Math 557 — Homework #5
September 22, 2003

SOLUTIONS

1. Use signed tableaux to show that the following are logically valid.
(a) (Vz(A=B))=((Vz A)= (Vx B))

F(Vz (A= B))=((Vx A)= (Vz B))
T Vz(A= B)
F (Vz A) = (Vx B)

T Vr A
F Ve B
F Bz /d]
T Alz/a)

T (A= B)[z/a]
/0

F Alz/al T Blx/a]

(b) (3z(AVB))< ((IxA)V (Iz B))

F(3z(AVvB))<((3zA) Vv (Iz B))

/ \
T 3z (AV B) F Jz(AV B)
F(3z A) Vv (3z B) T (3z A)V (I B)

T (AV B)[z/a] /N
FdxA T dzx A T3z B
FJzB T Alz/a) T Blz/a]
F Alz/a] F(AvB)z/a] F(AVB)[z/ad]
F Blx/a] F Alz/al F Alz/al
[\ FBlz/a]  F Blz/a]

T Alz/al T Blz/a)



(c) (FxA)e (~Vr—-A)

F(EzA)& (=Vr—-A)
/N
TAx A Faz A
F-vVz—-A T-Vr—-A
T Alz/a FVe-A

TVr—A F(=A)[z/a]
T (= A)[z/a] T Alx/al
F Alx/al F Alx/a]

(d) (Vz(AVv ())& ((VzA)VvC), provided z is not free in C'

F(Vz (AVC)) < ((VzA) V)
/ \

T Vz(AvVC) F vz (Av(C)
F(VzA)vC TNz A)vC
FVzA F(AvVCO)[z/a]
FC F Alz/a]

F Alx/al FC
T (AvC)[z/a] / o\
T Alx/al TvzA TC
TC T Alz/al

The solution to Problem 2 is on the next page.



2. Let L be the language consisting of one binary predicate, R. Recall that
an L-structure, M, consists of a nonempty set Uy, = U, the domain or
universe of M, together with a binary relation Ry; = R C U xU. A set
of L-sentences S is said to be satisfiable if there exists an L-structure
M such that all of the sentences of S are true in M.

Consider the following sentences:

(a) Vo Rzx
(b) Vo - Rxx
(c) VzVy (Rxy = Ryx)
(d) VaVy (Rxy = — Ryx)
(e) VeVyVz ((Rry & Ryz) = Rxz)
(f) Va Jy Ray
Which of subsets of this set of sentences are satisfiable? Verify your

claims by exhibiting appropriate structures. Use the simplest possible
structures.

Solution.

(a,c,e,f) is satisfiable: U = {1}, R = {(1,1)}.
(b,c,d,e) is satisfiable: U = {1}, R ={}.

(b,c,f) is satisfiable: U = {1,2}, R = {(1,2),(2,1)}.
(b,d,e,f) is satisfiable: U ={1,2,3,...}, R = <.

These are the only maximal satisfiable sets, because:

(a,b) is not satisfiable.
(a,d) is not satisfiable.
(b,c,e,f) is not satisfiable.
(

c,d,f) is not satisfiable.

Note: (d,e,f) is not satisfiable in any finite domain.



