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1 - In tro duction.

Consider the Cauchy problem for an ordinary di�eren tial equation

_x = g(t; x); x(0) = �x; t 2 [0; T]: (1:1)

When g is continuous, the local existenceof solutions is provided by Peano's theorem. Several

existenceand uniquenessresults are known also in the caseof a discontinuous right hand side [7].

We recall here the classicaltheorem of Carath�eodory [8]:

Theorem A. Let g : [0; T] � IRn 7! IRn be a bounded function.

(i) If the map t 7! g(t; x) is measurablefor each x and the map x 7! g(t; x) is continuous for each

t, then the Cauchy problem(1.1) has at least one solution.

(ii) If the map t 7! g(t; x) is measurablefor each x and the map x 7! g(t; x) is Lipschitz continuous

for each t, with a uniform Lipschitz constant, then the Cauchy problem (1.1) has a unique

solution, depending Lipschitz continuously on the initial data �x.

By a solution of (1.1) we mean an absolutely continuous function x : [0; T] 7! IRn such that

x(t) = �x +
Z t

0
g
�
t; x(t)

�
dt for all t 2 [0; T]: (1:2)

More recent results rely on the notions of directional continuit y and of boundeddirectional variation

of a vector �eld. More precisely, given a closed convex cone � � IRm , we say that a (possibly

discontinuous) map � : IRm 7! IRn is directional ly continuous if at each point p 2 IRm one has

lim
p0! p; p0� p2 �

� (p0) = � (p): (1:3)
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We say that the map � has bounded directional variation if

sup

(
NX

i =1

�
� � (pi ) � � (pi � 1)

�
� ; N � 1; pi � pi � 1 2 � for every i

)

< 1 : (1:4)

The following existenceand uniquenessresults were proved in [1, 9] and in [2], respectively.

Theorem B. Let
�
�g(t; x)j � L < M for all t; x.

(i) Assumethat g is directional ly continuous in the direction of the cone

� :=
�

(t; x); jxj � M t
	

� IRn +1 : (1:5)

Then the Cauchy problem(1.1) admits at least one solution.

(ii) Assumethat g has bounded directional variation in the direction of the cone � in (1.5). Then

the Cauchyproblem(1.1) hasa uniquesolution, dependingLipschitz continuously on the initial

data �x.

Further uniquenessresults can be found in [3, 4]. Concerning existence,seealso the interesting

work [10].

Aim of the present paper is to prove two theorems on the existenceand the uniquenessof

solutions to the autonomousCauchy problem

_x = f (x); x(0) = �x 2 IRm ; t 2 [0; T]; (1:6)

extending the classical results of Carath�eodory. As a preliminary, we observe that the equation

(1.1) can be rewritten as an autonomous problem on IRn +1 , intro ducing the variable x0 = t and

the vector �eld f (x0; x) =
�
1; g(x0; x)

�
. Under the assumptionsof Theorem A, the function f can

jump acrossthe hyperplanesof the form x0 = constant. Thesehyperplanesare certainly transversal

to f . Namely, taking the inner product of f with their normal vector, one trivially has

f � n =
�
1; g(x0; x)

�
� (1; 0) � 1:

The next theorem shows that this transversality condition is indeed the key ingredient toward the

existenceof solutions.

Theorem 1. Assumethat f in (1.6) has the form

f (x) := F
�

g1
�
� 1(x); x

�
; : : : ; gN

�
� N (x); x

� �
; (1:7)

where:

2



(i) Each map � i : IRm 7! IR is continuously di�er entiable. Each gi : IR � IRm 7! IR is a

Carath�eodory function, i.e. measurable in t and continuous in x. Moreover, F : IRN 7! IRm

is continuous.

(ii) For somecompact set K � IRm , at every point x there holds:

f (x) 2 K ; r � i (x) � z > 0 for every z 2 K : (1:8)

Then the Cauchy problem(1.6) has at least one solution.

