
8X (X 2P) X israndom)and (P)>1

Proof. Put P =2NnU,, where U, is as in Corollary 4.2.13, and > 1=2". [
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Remark 4.2.17. We cannot improve Corollary 4.2.16 to say that there exists
a 9setP 2N suchthat8X (X 2P ) X israndom)and (P)=1. Thisis
obvious, because any nonempty ¢ subset of 2 is of positive measure.

We now prove Martin-Lef's Theorem 4.2.12.

Notation 4.2.18 (the tilde notation). Recall from the proof of Proposition
4.2.2 that for every 9 setU 2N there exists an indexe such that

U= U= fX22V)" OX)#g=fx 22Yj9s' {*[0) #g:

Moreover, the setsU, for all e2 N are uniformly  $. We put

n (0]
Ues = X 22V + OXIslo) #

S
and note that Us = _Ug;s and Ugy Uea Uess . Note also
that (Ues) is a rational number, and the function (e;s) 7!  (Ues) is primitive
recursive. Now, given an indexe and a rational number r, de ne

B =86 = 8 = fX[j9s(X 2 Ues™ (Ues) T1)g:

Note that 8¢, is uniformly 8 for all e 2 N and all rational r. The following
properties of 8, are easily veri ed.

1. @e;r Ue.
2. @e;r r.

3. If (Ug) r then B = Ue.

We may describe8e., as \U, enumerated so long as its measure is r," or \the
9 subset of 2 with index e, enumerated so long as its measure is r."

Proof of Theorem 4.2.12. Dene 9 setsVe 2V, e 2 N, as follows. Given
e compute’ P(e). 1f P " let Vo= ;. If (e i, let Ve = the 0
subset of 2 with index i enumerated so long as its meagure is 1=2°. Note
@at Ve is uniformly 8 and (Ve) 1=2¢. Dene S = n,yn where U, =
Pi-fn+1 Ve. Note that Uy is uniformly . Moreover, (Un) é:nﬂ (Ve)
e=nsy 172° = 122", so S is eectively null. We claim that S T -for all
e ectively null sets T. To see this, suppose€l is e ectively null, say T n Wh
where W,  2Vis uniformly 9 and (W,) 1=2". By the Parametrization
Theorem, let h be a primitive recursive function such that, for all n, h(n) is a
8 index of W,,. Let e be an index ofh qua recursive function, i.e., lete be such
that ' & (n) " h(n) for all n. Then' o (e)' h(e)isa ¢ index of We. Since
(We)  1=2%, it follows that Ve = W, henceT V.. Sinceh has in nitely
many indices qua recursive function, we see thal V. for in nitely many e.
It follows that T U, for all n,i.e., T S. This completes the proof. O
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4.3 Randomness Relative to an Oracle

In this section we relativize our concept of randomness to a iiring oracle, and
we prove some theorems concerning the relativized concept.

De nition 4.3.1.  Let f 2 NN be an oracle. We say thatA 2 2N is f -random,
or random over f , or random relative torf , if there is no uniformly 2” sequence
of setsUl 2V, n2 N, suchthatA2 ~ Uf and (U!) 1=2" for all n.

Remark 4.3.2. Recall that if A is recursive then A is not random. This
relativizes to the following statement: if A 1 f then A is not f -random.

Notation 4.3.3.  For A;B 2 2N recall that A B 2 2V is de ned by
(A B)(2n) = A(n); (A B)2n+1)= B(n);
forall n. Thus 2N 2N = 2N via the mapping (A;B) 7' A B.

Theorem 4.3.4. If A B is random, then A is random over B, and B is
random over A.

Proof. SupposeB is not random overA, sayB 2 T o, VA whereV2 is uniformly
%A of measure 1=2". Foran arbitrary X 2 2N, let VX beV* with A replaced
by X . (More precisely, let VX be the 9% setwith 9% index h(n) where h
is a xed primitive recursive function such that V is the > setwith
index h(n).) De ne
n 0
W, = X Y X22MNandY 2 ¢}

where ¥} is VX enumerated so long as its measure is 1=2". (See our Notation
4.2.18.) Note that W, is uniformly 2. By Fubini's Theorem, (W,) 1=2".
Since®” = VA andB 2 VA, it follows that A B 2 W, forall n. Thus A B
is not random. We have now proved that if A B is random then B is random
over A. The proof that A is random overB is similar. O

Corollary 4.3.5. If A B israndom,thenA 61 B andB 61 A.
Corollary 4.3.6. If A B is random, then A and B are random.
The preceding theorem has a converse due to van Lambalgen 188

Theorem 4.3.7 (van Lambalgen). If A is random, and if B is random over
A, then A B is random.

