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Chapter 1

Unsolvability of Hilbert's
Tenth Problem

1.1 Hilbert's Tenth Problem

De�nition 1.1.1 (Hilbert's Tenth Problem). Given a polynomial p with
integer coe�cients, to decide whether there exist integersw1; : : : ; wn such that
p(w1; : : : ; wn ) = 0.

De�nition 1.1.2. A Diophantine equation is an equation of the form

p(w1; : : : ; wn ) = 0

where p(w1; : : : ; wn ) is a polynomial with integer coe�cients , i.e., coe�cients
from Z. Hilbert's Tenth Problem is: to �nd an algorithm for decidin g whether
a given Diophantine equation has aninteger solution, i.e., w1; : : : ; wn 2 Z.

Hilbert proposed this problem in 1900. There was no progressuntil the
1950s, when M. Davis conjectured that Hilbert's Tenth Problem is unsolvable,
i.e., no such algorithm exists. Davis, Putnam, and J. Robinson made further
progress toward this result, and Matiyasevich completed the proof in 1969.

A typical method for showing that a problem P is unsolvable is to reduce
the Halting Problem to P. Thus, a solution for P would give a solution to
the Halting Problem, and as the Halting Problem is known to be unsolvable,
P must then also be unsolvable. This is the method used here. Weshall show
that the Halting Problem is reducible to Hilbert's Tenth Pro blem.

The starting point for our presentation is the undecidabili ty of true �rst-
order arithmetic, T1. Let the language L 1 consist of f + ; � ; 0; 1; = g, where +
and � are binary operations, 0 and 1 are constants, and = is a binaryrelation.
The terms of L 1 are variables x; y; z; : : :, the constants 0 and 1, andt1 + t2,
t1 � t2 where t1; t2 are terms. The formulas of L 1 are atomic formulas t1 = t2

where t1; t2 are terms, and : A, A _ B , A ^ B , A ) B , A , B , 9x A , 8x A ,
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where A; B are formulas andx is a variable. As usual, a sentence is a formula
with no free variables.

Let N = f 0; 1; 2; : : :g, the set of natural numbers. We also useN to denote
the structure

(N; + ; � ; 0; 1; =) ;

i.e., the intended model of �rst-order arithmetic. Formula s of L 1 may be in-
terpreted as usual in N, and each sentence ofL 1 is either true or false in N.
A theorem of Tarski says there is no algorithm to determine the truth value
of an L 1-sentence inN. T1 is the complete theory consisting of all sentences
of L 1 which are true in N. Thus Tarski's result is that the theory T1 is unde-
cidable. Actually, Tarski shows that the Halting Problem H and many other
noncomputable sets and functions are de�nable overN, i.e., de�nable over T1.

When interpreted in N, terms of L 1 are equivalent to polynomials with posi-
tive integer coe�cients. For example, the term ( x+ y) � ((1+1) � z+ y) is equiva-
lent over N to 2xz+ xy +2 yz+ y2, which is a polynomial in N[x; y; z]. Atomic for-
mulas of L 1 are similarly equivalent to Diophantine equations: p(x1; : : : ; xn ) =
q(x1; : : : ; xn ) is equivalent to

p(x1; : : : ; xn ) � q(x1; : : : ; xn ) = 0 ;

and this is a typical Diophantine equation. Thus the existential sentence

9x1 � � � 9xn p(x1; : : : ; xn ) = q(x1; : : : ; xn )

holds in N if and only if the Diophantine equation p(x1; : : : ; xn ) � q(x1; : : : ; xn ) =
0 has at least one solution inN.

Accordingly, we consider a modi�ed form of Hilbert's Tenth P roblem.

De�nition 1.1.3 (Modi�ed Hilbert's Tenth Problem). Given a poly-
nomial p(x1; : : : ; xn ) with coe�cients from Z, to decide whether there exist
x1; : : : ; xn 2 N such that p(x1; : : : ; xn ) = 0.

Remark 1.1.4. The Modi�ed Hilbert's Tenth Problem is equivalent to the
original problem. Suppose �rst that the Modi�ed Hilbert's T enth Problem were
solvable. Then the Diophantine equation p(w1; : : : ; wn ) = 0 has integer solu-
tions if and only if 9x1 � � � 9xn 2 N such that p(� x1; : : : ; � xn ) = 0, so Hilbert's
Tenth Problem would be solvable. Conversely, if Hilbert's Tenth Problem were
solvable, then p(x1; : : : ; xn ) = 0 has natural number solutions if and only if
p(t2

1 + u2
1 + v2

1 + w2
1 ; : : : ; t2

n + u2
n + v2

n + w2
n ) = 0 has integer solutions, so the Mod-

i�ed Hilbert's Tenth Problem would also be solvable. This relies on Lagrange's
Theorem: every natural number is the sum of four squares.

Note that Tarski's Theorem and the Modi�ed Hilbert's Tenth P roblem both
deal with di�erent kinds of de�nability over N. We use the proof of Tarski's
Theorem (see our Math 558 notes [14]) as the starting point for our proof of
unsolvability of the Modi�ed Hilbert's Tenth Problem.
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1.2 � 1 Relations and Functions

To warm up, we consider yet another kind of de�nability over N.

De�nition 1.2.1 ( � 0 formulas). The � 0 formulas of L 1 are the smallest
class of formulas closed under propositional connectives (^ , _, : , ) , , ) and
bounded quanti�cation ( 8x < t , 9x < t , where t is a term not mentioning x).

De�nition 1.2.2 ( � 0 relations and functions). A relation R � Nk is � 0

if it is de�nable by a � 0 formula. A partial function  from Nk to N is � 0 if
graph( ) is � 0.

Example 1.2.3. The \less than" relation x < y is de�nable by the � 0 formula
9z < y (x + z + 1 = y).

Remark 1.2.4. The � 0 relations are only a small subclass of the primitive
recursive relations. Nevertheless, many interesting relations are � 0. E.g., a
result of Bennett shows that the 3-place exponential relation xy = z is � 0. We
omit the proof.

De�nition 1.2.5 ( � 1 formulas). A formula G is � 1 it is of the form 9x F
where F is � 0.

De�nition 1.2.6 ( � 1 relations and functions). A relation R � Nk is � 1 if
it is de�nable over N by a � 1 formula. A partial function  from Nk to N is � 1

if graph( ) is � 1.

We shall prove the following theorem.

Theorem 1.2.7. R is � 1 if and only if R is recursively enumerable, i.e., �01.  
is � 1 if and only if  is partial recursive.

The forward direction of the theorem is obvious, as �1 relations are clearly
� 0

1, and � 1 partial functions are clearly partial recursive. (See my Math 558
notes [14].) We must show the converse direction. In particular, we must show
that all primitive recursive functions are � 1.

Lemma 1.2.8. The class of � 1 relations is closed under unbounded existential
quanti�cation, logical and, logical or, and bounded quanti�cation.

Proof. SupposeG is � 1. Then 9x G is equivalent to 9x 9y F , where F is � 0.
This is then equivalent to 9z 9x < z 9y < z F which is � 1.

If 9x F and 9x G are both � 1, then 9x F ^ 9 x G � 9 x 9y (F ^ G). F ^ G is
� 0 and so the formula is � 1. The case for disjunction is similar.

Also, 9x < t 9y F � 9 y 9x < t F and so the class of �1 relations is closed
under bounded existential quanti�cation.

We have 8x < t 9y F � 9 z 8x < t 9y < z F . The formula 8x < t 9y < z F is
� 0 and thus the whole formula is � 1 as required. Thus the class of �1 relations
is closed under bounded universal quanti�cation.
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To �nish the proof of Theorem 1.2.7, we now brie
y review G•od el's � func-
tion. The � function is a method of coding arbitrarily long �nite sequences of
integers in an arithmetically e�ective way.

Lemma 1.2.9. For all k there exist in�nitely many a such that

a + 1 ; 2a + 1 ; : : : ; ka + 1

are pairwise relatively prime.

Proof. Let a be any muliple of k!. If ia + 1 and ja + 1 are not relatively prime,
1 � i < j � k, let p be a prime dividing both ia + 1 and ja + 1. In particular p
does not dividea. Thus p > k by our choice ofa. On the other hand, p divides
(ja + 1) � (ia + 1) = ( j � i )a, so p divides j � i . This contradicts p > k .

The following is a well known result in number theory. We omit its proof.
See the Math 558 notes [14].

Lemma 1.2.10 (Chinese Remainder Theorem). Let m1; : : : ; mk be pair-
wise relatively prime. Given r1; : : : ; r k such that 0 � r i < m i for i = 1 ; : : : ; k,
we can �nd r such that r � r i mod mi for all i = 1 ; : : : ; k.

De�nition 1.2.11 (the � function). We de�ne

� (a; r; i ) = Rem( r; a � (i + 1) + 1)

where Rem(y; x) is the remainder of y on division by x.

Corollary 1.2.12. Given r0; : : : ; r k � 0, we can �nd a; r � 0 such that
� (a; r; i ) = r i for all i = 0 ; : : : ; k.

Proof. By Lemma 1.2.9 above, leta be such that a+1 ; 2a+1 ; : : : ; (k+1) a+1 are
pairwise relatively prime, and a > max(r0; : : : ; rn ). By the Chinese Remainder
Theorem, we can �nd r such that r � r i mod a(i + 1) + 1 for i = 0 ; : : : ; k. Thus
� (a; r; i ) = r i for i = 0 ; : : : ; k.

Lemma 1.2.13. The � function is � 1.

Proof. It su�ces to show that Rem is � 1. We have

Rem(y; x) = r () r < x ^ 9 q < y (y = qx + r ) :

Thus Rem and the � function are � 0, hence � 1.

Lemma 1.2.14. All primitive recursive functions are � 1.

Proof. Z (x) = 0 is � 1 via y = 0.
S(x) = x + 1 is � 1 via y = x + 1.
Pki (x1; : : : ; xn ) = x i is � 1 via y = x i .
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Given f (x1; : : : ; xn ) = h(g1(x1; : : : ; xn ); : : : ; gm (x1; : : : ; xn ))), where h; g1; : : : ; gm

are � 1, we have that f is � 1, because

y = f (x1; : : : ; xn ) () 9 z1 � � � 9zm

 

y = h(z1; : : : ; zm )) ^
m̂

i =1

zi = gi (x1; : : : ; xn )

!

:

Thus the class of � 1 functions is closed under composition.
Given f (x1; : : : ; xn ) de�ned by

f (0; x1; : : : ; xn ) = g(x1; : : : ; xn )

f ((x + 1 ; x1; : : : ; xn ) = h(x; f (x; x 1; : : : ; xn ); x1; : : : ; xn )

where g; h are � 1, f is � 1 because

y = f (x; x 1; : : : ; xn ) () 9h y0; y1; : : : ; yx i (y0 = g(x1; : : : ; xn ) ^

(8i < x ) yi +1 = h(i; y i ; x1; : : : ; xn ))

() 9 a 9r (� (a; r; 0) = g(x1; : : : ; xn ) ^ � (a; r; x ) = y ^

(8i < x ) � (a; r; i + 1) = h(i; � (a; r; i ); x1; : : : ; xn )) :

Thus the class of � 1 functions is closed under primitive recursion.
It now follows that all primitive recursive functions are � 1.

We can now prove:

Theorem 1.2.15. If  : Nk P�! N is partial recursive, then  is � 1.

Proof. Let e be an index of , i.e., the G•odel number of a program which com-
putes  . Then  = ' (k )

e , i.e.,  (x1; : : : ; xk ) ' y () ' (k )
e (x1; : : : ; xk ) '

y () 9 n (State(e; x1; : : : ; xk ; n))0 = 0 ^ (State(e; x1; : : : ; xk ; n)) k+1 = y),
where (State(e; x1; : : : ; xk ; n))0 and (State(e; x1; : : : ; xk ; n)) k+1 are primitive re-
cursive functions (see Math 558 notes [14]). Thus is � 1.

The proof of Theorem 1.2.7 is now complete.

Corollary 1.2.16. The Halting Problem H is � 1.

1.3 Diophantine Relations and Functions

De�nition 1.3.1. A relation R � Nk is said to beDiophantine if there exists
a polynomial p(x1; : : : ; xk ; y1; : : : ; yn ) with coe�cients from Z, such that

R = fhx1; : : : ; xk i 2 Nk j 9y1 � � � 9yn p(x1; : : : ; xk ; y1; : : : ; yn ) = 0 g:

Here y1; : : : ; yn range overN. A partial function  is said to beDiophantine if
graph( ) is Diophantine.
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The following theorem is due to Matiyasevich 1969. It is known as Matiya-
sevich's Theorem, or as the MDRP Theorem (standing for Matiyasevich, Davis,
Robinson, Putnam).

Theorem 1.3.2 (MDRP Theorem). R is Diophantine () R is � 1.  is
Diophantine ()  is partial recursive.

Corollary 1.3.3. The Halting Problem H = f e j ' (1)
e (0) #g � N is Diophan-

tine.

Corollary 1.3.4. Hilbert's Tenth Problem is unsolvable.

So, our goal now is to prove the MDRP Theorem.
Note that the forward direction of the MDRP Theorem is obviou s, as  

Diophantine implies  � 1, which implies  partial recursive. For the converse,
we must show that all partial recursive functions are Diophantine.

By Theorem 1.2.7, it su�ces to show that all � 1 functions are Diophantine.
We begin with the following easy lemma.

Lemma 1.3.5. The binary relation < is Diophantine. The class of Diophan-
tine relations is closed under unbounded existential quanti�cation, logical and,
logical or, and bounded existential quanti�cation.

Proof. Clearly < is Diophantine, sincex < y () 9 z (x + z + 1 = y).
If R(x1; : : : ; xk ; y) � 9 z p(x1; : : : ; xk ; y; z) = 0 is Diophantine, then so is

9y R(x1; : : : ; xk ; y) � 9 y 9z p(x1; : : : ; xk ; y; z) = 0, so trivially the class of Dio-
phantine relations is closed under unbounded existential quanti�cation.

SupposeR1 = fhx1; : : : ; xk i 2 Nk j 9y p(x1; : : : ; xk ; y) = 0 g and R2 =
fhx1; : : : ; xk i 2 Nk j 9z q(x1; : : : ; xk ; z) = 0 g are both Diophantine. We then
have

9y p(x1; : : : ; xk ; y) = 0 ^ 9 z q(x1; : : : ; xk ; z) = 0 ()

9y 9z (p(x1; : : : ; xk ; y) = 0 ^ q(x1; : : : ; xk ; z) = 0) ()

9y 9z (p(x1; : : : ; xk ; y)2 + q(x1; : : : ; xk ; z)2 = 0)

so R1 ^ R2 is Diophantine. Thus the class of Diophantine relations is closed
under logical and.

Similarly, for logical or, we have

9y p(x1; : : : ; xk ; y) = 0 _ 9z q(x1; : : : ; xk ; z) = 0 ()

9y 9z (p(x1; : : : ; xk ; y) = 0 _ q(x1; : : : ; xk ; z) = 0) ()

9y 9z p(x1; : : : ; xk ; y) � q(x1; : : : ; xk ; z) = 0

so R1 _ R2 is Diophantine. Thus the class of Diophantine relations is closed
under logical or.

We also have (9x < t ) 9y p(x; x 1; : : : ; xn ; y) = 0 if and only if 9x (x < t ^
9y p(x; x 1; : : : ; xn ; y) = 0). Thus the class of Diophantine relations is closed
under bounded existential quanti�cation.
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In addition, we have the following easy lemma.

Lemma 1.3.6. Addition, multiplication, and the functions Quot and Rem gi ven
by

y = qx + r; r < x; Quot(y; x) = q; Rem(y; x) = r

as well as the G•odel � function are Diophantine. The class of Diophantine
functions is closed under composition.

Proof. Trivially + and � are Diophantine. We have Quot(y; x) = q () 9 r (r <
x ^ y = qx + r ), so Quot is Diophantine, and similarly for Rem. Closure under
composition is easy, as in the proof of Lemma 1.2.14. It now follows that � is
Diophantine.

By Lemma 1.3.5, to prove the MDRP Theorem, it remains only to show
that the class of Diophantine relations is closed under bounded universal quan-
ti�cation. This is the hard part of the proof. Note that bound ed universal
quanti�cation was crucial in the proof of Lemma 1.2.14.

We shall follow the exposition of Davis [5]. Most of the work is contained in
the following lemma.

Lemma 1.3.7 (Main Lemma). The following functions are Diophantine.

1. (n; k) 7! nk

2. (n; k) 7!
� n

k

�

3. n 7! n!

4. (a; b; k) 7!
Q k

i =0 (a + bi)

The proof of the Main Lemma is di�cult, and we postpone it to Se ction 1.6
below.

1.4 Bounded Universal Quanti�cation

Our goal is to show that if R is � 1 then R is Diophantine. As we have already
seen, it su�ces to prove that the class of Diophantine relations is closed under
bounded universal quanti�cation. Here is a 
awed attempt at a proof of this.

Flawed Proof. We attempt to imitate the proof of Lemma 1.2.14 using the idea
of coding via G•odel's � function. Assume that

(8i )1� i � k 9y1 � � � 9yn p(k; i; : : : ; y 1; : : : ; yn ) = 0 :

For each 1� i � k pick witnessesy( i )
1 ; : : : ; y( i )

n such that p(k; i; : : : ; y ( i )
1 ; : : : ; y( i )

n ) =
0. Let u be an upper bound fork and y( i )

j , 1 � i � k, 1 � j � n. Let t be any
multiple of u!. By the proof of Lemma 1.2.9, the moduli t + 1 ; : : : ; kt + 1 are
pairwise relatively prime. By the Chinese Remainder Theorem 1.2.10, we can
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�nd r1; : : : ; rn such that r j � y( i )
j mod it +1 for all 1 � i � k, 1 � j � n. Hence

for 1 � i � k we have

p(k; i; : : : ; r 1; : : : ; rn ) � 0 mod it + 1 :

Form the product
Q k

i =1 (it + 1) = ct + 1. We have 0 � it + 1 � ct + 1 mod it + 1.
Multiplying by c and i respectively, we have 0� cit + c � cit + i mod it + 1,
which implies c � i mod it + 1. It follows that p(k; c; : : : ; r1; : : : ; rn ) � 0 mod
it + 1 for all i , 1 � i � k. Since the it + 1, 1 � i � k are pairwise relatively
prime, we have

p(k; c; : : : ; r1; : : : ; rn ) � 0 mod
kY

i =1

(it + 1)

� 0 mod ct + 1 :

The upshot is that we have \packaged" all of our equations for1 � i � k into
one equation. But our problem is that it is only modulo ct + 1.

Conversely, assumet is a multiple of u!, u � k, ct + 1 =
Q k

i =1 (it + 1) and
9r1 � � � 9rn p(k; c; : : : ; r1; : : : ; rn ) � 0 mod ct + 1. As before we havec � i mod
it + 1 for each 1 � i � k. Let y( i )

j = Rem( r j ; it + 1). Then r j � y( i )
j mod it + 1,

hencep(k; i; : : : ; y ( i )
1 ; : : : ; y( i )

n ) � 0 mod it + 1. If we knew that

jp(k; i; : : : ; y ( i )
1 ; : : : ; y( i )

n )j < it + 1 ;

we could conclude
p(k; i; : : : ; y ( i )

1 ; : : : ; y( i )
n ) = 0

and we would be �nished.

In order to repair this 
awed argument, we �rst present a simp le lemma,
Lemma 1.4.1. After that, the proof of closure under bounded universal quan-
ti�cation is given by Lemma 1.4.2.

Lemma 1.4.1. Given a polynomial p(k; i; : : : ; y 1; : : : ; yn ) we can �nd a poly-
nomial q(k; : : : ; u) such that

1. q(k; : : : ; u) � u

2. q(k; : : : ; u) � k

3. q(k; : : : ; u) � j p(k; i; : : : ; y 1; : : : ; yn )j for all i � k and y1; : : : ; yn � u.

Proof. Let q(k; : : : ; u) = jpj(k; k; : : : ; u; : : : ; u) + u + k where jpj is just p with
all coe�cients replaced by their absolute values.

Lemma 1.4.2. (8i )1� i � k 9y1 � � � 9yn p(k; i; : : : ; y 1; : : : ; yn ) = 0 if and only if
there exist u; t; c; r 1; : : : ; rn such that:

1. t = q(k; : : : ; u)!,

10



2. ct + 1 =
Q k

i =1 (it + 1) divides each of
Q u

y=0 (r j � y), 1 � j � n,

3. p(k; c; : : : ; r1; : : : ; rn ) � 0 mod ct + 1.

The point of this lemma is that, by 1.3.7, the right-hand side is Diophantine.
Thus we see that the class of Diophantine relations is closedunder bounded
universal quanti�cation.

Proof. ) : As before, we can �nd u; t; c; r 1; : : : ; rn such that

p(k; c; : : : ; r1; : : : ; rn ) � 0 mod ct + 1

and r j � y( i )
j mod it + 1. Thus it + 1 divides r j � y( i )

j . Since y( i )
j � u, it + 1

divides
Q u

y=0 (r j � y). Since it + 1, 1 � i � k are pairwise relatively prime, it
follows that ct + 1 divides

Q u
y=0 (r j � y) for 1 � j � n, as required.

( : For each 1� i � k pick a prime divisor pi of it +1. Since t = q(k; : : : ; u)!,
we havepi > q(k; : : : ; u). Let y( i )

j = Rem( r j ; pi ). Note that y( i )
j < p i . We claim

y( i )
j � u. To see this, note that pi divides it +1 which divides ct+1 which divides

Q u
y=0 (r j � y), hencepi divides r j � y for somey � u. Then y � r j � y( i )

j mod

pi . Noting also that y � u � q(k; : : : ; u) < p i , we see thaty = y( i )
j . Therefore

y( i )
j � u.

Next we claim that p(k; i; : : : ; y ( i )
1 ; : : : ; y( i )

n ) = 0 for 1 � i � k. By assumption
we havep(k; c; : : : ; r1; : : : ; rn ) � 0 mod ct + 1. Recall that ct + 1 =

Q k
i =1 it + 1

and c � i mod it + 1. Therefore c � i mod pi . Moreover r i � y( i )
j mod pi , so

p(k; i; : : : ; y ( i )
1 ; : : : ; y( i )

n ) � 0 mod ct + 1

� 0 mod it + 1

� 0 mod pi :

Since y( i )
1 ; : : : ; y( i )

n � u, we have jp(k; i; : : : ; y ( i )
1 ; : : : ; y( i )

n )j � q(k; : : : ; u) < p i .
Hencep(k; i; : : : ; y ( i )

1 ; : : : ; y( i )
n ) = 0 and our lemma is proved.

Lemma 1.4.2 shows that the class of Diophantine relations isclosed under
bounded universal quanti�cation. This completes the proof of the MDRP The-
orem 1.3.2, except that it remains to prove the Main Lemma.

1.5 The Pell Equation

The Main Lemma 1.3.7 asserts that the exponential function (n; k) 7! nk and
similar functions are Diophantine. In order to prove this, we need a Diophan-
tine function which is of exponential growth. It turns out th at the solutions of a
particular Diophantine equation known as Pell's equation not only grow expo-
nentially but also are convenient in other ways. Following Davis ([5], reprinted
in [6, Appendix]), we give a self-contained, elementary presentation of all of the
number theory which we shall use.

11



1.5.1 Basic Properties

We begin with basic properties of the Pell equation.

De�nition 1.5.1 (the Pell equation). A Pell equation is an equation of the
form x2 � dy2 = 1 where d = a2 � 1, a � 2, a 2 N.

Examples 1.5.2.

1. a = 2, x2 � 3y2 = 1.

2. a = 3, x2 � 8y2 = 1.

3. a = 4, x2 � 15y2 = 1.

Remark 1.5.3. If ( x; y) is any integer solution of the Pell equation, then clearly

(x + y
p

d)(x � y
p

d) = x2 � dy2 = 1 :

Furthermore, (x; y) is a solution if and only if ( jxj; jyj) is a solution, so we may
focus on solutions withx; y � 0. In this case we havex + y

p
d � 1, with equality

only if ( x; y) = (1 ; 0).

Remark 1.5.4. There are two obvious solutions of the Pell equation, (1; 0) and
(a; 1). Moreover, there is an easy way of generating more solutions, as follows.

Lemma 1.5.5. If ( x; y) and (x0; y0) are integer solutions of the Pell equation,
then so is (x00; y00) given by

x00+ y00
p

d = ( x + y
p

d)(x0 + y0
p

d):

Proof. Taking conjugates, we have

x00� y00
p

d = ( x � y
p

d)(x0 � y0
p

d):

Multiplying the two equations, we get

x002 � dy002 = ( x2 � dy2)(x02 � dy02) = 1

and our lemma is proved.

We shall now show that all solutions are generated in this way.

De�nition 1.5.6. For n � 0 we de�ne xn (a) and yn (a) by

xn (a) + yn (a)
p

d = ( a +
p

d)n :

By Lemma 1.5.5, (xn (a); yn (a)) is a solution of Pell's equation. When a is �xed,
we write xn = xn (a) and yn = yn (a).

Theorem 1.5.7. All natural number solutions of Pell's equation are of the form
(xn ; yn ) for some n.