Remark 1. The assumption (ii) can be easily recognizedas a transversality condition. Indeed,

by (1.8)1 every tra jectory of (1.6) satis�es the di�eren tial inclusion _x 2 K . Henceby (1.8)2 this

tra jectory must cross transversally any hypersurfaceof the form � i (x) = constant. According to

the de�nition (1.7), theseare the surfacesacrosswhich f can jump.

To guarantee the existenceof solutions, somekind of transversality condition is necessary, as

shown by obvious counterexample

_x =
�

1 if x < 0,
� 1 if x � 0,

x(0) = 0:

Our secondresult is concernedwith the uniquenessand continuous dependenceof solutions.

Theorem 2. Assumethat f in (1.6) has the form

f (x) := g
�
� (x); x

�
; (1:9)

where:

(i) The function � : IRm 7! IR is continuously di�er entiable. The map g : IR � IRm 7! IRm is

measurable w.r.t. t and uniformly Lipschitz continuous w.r.t. x.

(ii) There exists a compact set K such that

f (x) 2 K ; r � (x) � z > 0 for every x 2 IRm ; z 2 K : (1:10)

Moreover, the gradient r � has bounded directional variation w.r.t. the cone � :=
�

�z ; � �

0; z 2 K
	

.

Then the Cauchy problem(1.6) has a unique solution, depending on the initial data �x in a locally

Lipschitz continuous way.

Remark 2. In the casewhere m = n + 1, x = (x0; : : : ; xn ) and � (x) � x0, the above theorem

reducesto part (ii) of Theorem A. Roughly speaking, in Carath�eodory's theorem oneallows jumps

acrossthe hyperplanesx0 = constant. On the other hand, in Theorem 2 we allow jumps across
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the hypersurfaces� (x) = constant, provided that thesesurfacesare transversal to the vector �eld

f and the direction of their tangent planesdoesnot wiggle too much.

The reader should also notice that in Theorem 2 the assumption of bounded directional vari-

ation is placed on the gradient r � . This situation is quite di�eren t from part (ii) of Theorem B,

where one assumesthat the vector �eld f itself has bounded directional variation.

Remark 3. In Theorems1 and 2, the scalarfunctions � ; � i wereassumedto beC1. This assumption

simpli�es sometechnical aspects of the proofs, but may likely be relaxed. We conjecture that the

sameresults hold if � ; � i are only assumedLipschitz continuous, and the conditions (1.8), (1.10)

are duly reformulated in terms of Clarke generalizedgradients [5].

Remark 4. If in Theorem 2 we drop the key assumption that the directional variation of r � be

bounded, then the uniquenessof solutions may fail. This will be illustrated by an example in the

last section of this paper. On the other hand, the uniquenessresult stated in [4] allows f to have

discontinuities along a set of lines whoseslopes have unbounded directional variation. However,

the validit y of this theorem relies on the very special structure of f , linked to the solution of a

scalar conservation law.

2 - Pro of of Theorem 1.

It is not restrictiv e to assumethat �x = 0. De�ne the Picard operator u 7! Pu

(Pu)( t) :=
Z t

0
F

�
g1

�
� 1(u(s)) ; u(s)

�
; � � � ; gN

�
� N (u(s)) ; u(s)

� �
ds: (2:1)

We will prove that this operator is continuous on the compact set

U :=
�

u : [0; T] 7! IRm ; u(0) = 0;
u(t) � u(s)

t � s
2 K for all t > s

�
: (2:2)

Let " > 0 be given. Applying the theorem of Scorza-Dragoni[11] to each map gi , i = 1; : : : ; N , we

obtain the existenceof a closedset J i with

meas(IR n J i ) � "; (2:3)

such that gi is continuous restricted to the set J i � IRm . De�ne the closedset

A :=
�

x 2 IRm ; � i (x) 2 J i for every i = 1; : : : ; N
	

:

By (1.7), the composed map f is continuous restricted to A. Using the extension theorem of

Dugundji [6, p. 188] we now construct a continuous map ~f : IRm 7! K such that ~f = f on A.
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Call K = maxz2 K jzj. By (2.2), every function u 2 U thus takesvalues inside the closedball