T
Proof. SupposeA B isnotrandom, sayA B 2 | W, whereW, is uniformly
¢ and (Wp) 1=2". By passing to a subsequence, we may assume that
(W,) 1=22". Forall X 2 2V andn 2 N put

VX = fY22VjiX Y 2W,g
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and note that VX is uniformly 2% . Forall n 2 N put

1
U= X2N (vnx)>2—n

and note that Uy, is uniformly 9. By Fubini's Theorem we have
Z Z Z Z

(Wp) = Wh(X Y)dYdX = VX (Y)dY dX
X Y X Y

Z Z
1

Un (X)) VX (Y) dY dX ) Un(X)z—ndX

z

Un(X)dX = —
X

n

(Un);

M- x

hence (U,) 2" (Wp) 2"=22" = 1=2". Since (Up) 1=2" and A is
random, it follows by Solovay's Theorem 4.2.11 thatfn j A 2 U,g is nite.
Thus (V) 1=2" for all but nitely many n. MoreoverV, is uniformly ~ $
andB 2 V2. Thus B is not random over A. This proves the theorem. O

The following result is due to Joseph Miller 2004.

Theorem 4.3.8 (J. Miller). Assume that A is random, A 1 B, and B is
random over C. Then A is random overC.

Proof. Fix esuchthatA="® Foreach 2 Seq put

V = fY 2 2Vj rMVg:

Note that B 2 Vp[y for all n. Moreover, V is uniformly ,and | )
ViV =;.

Lemma 4.3.9. There is a constantc such that (Vap)) ¢=2" for all n.

Proof. For each rational number c put

c
U= X22V on Vypp > >
Note that U, is uniformly 9. Let G¢ be the set of 2 Seg such that (V) >
c=2" ) and is minimal with this property. Thus U. = = ,5 N . SinceG
is pairwiga incompatible, the setsV , 2 G, are pairwise disjoint. We have
(UC) = 2G. 1:2|h( ), hence
!
[ X X
1= (29 Vo= V)
2Gc 2G¢ 2G

Cc
ch(uc):

Thus (Uc.) 1=cfor all c. In particular, (Ux) 1=2" for all n. Since A
is random, it follows that A 2 U,» for somen, henceA 2 U, for somec. The
lemma follows. O
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Let ¢ be a rational number as in the lemma. Let® = V enumerated so long
as its measure is ¢=2"( ), Then ¢ is uniformly ¢ of measure c¢=2""( ), By
the lemma we have®a ) = Vapn; for all n.

Now supposeA is not random overC, sayA 2 ; US whereUF is uniformly

Qand (UF) 1=2'. Asin the proof of Proposition 4.2.2, IthiC Seq be

uniformsly 9C and pairwise incompatible such thatU® = =~ ,.c N . Put
WC =" ,.c . Then WC is uniformly 3 and
X X c c
Cy — — C .
(Wi~) = (%) oJhC) c (Yr) o

2G°¢ 2G¢

Moreover, sinceA 2 US and B 2 Vapn) = ¥apn) for all n, we haveB 2 WS for
all i. Thus B is not random over C. This proves the theorem. O

De nition 4.3.10 ( n-randomness). Forn 1,A 2 2V s said to ben-random
if A is random relative to 0" . Thus 1-randomness is just randomness, while
2-randomness is randomness relative to the Halting Problemetc.

Corollary 4.3.11. AssumeA is random, A t B, and B is n-random. Then
A is n-random.

Proof. This is a special case of Theorem 4.3.8. O

De nition 4.3.12. A 2 2N is said to bearithmetically random if A is n-random
foralln 1.

Corollary 4.3.13. If A israndom, A 1 B, and B is arithmetically random,
then A is arithmetically random.
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