Math 558 — Homework #4

March 23, 2007

. Define Xy = card(N). Without using the Cantor/Schrioder/Bernstein
Theorem, prove that

Ng = card(Z) = card(Q)

and
2% = card(R) = card(C).

. Using Cantor/Schroder/Bernstein, prove that
card(C[0,1]) = card([0, 1]) = card([0, 1] x [0, 1]) = 2%°.

Here [0,1] = {x € R | 0 < & < 1} is the closed unit interval, and C[0, 1]
is the set of continuous real-valued functions on [0, 1].

. Prove Konig’s Theorem: If k; < \; for all ¢ € I, then

Z/ii <H/\i‘

iel iel
. Give counterexamples showing the failure of

Zlii <Z/\i

iel iel
and

s =TI

icl iel

. Prove the following laws of ordinal arithmetic.

(a) (a+B)+y=a+(B+7)

(b) (a-pB)-y=a-(8-7).

(€ a-(B+7)=a-B+a-y.

(d) a+0=0+a=a,a-0=0-a=0,a-1=1-a=a.
. Give a counterexample showing the failure of

(a+8)y=a-v+08-7.

. Let a be an ordinal number, and let X be a nonempty set of ordinal
numbers. Prove that

a+sup X =sup{a+ 4| 5e€ X}

and
a-sup X =sup{a-fF|p e X}.

. Give counterexamples showing the failure of
(sup X))+ =sup{a+f|ac X}

and
(supX)-B=sup{a-B|ae X}.



