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Abstra ct. For an n-persons,non-cooperative di�eren tial game,
the valuefunctions of the variousplayerssatisfy a systemof Hamilton-
Jacobi equations. When this system is hyperbolic, some results
about the existenceand stabilit y of a Nash equilibrium solution
can be obtained using the theory of hyperbolic conservation laws.
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1. In tro duction

Non-cooperative gamesprovide a mathematical model for the behavior of two or
more individuals, operating in the sameenvironment with di�eren t (possibly con-

icting) goals. More speci�cally , when the payo�s of the various players depend on
the state of a systemevolving in continuous time, the situation can be modelled by
a di�eren tial game.

In this paper we discussa classof non-cooperative n-personsdi�eren tial games.
Consider a system whosestate is described by a �nite number of parameters x =
(x1; : : : ; xm ) 2 IRm . Assume that its evolution in time can be in
uenced by the
inputs of all the players. Namely, let x = x(t) satisfy a di�eren tial equation of the
form

(1) _x(t) =
nX

i =1

f i (x(t); ui (t)) ; x(� ) = y:

Here the real valued map t 7! ui (t) is the control implemented by the i -th player.
Together with (1), we consider the payo� functionals

(2) J i = J i (� ; y; u1; : : : ; un )
:
= gi (x(T)) �

Z T

�
hi (x(t); ui (t)) dt :

Notice that (2) is the sum of a terminal payo� gi , depending on the state of the
system at the �nal time T, and of a running cost hi , incurred while implementing
the control ui . The goal of the i -th player is to maximize J i .

For example, consider n companieswhich are planning to sell the same type
of product. Let x i (t) be the market share of the i -th company at time t. This
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can change in time, depending on the level of advertising (u1; : : : ; un ) chosenby
the various companies. At the �nal time T when the products are being sold, the
payo� J i of the i -th company will depend on its market sharex i (T ) and on its total
advertising cost, as in (2).

In this context, the goal of a mathematical analysis is to identify \optimal" or
at least \rational" strategies for the various players, and predict actual behavior
in real-life situations. A major step toward the understanding of non-cooperative
gameswith several playerswasprovided by the conceptof non-cooperative equilib-
rium, intro ducedby J. Nash[14]. Roughly speaking,a set of strategies(U �

1 ; : : : ; U �
n )

constitutes a Nash equilibrium if, whenever one single player modi�es his strategy,
his own payo� will not increase. This concept was �rst formulated in the context
of static games,where no time-evolution is involved. It is natural to explore the
relevanceof Nash equilibria also in connection with di�eren tial games.

We remark that in this casethe information available to the players is a cru-
cial aspect of the game. If each player has knowledge only of the initial state of
the system, then his strategy must be a function of time only, say ui = Ui (t).
Such strategies are called open-loop strategies. Results on the existenceof Nash
equilibrium solutions in open-loop form can be found in [10, 18].

On the other hand, if the playerscan directly observe the state x(t) of the system
at every time t 2 [0; T ], then they can adopt feedback strategies: u i = Ui (t; x)
also depending on x. For open-loop and feedback (closed-loop) strategies, the
Nash equilibrium solutions can be substantially di�eren t. In this paper we analyze
the existenceand stabilit y of Nash equilibrium strategies in feedback form. More
precisely, an n-tuple of feedback strategies

ui = U �
i (t; x); i = 1; : : : ; n;

is called a Nash equilibrium solution if the following holds. For each i , if the i -th
player choosesan alternativ e strategy Ui , while every other player j 6= i sticks to
his previous strategy U �

j , then the i -th payo� doesnot increase:

J i (� ; y; U �
1 ; : : : ; U �

i � 1; Ui ; U �
i +1 ; : : : ; U �

n ) � J i (� ; y; U �
1 ; : : : ; U �

i � 1; U �
i ; U �

i +1 ; : : : ; U �
n ):

In other words, we are requiring that, for each i = 1; : : : ; n, the feedback strategy
ui = U �

i (t; x) provides the solution to the optimal control problem for the i -th
player

(3) max
u i ( � )

(

gi (x(T)) �
Z T

�
hi (x(t); ui (t)) dt

)

;

in connection with the system

(4) _x = f i (x; ui ) +
X

j 6= i

f j (x; U �
j (t; x)) :