12



Proof. Otherwise there would be a solution (x; y) with

xn + yn

p
d < x + y

p
d < x n +1 + yn +1

p
d :

By the above de�nition, this becomes

(a +
p

d)n < x + y
p

d < (a +
p

d)n +1 :

Dividing gives

1 <
x + y

p
d

xn + yn
p

d
< a +

p
d

which simpli�es to

1 < (x + y
p

d)(xn � yn

p
d) < a +

p
d :

Multiplying the solutions as in Lemma 1.5.5 gives

1 < x 0 + y0
p

d < a +
p

d:

Taking negative reciprocals, we get

� 1 < � x0+ y0
p

d < � a +
p

d:

Adding, we get 0< 2y0
p

d < 2
p

d, which implies 0 < y 0 < 1, a contradiction.

We now obtain recurrences and explicit formulas forxn and yn .

Lemma 1.5.8. We have

xn � m = xn xm � dyn ym ;

yn � m = xm yn � xn ym :

Proof. Note that

xn � m + yn � m

p
d = ( a +

p
d)n + m

= ( xm � ym

p
d)(xn � yn

p
d)

= ( xn xm � dyn ym ) + ( xn ym � xm yn )
p

d:

Remark 1.5.9. In the special casem = 1, the previous lemma says

xn � 1 = axn � dyn ;

yn � 1 = ayn � xn :

Adding these expressions forxn � 1 and yn � 1 respectively, we get recurrences

xn +1 = 2 axn � xn � 1;

yn +1 = 2 ayn � yn � 1:
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Theorem 1.5.10. We have the following explicit formulas:

xn =
�

1
2

(a +
p

d)n
�

;

yn =
�

1

2
p

d
(a +

p
d)n

�
:

Proof. To get an explicit formula for xn , we solve the recurrencexn +1 = 2 axn �
xn � 1. Setting xn = zn we get zn +1 = 2 azn � zn � 1. Dividing by zn � 1 we get
the quadratic equation z2 = 2 az � 1 which has solutionsz = a �

p
d. Thus

xn = A(a +
p

d)n + B (a �
p

d)n . Using our initial conditions x0 = 1 = A + B
and x1 = a = A(a +

p
d) + B (a �

p
d), we get A = B = 1 =2. Thus xn =

(1=2)((a +
p

d)n + ( a �
p

d)n ) = d(1=2)(a +
p

d)n e.
Similarly, to get an explicit formula for yn , we haveyn = A(a+

p
d)n + B (a�p

d)n , but this time our initial conditions are y0 = 0 = A + B and y1 = 1 =
A(a +

p
d) + B (a �

p
d). These equations yieldA = 1 =2

p
d and B = � 1=2

p
d.

Thus yn = (1 =2
p

d)(( a +
p

d)n + ( a �
p

d)n ) = b(1=2
p

d)(a +
p

d)n c.

1.5.2 Divisibility Properties of yn

We now obtain some divisibility properties of yn .

Theorem 1.5.11. GCD(xn ; yn ) = 1.

Proof. Let p be a prime dividing xn and yn . Then p divides x2
n � dy2

n = 1, a
contradiction.

Lemma 1.5.12. yn j yt if and only if n j t.

Proof. Assume n j t and let t = nk. We prove yn j ynk by induction on
k. For k = 0 we have yn j 0 = y0, and for k = 1 we have yn j yn . Now
yn (k+1) = ynk + n = xn ynk + xnk yn , and by induction hypothesis yn j ynk , hence
yn j yn (k+1) .

Conversely, assumeyn j yt . Let t = qn + r with 0 � r < n . We then have
yt = yqn+ r = xr yqn + xqn yr . Since yn divides yqn , it follows that yn divides
xqn yr . But since GCD(yqn ; xqn ) = 1, we have GCD(yn ; xqn ) = 1. Thus yn

divides yr , but since r < n we haveyr < y n . Hencer = 0, so n j t.

Theorem 1.5.13. y2
n j yt if and only if nyn j t .

Proof. Note that

xnk + ynk

p
d = ( a +

p
d)nk = ( xn + yn

p
d)k =

kX

i =0

�
k
i

�
xk � i

n yi
n di= 2:

Comparing coe�cients of
p

d, we see that

ynk =
X

0� i � k
i odd

�
k
i

�
xk � i

n yi
n d( i � 1)=2 � kxk � 1

n yn mod y3
n :
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Setting k = yn , we see thaty2
n j ynk , i.e., y2

n j yny n . It follows by Lemma 1.5.12
that y2

n j yt for all t divisible by nyn . Conversely, supposey2
n j yt . By Lemma

1.5.12 again, we haven j t, say t = nk, so y2
n j ynk . Moreover, we have already

seen thatynk � kxk � 1
n yn mod y3

n . It follows that y2
n j kxk � 1

n yn , henceyn j kxk � 1
n .

Since GCD(xn ; yn ) = 1, it follows that yn j k, hencenyn j nk = t.

Recall that xn +1 = 2 axn � xn � 1 and yn +1 = 2 ayn � yn � 1. We use these
recurrences to establish some easy properties ofxn and yn , by induction on n.

Theorem 1.5.14. If a � b mod c, then xn (a) � xn (b), yn (a) � yn (b) mod c.

Proof. For n = 0 we have x0(a) = 1 = x0(b) and y0(a) = 0 = y0(b). For n = 1
we havex1(a) = a � b = x1(b) mod c, and y1(a) = 1 = y1(b). Inductively we
have xn +1 (a) = 2 axn (a) � xn � 1(a) � 2axn (b) � xn � 1(b) � xn +1 (b) mod c, and
similarly yn +1 (a) � yn +1 (b) mod c.

Theorem 1.5.15. yn � n mod a � 1.

Proof. For n = 0 ; 1 we have y0 = 0, y1 = 1. Inductively we have yn +1 =
2ayn � yn � 1 � 2an � (n � 1) = 2( a � 1)n + n + 1 � n + 1 mod a � 1.

Theorem 1.5.16. If n is even,yn is even. If n is odd, yn is odd.

Proof. The initial values y0 = 0 and y1 = 1 are known. We have yn +1 =
2ayn � yn � 1 � � yn � 1 � yn � 1 mod 2, so our result is obvious by induction.

1.5.3 Congruence Properties of xn

We now prove a theorem telling for which i; j; n are x i � x j mod xn .

Lemma 1.5.17. x2n � j � � x j mod xn .

Proof. By Lemma 1.5.8 we havex2n � j = xn +( n � j ) = xn xn � j + dyn yn � j =
xn xn � j + dyn (yn x j � xn yj ). Continuing modulo xn , we havex2n � j � dy2

n x j =
(x2

n � 1)x j � � x j .

Lemma 1.5.18. x4n � j � x j mod xn .

Proof. By the previous lemma we havex4n � j = x2n +(2 n � j ) � � x2n � j �
� (� x j ) = x j mod xn .

Lemma 1.5.19. For all 0 � i < j � 2n we havex i 6� x j mod xn . The only
exception is whena = 2, n = 1, x0 � x2 mod x1.

Proof. If xn is odd, put q = ( xn � 1)=2. Since 2q < x n , the numbers

� q;� q+ 1 : : : ; � 1; 0; 1; : : : ; q � 1; q

are all pairwise 6� mod xn . Recalling xn = axn � 1 + dyn � 1, we have xn �
axn � 1 � 2xn � 1, hencexn � 1 � xn =2, hencexn � 1 � q, sincexn � 1 is an integer.
It now follows that

� q � � xn � 1 < � � � < � x1 < � x0 = � 1 < 0 < 1 = x0 < x 1 < � � � < x n � 1 � q
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are pairwise6� mod xn . Moreover, Lemma 1.5.17 tells us thatxn +1 � � xn � 1,
. . . , x2n � 1 � � x1, x2n � � x0, all mod xn , and trivially xn � 0 mod xn . It is
now clear that all of x0; x1; : : : ; xn � 1; xn ; xn +1 ; : : : ; x2n are pairwise6� mod xn .

If xn is even, put q = xn =2. Since 2q � xn , the numbers

� q + 1 ; � q+ 2 ; : : : ; � 1; 0; 1; : : : ; q � 1; q

are all pairwise 6� mod xn . As before we havexn � 1 � q, so our result follows
as before, unlessxn � 1 = q = xn =2. In this exceptional situation we have
2xn � 1 = xn = axn � 1 + dyn � 1, hence a = 2 and yn � 1 = 0, hence n = 1,
x1 = a = 2, x2 = 2 ax1 � x0 = 8 � 1 = 7 � 1 = x0 mod x1.

Lemma 1.5.20. If x i � x j mod xn , where n � 1, 0 < i � n, and 0 � j < 4n,
then either j = i or j = 4 n � i .

Proof. Case 1: j � 2n. By Lemma 1.5.19,i = j unless the exceptional case oc-
curs. But this implies f i; j g = f 0; 2g and n = 1, contradicting our assumptions.

Case 2: 2n < j < 4n. Set j 0 = 4 n � j . Then 0 < j 0 < 2n. By Lemma
1.5.18, x j 0 � x j mod xn , hence x i = x j 0 mod xn . By Lemma 1.5.19, i = j 0

unless the exceptional case occurs. This cannot happen, because both i and j 0

are > 0.

Theorem 1.5.21. If 0 < i � n and x i � x j mod xn , then i = � j mod 4n.

Proof. Put j = 4 nq + r , where 0 � r < 4n. By Lemma 1.5.18,x i � x j � xr

mod xn . By Lemma 1.5.20,i = r or i = 4 n � r . Thus j � r � � i mod 4n.

1.5.4 Diophantine De�nability of xn and yn

Theorem 1.5.22. The functions (a; k) 7! xk (a) and (a; k) 7! yk (a) are Dio-
phantine.

Proof. We show that x = xk (a) and y = yk (a) if and only if there exist b; u; v; s; t
and wi , 1 � i � 6, satisfying the following system of equations:

x2 + ( a2 � 1)y2 = 1 (1.1)

u2 � (a2 � 1)v2 = 1 (1.2)

s2 � (b2 � 1)t2 = 1 (1.3)

v = w1y2 (1.4)

b = 1 + 4 w2y (1.5)

b = a + w3u (1.6)

s = x + w4u (1.7)

t = k + 4 w5y (1.8)

y = k + w6 (1.9)

Note that (1.4){(1.9) amount to saying y2 divides v, b � 1 mod 4y, b � a mod
u, s � x mod u, t � k mod 4y, y � k.
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) : Assumex = xk (a) and y = yk (a). Set n = 2 ky, u = xn (a), v = yn (a).
Clearly (1.1) and (1.2) hold. Sinceyk (a) � k, (1.9) holds. By Theorem 1.5.13,
y2

k divides y2ky k = yn , i.e., y2 divides v, so (1.4) is satis�ed. By Theorem 1.5.11
we have GCD(u; v) = 1 hence GCD(u; y) = 1. Becausen is even,yn (a) = v is
even (Theorem 1.5.16), henceu = xn (a) is odd, hence GCD(u; 4y) = 1. By the
Chinese Remainder Theorem, we can �ndb such that b � 1 mod 4y and b � a
mod u, so (1.5) and (1.6) are satis�ed. Sets = xk (b) and t = yk (b), so (1.3) is
satis�ed. Since b � a mod u, we havexk (b) � xk (a) mod u, so (1.7) is satis�ed.
By Theorem 1.5.15,t = yk (b) � k mod b� 1. Since 4y j b � 1, we havet � k
mod 4y, so (1.8) is satis�ed. Thus all of (1.1){(1.9) are satis�ed.

( : Assume (1.1){(1.9). We want to prove x = xk (a) and y = yk (a). By
(1.1){(1.3) there exist i; j; n such that x = x i (a), y = yi (a), u = xn (a), v =
yn (a), s = x j (b), t = yj (b). It remains only to show that i = k.

By (1.6) we have a � b mod xn (a), hence x j (a) � x j (b) mod xn (a). By
(1.7) we havex i (a) � x j (b) mod xn (a). Hence x i (a) � x j (a) mod xn (a). By
(1.4) we have yi (a)2 j yn (a), hence yi (a) � yn (a), hence i � n. By Theorem
1.5.21 it follows that i = � j mod 4n. By (1.4) we have yi (a)2 j yn (a), hence
by Theorem 1.5.13yi (a) j n. Thus i � � j mod 4yi (a). By (1.5) we have b � 1
mod 4yi (a), i.e., 4yi (a) j b� 1. By Theorem 1.5.15,yj (b) � j mod b� 1, hence
yj (b) � j mod 4yi (a). But by (1.8) we also have yj (b) � k mod 4yi (a). Thus
i � � j � � k mod 4yi (a). By (1.9) we have k � yi (a), and obviously i � yi (a),
hencei = k and we are done.

1.6 Proof of the Main Lemma

In this section we use properties of Pell's equation to provethe Main Lemma
1.3.7. We begin by proving that the exponential function is Diophantine.

Lemma 1.6.1. For n; k � 1 and a � 2 we have

nk � xk (a) � (a � n)yk (a) mod 2an � n2 � 1:

Proof. The proof is by induction on k. For the base casesk = 0 and k = 1,
we havex0 � (a � n)y0 = 1 = n0 and x1 � (a � n)y1 = a � (a � n) = n = n1.
Assuming our congruence fork � 1 and for k, we derive it for k + 1 using the
recurrencesxk+1 = 2 axk � xk � 1 and yk+1 = 2 ayk � yk � 1. Namely,

xk+1 � (a � n)yk+1 = 2 a(xk � (a � n)yk ) � (xk � 1 � (a � n)yk � 1)

� 2ank � nk � 1 = nk � 1(2an � 1) mod 2an � n2 � 1

� nk � 1n2 = nk+1 mod 2an � n2 � 1:

Our congruence is now proved for allk.

Lemma 1.6.2. If nk < a , then nk < 2an � n2 � 1.

Proof. Set g(z) = 2 az � z2 � 1 where z is a real variable. We haveg(1) =
2a � 2 � a. Moreover, for 1 � z < a we have g0(z) = 2 a � 2z > 0, hence
g(z) � a. In particular, for 1 � n � nk < a we haveg(n) � a > n k .
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Theorem 1.6.3. The function (n; k) 7! nk is Diophantine.

Proof. Set a = xk+1 (n + 1). By Theorem 1.5.22 this is a Diophantine function
of n and k. By Theorem 1.5.10 we havenk < a . Hence by Lemma 1.6.2 we have
nk < 2an � n2 � 1. By Lemma 1.6.1 we havenk � xk (a) � (a � n)yk (a) mod
2an � n2 � 1 for any a. But then, for this particular a, it follows that nk = the
remainder ofxk (a) � (a� n)yk (a) on division by 2an� n2 � 1. It is now clear that
(n; k) 7! nk is Diophantine, since (a; k) 7! xk (a); yk (a) are Diophantine.

Having shown that the exponential function is Diophantine, we now show
that the other functions mentioned in the Main Lemma are Diophantine.

Theorem 1.6.4. The function (n; k) 7!
� n

k

�
is Diophantine.

Proof. Given n and k, chooseM > 2n . We have

(M + 1) n

M k =
nX

i =0

�
n
i

�
M i � k = q + �

where q =
P n

i = k

� n
i

�
M i � k is an integer, and

� =
k � 1X

i =0

�
n
i

�
M i � k �

1
M

nX

i =0

�
n
i

�
=

1
M

2n < 1:

Moreover, q �
� n

k

�
mod M , and

� n
k

�
< 2n < M . It is now clear that z =

� n
k

�
if

and only if

9M 9q
�

M > 2n ^ q = Quot(( M + 1) n ; M k ) ^ z = Rem( q; M )
�

:

Thus (n; k) 7!
� n

k

�
is Diophantine.

Lemma 1.6.5. For any M > (2n)n +1 we have

n! = Quot
�

M n ;
�

M
n

��
=

$
M n

� M
n

�

%

:

Proof. We have

M n

� M
n

� =
M n n!

M (M � 1) � � � (M � n + 1)

=
n!

(1 � 1
M ) � � � (1 � n � 1

M )

<
n!

(1 � n
M )n

= n!
�

1
1 � �

� n
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where � = n=M . Moreover

1
1 � �

= 1 +
�

1 � �
< 1 + 2�;

hence
�

1
1 � �

� n

< (1 + 2 � )n

= 1 +
nX

i =1

�
n
i

�
(2� ) i

= 1 + 2 �
nX

i =1

�
n
i

�
(2� ) i � 1

< 1 + 2�
nX

i =0

�
n
i

�

= 1 + (2 � )(2n ) = 1 + 2 n +1 �:

Thus

n! �
M n

� M
n

� < n ! + 1

provided n! 2n +1 � < 1, and this follows from n(n!)2n +1 < (2n)n +1 < M .

Theorem 1.6.6. The function n 7! n! is Diophantine.

Proof. By the previous lemma we have

z = n! () 9 M
�

M > (2n)n +1 ^ z = Quot
�

M n ;
�

M
n

�� �
:

This is Diophantine in view of Theorems 1.6.3 and 1.6.4.

Theorem 1.6.7. The function

(a; b; n) 7! h(a; b; n) =
nY

i =0

(a + bi)

is Diophantine.

Proof. Given a; b; n, chooseM > (a + bn)n +1 � h(a; b; n) such that M is rela-
tively prime to b. Then b is invertible mod M , i.e., 9c(bc � 1 mod M ), hence

19



abc� a mod M . It follows that

h(a; b; n) =
nY

i =0

(a + bi)

�
nY

i =0

(abc+ bi) mod M

� bn +1
nY

i =0

(ac+ i ) mod M

= bn +1
�

ac+ n
n + 1

�
(n + 1)! ;

henceh(a; b; n) = the remainder of bn +1
� ac+ n

n +1

�
(n + 1)! on division by M . It is

now clear that z = h(a; b; n) if and only if

9M 9c
h

M > (a + bn)n +1 ^ bc� 1 mod M ^ z = Rem
�

bn +1
� ac+ n

n +1

�
(n + 1)! ; M

� i

and this is Diophantine in view of Theorems 1.6.3, 1.6.4, 1.6.6.

This completes the proof of the Main Lemma 1.3.7. Therefore,we have
now proved the MDRP Theorem 1.3.2 and with it the unsolvability of Hilbert's
Tenth Problem.
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Chapter 2

Unsolvability of the Word
Problem for Groups

This chapter consists mainly of a proof that the word problem for groups is
unsolvable. This result is due to P. Novikov 1955 and Boone 1959. Boone's
proof was simpli�ed by Britton 1963. We follow the exposition of Rotman
[12, Chapter 12]. Note also that a more streamlined proof hasbeen given by
Aanderaa/Cohen [2].

At the end of the chapter we present some related results, including unsolv-
ability of the triviality problem for groups.

2.1 Finitely Presented Semigroups

We shall �rst prove that the word problem for semigroups is unsolvable. This
result is due to Post 1947 and Markov 1947 and is much easier than unsolvability
of the word problem for groups.

De�nition 2.1.1. A semigroup is a set S together with an associative binary
operation � : S � S ! S. We consider only semigroups with anidentity element,
i.e., 1 2 S such that s � 1 = 1 � s = s for all s 2 S.

Example 2.1.2. Let a1; : : : ; an be a �nite alphabet. Let Sn be the set of
words on a1; : : : ; an . A word is a �nite sequence of letters of the alphabet,
W = ai 1 � � � ai k , where 1� i j � n for 1 � j � k. Here k is the length of W . If
k = 0, W is the empty word. Note that Sn is a semigroup under concatenation.
For example, If U = abaac, V = baba, then UV = abaacbaba. This semigroup

Sn = ha1; : : : ; an i

is called the free semigroupon a1; : : : ; an .

De�nition 2.1.3. Let R be a subset ofSn � Sn . We de�ne an equivalence
relation � R on Sn . For W; W 0 2 Sn , de�ne W � R W 0 if and only if there exists

21



a �nite sequence of wordsW = W0; W1; : : : ; Wt = W 0 such that, for each i < t ,
Wi � R Wi +1 , i.e., Wi = UXV and Wi +1 = UY V for some (X; Y ) or (Y; X ) 2 R.
For W 2 Sn we write [W ]R = f W 0 2 Sn j W � R W 0g = the equivalence class of
W modulo � R . We put S = Sn =� R = the set of such equivalence classes. This
is a semigroup, with the operation � being given by [U]R � [V ]R = [ UV]R . The
identity element is 1 = [ " ]R where " is the empty word. We frequently write W
instead of [W ]R . Our semigroup S is written as

S = ha1; : : : an j Ri :

Each (X; Y ) 2 R is viewed as arelation X = Y which holds in S.

Example 2.1.4. Let S be the semigroupha; b j a3 = 1 ; ab = bai . We refer
to S as the semigroup with generatorsa; b and relations a3 = 1, ab = ba.
Elements of S are words on the alphabeta; b except we can reduce equivalent
words, e.g.,aababa= aaabba= aaabab= aaaabb= abb. In fact, each word is
equivalent to a unique one of the formai bj , where 0� i � 2, j � 0. Thus each
element of S has a normal form. The multiplication of normal forms is given
by ai bj asbt = ak bj + t , where k = Rem( i + s;3).

De�nition 2.1.5. A �nitely presented semigroup is a semigroup of the form
ha1; : : : ; an j Ri , where a1; : : : ; an is a �nite set of generators and R is a �nite
set of relations.

De�nition 2.1.6. Let S = ha1; : : : ; an j Ri be a �nitely presented semigroup.
The word problem for S is the problem, given two wordsW; W 0 2 Sn , to decide
whether W = W 0 in S, i.e., whether W � R W 0.

Example 2.1.7. The word problem for ha; b j a3 = 1 ; ab = bai is solvable,
becauseai bj = asbt in S if and only if i � s mod 3, and j = t. In fact, each
word on a; b is equivalent to a unique normal form ai bj , 0 � i � 2, j � 0, and
two normal forms are equivalent if and only if they are equal.

Remark 2.1.8. In general, the word problem for a �nitely presented semigroup
S = hA j Ri is a recursively enumerable or �01 problem. This is becauseW = W 0

in S if and only if 9t 9 �nite sequence of wordsW0; W1; : : : ; Wt such that

W � W0 � R W1 � R � � � � R Wt � W 0:

Theorem 2.1.9 (Post, Markov). We can construct a �nitely presented semi-
group S such that the word problem for S is unsolvable.

In order to prove this theorem, we shall encode the Halting Problem into
the word problem for a particular �nitely presented semigroup.

Recall that a k-place partial function  is partial recursive if and only if it
is computable by some register machine programP. Please refer to the Math
558 notes [14] for the de�nition of register machine programs.

Let P be a register machine program. Recall thatP(x1; : : : ; xk ) is the run of
P started with x1; : : : ; xk in registers R1; : : : ; Rk and all other registers empty.
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Lemma 2.1.10. We can �nd a program P such that, given x 2 N, it is unde-
cidable whether P(x) halts.

Proof. By the Enumeration Theorem, let P be a program computing the partial
recursive function e 7! ' (1)

e (0): that is, P takes a number e, constructs the
program with that G•odel number, and then runs the program wi th input 0.
Thus P(e) halts if and only if e 2 H , where H is the Halting Set. By Turing's
work, H is undecidable, so the Halting Problem forP is undecidable.

Notation 2.1.11. We write

p0; p1; : : : ; pi ; : : :

for the prime numbers 2; 3; 5; 7; 11; : : :. Thus pi is the i th prime, where we start
indexing with 0.

Lemma 2.1.12. Given a k-place partial recursive function  (x1; : : : ; xk ), we
can �nd a 1-place partial recursive function  � (z) such that

 � (px 1
1 � � � px k

k ) ' p (x 1 ;:::;x k )
k+1

for all x1; : : : ; xk , and  � (z) is computable by a register machine program using
only two registers, R1 and R2.

Proof. Let P be a register machine program which computes . Let

P1; : : : ; Pk ; Pk+1 ; : : : ; Ps

be the registers used inP. We may safely assume that, wheneverP(x1; : : : ; xk )
halts, it leaves all registers except possiblyPk+1 empty. Our new program P �

for  � will be constructed so as to simulateP using only two registers,R1 and
R2. In the new program, R1 is used to hold a numberz which encodes the
contents of P1; : : : ; Ps via prime power coding, i.e.,

z =
sY

i =1

pz i
i

where zi is the content of Pi . Then R2 is used for scratch work. EachP+
i

instruction is replaced by a program for z 7! z � pi . Each P �
i instruction is

replaced by a program for

z 7!

(
z=pi if pi divides z;

z otherwise:

We shall see that this simulation can be performed using onlyR1 and R2. It is
then clear that  � (px 1

1 � � � px k
k ) ' p (x 1 ;:::;x k )

k+1 for all x1; : : : ; xk .
The details of the simulation are as follows.

We replace //P+
i

ONMLHIJK // in P by Figure 2.1 in P � .
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//R�
1

ONMLHIJK

��

e //R�
2

ONMLHIJK

��

e //

R+
2

ONMLHIJK

��

R+
1

ONMLHIJK

OO

...

��

R+
2

ONMLHIJK
@A

?>��������������������������

00

Figure 2.1: Incrementing Pi . The number of R+
2 instructions is pi .

We replace //P �
i

ONMLHIJK //

e

��??
??

??
?

A

B

in P by Figure 2.2 in P � .

