Math 558 — Spring 2004 — Homework

Stephen G. Simpson
Penn State University

May 3, 2004

1. Show that the function An (nth digit of V2 ) is primitive recursive.

Solution. The nth digit of v/2 is f(n) = Rem(g(n), 10), where g(n) = the
least x < 4 - 10" such that (z +1)2 > 2. 10%".

2. Write a register machine program which computes the exponential func-
tion Azy (z¥). Note that 2° =1 for all .

Solution.
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3. For all n let A, be the nth Ackermann branch, defined by

Ao(l‘) = 21‘,
Apir(z) = An--An(1).

2
Thus Ag(z) = 2z, Aj(x) = 2%, Az(z) =22  (height z), etc.
Note that, for each n, A, is primitive recursive. In fact, A,4+1 can be
defined by primitive recursion using A, as
Apnt1(0) =
Api(x+1) = Ap(Ani1(2)).
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Show that A,(1) = 2, 4,(2) = 4, and A,41(3) = A,(4) for all n.
Compute Ay (z) for all n,x with n + 2 < 8.

Solution.

For all n we have A,41(1) = A, (1), hence by induction 4,(1) =
Ap(l) = 2. Also A, 41(2) = A, (A, (1)) = A,(2), hence by induction
An(2) = Ao(2) = 4. Also, for all n and x we have A, 1(z + 1) =
Ap(Ant1(x)), in particular A,41(3) = An(An4+1(2)) = An(4). Table
1 shows A, (x) for small values of n, x.

Table 1: The Ackermann branches.

2 3 4 5
4 6 8 10
4 8 16 32
4 16 216 22"
,'2 ,'2 ,'2
4 216 22" (height 2'6) 22" (height 22" (height 216))

.2 2
4 2% (height 216)  A3(2% (height 216))
2

A3(22 (height 216))

N

Prove the following;:

i. Ap(x+1) > A, (x) >z for all z > 1 and all n.
il. Apy1(x) > Ap(z+1) for all z > 3 and all n.
iii. For each primitive recursive function f(z1,...,x) there exists
n such that A, covers f, i.e.,

flze, ... zk) < Ap(max(3,z1,...,2k))

for all x1, ..., xk.
iv. The 1-place function Az (A;(x)) is not primitive recursive.
v. The 2-place function A\xy (A, (y)) is not primitive recursive.

Solution. First we prove A,(x +1) > A,(x) > x for x > 1, by
induction on n. For n = 0 we have Ag(z +1) =22+ 2 > 2z = Ag(x)
for all , and Ag(xz) = 2z > x for > 1. For n+1 and « > 1 we have
Apii(z + 1) = Ap(Ant1(z)) > Apta(z) by inductive hypothesis.
Thus A1 is strictly monotone. Since A,4+1(0) > 0, it follows that
Aps1(z) >z for all .



Next we prove A,11(x) > Ap(z + 1) for z > 3, by induction on z.
For z = 3 we have A,,41(3) = A, (4) as noted above, and inductively
Api1(z+1) = A, (Anpi(2) > Ap(An(z+1)) > A, (m—i— 2), since A,
is strictly monotone and A, (x+ 1) > x+ 2 by what has already been
proved.

Next we prove that each primitive recursive function is covered by
A, for some n. We prove this by induction on the class of primitive
recursive functions. We begin by noting that the initial functions are
covered by Ajg.

Suppose f is obtained by generalized composition, say

fly, k) = h(gu(@y, s an), o gm(@, o ak)).

Let n be such that A,, covers h and A,, ;1 covers g1, ..., gmn. We then
have

fl@e,.oome) = Moz, k), gm(@1, 0 28))
S An(max(?)vgl(xlv v 7xk)’ cee 7gm(x1a s 7xk)))
< Ap(Apyi(max(3,z1,...,2%)))
= Appi1(max(3,21,...,25) + 1)
< Appo(max(3,z1,...,25)),

ie., Apyo covers f.
Suppose f is obtained by primitive recursion, say

f(oaxlv"'7xk) = g(xlv"'vxk)a
f(y'i_]-vxla"'vxk) = h(yaf(yvxlv"'7xk)ax1a"'7xk)'

Let n be such that A,, covers h and A, 1 covers g. We first claim
that

f(yaxla e axk) S An-‘rl(y + max(gwxla e ,l‘k))
for all y,z1,...,xx. We prove this by induction on y. For y = 0
we have f(0,21,...,2%) = g(x1,...,2) < Apy1(max(3,zq,...,2x)).
For the inductive step we have

h(yaf(ywxla" l‘k) xlw'-ymk)
max(3 Y, f(ywxlw"axk)axla"'axk)

f(y+17$17---,$k)