X :=
�

x 2 IRm ; jxj � T � jK j
	

:

By (1.8)2 and the continuit y of the gradients r � i , there exists a strictly positive � 0 such that

r � i (x) � z � � 0 > 0 for all x 2 X ; z 2 K ; (2:4)

becausethe setsX ; K are compact. As a consequence,for each u 2 U the maps t 7! � i
�
u(t)

�
from

[0; T] into IR are strictly increasing. Namely,

d� i
�
u(t)

�

dt
= r � i � _u � � 0 > 0: (2:5)

For a �xed u 2 U, call I u � [0; T] the set of times t such that u(t) =2 A, i.e.

I u
:=

n
t 2 [0; T]; � i

�
u(t)

�
=2 J i for somei = 1; � � � ; N

o
:

Becauseof (2.3) and (2.5), the measureof I u satis�es

meas(I u ) � N "=� 0: (2:6)

To prove the continuit y of P , call eP the Picard operator corresponding to the function ~f , i.e.

( ePu)( t) :=
Z t

0

~f
�
u(s)

�
ds:

Clearly, eP is continuous, hencefor any �xed u 2 U there exists a � > 0, such that




 ePv � ePu




 � " whenever v 2 U; kv � uk � � : (2:7)

We now observe that the di�erence between the Picard operators P and eP is small. Indeed, for

every v 2 U, (2.6) implies




 ePv � Pv




 � sup

x 2 X

�
�f (x) � ~f (x)

�
� � meas(I v ) � 2jK j � N "=� 0: (2:8)

Together, (2.7) and (2.8) yield




 Pv � Pu




 �




 Pv � ePv




 +




 ePv � ePu




 +




 ePu � Pu




 � " + 4jK jN "=� 0; (2:9)

for every v 2 U with kv � uk � � . Since " > 0 in (2.9) was arbitrary , this shows that the Picard

operator u 7! Pu is continuous, mapping the compact set U into itself. By applying the Schauder

�xed point theorem we thus obtain the existenceof a solution to the Cauchy problem (1.6).
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3 - Pro of of Theorem 2.

For any given �x 2 IRm , the existenceof a solution follows from Theorem 1. The main part of

the proof consistsin showing that, given a radius R > 0 and any two solutions

_x(t) = f
�
x(t)

�
; x(0) = x0;

_y(t) = f
�
y(t)

�
; y(0) = y0;

(3:1)

with jx0 j; jy0 j � R, one has the estimate

�
�x(t) � y(t)

�
� � C

R
� jx0 � y0j t 2 [0; T]; (3:2)

for some constant C
R

depending only on f and R. The uniquenessof solutions is an obvious

consequenceof (3.2). The proof is given in four steps.

STEP 1. We �rst study the casewhere f , in addition to the assumptions(i) and (ii) in Theorem

2, is piecewisesmooth. More precisely, we assumethat f has the form

f (x) = gk (x) if � k � � (x) < � k +1 ; (3:3)

for someincreasingsequenceof times f � k ; k 2 ZZ g. Here the functions gk have uniformly bounded

C1 norm, say with

sup
x;k

�
�gk (x)

�
� � C0; sup

x;k

�
�D x gk (x)

�
� � C1 (3:4)

for someconstants C0; C1. Under theseadditional regularity assumptions,the uniquenessof solu-

tions of (1.6) is clear. Our aim is to derive the uniform estimate (3.2) by studying the evolution of

in�nitesimal tangent vectors.