We replace //stopONMLHIJK in P by //R�
1

ONMLHIJK

��

e //stopONMLHIJK

R+
2

ONMLHIJK

OO
in P � .

This completes the proof of Lemma 2.1.12.

Theorem 2.1.13. We can �nd a program P using only two registers,R1 and
R2, such that, given x 2 N, it is undecidable whether P(x) halts. Furthermore,
when it halts, R1 and R2 are empty.

Proof. We begin with the program of Lemma 2.1.10. Using Lemma 2.1.12we

convert it to a program using only R1 and R2. We then replace //stopONMLHIJK

by

//R�
1

ONMLHIJK

klijho

99ss

e //R�
2

ONMLHIJK

klijho

99ss

e //stopONMLHIJK

to clear R1 and R2 before halting.

24



R+
1

ONMLHIJK

��
//R�

1
ONMLHIJK

��

e //R�
2

ONMLHIJK

OO

e //A R+
1

ONMLHIJK

��

R+
2

ONMLHIJK

??•••••••

R�
1

ONMLHIJK

��

e //R+
1

ONMLHIJK //R�
2

ONMLHIJK

e
��

??•••••••

R+
1

ONMLHIJK

��
...

��

...

OO

B ...

��

R�
1

ONMLHIJK

WW0000000000000000

e //R+
1

ONMLHIJK

OO

R+
1

ONMLHIJK

WW0000000000000000

Figure 2.2: DecrementingPi . The number of R�
1 instructions is pi .

We now construct a semigroupS with unsolvable word problem.

De�nition 2.1.14. Let P be a program using only two registersR1; R2 as in
Theorem 2.1.13. LetI 1; : : : ; I l be the instructions of P. As usual, I 1 is the �rst
instruction executed, and I 0 is the halt instruction. Our semigroup S will have
l +3 generatorsa; b; q0; q1; : : : ; ql . If R1 and R2 contain x and y respectively, and
if I m is about to be executed, then we represent this state as a wordbax qm ay b.
Thus a serves as a counting token, andb serves as an end-of-count marker. For
eachm = 1 ; : : : ; l , if I m says \increment R1 and go to I n 0 ," we represent this
as a production qm ! aqn 0 or as a relation qm = aqn 0 . If I m says \increment
R2 and go to I n 0 ," we represent this as a productionqm ! qn 0 a or as a relation
qm = qn 0 a. If I m says \if R1 is empty go to I n 0 otherwise decrementR1 and
go to I n 1 ," we represent this as a pair of productionsbqm ! bqn 0 , aqm ! qn 1 ,
or as a pair of relations bqm = bqn 0 , aqm = qn 1 . If I m says \if R2 is empty
go to I n 0 otherwise decrementR2 and go to I n 1 ," we represent this as a pair
of productions qm b ! qn 0 b, qm a ! qn 1 , or as a pair of relations qm b = qn 0 b,
qm a = qn 1 . Thus the total number of productions or relations is l+ +2 l � , where
l = l+ + l � and l+ is the number of increment instructions andl � is the number
of decrement instructions. LetS be the semigroup described by these generators
and relations.

Theorem 2.1.15. P(x) halts if and only if bax q1b = bq0b in S.

Proof. The \if" part is clear. For the \only if" part, assume that bax q1b = bq0b
in S. This implies that there is a sequence of wordsbax q1b = W0 = � � � =
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Wn = bq0b where eachWi +1 is obtained from Wi by a forward or backward
production. We claim that the backward productions can be eliminated. In
other words, if there are any backward productions, we can replace the sequence
W0; : : : ; Wn by a shorter sequence. This is actually obvious, because if there is
a backward production then there must be one which is immediately followed
by a forward production, and these two must be inverses of each other, because
P is deterministic. Thus we see thatbax q1b = bq0b via a sequence of forward
productions. This implies that P(x) halts. Our claim is proved.

From the previous theorem, it follows that our semigroup S has unsolvable
word problem. This proves Theorem 2.1.9.

2.2 The Boone Group

De�nition 2.2.1. A group is a semigroupG such that 8g 2 G 9g� 1 2 G such
that gg� 1 = g� 1g = 1.

Notation 2.2.2. Let A be an alphabet. We introduce new lettersa� 1, a 2 A,
and we write A � 1 = f a� 1 j a 2 Ag. We also write (a� 1)� 1 = a. A word on
A [ A � 1 is said to involve a if it contains an occurrence ofa or a� 1.

De�nition 2.2.3. A group presentation is a semigroup presentation

G = hA [ A � 1 j Ri

where R includes semigroup relations

aa� 1 = a� 1a = 1 ;

i.e., aa� 1 = a� 1a = " , for all a 2 A, where " is the empty word. We abbreviate
this as

G = hA j Ri :

Note that G is a group, because for any wordae1
i 1

� � � aek
i k

on A [ A � 1 we have

(ae1
i 1

� � � aek
i k

)� 1 = a� ek
i k

� � � a� e1
i 1

:

De�nition 2.2.4. A �nitely presented group is a group with a �nite presenta-
tion, i.e., G = hA j Ri where A and R are �nite.

De�nition 2.2.5. Let G be a �nitely generated group, and let A be a �nite
generating set. Theword problem for G is the problem, given a word W on
A [ A � 1, to decide whetherW = 1 in G.

Remark 2.2.6. If G is a �nitely generated group, the degree of unsolvability
of the word problem of G is independent of �nite set of generators chosen. The
same holds for semigroups.
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We now exhibit a �nitely presented group with unsolvable word problem.
To do this, we build upon our construction of a �nitely presented semigroup
with unsolvable word problem. We use some special features of the earlier
construction.

Remark 2.2.7. In Section 2.1 we constructed a �nitely presented semigroup
S = hA [ Q j Ri with unsolvable word problem, where

A = f a; bg; Q = f q0; : : : ; ql g:

Recall that the relations of S were of the form

R = f X i qm i Yi = Ui qn i Vi j i 2 I g

where X i ; Yi ; Ui ; Vi are words onA. We showed that, given wordsX; Y on A,
it is undecidable whether Xqm Y = bq0b in S.

We now introduce a new generatorq = ql +1 into Q, and we introduce a
new relation bq0b = q into R. With this trivially modi�ed presentation of the
semigroupS, we now haveQ = f q; q0; : : : ; ql g. Moreover, given wordsX; Y on
A, it is undecidable whether Xqm Y = q in S.

Notation 2.2.8. If X = ai 1 � � � ai k is a word on A, we write

X = a� 1
i 1

� � � a� 1
i k

:

Note that X 6= X � 1. If X and Y are words onA, we write (Xqm Y )� = Xqm Y .

We now construct a group with unsolvable word problem.

De�nition 2.2.9 (the Boone group). Let

S = hA [ Q j X i qm i Yi = Ui qn i Vi ; i 2 I i

be a �nitely presented semigroup as in Remark 2.2.7 above. Let G be the group
with generators

A [ Q [ f r i j i 2 I g [ f x; t; k g

and relations
xa = ax2

r i a = axr i x

r � 1
i X i qm i Yi r i = Ui qn i Vi

tx = xt; tr i = r i t

kx = xk; kr i = r i k

k(q� 1tq) = ( q� 1tq)k

for all a 2 A and i 2 I . Note that G is a �nitely presented group. This particular
group is due to Boone.
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Theorem 2.2.10 (Boone). Let X and Y be words onA. Put

� = ( Xqm Y)� = Xqm Y:

The following are pairwise equivalent.

1. Xqm Y = q in S.

2. � = LqR in G, where L; R are some words onx; x � 1; r i ; r � 1
i ; i 2 I .

3. k(� � 1t �) = (� � 1t �) k in G.

Corollary 2.2.11. The word problem for the Boone groupG is unsolvable.

Proof. This is immediate from 1 , 3 in Boone's Theorem 2.2.10, plus the known
undecidability of Xqm Y = q in S.

Theorem 2.2.12 (P. Novikov, Boone). The word problem for groups is
unsolvable.

Proof. This is immediate from Corollary 2.2.11.

Before starting the proof of Boone's Theorem 2.2.10, we givean example.

Example 2.2.13. Consider the register machine programP which empties R1

and halts:

startONMLHIJK //R�
1

ONMLHIJK

klijho

99ss

e //stopONMLHIJK :

The Post semigroup relations forP are:

aq1 = q1;

bq1 = bq0;

bq0b = q:

The corresponding Boone group relations are:

r � 1
1 a� 1q1r1 = q1;

r � 1
2 b� 1q1r2 = b� 1q0;

r � 1
3 b� 1q0br3 = q:

In addition, the Boone group has a generatorx and relationsxa = ax2, xb = bx2,
r i a = axr i x, r i b = bxr i x, i = 1 ; 2; 3. This gives a subgroupG3 of the Boone
group (see also Lemma 2.3.6 below). The full Boone group is obtained by
introducing additional generators t; k and their associated relations.

28



ConsiderP(1), the run of P starting with 1 in R1, 0 in R2. In the semigroup
we have

baq1b = bq1b = bq0b = q:

Hence in the group we have

q = r � 1
3 b� 1q0br3

= r � 1
3 r � 1

2 b� 1q1r2br3

= r � 1
3 r � 1

2 b� 1q1bxr2xr 3

= r � 1
3 r � 1

2 b� 1r � 1
1 a� 1q1r1bxr2xr 3

= r � 1
3 r � 1

2 x � 1r � 1
1 x � 1

| {z }
L

b� 1a� 1q1b xr1x2r2xr 3| {z }
R

:

Setting � = ( baq1b)� = b� 1a� 1q1b, we have q = L � R, where L is a word on
x � 1; r � 1

i ; i 2 I , and R is a word on x; r i ; i 2 I . This is an instance of statement
2 of Boone's Theorem.

We now begin the proof of Boone's Theorem.

Proof of 1 ) 2 and 2 ) 3. AssumeXqm Y = q in S. Say

Xqm Y = W0 = � � � = Wn = q

where for each� = 1 ; : : : ; n there exists i 2 I such that W� � 1 and W� are of
the form P X i qm i Yi Q and P Ui qn i Vi Q, where P; Q are words onA.

Note that for any word P on A, we haver i P = P R and P r � 1
i = LP, where

R; L are words onx; x � 1; r i ; r � 1
i . Hence in G we have

PUi qn i Vi Q = P r � 1
i X i qm i Yi r i Q

= LPX i qm i Yi QR;

henceW �
� � 1 = L � W �

� R� for each � = 1 ; � � � ; n. HenceW �
0 = LW �

n R where

L = L 1 � � � L n ; R = Rn � � � R1

are words onx; x � 1; r i ; r � 1
i ; i 2 I . But W �

0 = ( Xqm Y)� = �, and W �
n = q� = q.

Thus we have � = LqR in G. Now, by the relations of G, we have

k(� � 1t �) = kR � 1q� 1L � 1tLqR

= kR � 1q� 1tqR

= R� 1kq� 1tqR

= R� 1q� 1tqkR

= R� 1q� 1tqRk

= R� 1q� 1L � 1tLqRk

= (� � 1t �) k :

Thus we have proved 1) 2 and 2) 3 in Boone's Theorem.

It remains to prove 3 ) 2 and 2) 1.
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2.3 HNN Extensions and Britton's Lemma

In order to �nish the proof of Boone's Theorem, we �rst study H NN extensions.

Remark 2.3.1. Given a group G, and given p 2 G, the map G ! G given
by g 7! p� 1gp is an automorphism of G. Such automorphisms are calledinner
automorphisms. We shall see that all of the relations used to de�ne the Boone
group G describe properties of inner automorphisms.

Theorem 2.3.2 (Higman/Neumann/Neumann). Let G be a group. Let
H; K be subgroups ofG which are isomorphic to each other. Let� : H �= K be
a particular isomorphism of H onto K . Then there exists a groupG� � G and
a group elementp 2 G� such that p� 1hp = � (h) for all h 2 H .

De�nition 2.3.3 (HNN extensions). Let G = hA j Ri be a group pre-
sentation. Let � : H �= K be an isomorphism of a subgroup ofG onto an-
other subgroup of G. Consider the group presentationG� = hA � j R� i where
A � = A [ f pg, and R� = R [ f p� 1Xp = � (X )gX where X ranges over a set of
words on A [ A � 1 which generateH . We sometimes write this as

G� = hG; p j p� 1Xp = � (X )i X :

By the HNN Theorem 2.3.2, the identity map a 7! a, a 2 A, gives an embedding
of G into G� . Then G� is called anHNN extension of G, with stable letter p.

An important special case of an HNN extension is when� is the identity
map and H = K , as follows.

De�nition 2.3.4 (commuting HNN extensions). Let G = hA j Ri be a
group. Let H be any subgroup ofG. ConsiderG0 = hA0 j R0i whereA0 = A[f pg,
and R0 = R [ f p� 1Xp = X gX where X ranges over a set of generators ofH .
Then G0 is called acommuting HNN extension of G, with stable letter p. Thus
we have

G0 = hG; p j p� 1Xp = X i X :

Note also that p� 1Xp = X can be written as pX = Xp.

Remark 2.3.5. The Boone group is nothing but a �nite sequence of HNN
extensions. More precisely, each of the letters in our presentation of the Boone
group was introduced as a stable letter for an HNN extension.In particular,
the letters t and k in De�nition 2.2.9 are stable letters for commuting HNN
extensions. We spell all this out in the proof of the following lemma.

Lemma 2.3.6. The Boone group G (see De�nition 2.2.9) is obtained as an
iterated HNN extension.

Proof. We start with the in�nite cyclic group G0 = hxi . Clearly

G1 = hx; a; a 2 A j a� 1xa = x2; a 2 Ai
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is a multiple HNN extension (see De�nition 2.6.2 below) ofG0 with stable letters
a, a 2 A.

Consider the free product

G2 = G1 � hq; q0; : : : ; ql i

where hq; q0; : : : ; ql i is the free group onq; q0; : : : ; ql . We claim that

G3 = hG2; r i ; i 2 I j r � 1
i axr i = ax� 1; r � 1

i X i qm i Yi r i = Ui qn i Vi ; a 2 A; i 2 I i

is a multiple HNN extension of G2 with stable letters r i , i 2 I . To see this,
consider the subgroupsH i and K i of G2 generated byX i qm i Yi , ax, a 2 A, and
Ui qn i Vi , ax� 1, a 2 A, respectively. It is not hard to see that H i and K i are
free on these generators. Hence there are isomorphisms� i : H i

�= K i given by
� i (X i qm i Yi ) = Ui qn i Vi , � i (ax) = ax� 1, a 2 A. Thus G3 is a multiple HNN
extension ofG2 as claimed.

Next we have

G4 = hG3; t j tx = xt; tr i = r i t; i 2 I i

which is a commuting HNN extension of G3 with stable letter t. Finally, the
Boone group is

G = G5 = hG4; k j kx = xk; kr i = r i k; k(q� 1tq) = ( q� 1tq)k; i 2 I i

which is a commuting HNN extension ofG4 with stable letter k.

Our proof of Boone's Theorem will be based on a detailed understanding of
HNN extensions. A key property is given by Britton's Lemma, below.

De�nition 2.3.7. In an HNN extension, a pinch is a word of the form p� 1Xp
or pXp � 1 where X is a word on A [ A � 1 lying in H or K respectively. A word
containing no pinches is said to bereduced.

Remark 2.3.8. In an HNN extension, any word is equivalent to a reduced
word. This is because the relations ofG� allow us to replace pinches by words
not involving p or p� 1. Namely, if X is a word on A [ A � 1 lying in H , then
p� 1Xp = � (X ) is equivalent to a word on A [ A � 1 lying in K . Likewise, if X is
a word on A [ A � 1 lying in K , then pXp � 1 = � � 1(X ) is equivalent to a word
on A [ A � 1 lying in H .

Lemma 2.3.9 (Britton's Lemma). Let W be a word involving p or p� 1. If
W = 1 in G� , then W contains a pinch.

The proofs of the HNN Theorem 2.3.2 and Britton's Lemma 2.3.9are spread
out over Sections 2.4, 2.5, 2.6 below.

31



2.4 Free Products With Amalgamation

In order to prove the HNN Theorem and Britton's Lemma, we �rst introduce
free products with amalgamation. The proof of the HNN Theorem is at the end
of this section.

De�nition 2.4.1 (free product). Let G1, G2 be groups, which we assume
to be disjoint except for the identity element, 1. The free product G1 � G2 is
the group consisting of all formal products g1 � � � gn where n � 0, gi 6= 1, and
adjacent gi belong to distinct Gj . Note that distinct n-tuples g1; : : : ; gn as above
give rise to distinct elements ofG1 � G2.

Remark 2.4.2. Intuitively, the free product G1 � G2 is the \largest" group
generated byG1 [ G2. One way to see this is in terms of generators and relations:
if G1 = hA1 j R1 i and G2 = hA1 j R2i , then G1 � G2 = hA1 [ A2 j R1 [ R2 i .
Another way to see it is in terms of a universal mapping property:

K

G1
//

::vvvvvvvvv
G1 � G2

OO�
�
�

G2
oo

ddHHHHHHHHH

This means that, given maps fromG1 and G2 to K , a unique map fromG1 � G2

to K is determined.

Example 2.4.3. The free group onn generators may be viewed as a free prod-
uct

Fn = ha1; : : : ; an i = ha1i � � � � � h an i

where ha1i , . . . , han i are in�nite cyclic groups.

Corollary 2.4.4. G1 and G2 are subgroups ofG1 � G2. Moreover, in G1 � G2

we haveG1 \ G2 = 1.

Corollary 2.4.5. For all g1; : : : ; gn , n � 1, gi 6= 1, with adjacent gi from
distinct Gj , we haveg1 � � � gn 6= 1 in G1 � G2.

De�nition 2.4.6 (free product with amalgamation). Let H be a subgroup
embedded in both G1 and G2 via �1 : H ,! G1 and �2 : H ,! G2. De�ne
G1 � H G2 = G1 � G2=N where N is the normal subgroup ofG1 � G2 generated
by �1(h)�2(h)� 1, h 2 H . The group G1 � H G2 is called a free product with
amalgamation. In terms of generators and relations, ifG1 = hA1 j R1i , G2 =
hA2 j R2i , and A1 \ A2 = ; , then

G1 � H G2 = hA1; A2 j R1; R2; �1(X ) = �2(X )gX

where X ranges over a set of generators ofH .
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Remark 2.4.7. There is a universal mapping property given by the following
diagram:

K

G1
//

::tttttttttt
G1 � H G2

OO�
�
�

G2
oo

ddJJJJJJJJJJ

H

ddJJJJJJJJJJ

::tttttttttt

This means that, given maps fromG1 and G2 to K which induce the same map
from H to K , a unique map from G1 � H G2 to K is determined.

Remark 2.4.8. To obtain a concrete description of the elements ofG1 � H G2,
assumeH � G1 and H � G2. For each g 2 Gj n H , j = 1 ; 2 let g 2 Gj n H
be a representative of the cosetgH. Note that we have uniquely g = gh for
someh 2 H . Then G1 � H G2 is concretely the set of formal productsg1 � � � gn h,
n � 0, where adjacentgi come from distinct Gj n H , and h 2 H .

Corollary 2.4.9. G1 and G2 are subgroups ofG1 � H G2, and G1 \ G2 = H .

Proof. The �rst statement is immediate from Remark 2.4.8. Supposeg1 2
G1 n H , g2 2 G2 n H . We have g1 = g1h1, g2 = g2h2, and g1 6= g2, hence
g1 6= g2.

Corollary 2.4.10. Let n � 1 and let g1; : : : ; gn 2 Gj nH where adjacentgi come
from distinct Gj . Then in G1 � H G2 we haveg1 � � � gn =2 H , henceg1 � � � gn 6= 1.

Proof. For 1 � i � n we havegi =2 H , hencegi = gi hi , hi 2 H . We then have

g1 � � � gn = g1h1g2h2 � � � gn hn

= g1h1g2h0
2 � � � gn hn

� � �

= g1g0
2 � � � g0

n h0

which is clearly =2 H .

We now use a free product with amalgamation to prove the HNN Theorem.

Proof of the HNN Theorem 2.3.2. Let � : H �= K with H; K � G. Let M =
G � hui where u is a new letter. Let P be the subgroup ofM generated by
G [ u� 1Hu. Note that P = G � u� 1Hu within M , because there can be no
equation g0(u� 1h1u)g1(u� 1h2u) � � � gn � 1(u� 1hn u)gn = 1 with gi 2 G, hi 2 H ,
h1 6= 1, g1 6= 1, h2 6= 1, . . . , gn � 1 6= 1, hn 6= 1, n � 1.

Similarly, let N = G � hvi where v is a new letter, and let Q = G � v� 1Kv
be the subgroup ofN generated byG [ v� 1Kv . Clearly P �= Q via � de�ned
by � (g) = g, � (u� 1hu) = v� 1� (h)v for all g 2 G, h 2 H .

Consider the free product with amalgamationG0 = M � � N . Note that G ,!
G0 via g 7! g. For all h 2 H we haveu� 1hu = v� 1� (h)v, hencep� 1hp = � (h)
where p = uv� 1. This proves the HNN Theorem.
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We still need to prove Britton's Lemma.

2.5 Proof of 3 ) 2

In this section we prove Britton's Lemma (Lemma 2.3.9) in the special case of
commuting HNN extensions (see De�nition 2.3.4). We then usethis special case
to obtain the implication 3 ) 2 in Boone's Theorem 2.2.10.

Notation 2.5.1. In the proof of Britton's Lemma and Boone's Theorem, we
shall frequently write W � W 0 for words W and W 0, meaning that W and W 0

are identical as words. This is in contrast to W = W 0 which means merely that
W and W 0 are equal as elements of some group.

Let G = hA j Ri be a group. Let H be a subgroup ofG generated by words
X i , i 2 I , on A [ A � 1. Let t be a new letter, and consider the commuting HNN
extension

G0 = hA; t j R; t � 1X i t = X i ; i 2 I i :

Lemma 2.5.2. G0 �= G� H (H �h ti ) via the canonical mapa 7! a, t 7! t, a 2 A.

Proof. Let H = hx i ; i 2 I j Si be a presentation ofH on generatorsx i corre-
sponding to X i , i 2 I . Then G � H (H � h ti ) has the presentation

hA; x i ; i 2 I; t j R; S; t � 1x i t = x i ; X i = x i ; i 2 I i :

In this presentation, the relations S are super
uous, so we have

hA; x i ; i 2 I; t j R; t � 1x i t = x i ; X i = x i ; i 2 I i :

Now the generatorsx i , i 2 I are super
uous, so we have simply

hA; t j R; t � 1X i t = X i ; i 2 I i

which is G0.

Lemma 2.5.3. Let W be a word involving t or t � 1. If W = 1 in G0, then W
contains a pinch, i.e., a subword of the formt � 1Xt or tXt � 1 whereX is a word
on A [ A � 1 lying in H .

Proof. If W contains a subword of the formt � 1t or tt � 1, we are done. Hence
we may safely assume

W � W0te1 W1te2 W2 � � � Wn � 1ten Wn = 1

wheren � 1, ei 6= 0, Wi is a word onA [ A � 1, and W1; : : : ; Wn � 1 are nonempty.
We proceed by induction onn. If n = 1 we have W � W0te1 W1 = 1 in G0,

hencete1 = W � 1
0 W � 1

1 in G0. However, by Lemma 2.5.2G0 �= G� H (H �h ti ) is a
free product with amalgamation, hence by Corollary 2.4.9te1 2 G \ (H � h ti ) =
H , which is clearly impossible.
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Assume now that n > 1. Apply Corollary 2.4.10 to the factorization

W � W0(te1 )W1 � � � Wn � 1(ten )Wn = 1 :

Clearly te1 ; : : : ; ten =2 H , hence at least one ofW0; W1; : : : ; Wn lies in H . If
W0 2 H , replace W0(te1 ) by (W0te1 ) 2 H � h ti n H . If Wn 2 H , replace
(ten )Wn by (ten Wn ) 2 H � h ti n H . Applying Corollary 2.4.10 to the resulting
factorization, we see that at least one ofW1; : : : ; Wn � 1 lies in H . Thus

W � � � � tei Wi tei +1 � � � = 1

where Wi 2 H , 1 � i � n � 1. If ei and ei +1 are of opposite sign, then we
have our pinch, so we are done. Ifei and ei +1 are of the same sign, consider the
equivalent word

W 0 � � � � tei + ei +1 Wi Wi +1 � � � = 1 :

SinceW 0 contains one less power oft, it follows by induction that W 0 contains
a pinch. But then W contains a pinch.

We have now proved the special case of Britton's Lemma for commuting
HNN extensions (Lemma 2.5.3). The reader who is impatient tosee the proof
of the full Britton's Lemma may skip to the next section. We now use the
special case to prove the implication 3) 2 in Boone's Theorem.