Assuming that the dynamics of the system and the payo� functions are su�-
ciently regular, the problem can be attacked using tools from P.D.E. theory. As in
the theory of optimal control, the basicobjects of our study are the value functions
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Vi . Roughly speaking, Vi (� ; y) denotesthe payo� expectedby the i -th player, if the
gamewere to start at time � , with the system in the state x(� ) = y. As shown in
[10, p. 292], thesevalue functions satisfy a system of �rst order partial di�eren tial
equationswith terminal data:

(5)
@
@t

Vi + H i (x; r V1; : : : ; r Vn ) = 0; Vi (T; x) = gi (x) i = 1; : : : ; n:

The Hamiltonian functions H i are de�ned as follows. Assume that, for any
j = 1; : : : ; n and any given gradient vector pj = r Vj 2 IRm , there exist a unique
optimal control value u�

j (x; pj ) such that

(6) pj � f j (x; u�
j (x; pj )) � hj (x; u� (x; pj )) = max

! 2 IR
f pj � f j (x; ! ) � hj (x; ! )g :

Then

(7) H i (x; p1; : : : ; pm ) = pi �
mX

j =1

f j (x; u�
j (x; pj )) � hi (x; u�

i (x; pi ))

If one can �nd a solution (V1; : : : ; Vn )( t; x) to the system of Hamilton-Jacobi
equation (5), then from the gradients of thesevalue functions one can recover the
feedback strategiesU �

i for the various players. Indeed,

U �
i (t; x) = argmax

! 2 IR
fr Vi (t; x) � f i (x; ! ) � hi (x; ! )g:

In the caseof a two-person, zero-sum di�eren tial game, the value function is
obtained from the scalar Bellman{Isaacs equation [10]. The analysis can thus rely
on comparison principles and on the well-developed theory of viscosity solutions
for Hamilton{Jacobi equations; see for example [2]. On the other hand, in the
caseof noncooperative n-persongames,onehas to study a highly nonlinear system
of Hamilton-Jacobi equations. Little is yet known in this direction, except for
particular examplesas in [3, 8, 9, 15].

2. Nash equilibrium solutions in the hyp erb olic case

We �rst considera di�eren tial gamefor n playerson the real line, having the special
form

(8) _x = f 0 +
X

i

ui ; x(� ) = y :

Here the controls ui can be any measurable,real valued functions, while f 0 2 IR is
a �xed constant. The payo� functionals are given by

(9) J i = J i (� ; y; u1; : : : ; un ) = gi (x(T)) �
Z T

�
hi (ui (t)) dt :

We assumethat the cost functions hi are smooth and strictly convex:

(10)
@2

@! 2 hi (! ) > 0 ! 2 IR :
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The Hamiltonian functions H i are thus de�ned as

(11) H i (p1; : : : ; pn ) = pi �

0

@f 0 +
X

j

u�
j (pj )

1

A � hi (u�
i (pi )) ;

where the controls u�
j = u�

j (pj ) provide the solutions to the following maximization
problems:

(12) pj u�
j � hj (u�

j ) = max
!

f pj � ! � hj (! )g := � j (pj ):

The corresponding Hamilton-Jacobi equation for Vi takesthe form

(13) Vi;t + H i (V1;x ; : : : ; Vn;x ) = 0;

with data given at the terminal time t = T:

(14) Vi (T; x) = gi (x); i = 1; : : : ; n:

In turn, the gradients pi
:= Vi;x of the value functions satisfy the system of conser-

vation laws with terminal data

(15)
@
@t

pi +
@

@x
H i (p1; : : : ; pn ) = 0; pi (T; x) = g0

i (x) :

We recall that the system (15) is strictly hyperbolic at a point p = (p1; : : : ; pn ) if
the Jacobian matrix A(p) with A ij = @H i =@pj has n real distinct eigenvalues. Our
�rst result provides a su�cien t condition for this to happen. In the following, � j

denotesthe function de�ned at (12).

Lemma 2.1. Assume that all components pi , i = 1; : : : ; n, have the same sign.
Moreover, assumethat there are no distinct indices i 6= j 6= k such that

(16) pi � 00
i = pj � 00

j = pk � 00
k :

Then the system(13) is strictly hyperbolic at p. Moreover, all eigenvalues� i (p) of
the matrix A(p) satisfy the inequality

(17) � i (p) 6= _x = f 0 +
X

j

u�
j (pj ) i = 1; : : : ; n :

According to the last statement, the characteristic wavespeeds� i areall di�eren t
from the speed _x at which the state of the systemchanges.For a proof of the above
result, see [6]. We mention that, in the case of 2-player games, the condition
p1p2 > 0 is also necessaryfor the strict hyperbolicit y of the system. However, one
can give an exampleof a 3-player game,wherethe system(15) is strictly hyperbolic
even without p1; p2; p3 having all the samesign.