Consider a one-parameterfamily of solutions

_x" (t) = f
�
x" (t)

�
; x" (0) = x"

0; (3:5)

regardedas small perturbations of a referencesolution x0(�) = x(�). De�ne the �rst order tangent

vector

v(t) = lim
" ! 0+

x" (t) � x(t)
"

: (3:6)

Call tk , k 2 ZZ , the times where the referencesolution x(�) crossesthe hypersurfaces� (x) = � k . By

(1.10), all these crossingsare transversal. According to the standard theory of piecewisesmooth

di�eren tial equations[7, 8], if the limit (3.6) exists at time t = 0, then the tangent vector v is well

de�ned for all t 2 [0; T], t 6= tk , k 2 ZZ . The time evolution of v is governed by the linear equation

_v(t) = D x gk (x(t)) � v (t) for t 2 ]tk ; tk +1 [ ; (3:7)
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together with impulsesat the crossingtimes tk . To describe the linear impulse at time tk , call

nk
:=

r �
�
x(tk )

�
�
�r �

�
x(tk ))

�
�

the unit normal vector to the surface� = � k at the point x(tk ). Moreover, de�ne (�g. 1)

f k
:= lim

t ! t +
k

f
�
x(t)

�
= gk

�
x(tk )

�
; ~f k

:= lim
t ! t �

k +1

f
�
x(t)

�
= gk

�
x(tk +1 )

�
; (3:8)

vk
:= lim

t ! t +
k

v(t); ~vk
:= lim

t ! t �
k +1

v(t): (3:9)

k

k+1

v

v
k

v

f

~
~

f
k

k

k
n

t (   ) = t
k

x

t (   ) = tx
k + 1

x(t)

�gure 1

With the above notations, an elementary computation shows that, at the crossing time t k , the

valuesv(tk +) = vk and v(tk � ) = ~vk � 1 satisfy the linear relation

vk = ~vk � 1 + (f k � ~f k � 1)
~vk � 1 � nk

~f k � 1 � nk
: (3:10)

Our next goal is to derive a priori bounds on the size of v . In the following, with the Landau

symbol O(1) we denote a quantit y whosenorm is uniformly bounded. The bound may depend on

T, on the constants C0; C1 in (3.4) and � 0 > 0 in (2.4), and on the total directional variation of

r � , but not on the particular solution x(�) in (3.1).
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Recalling (3.8), from (3.4) we deduce

~f k � f k = gk
�
x(tk +1 )

�
� gk

�
x(tk )

�
= O(1)( tk +1 � tk ): (3:11)

Moreover, recalling (3.9), from (3.7) we deduce

~vk � vk = v(t �
k +1 ) � v (t+

k ) = O(1)( tk +1 � tk )jvk j: (3:12)

In the following, we use the superscripts N k and Tk to denote the components of a vector which

are parallel and tangent to nk , respectively. More precisely, we set

vN k
k = vk � nk ; vTk

k = vk � vN k
k nk : (3:13)

The samenotations are usedfor f k . In addition, for t 2 ]tk ; tk +1 [ we de�ne

wk
:=

vN k
k

f N k
k

zk
:= vTk

k � f Tk
k wk : (3:14)

The quantities ~wk and ~zk are de�ned similarly. By (1.10), the quantities jf N k
k j are uniformly

positive. We thus have the estimates

jwk j = O(1) � jv k j; jzk j = O(1) � jv k j; (3:15)

jvk j =
�
�
�vN k

k

�
�
� +

�
�
�vTk

k

�
�
� �

�
�
�f N k

k

�
�
� jwk j + jzk j +

�
�
� f Tk

k

�
�
� jwk j

= jf k j jwk j + jzk j = O(1) �
�
jwk j + jzk j

�
:

(3:16)

Bounds on the sizeof v can thus be obtained from estimateson wk and zk .

From (3.13) and (3.10) it follows

wk =
vk � nk

f k � nk

=
1

f k � nk

�
~vk � 1 � nk + (f k � nk � ~f k � 1 � nk )

~vk � 1 � nk

~f k � 1 � nk

�

=
~vk � 1 � nk

~f k � 1 � nk

= ~wk � 1 + O(1) � j~vk � 1 j
�
�nk � nk � 1

�
�:

(3:17)

In addition, using (3.11) and (3.12) we deduce

~wk � 1 � wk � 1 =
~vk � 1 � nk � 1 � vk � 1 � nk � 1

~f k � 1 � nk � 1
+

�
vk � 1 � nk � 1

~f k � 1 � nk � 1
�

vk � 1 � nk � 1

f k � 1 � nk � 1

�

= O(1)( tk � tk � 1) jvk � 1 j:

(3:18)

Together, (3.12), (3.17) and (3.18) yield

wk = wk � 1 + O(1) �
�

jnk � nk � 1j + jtk � tk � 1j
	

jvk � 1j : (3:19)
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Similar estimatescan be obtained for the component zk , namely

zk � ~zk � 1 =
h
vTk

k � f Tk
k wk

i
�

h
~vTk � 1

k � 1 � ~f Tk � 1

k � 1 ~wk � 1

i

=
h
~vTk

k � 1 +
�

f Tk
k � ~f Tk

k � 1

�
~wk � 1 � f Tk

k wk

i
�

h
~vTk � 1

k � 1 � ~f Tk � 1

k � 1 ~wk � 1

i

=
�

~vTk
k � 1 � ~vTk � 1

k � 1

�
+ f Tk

k ( ~wk � 1 � wk ) + ~wk � 1

�
~f Tk � 1

k � 1 � ~f Tk
k � 1

�

= O(1) jnk � nk � 1j j~vk � 1j ;

(3:20)

and

~zk � 1 � zk � 1 =
�

~vTk � 1

k � 1 � vTk � 1

k � 1

�
+

�
f Tk � 1

k � 1 � ~f Tk � 1

k � 1

�
wk � 1 + ~f Tk � 1

k � 1 (wk � 1 � ~wk � 1)

= O(1) jtk � tk � 1j jvk � 1j :
(3:21)

Therefore,

zk = zk � 1 + O(1) �
�

jnk � nk � 1j + jtk � tk � 1j
	

jvk � 1j : (3:22)

Intro ducing the scalar quantit y yk
:= jwk j + jzk j, from (3.19), (3.22) and (3.16) we deduce

yk �
�

1 + O(1) � fj nk � nk � 1j + jtk � tk � 1jg
�

yk � 1:

By induction on k, for any integersp < q we obtain

yq � exp

8
<

:
C0 �

qX

k = p+1

�
jnk � nk � 1j + jtk � tk � 1j

�
9
=

;
yp; (3:23)

for someconstant C0. Recalling the assumption on the directional variation of r � , we now have

X

k

jtk � tk � 1j � T;
X

k

jnk � nk � 1j � const. (3:24)

From (3.23) and (3.24), since by (3.15)-(3.16) the quantities yk are uniformly equivalent to the

corresponding norms
�
�v (tk )

�
�, we �nally obtain the estimate

�
�v (t)

�
� � C

R
�
�
�v (s)

�
� for every 0 � s < t � T; (3:25)

for someconstant C
R

. Observe that C
R

may depend on R through the quantit y

� 0
:= min

�
r � (x) � z ; z 2 K ; jxj � R + TjK j

	
: (3:26)

STEP 2. Relying on the uniform bounds(3.25) on tangent vectors, it is easyto derive the estimate

(3.2) in the piecewisesmooth case. Indeed, let the initial data x0; y0 be given. We then construct

a one-parameterfamily of solutions x � : [0; T] 7! IRm , satisfying

_x � (t) = f
�
x � (t)

�
; x � (0) = � y0 + (1 � � )x0; � 2 [0; 1]:
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De�ning the tangent vectors

v � (t) := lim
" ! 0

x � + " (t) � x � (t)
"

;

for all t 2 [0; T], from (3.25) it follows

�
�y(t) � x(t)

�
� �

Z 1

0

�
�
�
�

d
d�

x � (t)

�
�
�
� d� =

Z 1

0

�
�v � (t)

�
� d� � C

R

Z 1

0

�
�v � (0)

�
� d� = C

R
jy0 � x0j; (3:27)

proving (3.2). In this piecewisesmooth case, the evolution equation in (1.6) thus generatesa

uniformly Lipschitz continuous 
o w. In the following, to denote the unique solution of the Cauchy

problem (1.6), we shall usethe semigroupnotation

x(t) = St �x:

We recall that, if w : [0; T] 7! IRm is any Lipschitz function, one has the error estimate




 w(t) � St w(0)