Proof of 3 ) 2. Recall from the proof of Lemma 2.3.6 that the Boone group
G = G5 is a commuting HNN extension ofG4 with stable letter k, namely

G = hG4; k j kx = xk; kr i = r i k; k(q� 1tq) = ( q� 1tq)k; i 2 I i ;

whereG4 is the subgroup ofG generated by the generators other thank. More-
over, G4 is a commuting HNN extension ofG3 with stable letter t, namely

G4 = hG3; t j tx = xt; tr i = r i t; i 2 I i ;

where G3 is the subgroup ofG4 generated by its generators other thant.
Assume 3, i.e., k(� � 1t �) = (� � 1t �) k. By Britton's Lemma with stable

letter k, � � 1t � belongs to the subgroup generated by x; r i ; q� 1tq; i 2 I . Thus
there is an equation

W � � � 1t � R0(q� 1te1 q)R1 � � � Rn � 1(q� 1ten q)Rn = 1

where the Rj are (possibly empty) words onx; x � 1; r i ; r � 1
i ; i 2 I , and ej = � 1.

Choose this equation so thatn is as small as possible. By Britton's Lemma
with stable letter t, W contains a pinch teXt � e where e = � 1 and X = R for
some wordR on x; x � 1; r i ; r � 1

i ; i 2 I . There are two cases.
Case 1: te is the �rst occurrence of t in W . Thus teXt � e � t � R0q� 1te1 .

Hencee = 1, e1 = � 1, and X � � R0q� 1. Since X = R, we have � = RqR� 1
0 ,

which gives us 2 in Boone's Theorem.
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Case 2: teXt � e � tej qRj q� 1tej +1 for somej , 1 � j � n � 1. Henceej = e,
ej +1 = � e and X � qRj q� 1. We then have

q� 1tej qRj q� 1tej +1 q = q� 1tej Ctej +1 q

= q� 1tej Rt ej +1 q

= q� 1Rq

= q� 1Xq

= q� 1qRj q� 1q = Rj

so in W we may replaceRj � 1q� 1tej qRj q� 1tej +1 qRj +1 by Rj � 1Rj Rj +1 contra-
dicting minimality of n. This completes the proof of 3) 2.

2.6 Proof of Britton's Lemma

Having proved a special case of Britton's Lemma, we now use itto prove the
full lemma.

Lemma 2.6.1 (Britton's Lemma). Let

G� = hG; p j p� 1Xp = � (X )i X

be an HNN extension ofG with stable letter p (see De�nition 2.3.3). If W is a
word involving p or p� 1, and if W = 1 in G� , then W contains a pinch.

Proof. If W has a subword of the formp� 1p or pp� 1, we are done. Assume this
is not the case, i.e.,

W � W0pe1 W1 � � � Wn � 1pen Wn = 1

wheren � 1, e1; : : : ; en 6= 0, W0; : : : ; Wn are words onA[ A � 1, and W1; : : : ; Wn � 1

are nonempty.
Introduce a new letter t, and form

G�0 = hA; p; t j R; p� 1Xp = � (X ); t � 1Xt = X i X

which is a commuting HNN extension of G� with stable letter t. In G�0 we
have (tp) � 1X (tp) = p� 1t � 1Xtp = p� 1Xp = � (X ), so there is a homomorphism
 : G� ! G�0 given by a 7! a, p 7! tp, a 2 A. Thus in G�0 we have

W 0 = W0(tp)e1 W1 � � � Wn � 1(tp)en Wn =  (W ) = 1 :

Applying Lemma 2.5.3 to W 0, we see thatW 0 contains a \special pinch," i.e., a
subword of the form t � 1Y t or tY t � 1 where Y is a word on A [ A � 1 [ f pg lying
in H .

If our special pinch is t � 1Y t, then we haveei < 0, ei +1 > 0, and Y � Wi for
somei , 1 � i � n � 1. SinceY lies in H , Wi lies in H . Going back to G� , we
see that W has a subwordp� 1Wi p and this is a pinch.
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If our special pinch istY t � 1, then we haveei > 0, ei +1 < 0, andY � pWi p� 1

for somei , 1 � i � n � 1. SinceY lies in H , Wi = p� 1Y p lies in K . Going back
to G� , we see thatW has a subwordpWi p� 1 and this is a pinch.

This completes the proof of Britton's Lemma.

We shall also need the following generalization.

De�nition 2.6.2 (multiple HNN extension). Let G = hA j Ri be a group
presentation. Assume that we have isomorphisms� i : H i

�= K i , i 2 I , whereH i

and K i are subgroups ofG. Consider the group presentation

G� = hA; pi ; i 2 I j R; p� 1
i X i pi = � i (X i )i

where X i , � i (X i ) range over generators ofH i ; K i respectively. We call this a
multiple HNN extension with stable letters pi , i 2 I .

Lemma 2.6.3 (multiple Britton Lemma). Let G� be a multiple HNN ex-
tension ofG as above. IfW = 1 in G� and W involves at least one stable letter,
then W contains a pinch, i.e., a subwordp� 1

i Xp i or pi Xp � 1
i whereX is a word

on A [ A � 1 lying in H i or K i respectively.

Proof. Let p1; : : : ; pn be the stable letters occurring in W . We proceed by
induction on n. We may assume thatG = G0 � G1 � � � � � Gn = G� where,
for each i = 0 ; : : : ; n � 1, Gi +1 = hGi ; pi j : : :i is an HNN extension ofGi with
stable letter pi . By Britton's Lemma with stable letter pn , W contains a subword
p� 1

n Xpn or pn Xp � 1
n where X is a word on A; A � 1; p1; p� 1

1 ; : : : ; pn � 1; p� 1
n � 1 and

X lies in Hn or K n respectively. If X does not involve p1; : : : ; pn � 1, then we
have our pinch. Otherwise, let Z be a word on A [ A � 1 such that X = Z in
Gn � 1. Then XZ � 1 = 1 in Gn � 1, so by inductive hypothesisXZ � 1 contains a
pinch. But Z � 1 is a word on A [ A � 1 only, so X contains a pinch.

2.7 Proof of 2 ) 1

We now complete the proof of Boone's Theorem 2.2.10.

Proof of 2 ) 1. Assume 2, i.e.,

LXqm Y R = q ;

whereX and Y are words onA, and L and R are words onx; x � 1; r i ; r � 1
i ; i 2 I .

Note that our equation takes place in G3, the subgroup of the Boone group
generated by A; q; q0; : : : ; ql ; x; r i ; i 2 I . Recall also from the proof of Lemma
2.3.6 that G3 is a multiple HNN extension of G2 with stable letters r i ; i 2 I .
Here G2 is the subgroup generated byA; q; q0; : : : ; ql ; x.

We may safely assume thatL; R are freely reduced, i.e., they do not contain
subwords of the form x � 1x, xx � 1, r � 1

i r i , r i r
� 1
i , i 2 I . Using this assumption,

we have:
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Lemma 2.7.1. L and R are f r i j i 2 I g-reduced.

Proof. Otherwise, L or R contains a pinch of the formr � 1
i xer i or r i xer � 1

i where
e 6= 0. Thus, it su�ces to show that xe, e 6= 0, cannot belong to the sub-
group H i generated byX i qm i Yi ; ax; a 2 A, or to the subgroup K i generated by
Ui qn i Vi ; ax� 1; a 2 A.

In the �rst case, suppose

W � W0(X i qm i Yi )e1 W1 � � � Wn � 1(X i qm i Yi )en � 1 Wn = xe

where ej = � 1 and eachWj is a (possibly empty) word on ax; (ax) � 1; a 2 A.
This takes place in the free productG2 = G1 � hq; q0; : : : ; ql i where

G1 = hx; a; a 2 A j a� 1xa = x2; a 2 Ai

(see the proof of Lemma 2.3.6). Therefore, by Corollary 2.4.5, W cannot involve
qm i . Hencen = 0 and W � W0. Thus we have

x � eW0 � x � e(a1x)f 1 � � � (ak x)f k = 1

where aj 2 A and f j = � 1. By the multiple Britton Lemma 2.6.3 with stable
letters a; a 2 A, we see that x � eW0 contains a pinch of the form a� 1xn a or
ax2n a� 1 for somea 2 A. By inspection of x � eW0, both forms are impossible.
HenceW0 is empty, hencexe = 1, hence e = 0, a contradiction.

The second case is similar. This proves the lemma.

We continue with the proof of 2 ) 1. We are assumingLXqm Y R = q in
the Boone group, and we wish to obtainXqm Y = q in the Post semigroup.

Let N be the number of occurences ofr i ; r � 1
i ; i 2 I in L and R. We proceed

by induction on N . If N = 0, we have L = xs , R = x t , and our assumption
becomes

xsXqm Y xt = q:

Since nor i appears, this holds in the free productG1 �hq; q0; : : : ; ql i , and clearly
xsX and Y xt belong to G1. By Corollary 2.4.5, it follows that qm = q and
xsX = Y xt = 1. Hence s = t = 0 and X and Y are empty, so our conclusion
Xqm Y = q in S trivially holds.

Assume now that N > 0. Hence, by the multiple Britton Lemma 2.6.3 with
stable letters r i ; i 2 I , there is a pinch in LXqm Y R. By Lemma 2.7.1,L and R
are f r i j i 2 I g-reduced, i.e., they individually do not contain a pinch. Hence
there must be a pinch which spansL and R. It follows that

LXqm Y R � L 0r e
i xsXqm Y xt r � e

i R0

where e = � 1, L � L 0r e
i xs , R � x t r � e

i R0, and r e
i xsXqm Y xt r � e

i is a pinch.
If e = � 1, then xsXqm Y xt lies in the subgroup H i generated byX i qm i Yi ,

ax, a 2 A. If e = 1, then xsXqm Y xt lies in the subgroup K i generated by
Ui qn i Vi , ax� 1, a 2 A. Since we are in the free productG1 � hq; q0; : : : ; ql i , it is
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clear that m = mi , henceqm = qm i . We consider only the casee = � 1, the
other case being similar.

SincexsXqm Y xt lies in H i , there exists an equation

W � xsXqm Y xt W0(X i qm Yi )e1 W1 � � � Wn � 1(X i qm Yi )en Wn = 1

whereej = � 1 andWj is a possibly empty, freely reduced word onax; (ax) � 1; a 2
A. Choose this equation so thatn is as small as possible. Since our equation
W = 1 holds in the free product G1 � hqm i , it follows that 1 + e1 + � � � + en = 0
and, by Corollary 2.4.5, each of the words between two consecutive occurrences
of qm or q� 1

m are = 1 in G1. In particular, if ej = 1 and ej +1 = � 1, then
Yi Wj Y � 1

i = 1, and if ej = � 1 and ej +1 = 1, then X i
� 1Wj X i = 1. Either way,

Wj = 1, hence (X i qm Yi )ej Wj (X i qm Yi )ej +1 = 1 contradicting minimality of n.
Therefore, we must havee1 = � � � = en . Since 1 + e1 + � � � + en = 0, it follows
that n = 1 and e1 = � 1. We now have

W � xsXqm Y xt W0(X i qm Yi )� 1W1

� xsXqm Y xt W0Y � 1
i q� 1

m X i
� 1W1 = 1

in the free product G1 �hqm i . It follows by Corollary 2.4.5 that Y xt W0Y � 1
i = 1,

hencexsX X i
� 1W1 = 1.

Lemma 2.7.2. Yi is an initial segment of Y , and X i is a �nal segment of X .

Proof. We �rst show that Yi is an initial segment of Y . Let Y 0 � Y � 1
i Y after

cancelling subwords of the forma� 1a for all a 2 A. It su�ces to show that
the �rst letter of Y 0 is positive (i.e., an element ofA, not of A � 1). If not, let
b� 1 2 A � 1 be the �rst letter of Y 0, and considerx t W0Y 0 = x t W0Y � 1

i Y = 1.
Applying the multiple Britton Lemma with stable letters a; a 2 A, we see that
x t W0Y 0 contains a pinch aeZa� e, where e = � 1 and Z lies in hxi . SinceW0 is
a freely reduced word onax; (ax) � 1; a 2 A, our pinch is not contained in x t W0.
Hencea� e must be the �rst letter of Y 0. Our pinch is then aeZa� e � bxb� 1,
hencex belongs to the subgroup ofhxi generated byx2, a contradiction.

We have now proved that Yi is an initial segment of Y . The proof that X i

is a �nal segment of X is similar.

By the previous lemma, let Y = Yi Y 0 and X = X 0X i , where X 0 and Y 0 are
words on A. We then have

W0Y 0x t = W0Y Y� 1
i x t = 1 ; xsX 0W1 = xsX X i

� 1W1 = 1 :

Consider the automorphism  of G1 given by  (a) = a for a 2 A, and  (x) =
x � 1. In particular, for all a 2 A we have (ax) = ax� 1 = r � 1

i axr i . Since W0

and W1 are words onax; (ax) � 1; a 2 A, we have

 (W0) = r � 1
i W0r i ;  (W1) = r � 1

i W1r i :
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Moreover,

 (W0Y 0x t ) =  (W0)Y 0x � t = 1 ;  (xsX 0W1) = x � sX 0 (W1) = 1 :

We now have:

q = LXqm Y R

= L 0r � 1
i xsXqm i Y xt r i R0

= L 0r � 1
i xsX 0X i qm i Yi Y 0x t r i R0

= L 0r � 1
i W � 1

1 X i qm i Yi W
� 1
0 r i R0

= L 0 (W1)� 1r � 1
i X i qm i Yi r i  (W0)� 1R0

= L 0 (W1)� 1Ui qn i Vi  (W0)� 1R0

= L 0x � sX 0Ui qn i Vi Y 0x � t R0:

Note that L 0x � s and x � t R0 are words onx; x � 1; r i ; r � 1
i ; i 2 I with N � 2 oc-

currences ofr i ; r � 1
i ; i 2 I . Hence, by induction hypothesis,X 0Ui qn i Vi Y 0 = q in

the semigroup S. Thus Xqm Y = X 0X i qm i Yi Y 0 = X 0Ui qn i Vi Y 0 = q in S, and
we have proved 1.

This completes our proof of Boone's Theorem 2.2.10. Thus we have proved
that the word problem for groups is unsolvable.

2.8 Some Re�nements

In this section we state without proof some re�nements of Theorem 2.2.12 con-
cerning unsolvability of the word problem for groups.

The following result is due to Higman. For a proof, see Aanderaa/Cohen [2]
or Rotman [12, Chapter 12] or Shoen�eld [13, Appendix].

Theorem 2.8.1 (Higman's Theorem). Let G = hA j Ri be a recursively
presented group, i.e.,A and R are recursive. ThenG is recursively embeddable
in a �nitely presented group.

This following result is due to C. Miller [8, Corollary 3.9]. The proof uses
Higman's Theorem.

Theorem 2.8.2 (C. Miller). We can construct a �nitely presented group
G such that G and all nontrivial quotient groups of G have unsolvable word
problem.

In another direction, let G = hA j Ri be a �nitely presented group, and
consider the following sets of words onA [ A � 1.

1. S1 = f W j W = 1 in Gg.

2. S2 = f W j W 6= 1 in some �nite homomorphic image of Gg.
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Remark 2.8.3. It is easy to see that S1 and S2 are disjoint and recursively
enumerable. Therefore, ifS1 and S2 are complementary (i.e., if G is residually
�nite ), then S1 and S2 are recursive. To say thatS1 is recursive means exactly
that the word problem for G is solvable.

The following result is due to Slobodskoi [17]. See also Kharlampovich [9].

Theorem 2.8.4 (Slobodskoi). We can construct a �nitely presented group G
such that both S1 and S2 are nonrecursive.

The following stronger result has been announced by Aanderaa [1].

Theorem 2.8.5 (Aanderaa). We can construct a �nitely presented group G
such that S1 and S2 are recursively inseparable.

2.9 Unsolvability of the Triviality Problem

In this section we consider group-theoretic problems of another kind, concerning
not just a single group, but rather a family of groups.

De�nition 2.9.1 (triviality problem). The triviality problem for groups is
as follows.

Given a �nitely presented group G = hA j Ri , to decide whetherG
is the trivial group, i.e., G = 1.

Note that this is a � 0
1 problem, becauseA is �nite, and G = 1 () 8 a 2 A 9n 9

�nite sequence of words such thata � W0 � R W1 � R � � � � R Wn � 1.

We shall show that the triviality problem for groups is unsolvable. This and
similar results (see Corollary 2.9.10 below) are due to Adian 1955 and Rabin
1958. It turns out that these results follow fairly easily from the unsolvability
of the word problem for groups.

Let G be a �xed, �nitely presented group. We reduce the word problem for
G to the triviality problem for �nite presented groups. The re duction is given
by the following de�nition and lemma.

De�nition 2.9.2. Let G = hA j Ri be a �xed, �nitely presented group. Given
a word W on A [ A � 1, let G0

W = hA0 j R0i , where A0 = A [ f x; y; zg, and R0

consists ofR plus the relations

(1) x � 1(W � 1y� 1W y)x = z� 1yz

(2) x � 2(yxy)x2 = z� 2yz2

(3) x � 3yx3 = z� 3(yzy)z3

(4) x � 3� i (yai y)x3+ i = z� 3� i yz3+ i ; 1 � i � n;

where A = f a1; : : : ; an g. Note that G0
W is a �nitely presented group.
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Lemma 2.9.3.

1. If W 6= 1 in G, then G embeds intoG0
W .

2. If W = 1 in G, then G0
W is trivial.

Proof. Assume �rst that W 6= 1 in G. Within the free product G � hx; y i ,
consider the subgroupH generated byy plus the left hand sides of equations
(1){(4). It is straightforward to check that H is free on these generators (use
Corollary 2.4.5). Similarly, in the free group hy; zi , consider the subgroupK
generated byy plus the right hand sides of (1){(4). Again, K is free on these
generators. Thus, there is an obvious isomorphism� : H �= K , and we have

G0
W

�= (G � hx; y i ) � � hy; zi ;

i.e., G0
W is the free product ofG � hx; y i and hy; zi with H and K amalgamated

via � . It follows that G ,! G � hx; y i ,! G0
W .

Now assumeW = 1 in G. Then W � 1y� 1W y = 1 in G0
W , hence by (1)y = 1.

Hence by (2) x = 1, by (3) z = 1, and by (4) ai = 1, 1 � i � n. We conclude
that G0

W = 1.

Theorem 2.9.4 (unsolvability of the triviality problem). The triviality
problem for �nitely presented groups is unsolvable.

Proof. Let G be a �nitely presented group such that word problem for G is
unsolvable. Then W = 1 in G if and only if G0

W is trivial. Thus the word
problem for G reduces to the triviality problem for �nitely presented gro ups.
Hence, the latter problem is unsolvable.

Using Theorem 2.9.4, S. Novikov has obtained the following undecidability
result in geometry. We state this result without proof.

Theorem 2.9.5 (S. Novikov). Fix n � 5. If M is a �nitely presented, com-
pact, connected,n-dimensional manifold without boundary, then it is undecid-
able whether M is di�eomorphic to the n-sphere,Sn . Instead of di�eomorphic,
we can say homeomorphic.

Remark 2.9.6. To each �nitely presented, connected manifoldM is associated
a �nitely presented group � 1(M ), the fundamental groupof M , consisting of the
homotopy classes of closed paths inM . It is well known that the fundamental
group of the n-sphere,Sn , is trivial. Conversely, there is a theorem of Smale
saying that, under certain circumstances, if the fundamental group of an n-
dimensional manifold M is trivial, then M �= Sn . Smale's result is used in
the proof of S. Novikov's result. For an exposition of the proof of S. Novikov's
result, see Nabutovsky [10, Appendix]. Nabutovsky has applied S. Novikov's
result to draw some purely geometrical consequences.

One easily generalizes Theorem 2.9.4 as follows.
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De�nition 2.9.7. Let P be a property of groups which is invariant under
isomorphism. We call P a Markov property if there exist �nitely presented
groups G1; G2 such that (1) G1 has property P, (2) for any group H � G2, H
does not have propertyP.

Examples 2.9.8. Let P = triviality, �niteness, Abelianness, solvability, nilpo -
tence, etc. Each of these properties is a Markov property.

Theorem 2.9.9 (Adian, Rabin). Let P be a Markov property. Given a
�nitely presented group H , it is undecidable whether H has property P.

Proof. Fix a �nitely presented group K with unsolvable word problem. Given
a word W in K , form the �nitely presented group

HW = G1 � (K � G2)0
W :

If W = 1 in K , then HW = G1 has property P. If W 6= 1 in K , then G2 ,!
K � G2 ,! (K � G2)0

W ,! HW , soHW does not have propertyP. Thus, the word
problem for K is reducible to the problem of deciding whether a given �nitely
presented group has propertyP. Hence, the latter problem is unsolvable.

Corollary 2.9.10. Given a �nite presented group H , it is undecidable whether
H is trivial, �nite, Abelian, solvable, nilpotent, etc.
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Chapter 3

Recursively Enumerable
Sets and Degrees

In this chapter we study the lattice of recursively enumerable sets of natural
numbers, under inclusion. We also study the partial ordering of degrees of
unsolvability of recursively enumerable sets of natural numbers, under Turing
reducibility. A standard reference for these subjects is Soare [18]. A useful
supplementary reference is Rogers [11].

3.1 The Lattice of R.E. Sets

The purpose of this section is to introduce the lattice of recursively enumerable
sets. We begin by reviewing some basic properties of �01 relations on N, the set
of natural numbers.

De�nition 3.1.1. Recall that R � Nk is recursive if the characteristic function
� R : Nk ! N, de�ned by � R (x1; : : : ; xk ) = 1 if R(x1; : : : ; xk ) holds, 0 otherwise,
is recursive.

De�nition 3.1.2. Recall that S � Nk is � 0
1 if

S = fhx1; : : : ; xk i 2 Nk j 9y R(x1; : : : ; xk ; y)g

where R � Nk+1 is recursive.

Remark 3.1.3. In our de�nition of S being � 0
1, instead of saying that R is

recursive, we could say thatR is primitive recursive. Also, by Theorem 1.2.7,
this is equivalent to S being � 1, i.e., we can say that R is � 0. Moreover,
by Matiyasevich's Theorem 1.3.2, this is equivalent to S being Diophantine.
However, we shall not make use of these results.

Proposition 3.1.4. S is recursive () S is � 0
1, i.e., S and : S are � 0

1.
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Proof. The =) direction is trivial. For the ( = direction, assume that S is � 0
1,

say

S(x1; : : : ; xk ) � 9 y R1(x1; : : : ; xk ; y); : S(x1; : : : ; xk ) � 9 y R2(x1; : : : ; xk ; y):

Let f (x1; : : : ; xk ) = the least y such that R1(x1; : : : ; xk ; y) _ R2(x1; : : : ; xk ; y).
Then f is a recursive function, andS(x1; : : : ; xk ) � R1(x1; : : : ; xk ; f (x1; : : : ; xk )),
henceS is recursive.

Proposition 3.1.5. If S1; S2 � Nk are � 0
1, then so areS1 [ S2 and S1 \ S2.

Proof. Let Si (x1; : : : ; xk ) � 9 y Ri (x1; : : : ; xk ; y), i = 1 ; 2, where R1; R2 are re-
cursive. We have

(S1 [ S2)(x1; : : : ; xk ) � 9 y (R1(x1; : : : ; xk ; y) _ R2(x1; : : : ; xk ; y))

and

(S1 \ S2)(x1; : : : ; xk ) � 9 y (R1(x1; : : : ; xk ; (y)1) ^ R2(x1; : : : ; xk ; (y)2))

so S1 [ S2 and S1 \ S2 are � 0
1.

The next proposition is known as the � 0
1 Uniformization Principle.

Proposition 3.1.6. Let S � Nk+1 be � 0
1. Then there is a partial recursive

function  : Nk P�! N such that

1.  (x1; : : : ; xk ) # () 9 y S(x1; : : : ; xk ; y),

2.  (x1; : : : ; xk ) # =) S(x1; : : : ; xk ;  (x1; : : : ; xk )).

Proof. Let S(x1; : : : ; xk ; y) � 9 z R(x1; : : : ; xk ; y; z) where R is recursive. Put
� (x1; : : : ; xk ) ' the least w such that R(x1; : : : ; xk ; (w)0; (w)1). Note that � is
a partial recursive function. Put  (x1; : : : ; xk ) ' (� (x1; : : : ; xk ))0.

Proposition 3.1.7.  : Nk P�! N is partial recursive () graph( ) is � 0
1.

Proof. ( =: If the graph of  is � 0
1, let S = graph(  ), and apply the previous

lemma to conclude that  is partial recursive.
=) : If  is partial recursive, let P be a program which computes . Then

 (x1; : : : ; xk ) ' ' (k )
e (x1; : : : ; xk ) where e = #( P). Thus  (x1; : : : ; xk ) ' y if

and only if

9n ((State(e; x1; : : : ; xk ; n))0 = 0 ^ (State(e; x1; : : : ; xk ; n)) k+1 = y)

where the State function is primitive recursive. (See the Math 558 notes [14].)
Thus graph( ) is � 0

1.

Proposition 3.1.8. S � Nk is � 0
1 if and only if S = domain(  ) for some partial

recursive function  : Nk P�! N.
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Proof. If S is � 0
1, say S(x1; : : : ; xk ) � 9 y R(x1; : : : ; xk ; y) where R is recursive,

then we may take  (x1; : : : ; xk ) ' the least y such that R(x1; : : : ; xk ; y), and
clearly this is partial recursive. Conversely, if is partial recursive, say = ' (k )

e ,
then the domain of  is fhx1; : : : ; xk i 2 Nk j 9n (State(e; x1; : : : ; xk ; n))0 = 0 g
which is clearly � 0

1.