Next, assumethat the system of conservation laws (15) is strictly hyperbolic
in a neighborhood of a point p� = (p�

1; : : : ; p�
n ). In this case,assuming that the

terminal conditions have small total variation, onecan apply Glimm's theorem [12]
and obtain the global existenceof a weak solution. In turn, the components of this
solution determine a family of feedback strategies ui = U �

i (t; x), which provide a
Nash equilibrium solution to the non-cooperative di�eren tial game.
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Theorem 2.2. Consider the di�er ential game (8){(9) , where the cost functions
hi are smooth and satisfy the convexity assumption (10). In connection with the
functions � j at (12), let p� := (p�

1; : : : ; p�
n ) be a point where the assumptions of

Lemma 2.1 are satis�ed. Then there exists � > 0 such that the following holds. If

(18) kg0
i � p�

i kL 1 < � ; Tot.Var.f g0
i (�)g < � ; i = 1; : : : ; n ;

then for any T > 0 the terminal value problem(15) has a weak solution p : [0; T ] �
IR 7! IRn . The (possibly discontinuous) feedback controls U �

j (t; x) := u�
j (pj (t; x))

implicitly de�ned by (12) provide a Nash equilibrium solution to the di�er ential
game. The trajectories t 7! x(t) depend Lipschitz continuously on the initial data
(� ; y).

A detailed proof can be found in [6]. Our proof strongly relies on the special
structure of BV solutions of hyperbolic systemsof conservation laws. In particular,
weshow that the solution p = p(t; x) of (15) hasboundeddirectional variation along
a cone �, strictly separatedfrom all characteristic directions. When the feedback
controls ui = u�

i (pi (t; x)) are inserted in (8), we obtain the discontinuous O.D.E.

(19) _x(t) = f 0 +
nX

i =1

u�
i (pi (t; x)) ; x(� ) = y:

In spite of the right-hand sidebeing discontinuous,we show that the solution of the
Cauchy problem is unique and depends continuously on the initial data. Thanks
to the strict separation property (17), every tra jectory of (19) crossestransversally
all shock curves,where the functions pi (and henceu�

i ) are discontinuous. Because
of the bound on the total variation, the result in [4] can be applied, providing the
uniquenessand continuous dependenceof tra jectories of (19). In turn, from these
tra jectories one can de�ne the corresponding payo� functions Vi = Vi (t; x) for the
various players. The proof is completed by showing that, for each i , the functions
u�

i (pi ) and Vi yield respectively the optimal feedback control and the value function
for the optimal control problem (8)-(9).

It is interesting to observe that the entropy admissibility conditions play no
role in the above theorem. For example, a solution of the system of conservation
laws consisting of a single, non-entropic shock still determines a Nash equilibrium
solution, provided that the amplitude of the shock is small enough.

3. Semi cooperativ e strategies

When the state of the systemis describedby a vector x 2 IRm , m � 2, the systemof
H-J equations(5) for the value functions is not hyperbolic, generically. For reader's
convenience,we recall here somebasic de�nitions.

The linear multidimensional system with constant coe�cien ts

(20)
@
@t

v +
mX

� =1

A �
@

@x �
v = 0
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is said to be hyperbolic if, for each vector � = (� 1; : : : ; � m ) 2 IRm , the matrix

(21) A(� ) :=
X

�

� � A �

admits a basisof real eigenvectors [16]. We shall say that (20) is weakly hyperbolic
if all the eigenvaluesof A(� ) are real, for every � 2 IRm .

Next, given a point (x; p) = (x; p1; : : : ; pn ) 2 IR(1+ n )m , with

x 2 IRm ; pi = r x Vi = (pi 1; : : : ; pim ) 2 IRm ;

consider the linearized system

(22)
@vi

@t
+

X

j;�

�
@H i

@pj �
(x; p1; : : : ; pn )

�
�

@vj

@x �
= 0 i = 1; : : : ; n ;

where all derivatives are computed at the point (x; p). This is equivalent to (20),
with

(23) (A � ) ij =
@H i

@pj �
(x; p1; : : : ; pn ) :

We now say that the system in (5) is hyperbolic (weakly hyperbolic) on a domain

 � IR(1+ n )m if, for every (x; p) 2 
, the linearized system (22) is hyperbolic
(weakly hyperbolic, respectively).