AN

n+1(y + max(3,z1,...,xx)))
Ap+1(y+ 1+ max(3,21,...,28))

and this proves our claim. We then have

f(yvxla"'vmk) < An+1(y+max(3 xla"'7xk))
< A,1(2max(3,y,x1,...,2k))
< Appi(Ange(max(3,y, 1, .., 1))
= Api2(max(3,y,x1,...,25) + 1)
< Apys(max(3,y,21,...,Tk)),

An(
Ap(max(3,y, Apt1(y + max(3,21,...,2%)), 1, ...
An(A

7xk)



i.e., Apqs covers f. This completes the proof that each primitive
recursive function is covered by A, for some n.

Now, if A,(x) were primitive recursive, then A,(z) + 1 would be
primitive recursive, hence covered by A, for some n > 3. But then
in particular A,(n) +1 < A,(max(3,n)) = A,(n), a contradiction.
Thus the 1-place function A, (x) is not primitive recursive. It fol-
lows immediately that the 2-place function A, (y) is not primitive
recursive.

(Extra Credit) Show that the 3-place relation

{(z,y,2) | Auly) = 2}

is primitive recursive. Use this to prove that Axy (A, (y)) is recursive.
Hence Az (A, (x)) is recursive.

Solution. For all x,y > 0 we have
0<y<As(y) =As1(Aa(y — 1)) = Ao1(¥/)

where ' = A, (y — 1). Since A,_1(y') = A (y) > 2, it follows that
0<y < Az—1(y') = Az(y). Repeating this step x times, we obtain
a finite sequence yo, Y1, Y2, - - ., Y- starting with y such that

Ap(y) = Az(yo) = Ao1(y1) = Au—2(2) = - = Ao(Ya) = 2¥a,

and each of yo,y1,...,¥y, is > 0 and < A,(y). Moreover, if y > 2
then we also have x < A;(y). Thus the 3-place predicate A;(y) = =
can be defined by course-of-values recursion on z as follows:

A (y) = z if and only if

(x=0Nz=2y)V

(x>0Ay=0Az=1)V

(x>0ANy=1Az=2)V

(r>0Ay=2Az2z=4)V

(x>0ANy>2A2<2zATyo, Y1, Ya < 2

(Yo =y AVi <z (yit1 = Aui(yi — 1)) N 2 = 2y,)).
Actually, the function being defined by primitive recursion is

a(w) = [[{presvss | Anly) = 2 A2y, 2 < w}.

In any case, it follows that the 3-place predicate A,(y) = z is primi-
tive recursive.

Applying the least number operator, we see that the 2-place function
A, (y) is recursive. It follows immediately that the 1-place function
Ay (x) is recursive.



4. Given a k-place partial recursive function ¥(z1,...,zx), show that there
is a 1-place partial recursive function 1*(z) such that
(PP piE) pZJJ(rzlhm,zk)
for all xy,...,zx, and ¥*(z) is computable by a register machine using
only two registers, R; and Rs.

Solution. We begin with a register machine program P which computes
Y(x1,...,x5). Let Pi,..., Py, Piy1,..., P be the registers used in P.
We may safely assume that, whenever P(z1,...,z)) halts, it leaves all
registers except Pyt empty.

We transform P into a program R which uses only two registers, R and
Ry. The idea is that, if P;,..., P, contain 21, ..., 2; respectively, then R;
contains z = pi' - - - p;*, while Ry contains 0. Incrementing (decrementing)
P; corresponds to multiplication (division) by p;. Each instruction in P is
replaced by a corresponding set of instructions in R.

We replace @ in P by Figure 1 in R.
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Figure 1: Incrementing P;. The number of R;r instructions is p;.

We replace @ A in P by Figure 2 in R.
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We replace —> in P by Figure 3 in R.
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Figure 2: Decrementing P;. The number of R] instructions is p;.
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Figure 3: Stopping.
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5. Let T' = {indices of total recursive functions} = {e | Vx @él)(x) 1}. Let
E = {indices of the empty function} = {e | V& @él)(x) 1}. Show that T
and E are not recursive.

Solution. By the Enumeration and Parametrization theorems, we can find
a primitive recursive function f such that @501();8) (y) ~ <p§cl) (x) for all  and
y. Then x € K implies f(z) € T, while ¢ K implies f(z) € E. Thus,
since T' and E are disjoint, f reduces K to T and to the complement of
E. Since K is non-recursive, it follows that 7" and E are non-recursive.

6. Let P be the class of 1-place partial recursive functions. For C C P, define
I¢ to be the set of indices of functions in C, i.e.,

Ic = {eeN|p ec}.