The next proposition is known as the � 0
1 Reduction Principle.

Proposition 3.1.9. If S1; S2 � Nk are � 0
1, then we can �nd � 0

1 setsS0
1; S0

2 � Nk

such that S0
1 � S1, S0

2 � S2, S0
1 [ S0

2 = S1 [ S2, and S0
1 \ S0

2 = ; .

Proof. SinceS1 and S2 are � 0
1, we can express them as

S1(x1; � � � ; xk ) � 9 y R1(x1; : : : ; xk ; y); S2(x1; : : : ; xk ) � 9 y R2(x1; � � � ; xk ; z)

where R1; R2 are recursive. De�ne S0
1 and S0

2 by

S0
1(x1; : : : ; xk ) � 9 y [ R1(x1; : : : ; xk ; y) ^ : 9 z < y R 2(x1; : : : ; xk ; z) ] ;

S0
2(x1; : : : ; xk ) � 9 y [ R2(x1; � � � ; xk ; z) ^ : 9 z � y R1(x1; : : : ; xk ; z) ] :

Clearly this works. Note the similarity to the proof of Rosser's Theorem.

Corollary 3.1.10. If P1; P2 � Nk are � 0
1, and if P1 \ P2 = ; , then there is a

recursiveR � Nk such that P1 � R and P2 \ R = ; .

Proof. Let S1 = Nk nP1, S2 = Nk nP2, and apply the Reduction Principle 3.1.9.
Then S0

1 [ S0
2 = S1 [ S2 = Nk , S0

1 \ S0
2 = ; , hence by Proposition 3.1.4S0

1; S0
2

are recursive. SetR = S0
2.

Remark 3.1.11. The previous corollary is known as the � 0
1 Separation Prin-

ciple. On the other hand, there is no � 0
1 Separation Principle, as shown by the

next proposition.

De�nition 3.1.12. S1; S2 � Nk are said to berecursively inseparableif there
is no recursiveR � Nk such that S1 � R and R \ S2 = ; .

Proposition 3.1.13. We can �nd � 0
1 sets B1; B2 � N such that B1 \ B2 = ;

and B1; B2 are recursively inseparable.

Proof. Put B i = f e j ' (1)
e (e) ' i g for i = 1 ; 2. Clearly B1 \ B2 = ; and B1; B2

are � 0
1. If B1; B2 were recursively separable, letf : N ! f 1; 2g be recursive such

that f (e) = 2 for all e 2 B1, and f (e) = 1 for all e 2 B2. Since f is recursive,
f = ' (1)

e for somee. If f (e) = 1, then ' (1)
e (e) = 1, which implies e 2 B1, which

implies f (e) = 2, a contradiction. The contradiction is similar if we assume
f (e) = 2. Thus B1; B2 are recursively inseperable.

We now introduce the lattice of recursively enumerable sets.

De�nition 3.1.14 (recursively enumerable sets). Let A be a subset ofN.
We say that A is recursively enumerable, abbreviated r.e., if it is either empty
or the range of a recursive functionf : N ! N.
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Theorem 3.1.15. A is recursively enumerable () A is � 0
1. Moreover, if

A is recursively enumerable and in�nite, then A is the range of a one-to-one
recursive function.

Proof. Let A = range(f ) where f : N ! N is recursive. Then x 2 A ()
9w f (w) = x and this is � 0

1. Now assume that A is in�nite and � 0
1, say A =

f x j 9y R(x; y)g where R recursive. Put

B = f 2x 3y j R(x; y) ^ : 9 z < y R (x; z)g:

Then B is in�nite and recursive. De�ne � B : N ! N by � B (n) = the nth
smallest element ofB . This is known as the principal function of B . Clearly
� B is recursive, since we can obtain it by recursion as� B (0) = least element of
B , � B (n + 1) = least w 2 B such that w > � B (n). Now, let f (n) = ( � B (n))0.
Clearly f is one-to-one and recursive, and range(f ) = A.

The previous theorem says that r.e. sets are the same thing as� 0
1 sets. Thus

we have the following properties of r.e. sets.

Theorem 3.1.16.

1. Let A1; A2 � N be recursively enumerable. Then we can �nd recursively
enumerable setsA0

1 � A1, A0
2 � A2 such that A0

1 [ A0
2 = A1 [ A2 and

A0
1 \ A0

2 = ; .

2. We can �nd recursively enumerable setsB1; B2 � N such that B1 \ B2 = ;
and B1; B2 are recursively inseparable.

Proof. Part 1 is a special case of the Reduction Principle 3.1.9. Part 2 is a
restatement of Proposition 3.1.13.

An algebraic context for results of this kind is lattice theory.

De�nition 3.1.17 (lattices). A lattice is a partially ordered set L = ( L ; � ) in
which any two elements have a least upper bound and a greatestlower bound.

Examples 3.1.18. We consider two familiar examples of lattices.

1. Consider the set of positive integers partially ordered by divisibility, i.e.,
a � b () a divides b. This is a lattice. The l.u.b. and g.l.b. operations
are just LCM and GCD.

2. Let X be a set. The powersetP(X ) = f Y j Y � X g is a lattice under
inclusion, i.e., Y � Z () Y � Z . The l.u.b. and g.l.b. operations are
given by [ and \ .

De�nition 3.1.19 (the lattice of r.e. sets). We write

E = f A � N j A is recursively enumerableg:

By Proposition 3.1.5, E is a lattice under inclusion. The l.u.b. and g.l.b. opera-
tions are given by [ and \ . We refer to E as the lattice of r.e. sets.
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De�nition 3.1.20 (lattice terminology). In an abstract lattice-theoretic
context, the lattice operations l.u.b. and g.l.b. may be denoted _ and ^ respec-
tively. If L is any lattice, we say that L is distributive if the laws a ^ (b_ c) =
(a^ b) _ (a^ c) and a_ (b^ c) = ( a_ b) ^ (a_ c) hold. All of the lattices considered
in this chapter are distributive.

If a lattice L has a bottom element and a top element, they are denoted 0
and 1 respectively. For example,P(X ) and E are lattices with 0 and 1. The
lattice of positive integers under divisibility has 0 but no 1.

Let L be a distributive lattice with 0 and 1. An element a 2 L is said to
be complementedwithin L if there exists b 2 L (necessarily unique) such that
a ^ b = 0 and a _ b = 1. The whole lattice L is said to be complemented if
every element ofL is complemented within L . For example, the lattice P(X ) is
complemented. ABoolean algebrais de�ned to be a complemented distributive
lattice. Thus P(X ) is a Boolean algebra, butE is not.

Remark 3.1.21. Let A 2 E be an r.e. set. By Proposition 3.1.4,A is com-
plemented within E if and only if A is recursive. Since nonrecursive r.e. sets
exist, it follows that the lattice E is noncomplemented. Theorem 3.1.16 above
expresses further lattice-theoretic properties ofE.

Remark 3.1.22. Later in this chapter (Sections 3.6 and 3.7), we shall prove
the following two theorems of Friedberg, which express yet more lattice-theoretic
properties of E. This is the beginning of a large subject.

1. If A � N is r.e. and not recursive, then we can �nd nonrecursive r.e. sets
B1; B2 such that A = B1 [ B2 and B1 \ B2 = ; . (Furthermore, we can
demand that B1; B2 are recursively inseparable. According to Rogers [11,
Exercise 12.21], this re�nement is due to K. Ohashi.)

2. We can �nd a nonrecursive r.e. setA � N such for any r.e. setB � A,
either B nA is �nite or NnB is �nite. Such an r.e. set A is called amaximal
r.e. set.

3.2 Many-One Completeness

A useful way to compare the recursion-theoretic complexityof subsets ofN,
whether recursively enumerable or not, is via many-one reducibility.

De�nition 3.2.1 (many-one reducibility). Let A; B � N. We say that A
is many-one reducible to B , abbreviated A � m B , if there exists a recursive
function f : N ! N such that 8x (x 2 A () f (x) 2 B ).

De�nition 3.2.2 ( m-completeness). An r.e. set C is said to be many-one
complete if, for all r.e. sets A, A � m C. We sometimes writem-complete as an
abbreviation for many-one complete.

Example 3.2.3. The most straightforward example is as follows. Let

C = f 2e3x j ' (1)
e (x) # g:
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Clearly C is � 0
1, hence r.e. We claim thatC is many-one complete. To see this,

let A be an r.e. set. By Proposition 3.1.8, let (x) be a partial recursive function
such that A = domain(  ). Let e be an index of  , i.e., the G•odel number of a
program which computes . (Using a notation to be introduced later, we can
write A = We, i.e., e is an index of A.) For all x 2 N we have (x) ' ' (1)

e (x),
hencex 2 A ()  (x) # () ' (1)

e (x) # () 2e3x 2 C. Thus A � m C via
the primitive recursive function f (x) = 2 e3x . We have now shown that C is
m-complete.

In addition, we have the following examples.

Examples 3.2.4. Recall from Math 558 [14] the sets

H = f e 2 N j ' (1)
e (0) #g = the halting set

and
K = f e 2 N j ' (1)

e (e) # g = the diagonal halting set :

Clearly H and K are � 0
1, hence r.e.

Proposition 3.2.5. H and K are many-one complete.

Proof. Recall the Parametrization Theorem, which reads as follows. Given a
partial recursive function � (x; y), we can �nd a primitive recursive function
f (x) such that ' (1)

f (x ) (y) ' � (x; y) for all x; y. (For a proof of the Parama-
trization Theorem, see the Math 558 notes [14].) Given an r.e. set A, consider
the partial recursive function � (x; y) ' 1 if x 2 A, unde�ned otherwise. Ap-
ply the Parametrization Theorem to get a primitive recursiv e function f (x)
such that, for any y, ' (1)

f (x ) (y) # () x 2 A. Setting y = 0, we see that
x 2 A () f (x) 2 H . Setting y = f (x), we see that x 2 A () f (x) 2 K .
Thus A � m H and A � m K via f .

Examples 3.2.6. In Chapters 1 and 2 we considered several mathematical
problems including Hilbert's Tenth Problem, the Word Probl em for groups,
and the Triviality Problem for groups. We pointed out that th ese each of these
problems is � 0

1, i.e., recursively enumerable, and we proved that each of them
is unsolvable, i.e., nonrecursive. More precisely, we showed how to many-one
reduce the halting set H (or any other r.e. set) to each of them, via explicitly
speci�ed, primitive recursive functions. In particular, e ach of these problems is
not only unsolvable but also many-one complete.

In a similar vein, one can show that many other well known unsolvable
problems such as the Validity Problem for the predicate calculus, the Decision
Problem for Z1 (= �rst-order arithmetic), etc., are r.e. and many-one comp lete.
It follows that each of these problems is many-one reducibleto any of the others.
In this sense, all of these problems are equivalent, i.e., they are all equally
unsolvable.
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Remark 3.2.7. Later in this chapter (see Sections 3.10{3.16), we shall study
the general concept ofdegrees of unsolvability, due to Turing. From this point
of view, the upshot of our examples above is that a great many unsolvable
problems including the Halting Problem, Hilbert's Tenth Pr oblem, the Word
Problem for groups, the Validity Problem for predicate calculus, etc., are all of
the same degree of unsolvability.

3.3 Creative Sets

In this section we de�ne an interesting class of r.e. sets, the creative sets. We
then prove a theorem due to Myhill 1955, which says that an r.e. set is creative
if and only if it is many-one complete.

Notation 3.3.1. Let

We = domain( ' (1)
e ) = f x 2 N j ' (1)

e (x) # g:

By Proposition 3.1.8, the sequenceWe, e = 0 ; 1; 2; : : : is an enumeration of all
the r.e. sets. We refer to this as thestandard enumeration of the r.e. sets. Given
an r.e. setA, an index or r.e. index of A is any e 2 N such that A = We. Clearly
any r.e. set has in�nitely many indices.

De�nition 3.3.2 (creative sets). An r.e. set C is said to becreative if there
exists a partial recursive function  (e) such that for all e, if We \ C = ; , then
 (e) # and  (e) =2 We [ C. We call  a creative function for C.

Proposition 3.3.3. If C is creative, then C is not recursive.

Proof. If C were recursive, thenN n C would be recursively enumerable, say
NnC = We. Then We \ C = ; , hence (x) # and  (e) =2 We [ C, a contradiction
sinceWe [ C = N.

Remark 3.3.4. We have just proved that creative sets are nonrecursive. In
addition, we can say that a creative setC is \e�ectively nonrecursive." By this
we mean that C is r.e. and nonrecursive and furthermore, the nonrecursiveness
holds because of a computable function (e) which e�ectively provides a witness
for the fact that We is not the complement ofC, for all r.e. sets We.

Example 3.3.5. The diagonal halting set K of Example 3.2.4 is creative.
Namely, a creative function for K is the identity function,  (e) = e for all
e. To see this, note that by de�nition K = f e j e 2 Weg. Hence, for all e, if
We \ K = ; , then e =2 We and e =2 K .

Exercise 3.3.6. Show that the r.e. setsC and H of Examples 3.2.3 and 3.2.4
are creative.

Exercise 3.3.7. Consider the set of G•odel numbers of sentences which are prov-
able in the theory Z1, �rst-order arithmetic, a.k.a., Peano Arithmetic. Show
that this set is creative. Instead of Z1, we could use any recursively axiomatiz-
able theory to which Rosser's Theorem applies.
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Theorem 3.3.8. Let A and B be r.e. sets. IfA is creative andA � m B , then
B is creative.

Proof. Assume that A is creative via  , and assume thatA � m B via f . By the
Parametrization Theorem, let h(x) be a primitive recursive function such that
' (1)

h(x ) (y) ' ' (1)
x (f (y)) for all x; y. It follows that Wh(e) = f � 1(We) for all e.

Now, if We \ B = ; , then Wh(e) \ A = ; , hence (h(e)) # and  (e) =2 Wh(e) [ A,
hencef ( (h(e))) =2 We [ B . Thus, a creative function for B is given by e 7!
f ( (h(e))).

Corollary 3.3.9. Let C be an r.e. set. IfC is m-complete, then C is creative.

Proof. We have already seen that creative r.e. sets exist. For example, we have
seen that K is creative. If C is m-complete, then K � m C, hence by the
previous theoremC is creative.

Our next goal is to prove the converse: ifC is creative, thenC is m-complete.

Lemma 3.3.10. If C is creative, then we can �nd a total recursive function
p(e) which is a creative function for C.

Proof. Let  (e) be a creative function for A which is partial recursive. Consider
the � 0

1 predicate
S(e; x) �  (e) ' x _ We \ C 6= ; :

Clearly 8e9x S(e; x). By � 0
1 uniformization (Proposition 3.1.6), we can �nd a

total recursive function p(e) such that 8e S(e; p(e)) holds. Then p(e) is a total
creative function for C.

In order to prove that creative sets are m-complete, we need a mysterious
and powerful theorem known as the Recursion Theorem.

Theorem 3.3.11 (Recursion Theorem). Let � (w; x1; : : : ; xk ) be a partial
recursive function. Then we can �nd e such that

' (k )
e (x1; : : : ; xk ) ' � (e; x1; : : : ; xk )

for all x1; : : : ; xk .

Example 3.3.12. We can �nd an e such that ' (1)
e (x) = e + x for all x. In

particular, ' (1)
e (0) = e, i.e., e is the G•odel number of a program which outputs

e. Thus, there is a program which outputs its own G•odel number.

Actually, we need an even more powerful result, namely a uniform version
of the Recursion Theorem. Here \uniform" means \parametrized."

Theorem 3.3.13 (Uniform Recursion Theorem). Let � (w; y; x1; : : : ; xk )
be a partial recursive function. Then we can �nd a primitive r ecursive function
h(y) such that

' (k )
h(y ) (x1; : : : ; xk ) ' � (h(y); y; x1; : : : ; xk )

for all y; x1; : : : ; xk .
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Example 3.3.14. We can �nd a primitive recursive function h(y) such that
' (1)

h(y ) (x) ' h(y) + y + x for all y; x.

Remark 3.3.15. The Recursion Theorem follows easily from the Uniform Re-
cursion Theorem, by treating the parameter y as a dummy variable.

Proof of the Uniform Recursion Theorem. We are given a partial recursive func-
tion � (w; y; x1; : : : ; xk ). Use the Parametrization Theorem to �nd a primitive
recursive function f (w; y) such that

' (k )
f (w;y ) (x1; : : : ; xk ) ' � (w; y; x1; : : : ; xk )

for all y; x1; : : : ; xk . In the same way, �nd a primitive recursive function d(z)
such that

' (k )
d(z) (x1; : : : ; xk ) ' ' (k )

' (1)
z (z)

(x1; : : : ; xk )

for all z; x1; : : : ; xk . Here the expression on the right hand side is assumed to
be unde�ned, if ' (1)

z (z) is unde�ned. Finally, let g(y) be a primitive recursive
function such that

' (1)
g(y ) (z) ' f (d(z); y)

for all y; z. We then have

' (k )
d(g(y )) (x1; : : : ; xk ) ' ' (k )

' (1)
g ( y ) (g(y ))

(x1; : : : ; xk )

' ' (k )
f (d(g(y )) ;y ) (x1; : : : ; xk )

' � (d(g(y)) ; y; x1; : : : ; xk )

so we may seth(y) = d(g(y)).

We are now ready to prove the following result of Myhill.

Theorem 3.3.16. An r.e. set is creative if and only if it is many-one complete.

Proof. We have already seen in Corollary 3.3.9 thatm-complete sets are cre-
ative. It remains to prove that creative sets arem-complete. Let C be a creative
set. By Lemma 3.3.10, letp(e) be a total recursive function which is a creative
function for C. Let A be any r.e. set. We wish to show thatA � m C. Consider
the partial recursive function � (w; y; x) ' 1 if p(w) = x and y 2 A, unde�ned
otherwise. By the Uniform Recursion Theorem, leth(y) be a primitive recursive
function such that ' (1)

h(y ) (x) ' � (h(y); y; x) for all y; x. Thus Wh(y) = f p(h(y))g
if y 2 A, and Wh(y) = ; if y =2 A. For y 2 A we havep(h(y)) 2 Wh(y) , hence
Wh(y) \ C 6= ; , hence p(h(y)) 2 C. For y =2 A we have Wh(y) = ; , hence
p(h(y)) =2 C. Thus A � m C via the total recursive function f (y) = p(h(y)).
This shows that C is m-complete.
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Myhill 1955 has also obtained the following result, which says that any two
creative sets (or equivalently, m-complete sets) arerecursively isomorphic to
each other.

Theorem 3.3.17. If C1 and C2 are creative sets, then there is a total recursive
function � : N 1-1 onto�! N such that � (C1) = C2. Note that � is a recursive
permutation of the natural numbers.

Proof. We omit the proof.

Remark 3.3.18. Using Myhill's results, we see that all of the speci�c, non-
recursive r.e. sets mentioned in Section 3.2 are not only of the same degree of
unsolvability, but also recursively isomorphic to each other.

3.4 Simple Sets

All of the nonrecursive r.e. sets which we have encountered so far are many-one
complete, and hence creative. Nevertheless, there exist nonrecursive r.e. sets
which are not creative. We now show one method for constructing such sets.

De�nition 3.4.1 (simple sets). An r.e. set A is said to besimple if its com-
plement

A = : A = N n A

is in�nite yet does not include an in�nite r.e. set.

Clearly a simple set cannot be recursive, because by Proposition 3.1.4 the
complement of a recursive set is r.e.

Theorem 3.4.2. There exists a simple set.

Proof. Consider the � 0
1 relation

S(e; x) � x > 2e and x 2 We :

By � 0
1 uniformization, let  (e) be a partial recursive function which uniformizes

S(e; x). In particular, if We is in�nite, then  (e) # and  (e) > 2e. Let A be the
range of  . Thus A is an r.e. set which has nonempty intersection with every
in�nite r.e. set. To prove that A is simple, it remains to show that A is in�nite.
This is so becausejA \ f 0; 1; : : : ; 2xgj � x for all x, which follows from the fact
that each element ofA \ f 0; 1; : : : ; 2xg is of the form  (e) for some e < x .

Theorem 3.4.3. A creative set is not simple.

Proof. Let C be a creative set, and letp be a creative function for C. By the
Parametrization Theorem, let f (e; x) be a primitive recursive function such that
that Wf (e;x ) = We [ f xg for all e; x. Let e0 be an index of the empty set, i.e.,
We0 = ; . Extend this to a recursive sequence of indicese0; e1; e2; : : : by putting
en +1 = f (en ; p(en )) for all n. By induction we have

Wen = f p(e0); p(e1); : : : ; p(en � 1)g
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and Wen \ C = ; , hencep(en ) # and p(en ) =2 Wen [ C, for all n. Thus

f p(e0); p(e1); : : : ; p(en ); : : :g

is an in�nite r.e. subset of C. HenceC is not simple.

Corollary 3.4.4. There exist nonrecursive r.e. sets which are not creative,
hence not many-one complete.

3.5 Lattice-Theoretic Properties

De�nition 3.5.1. A property of r.e. sets is said to belattice-theoretic if it is
de�nable over the E, the lattice of r.e. sets.

Remark 3.5.2. In the previous de�nition, we could have used any of the lan-
guagesf\ ; [ ; �g or f\ ; [g or f�g or f\g or f[g for E, without changing which
properties of r.e. sets are de�nable overE. This is because

A � B � A [ B = B � A \ B = A

and

A [ B = the unique C such that 8D (C � D , (A � D ^ B � D))

and

A \ B = the unique C such that 8D (C � D , (A � D ^ B � D)) :

Moreover, the top and bottom elementsN and ; and the equality relation = for
the lattice E are de�nable in any of these languages.

Examples 3.5.3. The following properties of r.e. sets are lattice-theoretic.

1. A is recursive () A is complemented, i.e.,

9B (A [ B = N and A \ B = ; ).

2. A is �nite () 8 B (A \ B is recursive).

3. A is simple () A nonrecursive and8B (B in�nite ) A \ B 6= ; ).

4. A and B are recursively inseparable()

: 9 R (R recursive^ A � R ^ R \ B = ; ).

Here of course the quanti�ers range overE.

The following surprising theorem is due to Harrington.

Theorem 3.5.4. An r.e. set A is creative if and only if

(9C � A) (8B � C) (9R) [ R recursive,R \ C nonrecursive,R \ A = R \ B ]

where the quanti�ers range over E. Thus, the property of being creative is
lattice-theoretic.

Proof. We omit the proof.
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3.6 The Friedberg Splitting Theorem

The purpose of this section is to prove the following splitting theorem, due
essentially to Friedberg but with a small re�nement due to Ohashi. We have
previously stated this result as the �rst item in Remark 3.1.22.

Theorem 3.6.1. Let A be a nonrecursive r.e. set. Then we can �nd r.e. sets
B1; B2 such that A = B1 [ B2, B1 \ B2 = ; , and B1; B2 are recursively insepa-
rable. It follows that B1 and B2 are nonrecursive.

Remark 3.6.2. Note that this statement is lattice-theoretic.

In order to present the proof, we �rst introduce some notation.

Notation 3.6.3 (�nite approximation). Recall from the Math 558 notes
[14] that ' (1)

e (x) ' y if and only if

9n [ (State(e; x; n))0 = 0 ^ (State(e; x; n))2 = y ] :

We now introduce the �nite approximation ' (1)
e;s (x) ' y if and only if

e; x; y < s ^ 9 n < s [ (State(e; x; n))0 = 0 ^ (State(e; x; n))2 = y ] :

Note that the 4-place relation ' (1)
e;s (x) ' y and the 3-place relation' (1)

e;s (x) # are
primitive recursive, and ' (1)

e;s (x) ' y implies e; x; y < s . Moreover,

' (1)
e (x) ' y () 9 s ' (1)

e;s (x) ' y ;

and
' (1)

e (x) # () 9 s ' (1)
e;s (x) # :

In addition, there is a monotonicity property:

(' (1)
e;s (x) ' y ^ s < t ) ) ' (1)

e;t (x) ' y :

Recall also Notation 3.3.1, according to whichWe = domain( ' (1)
e ). We now

introduce the �nite approximation

We;s = domain( ' (1)
e;s ) :

Again, the 3-place relationx 2 We;s is primitive recursive, and x 2 We;s implies
x; e < s . Moreover We =

S
s We;s . Also, s < t implies We;s � We;t .

We now prove the Friedberg Splitting Theorem.

Proof of Theorem 3.6.1. We are given a nonrecursive r.e. set,A. Let f : N ! N
be a one-to-one, total recursive function such thatA = range(f ). De�ne As =
f f (0); : : : ; f (s � 1)g. We have A =

S
s As . Also s < t implies As � A t .

For each e 2 N and i = 1 ; 2 there will be a requirement
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R2e+ i : B i \ We 6= ; \if possible."