To understandwhy the hyperbolicit y condition fails, in a genericmulti-dimensional
situation, considerfor examplea 2-player gameon IRm . In the scalar case,we have
seenthat the 2 � 2 system of H-J equations is not hyperbolic if the gradients of
the value functions have opposite signs. In the multidimensional case,whenever
r V1; r V2 2 IRm are not parallel to each other, we can �nd a vector � such that
r V1 � � < 0 and r V2 � � > 0, seeFigure (a). In this case,the eigenvalues of the
corresponding matrix A(� ) in (21) and (23) are complex, and the systemis not even
weakly hyperbolic.

When the system is not hyperbolic, the Cauchy problem (5) is ill posed. For a
detailed analysisof how vanishing viscosity approximations can fail to convergeto a
well de�ned solution, see[7]. The eventual conclusionof our analysisis that, except
for the one-dimensionalcase,the concept of Nash non-cooperative equilibrium is
not appropriate to study gameswith complete information, in continuous time.
The highly unstable nature of the solutions makes it impossible to extract useful
information from the mathematical model.

In the literature, various approacheshave beenproposed,to overcomethis basic
di�cult y. Following [3], one can study a special classof multidimensional games,
with linear dynamics and quadratic cost functionals. In this case,the system of
H-J equations (5) may be ill posed, but one can always �nd a unique solution
within the set of quadratic polynomial functions. An alternativ e strategy is to add
somerandom noise to the system. This leads to the the analysis of a stochastic
di�eren tial game[11, 13], with dynamics described by

dx = f (x; u1; : : : ; un ) dt + " dw ;
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where dw is the di�eren tial of a Brownian motion. The corresponding system de-
scribing the value functions is now parabolic, and admits a unique smooth solution.
However, oneshould be aware that, as " ! 0, the solutions becomemore and more
unstable and may not approach a well de�ned limit.

D

V1

V

D

2

x J1

J2

N

P

C

0

(a) Hyperbolicit y fails generically. (b). From Nash equibrium to Pareto optimal.

An entirely di�eren t approach was proposedin [7], where the authors explored
the possibility of partial cooperation among players. To explain the heart of the
matter, we �rst observe that the Hamiltonian functions at (11)-(12) are derived
from the following instantaneous optimization problem. Given p1; : : : ; pn 2 IRm ,
the i -th player seeksa control value ui which maximizes his instantaneouspayo�

(24) J i = pi �
�

f 0 +
X

j

uj

�
� hi (ui ) :

In the caseof two players, the set of possiblepayo�s (J1; J2) attainable as(u1; u2) 2
IR2m correspondsto the shadedregion in Figure (b). The Nashequilibrium strategy
producesthe payo�s at N , and corresponds to the Hamiltonian in (11)-(12).

In this context, it is interesting to examine alternativ e strategies for the two
players, resulting in di�eren t Hamiltonian functions. If full cooperation were pos-
sible, then the players would simply choosethe strategy that maximizes the sum
J1 + J2 of the two payo�s, i.e., the point C in Figure (b). In this case, u1; u2

can be regarded as components of one single control function. The optimization
problem thus �ts entirely within the framework of optimal control theory. The only
additional issuearising from the di�eren tial gameis the possiblesidepayment that
one of the players should make to the other, to preserve fairness.

Alternativ ely, the playersmay choosestrategiesu1; u2 corresponding to a Pareto
optimum P. See[1] for basic de�nitions. In the casewhere the two players can-
not communicate and are not allowed to make side payments, their behavior can
still drift away from a Nash equilibrium and approach a Pareto optimum which
improvesboth of their payo�s. In connectionwith the iterated prisoner's dilemma,
a mechanism which allows this transition was proposedby S. Smale [17]. These
sameideasare appropriate also in continuous time.
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If, for any given p1; p2, the players choosecontrol values ui (p1; p2) which yield
somePareto optimum, we say that their strategy is semi-cooperative. A remark-
able fact, proved in [7], is that when semi-cooperative strategiesare implemented,
the corresponding Hamiltonian system for the value functions Vi is always weakly
hyperbolic. This looks promising in connection with the Cauchy problem (5) for
the value functions. Indeed, our semi-cooperative solutions will not experiencethe
severe instabilities of the Nash solutions. It is thus expected that someexistence
theorem should hold in greater generality.
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