 � L �

Z T

0

 

lim inf
h! 0+

�
�w(t + h) � Sh w(t)

�
�

h

!

dt; t 2 [0; T]; (3:28)

whereL is the Lipschitz constant of the semigroup. In particular, if w solvesthe perturb edequation

_w(t) = f
�
w(t)

�
+ e(t); (3:29)

and satis�es the bounds
�
�w(t)

�
� � R + tjK j, from (3.27) and (3.28) we deduce

�
�w(t) � St w(0)

�
� � C

R
�
Z t

0

�
�e(s)

�
� ds t 2 [0; T]: (3:30)

STEP 3. The general casewill be treated using an approximation procedure. Fix any radius R

arbitrarily large, and de�ne

U :=
�

u : [0; T] 7! IRm ;
�
�u(0)

�
� � R;

u(t) � u(s)
t � s

2 K for all t > s
�

: (3:31)

Lemma 1. Let f ; g; � be as in Theorem 2, and let R and " > 0 be given. Then there exists a

piecewisesmooth function f̂ : IRm 7! K of the form

f̂ (x) = ĝk (x) if � k � � (x) < � k +1 ; (3:32)

with the following properties. Each ĝk is smooth, and its Lipschitz constant satis�es

Lip (ĝk ) � sup
t 2 IR

Lip
�
g(t; �)

�
: (3:33)

Moreover, the Picard operators determined by f and f̂ are close, namely

sup
u2U

Z T

0

�
�
� f̂

�
u(t)

�
� f

�
u(t)

� �
�
� dt � ": (3:34)
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To construct f̂ , we �rst apply the theoremof Scorza-Dragoni[11] to the Carath�eodory function

g and obtain a closedset J with meas(IR n J ) � " , such that the restriction of g to J � IRm is

continuous. The complement of J is an open set, which can be written as a disjoint union of

countably many open intervals, say ]a� ; b� [ , � � 1. We then de�ne

g� (t; x) =
�

g(t; x) if t 2 J ,
� g(b� ; x) + (1 � � )g(a� ; x) if t = � b� + (1 � � )a� for some � � 1; 0 < � < 1.

(3:35)

By (3.35), the function g� is continuous in t and Lipschitz continuous in x. More precisely

sup
t 2 IR

Lip
�
g� (t; �)

�
= sup

t 2 J
Lip

�
g(t; �)

�
: (3:36)

Moreover, calling jK j = maxz2 K jzj, for any u 2 U we have

Z T

0

�
�
�g� �

� (u(t)) ; u(t)
�

� g
�
� (u(t)) ; u(t)

� �
�
� dt � 2jK j � meas

�
t; � (u(t)) =2 J

	

� 2jK j"=� 0;

(3:37)

where � 0 > 0 is the constant in (3.26). We now choosea small � � > 0 and, for each k 2 ZZ , we

de�ne � k
:= k� � and let ĝk be a molli�cation of the function g� (k� � ; �). We then de�ne

ĝ(t; x) := ĝk (x) if � k � t < � k +1 ;

and let f̂ be as in (3.32). From (3.36) it thus follows (3.33). If � � is su�cien tly small and the

molli�cation kernel is su�cien tly closeto the identit y, this construction yields

Z T

0

�
�
�g� �

� (u(t)) ; u(t)
�

� ĝ
�
� (u(t)) ; u(t)

� �
�
� dt � " for all u 2 U: (3:38)

Since" > 0 was arbitrary , (3.37) and (3.38) together yield Lemma 1.