We order these requirements as

R1; R2; : : : ; R2e+1 ; R2e+2 ; : : :

where lowered numbered requirements will receive higher priority.
The construction will consist of a de�nition of a recursive function

g : N ! f 1; 2g :

At stage s + 1 we shall de�ne g(s) = 1 or g(s) = 2. We shall then de�ne

B s+1
1 = f f (n) j n � s; g(n) = 1 g; B s+1

2 = f f (n) j n � s; g(n) = 2 g;

beginning with B 0
1 = B 0

2 = ; . At the end of the construction we shall de�ne

B1 =
[

s

B s
1 = f f (n) j g(n) = 1 g; B2 =

[

s

B s
2 = f f (n) j g(n) = 2 g:

Obviously B1; B2 will be r.e. sets, becauseg is recursive. Moreover, this method
of construction automatically guarantees that A = B1 [ B2 and B1 \ B2 = ; .

The details of the construction are as follows.
Stage 0. B 0

1 = B 0
2 = ; .

Stage s+1. At this stage we de�ne g(s), i.e., we decide whetherf (s) goes
into B1 or into B2. Let es be the least e such that f (s) 2 We;s and either
B s

1 \ We;s = ; or B s
2 \ We;s = ; . If es is unde�ned, or if B s

1 \ We;s = ; , then
de�ne g(s) = 1, i.e., put f (s) into B1, i.e., B s+1

1 = B s
1 [ f f (s)g, B s+1

2 = B s
2 .

Otherwise, de�ne g(s) = 2, i.e., put f (s) into B2, i.e., B s+1
2 = B s

2 [ f f (s)g,
B s+1

1 = B s
1 .

Note that, by construction, es takes on each possible value at most twice, so
lim s es = 1 .

We claim that the construction gives r.e. setsB1; B2 which are recursively
inseparable. To see this, assume for a contradiction thatR is a recursive set
separating B1; B2. We have B1 � R and B2 \ R = ; . Let e and k be such that
We = R and Wk = N n R. Then B1 \ Wk = ; and B2 \ We = ; . Hence for all s
we haveB s

1 \ Wk;s = ; and B s
2 \ We;s = ; . For all su�ciently large s we have

es > e and es > k , hence by constructionf (s) =2 We;s [ Wk;s . Thus, there is a
�nite set F such that (8x 2 A n F ) 9s (x 2 As+1 n (We;s [ Wk;s )). On the other
hand, it is obvious that ( 8x 2 N n A) 9s (x 2 (We;s [ Wk;s ) n As+1 ). HenceA is
recursive, a contradiction. This completes the proof.

3.7 Maximal Sets

De�nition 3.7.1 (maximal sets). An r.e. set A � N is said to bemaximal if

1. A = N n A is in�nite, yet

2. 8 r.e. B � A, either B n A or N n B is �nite.

56



Remark 3.7.2. Maximality is a lattice-theoretic property. It is equivale nt to
A being a maximal element of the latticeE� = E=f �nite sets g.

Remark 3.7.3. If A is maximal, then A is simple. This is easily proved.

The following theorem is due to Friedberg. We have already stated this as
item 2 in Remark 3.1.22.

Theorem 3.7.4. There exists a maximal set.

Remark 3.7.5 (movable markers). In our construction of a maximal set A,
we shall haveA =

S
s As where

A0 � A1 � � � � � As � � � �

and eachAs is �nite. Here A0; A1; : : : ; As; : : : will be a recursive sequence of
�nite sets. We shall write as

n = the nth element of As, i.e.,

As = f as
0 < a s

1 < � � � < a s
n < � � � g :

In addition, we shall have an = lim s as
n = the nth element of A, so that

A = f a0 < a 1 < � � � < a n < � � � g :

A construction with these general features is known as amovable marker con-
struction. We think of as

n as the position of the nth marker at stage s. Since
As � As+1 , we haveas+1

n = as
j for somej � n. This means that, whenever a

marker is moved, it always lands on a position that was previously occupied by
another marker. The fact that an = lim s as

n < 1 means that the nth marker is
moved only �nitely many times, and its �nal position is an .

De�nition 3.7.6 ( e-states). We de�ne � (e; x; s) = the e-state of x at stage
s. This is de�ned by � (e; x; s) = hk0; k1; : : : ; kei , where ki = 1 if x 2 Wi;s , and
ki = 0 otherwise. In addition, we de�ne � (e; x) = lim s � (e; x; s) = the �nal
e-state of x.

Remark 3.7.7. The e-states are a bookkeeping device. Our strategy will be
to maximize the �nal e-state of ae with respect to the lexicographic ordering of
e-states. This ordering is de�ned by putting

hk0; k1; : : : ; kei < lex hl0; l1; : : : ; lei

if and only if there exists i � e such that k0 = l0; : : : ; ki � 1 = l i � 1; ki < l i .

We now prove Theorem 3.7.4.

Proof. Our construction is as follows.
Stage 0. Put A0 = ; , and a0

e = e for all e.
Stage s+1. We haveAs = f as

0 < a s
1 < � � � < a s

e < � � � g. Choose the leaste
such that � (e; as

e; s) < lex � (e; as
j ; s) for some j > e . For this e, choose the least

such j . Put As+1 = As [ f as
e; as

e+1 ; : : : ; as
j � 1g. If there is no suche, do nothing,

i.e., As+1 = As .
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Remark 3.7.8. By construction, as
i � as+1

i for all i . If no e is chosen at stage
s + 1, then as

i = as+1
i for all i . If e is chosen at stages + 1, then as

i = as+1
i for

all i < e , and as
j < a s+1

j for all j � e, and � (e; as
e; s) < lex � (e; as+1

e ; s + 1).

Remark 3.7.9. Clearly the construction is primitive recursive, and A =
S

s As

is an r.e. set. The idea behind the construction is that for each index i we have
a requirement

Ri : for all e � i , ae 2 Wi \if possible,"

with priority i . Lower numbered requirements receive higher priority, embodied
in the lexicographic ordering of e-states.

Lemma 3.7.10. For all e, ae = lim s as
e exists and is �nite, i.e., the eth marker

moves only �nitely many times.

Proof. By induction on e, let s1 be such that 8s > s 1 8i < e (as
i = as+1

i ). It
follows that 8s � s1 8i < e (i was not chosen at stages+1). Hence, for everys �
s1, if as

e < a s+1
e then e was chosen at stages+1, and � (e; as

e; s) < lex � (e; as+1
e ; s).

Since there are only 2e+1 e-states, it follows that f s � s1 j as
e < a s+1

e g is of
cardinality < 2e+1 . This proves our lemma.

Because of the previous lemma, we now know that

A = f a0 < a 1 < � � � < a e < � � � g

is in�nite.

Lemma 3.7.11. : 9 e9j (e < j ^ � (e; ae) < lex � (e; aj )).

Proof. Suppose not, i.e.,e < j and � (e; ae) < lex � (e; aj ). By Lemma 3.7.10, for
all su�ciently large s and all i � j we haveas

i = ai and � (e; ai ; s) = � (e; ai ).
In particular as

e = ae and � (e; as
e; s) = � (e; ae) < lex � (e; aj ) = � (e; as

j ; s). Hence
somei � e must have been chosen at stages + 1, hence as

e < a s+1
e , and this is

a contradiction.

Lemma 3.7.12. 8e(We \ A or W e \ A is �nite ).

Proof. By induction on e, we have8k < e (Wk \ A or W k \ A is �nite), i.e.,
� (e� 1; ai ) = � (e� 1; aj ) for all su�ciently large i and j . If We\ A and W e\ A are
both in�nite, there exist i and j such that e � i < j and � (e� 1; ai ) = � (e� 1; aj )
and ai =2 We and aj 2 We. It follows that � (i; a i ) < lex � (i; a j ), contradicting
Lemma 3.7.11.

This completes the proof of Theorem 3.7.4.
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3.8 The Owings Splitting Theorem and its Con-
sequences

Remark 3.8.1. Recall from De�nition 3.1.20 that a Boolean algebrais a com-
plemented distributive lattice with 0 and 1. We state withou t proof the following
well known algebraic facts.

1. Every distributive lattice with 0 and 1 is a sublattice of a Boolean algebra
with the same 0 and 1.

2. Every Boolean algebra is isomorphic to a subalgebra of theBoolean alge-
bra (P(X ); [ ; \ ; ; ; X ), where X is a set.

3. Every �nite Boolean algebra is isomorphic to P(f 1; : : : ; ng) for some n,
hence is of cardinality 2n .

On the other hand, there are plenty of distributive lattices with 0 and 1 which
are not complemented, i.e., not Boolean algebras. Examplesare: (1) any linear
ordering with a bottom element 0 and a top element 1 and at least one additional
element; (2) the lattice of functions [0; 1]X for any nonempty set X . Here [0; 1]
is the unit interval in the real line.

Recall that E, the lattice of r.e. sets, is a distributive lattice with 0 and
1. It is not a Boolean algebra, because there exist nonrecursive r.e. sets. The
Friedberg Splitting Theorem says:

If A 2 E is nonrecursive, then there exist nonrecursiveB1; B2 2 E
such that B1 [ B2 = A and B1 \ B2 = ; .

We now consider some closely related lattices.

De�nition 3.8.2. We de�ne

E� = E=f �nite sets g :

Like E, E� is a distributive lattice with 0 and 1 and is not a Boolean algebra.
Unlike E, E� is atomless, i.e.,

8a 2 E � (a > 0 ) 9 b 2 E � (a > b > 0)) :

De�nition 3.8.3. Let C be a �xed r.e. set. We de�ne

E(C) = f A 2 E j A � Cg;

the lattice of r.e. supersets ofC. Again, E(C) is a distributive lattice, with
0 = C and 1 = N. Note that there is a lattice homomorphism E ! E (C) given
by A 7! A [ C. This homomorphism is a retraction. We de�ne

E� (C) = E(C)=f �nite sets g :

This is again a distributive lattice with 0 and 1.
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Examples 3.8.4.

1. If C is co�nite, then jE� (C)j = 1. This is a degenerate case, which we
shall ignore.

2. If C is a maximal set, thenE(C) = f C [ F; C [ (N� F ) j F is �nite g. Hence
E� (C) = the 2-element Boolean algebraf 0; 1g. In fact, this property is
equivalent to maximality of C.

3. Let C = C1 \ C2 whereC1; C2 are maximal sets such thatC1 [ C2 = N, e.g.,
C1 � f evensg and C2 � f oddsg. Then E� (C) = the 4-element Boolean
algebra f 0; c1; c2; 1g. Here c1 and c2 are the equivalence classes ofC1 and
C2 modulo �nite sets.

4. Similarly let C = C1 \ � � � \ Cn where Ci is maximal and C i , i = 1 ; � � � n
are pairwise disjoint. Then E� (C) = the 2 n -element Boolean algebra.

5. In the same vein, there exist r.e. setsC such that E� (C) is an in�nite
Boolean algebra. This Boolean algebra can be atomless or non-atomless,
depending onC.

6. If C is a coin�nite r.e. set which is not simple (e.g.,C = ; , or C creative),
then the lattices E(C) and E� (C) are not Boolean algebras.

Exercise 3.8.5. Show that E(C) is a Boolean algebra if and only ifE� (C) is a
Boolean algebra.

Remark 3.8.6. As we have just seen,E(C) and E� (C) can look quite di�erent
from E and E� . Nevertheless, the Friedberg Splitting Theorem generalizes to
E(C). This is the content of the Owings Splitting Theorem, which we now state.

Theorem 3.8.7 (Owings). If A 2 E(C) is noncomplemented, then there exist
noncomplementedB1; B2 2 E(C) such that A = B1 [ B2 and B1 \ B2 = C.

Remark 3.8.8. Setting C = ; , we recover the Friedberg Splitting Theorem.

Before proving the Owings Splitting Theorem, we examine itsconsequences
concerning lattice-theoretic properties ofE(C) and E� (C).

Theorem 3.8.9. If E� (C) is �nite, then E� (C) is a Boolean algebra. Hence
jE� (C)j = 2 n and C is the intersection of n maximal sets, for somen.

Proof. SupposeE� (C) were not a Boolean algebra. It follows thatE(C) is not a
Boolean algebra. LetA 2 E(C) be noncomplemented. By the Owings Splitting
Theorem, let A = B1 [ B2 where B1 \ B2 = C and B1 and B2 are noncom-
plemented. By the Owings Splitting Theorem again, let B2 = B3 [ B4, where
B3 \ B4 = C and B3 and B4 are noncomplemented. Continuing in this fashion,
we generateB1; B3; B5; : : :. This is an in�nite sequence of noncomplemented
elements of E(C), the intersection of any two of which is C. It follows that
E� (C) is in�nite. This proves our theorem.
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Corollary 3.8.10. jE� (C)j 6= 3.

Next we shall use the Owings Splitting Theorem to characterize the r.e.
sets C for which E(C) is a Boolean algebra. Recall that this property implies
that C is simple. We shall now de�ne a subclass of the simple sets, called the
hyperhypersimple sets. This class was �rst de�ned by Post.

De�nition 3.8.11 (hyperhypersimple sets).

1. An array is a uniformly r.e. sequence of r.e. sets. Thus an array consists
of a sequence of �01 sets B i � N, i = 0 ; 1; 2; : : :, such that in addition the
2-place relation fhx; i i j x 2 B i g is � 0

1. By the Parametrization Theorem,
this is equivalent to saying that B i = Wf ( i ) for all i , where f (i ) is some
primitive recursive function.

2. An r.e. set C is said to be hyperhypersimple, abbreviated hhsimple, if C
is in�nite and there does not exist an array of pairwise disjoint r.e. sets
Wf ( i ) , i = 0 ; 1; 2; : : :, such that Wf ( i ) \ C 6= ; for all i .

Theorem 3.8.12 (Lachlan). E(C) is a Boolean algebra if and only if C is
hyperhypersimple.

Proof. In this proof we shall apply a uniform version of the Owings Splitting
Theorem. The uniform version reads as follows.

Given an r.e. index of a noncomplementedA 2 E(C), we can recur-
sively �nd r.e. indices of noncomplementedB1; B2 2 E(C) such that
B1 [ B2 = A and B1 \ B2 = C.

Assume now that E(C) is not a Boolean algebra. LetA 2 E(C) be noncom-
plemented. Repeatedly apply the Owings Splitting Theorem as in the proof of
Theorem 3.8.9 to generate an in�nite sequence of noncomplemented sets

B1; B3; : : : ; B2i +1 ; : : : 2 E(C) ;

the intersection of any two of which isC. By the uniformity, we may assume that
B1; B3; : : : ; B2i +1 are uniformly r.e., i.e., they form an array. This is almost what
we want, except that these sets are not pairwise disjoint (unlessC = ; ). To make
them pairwise disjoint, let  (x) be a partial recursive function which uniformizes
the � 0

1 relation S(x; i ) � x 2 B2i +1 . By the Parametrization Theorem, let f (i )
be a primitive recursive function such that Wf ( i ) = f x j  (x) ' i g for all i . Then
clearly Wf ( i ) , i = 0 ; 1; 2; : : :, are pairwise disjoint, andWf ( i ) \ C = B2i +1 \ C 6= ;
for all i . Thus C is not hhsimple.

Conversely, assume thatC is not hhsimple. Let Wf ( i ) , i = 0 ; 1; 2; : : : be an
array of pairwise disjoint r.e. sets such thatWf ( i ) \ C 6= ; for all i . Set

A = C [
1[

i =0

(Wi \ Wf ( i ) ) :
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Obviously A 2 E(C). We claim that A is noncomplemented inE(C). Suppose
B 2 E(C) is the complement ofA within E(C), i.e., A \ B = C and A [ B = N.
Let e be such that B = We. Let x 2 Wf (e) \ C. Since theWf ( i ) , i = 0 ; 1; 2; : : :,
are pairwise disjoint, we havex 2 B , x 2 We , x 2 We \ Wf (e) , x 2 A.
This contradiction completes the proof.

Exercises 3.8.13.

1. Show that C is hhsimple if and only if, for all r.e. sets A, A [ C is r.e.

2. Show that if C1 and C2 are hhsimple thenC1 \ C2 is hhsimple.

3.9 Proof of the Owings Splitting Theorem

In this section we prove Theorem 3.8.7, the Owings SplittingTheorem.

Remark 3.9.1. The general framework for the proof will be the same as for the
Friedberg Splitting Theorem. Let A and C be r.e. sets. Letf be a one-to-one
recursive function which enumeratesA. We write As = f f (0); : : : ; f (s � 1)g.
Similarly, let Cs be an enumeration of C. Just as in Section 3.6, we shall
recursively decide at stages + 1 whether to put f (s) into B1 or into B2. Thus
we shall automatically have B1; B2 r.e. and B1 [ B2 = A and B1 \ B2 = ; .

In order to prove the Owings Splitting Theorem, we shall want to make sure
that B1 [ C and B2 [ C are noncomplemented inE(C). Note that, for any r.e.
sets B and C, B [ C is complemented inE(C) if and only if B [ C is r.e. In
other words, there existse such that We = B [ C. In particular, We \ B nC = ; .
Therefore, our strategy in the construction will be to make We \ B i n C 6= ; \if
possible," for all e and for i = 1 ; 2. As in Section 3.6, these requirements will
have a priority ordering given by (e0; i 0) < (e; i) if and only if 2 e0+ i 0 < 2e+ i .

As part of our construction, in order to mitigate the e�ect of C, we shall
de�ne an auxiliary recursive function h(e; i; s) for all e and for i = 1 ; 2. This
function will somehow control the process.

The details of our construction are as follows.
Stage 0. LetB 0

1 = B 0
2 = ; . Let h(e; i; 0) = 0 for all e and for i = 1 ; 2.

Stages+1. If 9x < h (e; i; s) such that x 2 We;s \ B s
i nCs, let h(e; i; s+1) =

h(e; i; s). Otherwise, let h(e; i; s + 1) = h(e; i; s) + 1. Set y = f (s). Choose
the least (e; i) such that y 2 We;s and y < h (e; i; s). Put y into B i , i.e.,
B s+1

i = B s
i [ f yg. If no such (e; i) exists, put y into B1.

By construction, B1; B2 are r.e. and A = B1 [ B2 and B1 \ B2 = ; . Note
also that h(e; i; s) � h(e; i; s + 1) for all s.

De�nition 3.9.2. Say that (e; i) is good if lim s h(e; i; s) < 1 . Otherwise, say
that ( e; i) is bad.

Lemma 3.9.3. (e; i) is good () We \ B i n C 6= ; .
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Proof. =) : Assume (e; i) is good but We \ B i nC = ; , i.e., We \ B i � C. Since
(e; i) is good, let s be so large thath(e; i; t ) = h(e; i; s) 8t > s . Let t > s be so
large that 8x < h (e; i; s) (x 2 We \ B i ) x 2 C t ). Hence : 9 x < h (e; i; t ) (x 2
We;t \ B t

i nC t ). Therefore h(e; i; t +1) = h(e; i; t )+1 > h (e; i; s), a contradiction.
( =: Assume (e; i) is bad andWe\ B i nC 6= ; . Fix x 2 We\ B i nC. Since (e; i)

is bad, lims h(e; i; s) = 1 , hence for all su�ciently large s we havex < h (e; i; s)
and x 2 We;s \ B s

i n Cs , henceh(e; i; s + 1) = h(e; i; s), a contradiction.

Lemma 3.9.4. If ( e; i) is good, then f s j (e; i) is chosen at stages+1 g is �nite.

Proof. If ( e; i) is chosen at stages + 1, we have y = f (s) < h (e; i; s). Since
lim s h(e; i; s) < 1 and f is one-to-one, this can happen only �nitely many
times.

Lemma 3.9.5. Suppose (e; i) is bad. If (e; i) is chosen at stages + 1, then
y = f (s) 2 C.

Proof. Since (e; i) is chosen at stages + 1, we have y = f (s) 2 We;s and
y < h (e; i; s) and y 2 B s+1

i . Soy 2 We \ B i . Hence, by Lemma 3.9.3,y 2 C.

Lemma 3.9.6. Assume that A [ C is noncomplemented inE(C). Then for
i = 1 ; 2, B i [ C is noncomplemented inE(C).

Proof. Suppose that B i [ C is complemented in E(C), say We = B i [ C. In
particular, We \ B i n C = ; , hence (e; i) is bad. By Lemma 3.9.4, let s1 be so
large that, for all s � s1 and all good (e0; i 0) < (e; i), (e0; i 0) is not chosen at
stages + 1. Put

fWe = f x j 9s � s1 (x 2 We;s ^ x =2 As ^ x < h (e; i; s))g :

Clearly fWe is r.e.
We claim that fWe [ C is the complement ofA [ C in E(C).
Suppose �rst that x =2 A [ C. SinceB i � A, we haveA � B i , hencex 2 We.

Since (e; i) is bad, for all su�ciently large s � s1 we havex < h (e; i; s), and
x 2 We;s . Sincex =2 A, x =2 As , hencex 2 fWe.

Suppose next thaty 2 fWe\ A. Sincey 2 fWe, let s � s1 be such thaty 2 We;s

and x =2 As and y < h (e; i; s). Since y 2 A and y =2 As = f f (0); : : : ; f (s)g, let
t > s be such that y = f (t). Clearly y 2 We;t and y < h (e; i; t ). Hence, by
construction, at stage t + 1 some bad (e0; i 0) � (e; i) was chosen. Hence, by
Lemma 3.9.5,y 2 C.

We have now proved our claim. ThusA [ C is complemented inE(C).

The proof of the Owings Splitting Theorem 3.8.7 is now complete.

Remark 3.9.7. Our construction above is uniform. Therefore, given r.e. indices
for A and C, we can use the Parametrization Theorem to primitive recursively
�nd r.e. indices for B1 and B2. This extra uniformity was used in the proof of
Lachlan's Theorem 3.8.12.
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3.10 Oracle Computations

In this section we discussoracle computations, i.e., computations where the
computing device has the ability to consult an oracle. Intuitively, an oracle is
a \black box" which, given a natural number as input, immedia tely produces a
natural number as output. Our formal de�nitions are as follo ws.

De�nition 3.10.1 (oracles). An oracle is a total function f : N ! N. We
write NN for the set of all oracles. Note that NN is also known as theBaire
space.

De�nition 3.10.2. Recall from Math 558 [14] that a register machine program
consists of four kinds of instructions: a start instruction

startONMLHIJK // ;

increment instructions
//R+

i
ONMLHIJK // ;

decrement instructions

//R�
i

ONMLHIJK
e //

// ;

and stop instructions

//stopONMLHIJK :

We now introduce a �fth kind of instruction

//RO
i

ONMLHIJK //

called an oracle instruction. In the presence of an oraclef , the e�ect of RO
i

ONMLHIJK

is to replace the content n of Ri by f (n). In other words, if Ri contains n

before executing RO
i

ONMLHIJK , then afterward Ri contains f (n). We de�ne an oracle

program to be a register machine program as in Math 558 [14], except that
oracle instructions are allowed.

De�nition 3.10.3 (oracle computations). Let P be an oracle program, letf
be an oracle, and letx1; : : : ; xk 2 N, wherek � 0. We denote byP f (x1; : : : ; xk )
the unique run of P using oraclef starting with x1; : : : ; xk in R1; : : : ; Rk and
all other registers empty. As before, theoutput of P f (x1; : : : ; xk ) is the content
of Rk+1 if and when P f (x1; : : : ; xk ) halts. If e = #( P) = the G•odel number of
P, we write

' (k ) ;f
e (x1; : : : ; xk ) ' the output of P f (x1; : : : ; xk ) :
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We also introduce notations such as

W f
e = domain( ' (1) ;f

e ) :

De�nition 3.10.4 ( f -recursive functions, etc.). Let f 2 NN be a �xed

oracle. A partial function  : Nk P�! N is said to be partial f -recursive or
partial recursive in f or partial recursive relative to f , if there exists e 2 N such
that  (x1; : : : ; xk ) ' ' (k ) ;f

e (x1; : : : ; xk ) for all x1; : : : ; xk 2 N. Similarly, a set
A � N is said to be f -recursively enumerableif and only if A = W f

e for some
e 2 N, etc.

Remark 3.10.5. If the oracle f happens to be recursive, then clearly is
partial f -recursive ()  is partial recursive, A is f -r.e. () A is r.e.,
etc. Thus we see that oracle computations are a generalization of ordinary,
non-oracle computations.

Remark 3.10.6 (relativization to an oracle). Let f 2 NN be a �xed oracle.
A routine generalization of the Enumeration Theorem from Math 558 [14] asserts
that for each f 2 NN and eachk � 0 the partial function

(e; x1; : : : ; xk ) 7! ' (k ) ;f
e (x1; : : : ; xk )

is partial f -recursive. Similarly, all of our previous results about partial re-
cursive functions, r.e. sets, the arithmetical hierarchy,etc., generalize routinely
to partial f -recursive functions, f -r.e. sets, the f -arithmetical hierarchy, etc.,
where f 2 NN is an arbitrary oracle. This process of routine generalization,
replacing ' (k )

e by ' (k ) ;f
e , etc., is known asrelativization to f .

De�nition 3.10.7 (relativized arithmetical hierarchy). Let f 2 NN be a
�xed oracle. For k; n � 1, a relation S � Nk is said to be � 0;f

n if there exists an
f -recursive relation R � Nk+ n such that

S(x1; : : : ; xk ) � 9 y1 8y2 � � � yn R(x1; : : : ; xk ; y1; y2; : : : ; yn )

where there aren alternating quanti�ers, and the last quanti�er is existent ial
if n is odd, universal if n is even. A relation P � Nk is said to be � 0;f

n if : P
is � 0;f

n . A relation D � Nk is said to be � 0;f
n if it is both � 0;f

n and � 0;f
n . The

classes �0;f
n , � 0;f

n , � 0;f
n , n � 1 are known as thef -arithmetical hierarchy. All of

the standard results about the arithmetical hierarchy (seeMath 558 notes [14])
generalize routinely to the f -arithmetical hierarchy, for each f 2 NN.