Show that if () #£ C # P then I; is nonrecursive. (This result is known as
Rice’s Theorem.)

Solution. Let eg be an index of the empty function. Let e; be an index

such that gog) € C if and only if gog) ¢ C. By the Enumeration and
Parametrization theorems, we can find a primitive recursive function f

such that W o

12 Yy) =
f(@) 1 otherwise,

for all z and y. Thus z € K implies gogfl()x) = gog), while z ¢ K implies

Lpizl()m) = gog). Thus f reduces K either to I¢ (if gog) € C) or to the

complement of Ic (if gog) ¢ C). In either case it follows that Ic is not
recursive.

7. Find m and n such that m # n and @%)(0) =n and @%1)(0) =m.

Solution.

By the Parametrization Theorem, let f be a 1-place primitive recursive
function such that gagfl()x)(y) = ¢ for all z,y. The construction of f in the
proof of the Parametrization Theorem shows that f(z) > x for all . By
the Recursion Theorem, let e be such that @él)(y) ~ f(e) for all y. In
particular we have gogl)(O) ~ f(e), gogcl()e) (0) = e, and f(e) > e. Thus we
may take m = e and n = f(e).

8. A function f: N* — N is said to be limit recursive if there exists a recur-
sive function g : N*+1 — N such that, for all 1,..., 2%, f(z1,...,2%) =
limg g(z1, ..., 2, S).



10.

Let P be a k-place predicate. Show that P is AY if and only if xp is limit
recursive.

Solution.
For simplicity, let x be an abbreviation for x1, ..., k.

First assume that xp is limit recursive, say
Yp(z) = lm f(n,2)
for all =, where f(n,x) is a recursive function. Then we have
P(z) = ImVn(n>m= f(n,z) =1)
and
—-P(x) = ImYn(n>m= f(n,z) =0)
so Pis AJ.

For the converse, assume that P is AY, say
P(z) = JyVz Ri(x,y,2)

and
-P(z) = JyVzRo(z,y,2)

where R; and Ry are primitive recursive predicates. Using the bounded
least number operator, define g(n,x) = the least y < n such that either
Vz < nRy(x,y,2) or Vz < nRy(x,y,z) or both, if such a y exists, and
g(n,z) = n otherwise. Thus g(n,x) is a primitive recursive function, and
it is easy to see that, for all z, g(x) = lim,, g(n, z) exists and is equal to the
least y such that Vz Ry (z,y, z) or Vz Ro(x,y, z). Now define h(n,x) =1 if
Vz < nRi(z,g(n,x),z), and h(n,z) = 0 otherwise. Thus h(n,z) is again
a primitive recursive function, and for all z, h(z) = lim, h(n,x) exists.
Moreover P(z) implies h(z) = 1, and —P(z) implies h(x) = 0. Thus xp
is limit recursive. This completes the proof.

(a) Show that card(R) = 2%, where R is the set of real numbers.

(b) Show that card(R®) = 22" (Recall that R® is the set of functions
from R into R.)

(c) Show that card(C(R,R)) = 2%, where C(R,R) is the set of contin-
uous functions from R into R.

Let (k; | i € I) and (\; | i € I) be indexed families of cardinals with the
same index set, I. Show that, if x; < \; for all ¢ € I, then

Z K < H A
el el

This result is known as Konig’s Theorem.



11.

12.

13.

Show that the operations of ordinal arithmetic may be defined by trans-
finite recursion as

a+B = {a}uUfa+7) +1]7<p),
a-B = Ulla-y)+aly<s)
of = {1JUUf@)-alv <A}

Alternatively, letting 0 denote a limit ordinal, we may define the operations
of ordinal arithmetic by

a+0 = «

a+(B+1) = (a+8)+1
a+o = UHa+v|v<d}
a-0 = 0

a-(B+1) = (a-f)+a
-0 = Wa-vlvy<d}
ol = 1

aftl = (@)«

ad = U |y <}

Let k be an uncountable cardinal. The cofinality of  is defined to be the
least cardinal A such that x can be written as the sum of A\ cardinals each
< k. We write cf(k) = the cofinality of .

(a) Show that cf(k) is an infinite regular cardinal, and cf(x) < k.

(b) Show that x is singular if and only if cf(k) < k.

(c) Show that xf(®) > .

(d) Show that, for all infinite cardinals A, cf(2*) > .

(e) In particular, show that cf(2%0) > V.
Let x be an inaccessible cardinal. Show that there exists a cardinal A < k

such that Ry is an elementary submodel of R,. Show that we may obtain
A with the additional property cf(A) = No.