STEP 4. We can now conclude the proof of Theorem 2. Let x; y be any two solutions, as in

(3.1). To prove the estimates(3.2), let " > 0 be given, chooseR := max
�

jx0 j; jy0j
	

and construct

a function f̂ according to Lemma 1. According to STEP 1, the semigroup bS generatedby the

evolution equation _x = f̂ (x) is Lipschitz continuous, more precisely

�
� bSt x � � bSt y�

�
� � C

R
� jx � � y� j whenever jx � j; jy� j � R; t 2 [0; T]; (3:39)

for someconstant C
R

not depending on " . De�ne the quantities ex and ey as

ex (t) := f
�
x(t)

�
� f̂

�
x(t)

�
;

ey (t) := f
�
y(t)

�
� f̂

�
y(t)

�
;

t 2 [0; T]: (3:40)
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The functions x and y are thus solutions to

_x(t) = f̂
�
x(t)

�
+ ex (t); x(0) = x0;

_y(t) = f̂
�
y(t)

�
+ ey (t); y(0) = y0:

By (3.39) we can now use(3.30) and deduce
�
�y(t) � x(t)

�
� �

�
�y(t) � bSt y0

�
� +

�
� bSt y0 � bSt x0

�
� +

�
� bSt x0 � x(t)

�
�

� C
R

�
Z t

0
jey (s)j ds + C

R
jy0 � x0j + C

R
�
Z t

0
jex (s)j ds

� 2C
R

" + C
R

jy0 � x0j

(3:41)

for every t 2 [0; T]. Indeed, by (3.40) and (3.34) it follows
Z T

0

�
�ey (s)

�
� ds < ";

Z T

0

�
�ex (s)

�
� ds < ":

Since" was arbitrary , from (3.41) we deduce(3.2).

4 - A coun terexample.

In Theorem 2, the assumption that r � has bounded directional variation is essential for the

uniquenessof the solutions, as shown by the following counterexample.

Consider a function g : IR � IR2 7! IR2 such that

g(t; x) = g(t) :=

8
>><

>>:

(1; 1); if t 2
i 2k + 1

2k(k + 1)
;

1
k

i
;

(1; � 1); if t 2
i 1

k + 1
;

2k + 1
2k(k + 1)

i
;

for any k � 1: (4:1)

In the plane with coordinates (x1; x2), de�ne the sequencesof points Pk , P 0
k , Qk and Q0

k by setting

(�g. 2)

Pk
:=

�
1
k

; 0
�

;

P 0
k

:=
�

1
k

;
1
2k

�
;

Qk
:=

�
2k + 1

2k(k + 1)
;

� 1
2k(k + 1)

�
;

Q0
k

:=
�

4k + 1
4k(k + 1)

;
2k � 1

4k(k + 1)

�
:

(4:2)

We can now construct a C1 function � : IR2 7! IR with

r � (x) � (1; � ) > 0 r � (x) � (1; � 1) > 0 for all x 2 IR2 (4:3)

and such that, for every integer k � 1,

� (x) :=

8
>><

>>:

1
k

; along the segment joining Pk ; P 0
k ;

2k + 1
2k(k + 1)

; along the segment joining Qk ; Q0
k :

(4:4)
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P

P

P

Q

Q

x

k

k

k

k+1

k

1

`

`

2x

�gure 2

Letting f (x) := g
�
� (x)

�
, and de�ning

K := co
�

(1; 1); (1; � 1)
	

=
�

(1; � ); j� j � 1
	

;

all of the assumptions in Theorem 2 are satis�ed, except the one on the directional variation of

r � . Indeed, at all points Pk the gradient r � is parallel to the vector (1; 0). On the other hand, at

each point Qk this gradient is parallel to the vector
�
1; 1=(2k + 1)

�
. Sincer � is continuous and

never vanishes,its total variation in the direction of the cone� :=
�

(x1; x2); jx2 j � x1
	

cannot be

bounded.

From the de�nitions (4.1)-(4.4) it follows that, for each k � 1,

f (x) :=

(
(1; 1) on the quadrilateral with vertices Pk ; P 0

k ; Q0
k ; Qk ;

(1; � 1) on the quadrilateral with vertices Qk ; Q0
k ; P 0

k +1 ; Pk +1 :
(4:5)

One can easily check that the Cauchy problem on IR2

_x = f (x); x(0) = (0; 0)

has two distinct solutions (�g. 2). Namely, one solution passing through all the points Qk ; Pk ,

k � 1, and a secondsolution passingthrough all the points Q0
k ; P 0

k :
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