Remark 3.10.8. Instead of viewing f as a �xed oracle, we may choose to view
f as a variable ranging over the Baire spaceNN. In this way, one develops a kind
of recursion theory over NN, including a version of the arithmetical hierarchy
over NN, etc. The starting point of this theory is the following de�n ition.

De�nition 3.10.9 (partial recursive functionals).

1. A partial functional is a partial function 	 : NN � Nk P�! N, wherek � 0.
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2. A partial functional 	 : NN � Nk P�! N is said to bepartial recursive if it
is computable, i.e., if there existse 2 N such that

	( f; x 1; : : : ; xk ) ' ' (k ) ;f
e (x1; : : : ; xk )

for all f 2 NN and all x1; : : : ; xk 2 N.

Example 3.10.10. We exhibit an oracle program which computes the partial
recursive functional 	( f; x ) ' the least y � x such that f (y) > 0.

R+
1

ONMLHIJK

��

R�
2

ONMLHIJK
e

oo //R+
1

ONMLHIJKoo

startONMLHIJK //R�
1

ONMLHIJK

��

e //RO
3

ONMLHIJK //R�
3

ONMLHIJK

e

__???????

//stopONMLHIJK

R+
2

ONMLHIJK //R+
3

ONMLHIJK

__???????

Letting e be the G•odel number of this program, we have' (1) ;f
e (x) ' 	( f; x ) for

all f 2 NN and all x 2 N.

The Enumeration, Parametrization, and Recursion Theoremsfrom Math 558
[14] easily generalize to partial recursive functionals, as follows:

Theorem 3.10.11 (Enumeration Theorem). For each k � 0 we have a
partial recursive functional

(f; e; x 1; : : : ; xk ) 7! ' (k ) ;f
e (x1; : : : ; xk ) :

Theorem 3.10.12 (Parametrization Theorem). Given a partial recursive
functional 	( f; x 0; x1; : : : ; xk ), we can �nd a primitive recursive function h(x0)
such that

' (k ) ;f
h (x 0 ) (x1; : : : ; xk ) ' 	( f; x 0; x1; : : : ; xk )

for all f 2 NN and all x0; x1; : : : ; xk 2 N.

Theorem 3.10.13 (Recursion Theorem). Given a partial recursive func-
tional 	( f; x 0; x1; : : : ; xk ), we can �nd an index e 2 N such that

' (k ) ;f
e (x1; : : : ; xk ) ' 	( f; e; x 1; : : : ; xk )

for all f 2 NN and all x1; : : : ; xk 2 N.

In this vein we obtain an alternative generalization of the arithmetical hier-
archy from Math 558 [14], as follows.
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De�nition 3.10.14 (arithmetical hierarchy). For k � 0, a relation R �
NN � Nk is said to berecursive if its characteristic function � R : NN � Nk ! N
is recursive. For k � 0 and n � 1, a relation S � NN � Nk is said to be � 0

n if
there exists a recursive relationR � NN � Nk+ n such that

S(f; x 1; : : : ; xk ) � 9 y1 8y2 � � � yn R(f; x 1; : : : ; xk ; y1; y2; : : : ; yn )

where there aren alternating quanti�ers, and the last quanti�er is existent ial if
n is odd, universal if n is even. A relation P � NN � Nk is said to be � 0

n if : P
is � 0

n . A relation D � NN � Nk is said to be � 0
n if it is both � 0

n and � 0
n .

3.11 Degrees of Unsolvability

We now introduce Turing degrees, a.k.a., degrees of unsolvability.

De�nition 3.11.1 (Turing reducibility). Let f and g be total functions,
i.e., f; g 2 NN. We say that f is Turing reducible to g, abbreviated f � T g, if
f is computable usingg as an oracle, i.e.,f is recursive relative to g, i.e., f is
g-recursive, i.e.,

9e8x f (x) = ' (1) ;g
e (x) :

Proposition 3.11.2. For f; g; h 2 NN, we have

1. f � T f , and

2. if f � T g and g � T h, then f � T h.

Proof. Straightforward. Note that, if we write

REC(f ) = f h 2 NN j h is f -recursiveg;

then f � T g if and only if REC( f ) � REC(g).

De�nition 3.11.3. For f; g 2 NN we say that f is Turing equivalent to g,
abbreviated f � T g, if f � T g and g � T f , i.e., REC(f ) = REC( g).

Proposition 3.11.4. � T is an equivalence relation onNN.

Proof. Immediate from Proposition 3.11.2.

De�nition 3.11.5 (Turing degrees). We let DT denote the set of equivalence
classes ofNN modulo Turing reducibility:

DT = NN=� T :

Elements ofDT are known asTuring degreesor degrees of unsolvabilityor some-
times just degrees. For any f 2 NN, the Turing degree of f is

degT (f ) = f g 2 NN j f � T gg:

We partially order DT by letting degT (f ) � degT (g) if and only if f � T g.
Clearly this relation does not depend on the representativechosen from each
equivalence class.

67



The structure of the partial ordering ( DT ; � ) has received much scrutiny in
hundreds of research papers. In this section we mention onlythe most basic
properties of DT .

Proposition 3.11.6. DT has a least element,0, which is just the set REC of
recursive functions.

Proof. Straightforward, since any recursive function isg-recursive for all g.

Proposition 3.11.7. Every pair of Turing degreesa; b 2 D T has a least upper
bound a _ b 2 D T . Thus (DT ; � ) is an upper semilattice.

Proof. Let a = degT (f ) and b = degT (g) be given, where f 2 NN and g 2
NN. We de�ne a function f � g 2 NN by letting ( f � g)(2n) = f (n) and
(f � g)(2n + 1) = g(n) for all n 2 N. We claim that

degT (f � g) = degT (f ) _ degT (g) ;

i.e., degT (f � g) is the least upper bound of degT (f ) and degT (g). Clearly
f � T f � g and g � T f � g. For any h 2 NN, if f � T h and g � T h, then it is
straightforward to show that f � g � T h.

De�nition 3.11.8 (Turing degrees of sets). Given a set A � N, we de�ne
degT (A) = degT (� A ). In other words, the Turing degree of a setA � N is
de�ned to be the Turing degree of its characteristic function � A : N ! N.
The following proposition shows that there is no loss in considering only Turing
degrees of sets, rather than functions.

Proposition 3.11.9. Every Turing degree contains (the characteristic function
of) a set.

Proof. Let degT (f ) be an arbitrary Turing degree, wheref 2 NN. It is straight-
forward to prove that f � T � A where A = Gf = f 2n 3m j f (n) = mg. The
proof uses the fact that f is a total function.

De�nition 3.11.10. For f 2 NN, we let f 0 = H f be the Halting Problem
relative to f , i.e.,

f 0 = H f = f e j ' (1) ;f
e (0) #g:

We can show that H f is a complete � 0;f
1 set, i.e., H f is � 0;f

1 and every � 0;f
1 set

A � N is � m H f . This is the relativization to f of the fact that the Halting
Problem H = f e j ' (1)

e (0) #g is a many-one complete r.e. set.

Proposition 3.11.11. For all f; g 2 NN we have

1. f < T H f .

2. If f � T g then H f � T H g.

3. f � T g if and only if H f � m H g.
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4. H f � T : H f but H f 6�m : H f .

Proof. Straightforward.

De�nition 3.11.12 (the Turing jump). For any Turing degree a = degT (f )
we let a0 = degT (f 0) = degT (H f ). The degreea0 is called theTuring jump of a.
By Proposition 3.11.11, f � T g implies H f � T H g. Thus a0 is well de�ned for
all a 2 D T . The Turing jump operator J : DT ! D T is de�ned by J (a) = a0.

Lemma 3.11.13. For any Turing degreea we have the strict inequality a < a0.
For all a; b 2 D T , if a � b then a0 � b0.

Proof. This is immediate from Proposition 3.11.11.

De�nition 3.11.14. For a 2 D T we de�ne the iterated Turing jumps of a by
induction as follows. Let a(0) = a, and let a(n +1) = ( a(n ) )0 for eachn 2 N. Note
that if a = degT (A) then a(n ) = degT (A (n ) ), where A (0) = A and A (n +1) =
A (n )0.

An interesting relationship between Turing degrees and thearithmetical hi-
erarchy is given by the following theorem due to Post.

Theorem 3.11.15 (Post). For n � 1, a set A � N is � 0
n if and only if it is

r.e. relative to 0(n � 1) . More generally, for A; B � N, A is � 0;B
n if and only if A

is r.e. relative to B (n � 1) .

Proof. We omit the proof. See my Spring 2004 lecture notes [15].

Corollary 3.11.16. For n � 1, A is � 0
n if and only if A � T 0(n � 1) . More

generally, A is � 0;B
n if and only if A � T B (n � 1) .

Proof. A is � 0;B
n () A; : A are � 0;B

n () A; : A are r.e. relative to
B (n � 1) () A is recursive relative to B (n � 1) , i.e., A � T B (n � 1) .

We note the following special case.

Corollary 3.11.17. A � T 00 if and only if A is � 0
2.

3.12 The Sacks Splitting Theorem and its Con-
sequences

A substructure of (DT ; � ) which has received a huge amount of attention is the
recursively enumerable Turing degrees.

De�nition 3.12.1. Let

ET = f degT (A) j A is recursively enumerableg :

The elements of ET are called recursively enumerable Turing degrees, or r.e.
Turing degrees, or sometimes just r.e. degrees.
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The essential structure ofET is given by the following proposition.

Proposition 3.12.2.

1. 0; 00 2 ET .

2. 0 is the bottom element of ET .

3. 00 is the top element ofET .

4. ET is closed under l.u.b. This means that ifa; b 2 ET then a _ b 2 ET .

Proof. Statements 1 and 2 are obvious. IfA is r.e., then by Proposition 3.2.5
A � m H = 0 0, hence A � T 00 and this gives statement 3. Alternatively,
statement 3 follows from Corollary 3.11.17. For statement 4, note that if A; B �
N are r.e. then so is

A � B = f 2n j n 2 Ag [ f 2n + 1 j n 2 B g

and � A � B = � A � � B .

Remarks 3.12.3.

1. There are many Turing degreesa such that a � 00 yet a =2 ET . Examples
are provided by the Kleene/Post construction (see for instance [15]).

2. There are many setsB � N such that degT (B ) 2 ET yet B is not r.e. For
example, let B be the complement of a nonrecursive r.e. set.

At this moment, we have not yet proved that there exist any r.e. Turing
degrees other than0 and 00. We shall prove the following theorem, which gives
this and much more information concerning the structure of the r.e. degrees.

Theorem 3.12.4 (Sacks Splitting Theorem). Let A � N be a nonrecursive
r.e. set. Let C � N be nonrecursive. There exist r.e. setsB1 and B2 such that

1. A = B1 [ B2,

2. B1 \ B2 = ; ,

3. B1 6�T B2,

4. B2 6�T B1,

5. 0 < T B1 < T A,

6. 0 < T B2 < T A,

7. B1 � B2 � T A,

8. C 6�T B1,

9. C 6�T B2.
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Before proving the Sacks Splitting Theorem, we note some of its corollaries.
Say that b1; b2 2 D T are incomparable, and write b1 j b2, if b1 6� b2 and
b2 6� b1.

Corollary 3.12.5. For any a 2 ET with a > 0, there exist b1; b2 2 ET such
that a > b1 > 0, a > b2 > 0, a = b1 _ b2, and b1 j b2.

Proof. This is an immediate translation of parts 1{7 of the Sacks Splitting
Theorem 3.12.4.

Corollary 3.12.6 (Friedberg, Muchnik). There are incomparable r.e. Tur-
ing degrees inET .

Proof. Apply Corollary 3.12.5 with a = 00.

Corollary 3.12.7. There is an in�nite strictly descending sequence of r.e. Tur-
ing degrees. There is an in�nite set of pairwise incomparable r.e. Turing degrees.

Proof. Start with a0 = 00. By Corollary 3.12.5 �nd r.e. degreesa1; a2 < a0 such
that a1 j a2. By Corollary 3.12.5 again, �nd r.e. degreesa3; a4 < a2 such that
a3 j a4. Continuing in this fashion, we see thata0 > a2 > a4 > � � � is an in�nite
descending sequence of r.e. degrees, whilea1; a3; a5; : : : is an in�nite sequence
of pairwise incomparable r.e. degrees.

Corollary 3.12.8. For any a > 0 in ET , there exists b in ET such that a >
b > 0.

Proof. Apply Corollary 3.12.5 to a.

Corollary 3.12.9 (Friedberg, Muchnik). There exists a recursively enu-
merable Turing degreea which is intermediate, i.e., 0 < a < 00. Equivalently,
a 6= 0; 00.

Remark 3.12.10 (natural examples). The previous corollary is the solu-
tion to Post's Problem (see Rogers [11]). Another interesting and important
problem, which remains open, is to �nd an example of a recursively enumer-
able Turing degree other than 0 and 00 which is mathematically natural. The
term \mathematically natural" has not been rigorously de�n ed, but we would
recognize such an example if we saw one.

3.13 Proof of the Sacks Splitting Theorem

We now turn to the proof of the Sacks Splitting Theorem. We begin by noting
that many of the conclusions will follow automatically, if w e can only prove that
A 6�T B1 and A 6�T B2.

Lemma 3.13.1. Let A; B 1; B2 be r.e. sets such thatA = B1 [ B2 and B1 \ B2 =
; . Then A � T B1 � B2. Moreover, if A 6�T B1 and A 6�T B2, then B1 6�T B2

and B2 6�T B1, hence 0< T B1 < T A and 0 < T B2 < T A.
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Proof. Assume �rst that A; B 1; B2 are r.e. with A = B1 [ B2 and B1 \ B2 = ; .
We have n 2 A () (n 2 B1 _ n 2 B2), so clearly A � T B1 � B2. For the
converse, note that

n 2 B1 () (n 2 A ^ n =2 B2) :

Since : B2 is � 0
1, it follows that B1 is � 0;A

1 . But B1 is � 0
1, hence � 0;A

1 , so we
actually have that B1 is � 0;A

1 , i.e., B1 is A-recursive, i.e.,B1 � T A. A similar
argument shows that B2 � T A. We now see thatB1 � B2 � T A.

Now assume in addition that A 6�T B1 and A 6�T B2. We therefore have
B1 < T A and B2 < T A. Since B1 � B2 � A, it follows that B1 and B2 are
Turing incomparable, hence nonrecursive.

We shall obtain the Sacks Splitting Theorem as a consequenceof the follow-
ing theorem of Binns, which is not only more general but also easier to state.

Theorem 3.13.2 (Binns Splitting Theorem). Let P � NN be � 0
1 with no

recursive members, i.e.,P \ REC = ; . Let A be an r.e. set. Then we can �nd
r.e. setsB1; B2 such that A = B1 [ B2, B1 \ B2 = ; , and there is nof 2 P such
that f � T B1 or f � T B2.

Proof. We postpone the proof to Section 3.15.

Remark 3.13.3. The next lemma shows that the Binns Splitting Theorem
implies its own generalization, replacing the � 0

1 set P � NN by a � 0
3 set S � NN.

However, it fails for � 0
3 sets. For example, it fails badly for the � 0

3 set

NN n REC = f f j f is not recursiveg,

as shown by the Friedberg Splitting Theorem.

De�nition 3.13.4 (weak equivalence).

1. For S � NN, let bS be the Turing upward closure of S, i.e.,

bS = f g 2 NN j (9f 2 S) ( f � T g)g :

2. For S1; S2 � NN, we say that S1 and S2 are weakly equivalent, and write
S1 � w S2, if and only if cS1 = cS2.

Lemma 3.13.5. Given a � 0
3 set S � NN, we can �nd a � 0

1 set P � NN such
that P � w S.

Proof. The proof uses the technique of Skolem functions. SinceS is � 0
3, we have

S = f f 2 NN j 9k 8m 9n R(f; k; m; n )g

where R is recursive. Put

P = fhki a (f � g) j 8m R(f; k; m; g (m))g :

72



Here hki a (f � g) is our notation for the unique h 2 NN such that h(0) = k
and h(2m + 1) = f (m), and h(2m + 2) = g(m) for all m. Clearly P is � 0

1.
Moreover, if hki a (f � g) 2 P, then f 2 S. Conversely, if f 2 S, let k be
such that 8m 9n R(f; k; m; n ), and de�ne g by putting g(m) = least n such that
R(f; k; m; n ). Then g � T f , hencehki a (f � g) � T f and 2 P.

De�nition 3.13.6 ( � 0
2 singletons). We say that f 2 NN is a � 0

2 singleton if
the singleton set f f g is � 0

2. This is equivalent to f f g being � 0
3.

Lemma 3.13.7. If f � T 00 then f is a � 0
2 singleton.

Proof. Assume f � T 00. By Corollary 3.11.17 f is � 0
2, i.e., the predicate

D(n; m) � f (n) = m is � 0
2. Hence

P = f g 2 NN j 8n D (n; g(n))g = f g 2 NN j g = f g = f f g

is � 0
2 as a subset ofNN, i.e., f is a � 0

2 singleton.

Proposition 3.13.8. The Binns Splitting Theorem implies the Sacks Splitting
Theorem.

Proof. Assume the Binns Splitting Theorem 3.13.2. We deduce the Sacks Split-
ting Theorem 3.12.4. Let A be a nonrecursive r.e. set, and letC be a nonre-
cursive set. BecauseA is r.e., we haveA � T 00. If C � T 00 put S = f � A ; � C g,
otherwise put S = f � A g. By Lemma 3.13.7 S is � 0

3. By Lemma 3.13.5 let
P � w S be � 0

1. Apply the Binns Splitting Theorem to A and P to obtain r.e.
sets B1; B2 such that B1 [ B2 = A and B1 \ B2 = ; and there is no f 2 P
such that f � T B1 or f � T B2. Since P � w S and B1; B2 � T 00, we have
A 6�T B1, A 6�T B2, C 6�T B1, C 6�T B2. The remaining conclusions of the
Sacks Splitting Theorem now follow, in view of Lemma 3.13.1.

It remains to prove the Binns Splitting Theorem.

3.14 Finite Approximations

For most proofs involving degrees of unsolvability, it is necessary to consider
�nite approximations to oracle computations. Intuitively , if an oracle compu-
tation ' (1) ;f

e (x) halts, then this computation can only use a �nite amount of
information from the oracle f , because it only performs a �nite number of steps
before halting. We state this insight formally as Proposition 3.14.3 below.

Notation 3.14.1 (�nite sequences). We let Seq = N< N denote the set of
�nite sequences of natural numbers. Thelength of � 2 Seq is denoted lh(� ).
For f 2 NN and n 2 N we write

f [n] = hf (0); f (1); : : : ; f (n � 1)i 2 Seq:

Thus lh( f [n]) = n. We write f � � if f extends � , i.e., if f [n] = � where
n = lh( � ). For �; � 2 Seq we write � � � if � is an initial segment of � , i.e.,
lh( � ) < lh( � ) and � (i ) = � (i ) for all i < lh( � ).
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De�nition 3.14.2 (�nite approximations). For e; s; x; y 2 N and � 2 Seq,
we write

' (1) ;�
e;s (x) ' y

if and only if e; x; y < s and for some (equivalently, all) f 2 NN extending � ,
the oracle computation ' (1) ;f

e (x) halts in fewer than s steps with output y, and
during this computation, no oracle information from f is used except the part
of f which is in � .

Proposition 3.14.3. We have:

1. ' (1) ;f
e (x) ' y if and only if 9n 9s ' (1) ;f [n ]

e;s (x) ' y.

2. ' (1) ;f
e (x) ' y if and only if 9s ' (1) ;f [s]

e;s (x) ' y.

3. If s � t and � � � , then ' (1) ;�
e;s (x) ' y implies ' (1) ;�

e;t (x) ' y.

4. The 5-place relation' (1) ;�
e;s (x) ' y is primitive recursive.

Proof. Straightforward.

De�nition 3.14.4 (use functions).

1. u(f; e; x ) = the supremum of all n such that the oracle information f (n)
is used in the computation of ' (1) ;f

e (x).

2. u(�; e; x; s ) = the supremum of all n < lh( � ) such that the oracle infor-
mation � (n) is used in the �rst s steps of the computation of ' (1) ;�

e;s (x).

Proposition 3.14.5.

1. u(f; e; x ) = lim s u(f [s]; e; x; s).

2. The 4-place functionu(�; e; x; s ) is primitive recursive.

Proof. Straightforward.

De�nition 3.14.6 (trees). A tree is a set T � Seq such that � � � , � 2 T
implies � 2 T . If T is a tree, apath through T is any f 2 NN such that f [n] 2 T
for all n. The set of all paths through T is denoted [T ].

Proposition 3.14.7. Given a � 0
1 set P � NN, we can �nd a primitive recursive

tree T � Seq such thatP = [ T ].

Proof. Let P � NN be � 0
1. Then P = f f j 8n R(f; n )g whereR is recursive. Let

e be an index of� R , i.e., ' (1) ;f
e (n) = � R (f; n ) for all f 2 NN and n 2 N. De�ne

T =
�

� 2 Seq

�
�
�
� 8n < lh( � ) ' (1) ;�

e;lh( � ) (n) 6' 0
�

:

Then T is a primitive recursive tree, and P is the set of paths throughT.
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Notation 3.14.8. For A � N we write

1. ' (1) ;A
e (x) ' ' (1) ;� A

e (x),

2. u(A; e; x) ' u(� A ; e; x).

3. A[n] = � A [n],

3.15 Proof of the Binns Splitting Theorem

We now restate and prove the Binns Splitting Theorem 3.13.2.

Theorem 3.15.1. Let P � NN be � 0
1 with P \ REC = ; . For any r.e. set

A we can �nd r.e. sets B1; B2 such that A = B1 [ B2, B1 \ B2 = ; , and
: 9 f 2 P (f � T B1 _ f � T B2).

Proof. The general framework for the proof is as for the Friedberg Splitting
Theorem. Let f be a one-to-one recursive function such thatA = range(f ). We
write As = f f (0); : : : ; f (s � 1)g. Our construction will be such that at stage
s + 1 we have already de�ned B s

1 and B s
2 with As = B s

1 [ B s
2 and B s

1 \ B s
2 = ;

and at this stage we decide whether to putf (s) into B1 or B2.
Our requirements for the Binns Splitting Theorem are

R(e; i) : ' (1) ;B i
e =2 P :

As usual, we de�ne a priority ordering of the requirements by putting

(e0; i 0) < (e; i)

if and only if 2e0+ i 0 < 2e+ i . Our strategy for satisfying R(e; i) will be to preserve
computations tending to put ' B i

e into P. This may seem counterintuitive, since
R(e; i) requires that ' B i

e =2 P. However, by preserving �nite approximations to
' B i

e , we will eventually force ' B i
e to be either recursive or not total, hence=2 P.

By Proposition 3.14.7 let T be a primitive recursive tree such that P =
[T ], the set of paths through T. Thus ' B i

e 2 P if and only if 8x ' (1) ;B i
e (x) #

and 8y


' B i

e (x)
�
� x < y

�
2 T . Note also that if ' (1) ;B i

e (x) # then ' (1) ;B i
e (x) =

lim s ' (1) ;B s
i [s]

e;s (x) and u(B i ; e; x) = lim s u(B s
i [s]; e; x; s). We de�ne the length

function by

l(e; i; s) = sup
n

y
�
� 8x < y ' (1) ;B s

i [s]
e;s (x) # and

D
' (1) ;B s

i [s]
e;s (x)

�
� x < y

E
2 T

o
:

We de�ne the restraint function by

r (e; i; s) = sup
n

u(B s
i [s]; e; x; s)

�
� x � l (e; i; s) and ' (1) ;B s

i [s]
e;s (x) #

o
:

Roughly speaking, the length function l(e; i; s) measures the amount of agree-
ment between ' (1) ;B s

i [s]
e;s and the tree T, while the restraint function r (e; i; s)
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tells us how much oracle information needs to be preserved, in order to keep
this agreement, for the sake of requirementR(e; i).

Our construction is as follows.
Stage 0: B 0

1 = B 0
2 = ; .

Stages + 1: Let x = f (s). Choose the least (e; i) such that x � r (e; i; s). If
i = 1 or ( e; i) is unde�ned, enumerate x into B2. If i = 2, enumerate x into B1.

This completes the construction.
The injury set I (e; i) is de�ned by

I (e; i) = f s + 1 j f (s) 2 B s+1
i n B s

i and f (s) � r (e; i; s)g :

This is the set of stages at whichR(e; i) is injured. By construction, if s + 1 2
I (e; i) then some (e0; i 0) < (e; i) was chosen at stages + 1. In other words, a
requirement can be injured only for the sake of requirementsof higher priority.

Lemma 3.15.2. The following hold for all e; i.

1. I (e; i) is �nite.

2. ' (1) ;B i
e =2 P.

3. r (e; i) = lim s r (e; i; s) exists and is �nite.

