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Course Description:

This course is an introduction to the mathematical theory of computability
and non–computability. An example of a computable function is the Ack-
ermann function. Non–computable sets and unsolvable decision problems
arise naturally in several branches of mathematics, including number the-
ory (Diophantine equations) and group theory (word problems). We shall
explore several of these applications.

If time permits, we may prove the famous theorem of Matijasevič, which
characterizes recursively enumerable sets of integers as Diophantine sets.
It follows that there can be no general algorithm to decide whether a given
polynomial equation with integer coefficients has a solution in integers. This
provides a negative solution to Hilbert’s 10th problem.

Another topic that we may explore is computable analysis. We can give an
example of a continuous, computable, real-valued function f on the closed
unit interval [0, 1] such that the maximum value of f is a non–computable
real number.

One fascinating result of pure computability theory is the Recursion The-
orem, which may be paraphrased as follows. Whenever we are writing an
algorithm to compute the values of a given number-theoretic function F ,
we may always assume that we are already in possession of a description of
the algorithm in question. In other words, we may always define F recur-
sively, in terms of itself. This theorem has remarkable consequences related
to paradoxes of self–reference.