Proof. We prove 1, 2, and 3 by simultaneous induction on (e; i). Assume that 1,
2, and 3 hold for all (e0; i 0) < (e; i). Put r = max f r (e0; i 0) j (e0; i 0) < (e; i)g. Let
s1 be such that As [r +1] = A[r +1] and r (e0; i 0; s) = r (e0; i 0) for all ( e0; i 0) < (e; i)
and s � s1. Then by construction I (e; i) � f 0; : : : ; s1 + 1 g, so this injury set is
�nite. This proves 1.

To prove 2, assume for a contradiction that ' (1) ;B i
e 2 P. Then, given y, we

can e�ectively �nd s > s 1 such that 8x � y ' (1) ;B s
i [s]

e;s (x) # and
D

' (1) ;B s
i [s]

e;s (x)
�
� x � y

E
2 T :

For all such s we have y � l (e; i; s), hence u(B s
i [s]; e; y; s) � r (e; i; s). More-

over s + 1 =2 I (e; i), hence by construction ' (1) ;B s +1
i [s+1]

e;s+1 (y) = ' (1) ;B s
i [s]

e;s (y). It

follows that ' (1) ;B i
e (y) = ' (1) ;B s

i [s]
e;s (y) for all such s. Thus ' (1) ;B i

e is recursive,
contradicting our assumption that P \ REC = ; . This proves 2.

To prove 3, consider the leasty such that either ' (1) ;B i
e (y) " or

D
' (1) ;B i

e (x)
�
� x � y

E
=2 T :

Chooses2 > s 1 such that ' (1) ;B s
i [s]

e;s (x) #= ' (1) ;B i
e (x) for all x < y and all s � s2.

Note that for all s � s2 we have
D

' (1) ;B s
i

e;s (x)
�
� x < y

E
=

D
' (1) ;B i

e (x)
�
� x < y

E
2 T ;

hencel(e; i; s) � y and r (e; i; s) � u(B s
i [s]; e; x; s) for all x < y .
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Case 1:' (1) ;B s
i [s]

e;s (y) " for all s � s2. Then for all s � s2 we havel(e; i; s) = y
and r (e; i; s + 1) = r (e; i; s).

Case 2: ' (1) ;B s
i [s]

e;s (y) # for somes � s2. Then for any such s we have

r (e; i; s) � u(B s
i [s]; e; y; s) ;

hence by construction ' (1) ;B s +1
i [s+1]

e;s+1 (y) = ' (1) ;B s
i [s]

e;s (y). It follows that for all

such s we have' (1) ;B i
e (y) = ' (1) ;B s

i [s]
e;s (y), hence

D
' (1) ;B s

i [s]
e;s (x)

�
� x � y

E
=2 T ;

hence againl (e; i; s) = y and r (e; i; s + 1) = r (e; i; s).
In either case we haver (e; i; s+1) = r (e; i; s) for all su�ciently large s. Thus

3 holds, and our lemma is proved.

This completes the proof of the Binns Splitting Theorem.

Exercise 3.15.3. A Turing degree b is said to be low if b0 = 00. Prove that
the r.e. Turing degreesb1 = degT (B1) and b2 = degT (B2) constructed in the
proof of the Binns Splitting Theorem 3.15.1 are low.

3.16 Some Additional Results

In this section we mention some additional results and problems concerning r.e.
Turing degrees.

More to come ......
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Chapter 4

Randomness

It seems appropriate to call an in�nite sequence of 0's and 1's \random" if it
is the result of an in�nite sequence of independent coin tosses using a fair or
unbiased coin. The purpose of this chapter is to de�ne and discuss a mathemat-
ically rigorous, recursion-theoretic concept of randomness which corresponds
to this intuitive, non-mathematical notion. References for this material are
Downey/Hirschfeldt [7] and Simpson [16].

4.1 Measure-Theoretic Preliminaries

In this section we present the measure-theoretic background material which we
shall need.

De�nition 4.1.1 (the Cantor space).

1. The Cantor space is the set

2N = f 0; 1gN = f X : N ! f 0; 1gg:

Note that each X 2 2N is an in�nite sequence of 0's and 1's, namely
X = hX (0); X (1); : : : ; X (n); : : :i .

2. We write Seq2 = 2 < N = the set of �nite sequences of 0's and 1's. According
to our Notation 3.14.1, for all � 2 Seq2 and X 2 2N we haveX � � if and
only if X [lh( � )] = � . For � 2 Seq2 we put

N � = f X 2 2N j X � � g :

We view the Cantor space 2N as a topological space with basic open sets
N � , � 2 Seq2. Thus U � 2N is said to be open if there exists G � Seq2
such that U =

S
� 2 G N � .

Remark 4.1.2. It is easy to see that the above-de�ned topology on the Cantor
space is the same as the product topology on 2N =

Q
n 2 Nf 0; 1g, where the two-

point spacef 0; 1g has the discrete topology. Therefore, by Tychono�'s Theorem,
2N is compact.
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Remark 4.1.3. The points of 2N are just the in�nite sequences of 0's and 1's.
Eventually we are going to de�ne what it means for a point of 2N to be random.
The standard method of formalizing informal notions such asindependence and
probability is by means of measure theory, as we shall now explain.

De�nition 4.1.4 (probability measures). Let I be a nonempty set. A � -
algebra on I is a set S � P(I ), the powerset of I , such that ; 2 S and I 2 S
and S is closed under the operations of countable union, countable intersection,
and complementation. A probability measure on I is a function � : S ! [0; 1],
where S is a � -algebra onI , such that � (; ) = 0 and � (I ) = 1 and

� (
1[

n =1

Sn ) =
1X

n =1

� (Sn )

for all sequences of pairwise disjoint setsS1; S2; : : : 2 S. This last property is
known as countable additivity. A probability space is an ordered triple (I; S; � )
as above. ForS 2 S, the measure of S is the real number � (S).

Remark 4.1.5. Let ( I; S; � ) be a probability space. A set S � I such that
S 2 S is called an event. For S 2 S, the measure ofS is thought of as the
probability of the event S, i.e., the likelihood that a \random" or \randomly
chosen" element ofI will belong to S. Note that we have not yet rigorously
de�ned the concept \random."

De�nition 4.1.6 (Borel sets, regularity).

1. Let I be a topological space. TheBorel setsof I are the smallest� -algebra
on I containing the open sets ofI . A Borel probability measure on I is
a probability measure � on I such that the domain of � consists of the
Borel sets ofI .

2. Let (I; S; � ) be a probability space such that I is also a topological space,
and S includes the Borel sets ofI . We say that � is regular (with respect
to the given topology on I ) if, for all S 2 S,

� (S) = inf f � (U) j S � U and U is openg:

Theorem 4.1.7 (the fair coin measure). There exists a Borel probability
measure� on 2N such that, for all � 2 Seq2, � (N � ) = 1 =2lh( � ) . Note that �
is unique with these properties. We refer to� as the fair coin measure on 2N,
because it arises by viewingX 2 2N as the result of a sequence of independent
tosses of a fair coin. It can be shown that� is regular.

Proof. We omit the proof. See any measure theory textbook.

De�nition 4.1.8 (null sets). In any probability space, a null set is any subset
of a set of measure 0. ThusT � I is null if and only if T � S for someS 2 S
such that � (S) = 0. Note also that, if � is regular, then T is null if and only if
8� > 0 9 open setU such that T � U and � (U) � � . Equivalently, T �

T
n Un

where eachUn is open and� (Un ) � 1=2n .
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4.2 E�ective Randomness

In this section we de�ne what it means for a point X 2 2N to be \e�ectively
random." In this context, \e�ectively" means \recursion-t heoretically."

We �rst consider what it means for a subset of 2N to be \e�ectively open."
From now on, let � be the fair coin measure on 2N.

De�nition 4.2.1. A set U � 2N is said to be � 0
1 if U = f X 2 2N j 9k R(X; k )g

whereR is recursive. A sequence of setsUn � 2N, n 2 N, is said to beuniformly
� 0

1 if Un = f X 2 2N j 9k R(X; k; n )g for some �xed recursive predicateR.

Proposition 4.2.2 (e�ective openness). U � 2N is � 0
1 if and only if U

is e�ectively open, i.e., U =
S

� 2 G N � for some recursively enumerableG �
Seq2. Moreover, we may assume thatG is primitive recursive and pairwise
incompatible, i.e., there are no�; � 2 G such that � � � . A similar result holds
for uniformly � 0

1 sequences of sets ofUn � 2N, n 2 N.

Proof. Assume that U is � 0
1, say U = f X 2 2N j 9k R(X; k )g where R is

recursive. Let e be such that ' (1) ;X
e (0) ' least k such that R(X; k ). Then

U = Ue = f X 2 2N j ' (1) ;X
e (0) #g:

A e with this last property is called an index of U, or a � 0
1 index of U. Thus

we have a uniform � 0
1 indexing of all � 0

1 subsets of 2N.
We now use the idea of �nite approximations from Section 3.14. Given an

index e of U � 2N, de�ne G � Seq2 by

G = Ge = f � 2 Seq2 j ' (1) ;�
e (0) # ^ : 9 � � � ' (1) ;�

e (0) # g:

Then U =
S

� 2 G N � and G is primitive recursive and pairwise incompatible.
Conversely, if U =

S
� 2 G N � where G is r.e., then clearly U is � 0

1. The uniform
version is proved similarly.

Remark 4.2.3. As usual, we relativize as follows. Given an oraclef 2 NN, we
say that U � 2N is � 0;f

1 if U = f X 2 2N j 9k R(f � X; k )g where R is recursive.
It can be shown that U � 2N is open if and only if U is � 0;f

1 for somef . Thus
we see a close analogy between open sets and r.e. sets. This analogy can be
pushed much farther.

The following is a recursion-theoretic analog of De�nition 4.1.8.

De�nition 4.2.4 (e�ectively null sets). A set T � 2N is said to bee�ectively
null if there exists a uniformly � 0

1 sequence of setsUn � 2N, n 2 N, such that
T �

T
n Un and � (Un ) � 1=2n for all n.

We are now ready to de�ne our concept of recursion-theoreticrandomness.

De�nition 4.2.5 (randomness). A point X 2 2N is said to be e�ectively
random, or just random, if X does not belong to any e�ectively null set. An
equivalent condition is that the singleton set f X g is not e�ectively null.
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Corollary 4.2.6. � (f X 2 2N j X is randomg) = 1.

Proof. There are only countably many e�ectively null sets. By countable addi-
tivity, their union is null. The corollary is a restatement o f this.

Remark 4.2.7. The great mathematician Kolmogorov invented probability
theory. He also invented a theory of algorithmic randomness, known as Kol-
mogorov complexity. Our concept of randomness was originally formulated in
1966 by Martin-L•of, a former Ph. D. student of Kolmogorov. I t can be shown
that this concept of randomness is closely related to Kolmogorov complexity.

Proposition 4.2.8. If X 2 2N is recursive, thenX is not random.

Proof. If X is recursive, then the setsUn = NX [n ] are uniformly � 0
1 of measure

1=2n . Hencef X g =
T

n Un is e�ectively null, hence X is not random.

Proposition 4.2.9. If a � 0
1 set P � 2N is of measure 0, then it is e�ectively

null. It follows that no X 2 P is random.

Proof. Let e be a � 0
1 index of 2N n P. Then P = f X 2 2N j ' (1) ;X

e (0) "g. Put
Vs = f X 2 2N j ' (1) ;X [s]

e;s (0) " g. Clearly the sets Vs , s 2 N are uniformly � 0
1,

and V0 � V1 � � � � � Vs � � � � and P =
T

s Vs . Hence by countable additivity
lim s � (Vs) = � (P) = 0. The function s 7! � (Vs) is primitive recursive, so let
h(n) = the least s > n such that � (Vs) � 1=2n . Then h is recursive, hence
the sets Un = Vh(n ) , n 2 N, are uniformly � 0

1. Moreover � (Un ) � 1=2n and
P =

T
n Un , so P is e�ectively null.

Remark 4.2.10. Let us say that X 2 2N is weakly randomif X does not belong
to any � 0

1 subset of 2N of measure 0. We have just shown that ifX is random
then X is weakly random. The converse does not hold. For example, any Cohen
genericX 2 2N is weakly random but not random.

We pause to mention the following useful property of random sequences.
Note that this property is in fact equivalent to randomness.

Theorem 4.2.11 (Solovay). Assume that A 2 2N is random. If Un � 2N,
n 2 N, are uniformly � 0

1 such that

1X

n =0

� (Un ) < 1 ;

then f n 2 N j A 2 Un g is �nite.

Proof. Let c be such that
P 1

n =0 � (Un ) � c < 1 . For each k � 1 put

Wk = f X 2 2N j 9 � k n (X 2 Un )g :

Note that the sets Wk , k � 1, are uniformly � 0
1. We claim that � (Wk ) � c=k.

To see this, write

Wk;s = f X 2 2N j (9� k n � s) (X 2 Un )g
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and note that Wk =
S

s Wk;s . We have

c �
1X

n =0

� (Un ) �
sX

n =0

� (Un )

=
sX

n =0

Z

X
Un (X ) dX =

Z

X

sX

n =0

Un (X ) dX

�
Z

X
k Wk;s (X ) dX = k � (Wk;s )

so � (Wk;s ) � c=k. It follows that � (Wk ) = sup s � (Wk;s ) � c=k as claimed. Let
h be primitive recursive such that h(n) � 2n c for all n. Then Wh(n ) is uniformly
� 0

1 of measure� 1=2n . SinceA is random, we haveA =2
T

n Wh(n ) =
T

k Wk , so
A =2 Wk for somek, i.e., 9<k n A 2 Un . Thus f n j A 2 Un g is �nite.

We end this section with the following interesting result.

Theorem 4.2.12 (Martin-L•of). The union of all e�ectively null sets is e�ec-
tively null.

Corollary 4.2.13. We can write f X 2 2N j X is not randomg =
T

n Un where
Un is uniformly � 0

1 and � (Un ) � 1=2n for all n.

Proof. Put S = f X 2 2N j X is not randomg. By the de�nition of randomness, S
is the union of all e�ectively null sets. It follows by Theorem 4.2.12 that S itself
is e�ectively null. Thus S �

T
n Un whereUn is uniformly � 0

1 and � (Un ) � 1=2n

for all n. But clearly
T

n Un itself is e�ectively null, hence S =
T

n Un .

Remark 4.2.14 (tests for randomness, e�ectively null G� sets). The
following terminology is sometimes used. De�ne atest or test for randomness
to be ane�ectively null G� set, i.e., a set of the form

T
n Un whereUn is uniformly

� 0
1 and � (Un ) � 1=2n for all n. We say that X 2 2N passes the testif X =2

T
n Un .

By the de�nition of randomness, X is random if and only if X passes all tests.
Corollary 4.2.13 tells us that there is auniversal test, i.e., a test such that if X
passes that test then it passes all tests and is therefore random.

We may reformulate Corollary 4.2.13 by saying that the setf X 2 2N j X is
not randomg is e�ectively null G� . Moreover, it is the largest e�ectively null G�

set, which is the same as the largest e�ectively null set.

Corollary 4.2.15. f X 2 2N j X is randomg is � 0
2.

Proof. By the de�nition of the arithmetical hierarchy, S � 2N is � 0
2 if and only

if S =
T

n Un where Un is uniformly � 0
1. In particular, by Corollary 4.2.13,

f X 2 2N j X is not randomg is � 0
2, hencef X 2 2N j X is randomg is � 0

2.

Corollary 4.2.16. For all � > 0 we can �nd a � 0
1 set P � 2N such that

8X (X 2 P ) X is random) and � (P) > 1 � � .

Proof. Put P = 2 N n Un , where Un is as in Corollary 4.2.13, and� > 1=2n .
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Remark 4.2.17. We cannot improve Corollary 4.2.16 to say that there exists
a � 0

1 set P � 2N such that 8X (X 2 P ) X is random) and � (P) = 1. This is
obvious, because any nonempty �01 subset of 2N is of positive measure.

We now prove Martin-L•of's Theorem 4.2.12.

Notation 4.2.18 (the tilde notation). Recall from the proof of Proposition
4.2.2 that for every � 0

1 set U � 2N there exists an indexe such that

U = Ue = f X 2 2N j ' (1) ;X
e (0) # g = f X 2 2N j 9s ' (1) ;X [s]

e;s (0) # g:

Moreover, the setsUe for all e 2 N are uniformly � 0
1. We put

Ue;s =
n

X 2 2N
�
� ' (1) ;X [s]

e;s (0) #
o

and note that Ue =
S

s Ue;s and Ue;0 � Ue;1 � � � � � Ue;s � � � � . Note also
that � (Ue;s ) is a rational number, and the function (e; s) 7! � (Ue;s ) is primitive
recursive. Now, given an indexe and a rational number r , de�ne

eU = eUr = eUe;r = f X j 9s (X 2 Ue;s ^ � (Ue;s ) � r )g :

Note that eUe;r is uniformly � 0
1 for all e 2 N and all rational r . The following

properties of eUe;r are easily veri�ed.

1. eUe;r � Ue.

2. �
�

eUe;r

�
� r .

3. If � (Ue) � r then eUe;r = Ue.

We may describeeUe;r as \Ue enumerated so long as its measure is� r ," or \the
� 0

1 subset of 2N with index e, enumerated so long as its measure is� r ."

Proof of Theorem 4.2.12. De�ne � 0
1 sets Ve � 2N, e 2 N, as follows. Given

e, compute ' (1)
e (e). If ' (1)

e (e) " , let Ve = ; . If ' (1)
e (e) ' i , let Ve = the � 0

1
subset of 2N with index i enumerated so long as its measure is� 1=2e. Note
that Ve is uniformly � 0

1 and � (Ve) � 1=2e. De�ne S =
T

n Un where Un =S 1
e= n +1 Ve. Note that Un is uniformly � 0

1. Moreover, � (Un ) �
P 1

e= n +1 � (Ve) �P 1
e= n +1 1=2e = 1 =2n , so S is e�ectively null. We claim that S � T for all

e�ectively null sets T . To see this, supposeT is e�ectively null, say T �
T

n Wn

where Wn � 2N is uniformly � 0
1 and � (Wn ) � 1=2n . By the Parametrization

Theorem, let h be a primitive recursive function such that, for all n, h(n) is a
� 0

1 index of Wn . Let e be an index ofh qua recursive function, i.e., lete be such
that ' (1)

e (n) ' h(n) for all n. Then ' (1)
e (e) ' h(e) is a � 0

1 index of We. Since
� (We) � 1=2e, it follows that Ve = We, henceT � Ve. Since h has in�nitely
many indices qua recursive function, we see thatT � Ve for in�nitely many e.
It follows that T � Un for all n, i.e., T � S. This completes the proof.
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4.3 Randomness Relative to an Oracle

In this section we relativize our concept of randomness to a Turing oracle, and
we prove some theorems concerning the relativized concept.

De�nition 4.3.1. Let f 2 NN be an oracle. We say thatA 2 2N is f -random,
or random over f , or random relative to f , if there is no uniformly � 0;f

1 sequence
of setsU f

n � 2N, n 2 N, such that A 2
T

n U f
n and � (U f

n ) � 1=2n for all n.

Remark 4.3.2. Recall that if A is recursive then A is not random. This
relativizes to the following statement: if A � T f then A is not f -random.

Notation 4.3.3. For A; B 2 2N recall that A � B 2 2N is de�ned by

(A � B )(2n) = A(n) ; (A � B )(2n + 1) = B (n) ;

for all n. Thus 2N � 2N �= 2N via the mapping (A; B ) 7! A � B .

Theorem 4.3.4. If A � B is random, then A is random over B , and B is
random over A.

Proof. SupposeB is not random overA, sayB 2
T

n V A
n whereV A

n is uniformly
� 0;A

1 of measure� 1=2n . For an arbitrary X 2 2N, let V X
n beV A

n with A replaced
by X . (More precisely, let V X

n be the � 0;X
1 set with � 0;X

1 index h(n) where h
is a �xed primitive recursive function such that V A

n is the � 0;A
1 set with � 0;A

1
index h(n).) De�ne

Wn =
n

X � Y
�
� X 2 2N and Y 2 eV X

n

o

where eV X
n is V X

n enumerated so long as its measure is� 1=2n . (See our Notation
4.2.18.) Note that Wn is uniformly � 0

1. By Fubini's Theorem, � (Wn ) � 1=2n .
Since eV A

n = V A
n and B 2 V A

n , it follows that A � B 2 Wn for all n. Thus A � B
is not random. We have now proved that if A � B is random then B is random
over A. The proof that A is random overB is similar.

Corollary 4.3.5. If A � B is random, then A 6�T B and B 6�T A.

Corollary 4.3.6. If A � B is random, then A and B are random.

The preceding theorem has a converse due to van Lambalgen 1987.

Theorem 4.3.7 (van Lambalgen). If A is random, and if B is random over
A, then A � B is random.

Proof. SupposeA � B is not random, sayA � B 2
T

n Wn whereWn is uniformly
� 0

1 and � (Wn ) � 1=2n . By passing to a subsequence, we may assume that
� (Wn ) � 1=22n . For all X 2 2N and n 2 N put

V X
n = f Y 2 2N j X � Y 2 Wn g
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and note that V X
n is uniformly � 0;X

1 . For all n 2 N put

Un =
�

X 2 2N

�
�
�
� � (V X

n ) >
1
2n

�

and note that Un is uniformly � 0
1. By Fubini's Theorem we have

� (Wn ) =
Z

X

Z

Y
Wn (X � Y ) dY dX =

Z

X

Z

Y
V X

n (Y ) dY dX

�
Z

X
Un (X ) V X

n (Y ) dY dX �
Z

X
Un (X )

1
2n dX

=
1
2n

Z

X
Un (X ) dX =

1
2n � (Un ) ;

hence � (Un ) � 2n � (Wn ) � 2n =22n = 1 =2n . Since � (Un ) � 1=2n and A is
random, it follows by Solovay's Theorem 4.2.11 that f n j A 2 Un g is �nite.
Thus � (V A

n ) � 1=2n for all but �nitely many n. Moreover V A
n is uniformly � 0;A

1
and B 2

T
n V A

n . Thus B is not random over A. This proves the theorem.

The following result is due to Joseph Miller 2004.

Theorem 4.3.8 (J. Miller). Assume that A is random, A � T B , and B is
random over C. Then A is random overC.

Proof. Fix e such that A = ' (1) ;B
e . For each � 2 Seq2 put

V� = f Y 2 2N j � � ' (1) ;Y
e g:

Note that B 2 VA [n ] for all n. Moreover, V� is uniformly � 0
1, and � j � )

V� \ V� = ; .

Lemma 4.3.9. There is a constantc such that � (VA [n ]) � c=2n for all n.

Proof. For each rational number c put

Uc =
�

X 2 2N

�
�
�
� 9n �

�
VX [n ]

�
>

c
2n

�
:

Note that Uc is uniformly � 0
1. Let Gc be the set of� 2 Seq2 such that � (V� ) >

c=2lh( � ) and � is minimal with this property. Thus Uc =
S

� 2 G c
N � . Since Gc

is pairwise incompatible, the setsV� , � 2 Gc, are pairwise disjoint. We have
� (Uc) =

P
� 2 G c

1=2lh( � ) , hence

1 = � (2N) � �

 
[

� 2 G c

V�

!

=
X

� 2 G c

� (V� ) �
X

� 2 G c

c
2lh( � )

= c � (Uc) :

Thus � (Uc) � 1=c for all c. In particular, � (U2n ) � 1=2n for all n. Since A
is random, it follows that A =2 U2n for somen, henceA =2 Uc for somec. The
lemma follows.
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Let c be a rational number as in the lemma. LeteV� = V� enumerated so long
as its measure is� c=2lh( � ) . Then eV� is uniformly � 0

1 of measure� c=2lh( � ) . By
the lemma we haveeVA [n ] = VA [n ] for all n.

Now supposeA is not random overC, sayA 2
T

i UC
i whereUC

i is uniformly
� 0

1 and � (UC
i ) � 1=2i . As in the proof of Proposition 4.2.2, let GC

i � Seq2 be
uniformly � 0;C

1 and pairwise incompatible such that UC
i =

S
� 2 GC

i
N � . Put

W C
i =

S
� 2 GC

i

eV� . Then W C
i is uniformly � 0;C

1 and

� (W C
i ) =

X

� 2 GC
i

� ( eV� ) �
X

� 2 GC
i

c
2lh( � )

= c � (UC
i ) �

c
2i :

Moreover, sinceA 2 UC
i and B 2 VA [n ] = eVA [n ] for all n, we haveB 2 W C

i for
all i . Thus B is not random over C. This proves the theorem.

De�nition 4.3.10 ( n-randomness). For n � 1, A 2 2N is said to ben-random
if A is random relative to 0(n � 1) . Thus 1-randomness is just randomness, while
2-randomness is randomness relative to the Halting Problem, etc.

Corollary 4.3.11. AssumeA is random, A � T B , and B is n-random. Then
A is n-random.

Proof. This is a special case of Theorem 4.3.8.

De�nition 4.3.12. A 2 2N is said to bearithmetically random if A is n-random
for all n � 1.

Corollary 4.3.13. If A is random, A � T B , and B is arithmetically random,
then A is arithmetically random.
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