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Abstract

Consider a scalar O.D.E. of the form x = f(t;x), where f is
possibly discortinuous w.r.t. both variables t; x. Under suitable as-
sumptions, we prove that the corresponding Caudhy problem admits
a unique solution, which depends Helder continuously on the initial
data.

Our result appliesin particular to the casewheref can be written
in the form f (t; x) = g(u(t; x)), for somefunction g and somesolution
u of a scalarconsenation law, say u;+ F (u)x = 0. In turn, this yields
the uniquenessand cortinuous dependenceof solutions to a class of
2 2 strictly hyperbolic systems,with initial data in L?* .
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1 Intro duction

In this paper we prove a new existenceand uniquenesgesult for solutionsto
a scalardi erential equationwith discortinuousright hand side

x = f(t; x) t2[0;T] Q)

Solutions are understood in the senseof Caratheadory, i.e. as absolutely
cortinuous functions which satisfy (1) almost everywhere. Equivalertly, a
function x = x(t) is a solution of the Caudy problem (1) with initial data

x(0) = x; (2

i it satis es the integral equation
Z t
x(t) = x + . f (s;x(s)) ds t2[0;T]:

For (possibly vector valued) O.D.E's with discortinuousright hand side, we
recall two known conditions which imply the well posednes®f the Caudy
problem:

Case 1. (Caratheadory conditions [9]) The map x 7! f (t; X) is Lips-
chitz cortinuousfor a.e.t, while the mapt 7! f (t; x) is measurablefor
every X.

Case 2. (Bounded Directional Variation [3]) For someconstaris L; M
onehasthe uniform bound|f (t; x)j] L < M. Moreover the quartities

f(tisxi) f(ti nx 1) (3)
i=1

areuniformly bounded.In (3), N  1lisany integerandthe summation
is taken over any (N + 1)-tuple of points (t;; x;) which is \directionally
increasing",i.e.

to< t1 < < tn; Xi X1 Mt ot i=1 'N:



In both casespnecanshaw that the solution of the Caudy problem depends
Lipschitz cortinuously on the initial data. On the cortrary, for the equations
consideredin the presen paper, only a Helder cortinuous dependenceon
initial data will hold. Our study was originally motivated by the following
systemof conseration law

Wt Ty = O @)
Vi + ﬁ ) = O
Introducing the new variablesw = u + v; = v=u, the system(4) takes
the form
w; + 1XVW ) = 0 (5)
e = 0 ©
For a given initial data w(0) = w, (0) = , onecan rst construct the

unique erntropy solution w = w(t; x) to the scalar conseration law (5)
according to Kruzkov [10]. The function is then obtained by setting
(t; x) = (y(0;t; x)), wheres 7! y(s;t; x) denotesthe solution to the Caudy
problem

dy 1

o Ty Y0=x ™)

Obsene that (7) cortains O.D.E. whoseright hand side is discoriinuous
w.r.t. both variablest; x. More generally we shall look at equationsof the
form q

X

qr = FEx) = gw(t x)) (8)

where g is any bounded function and w is a solution to somescalar con-
senation law. We remark that these equationsdo not fall in either of the
cased9, 3].

The key properties of the function f in (8) are the following.



(A1) For ewery point (t; x), there existsa slope .x sud that the function f
is constart alongthe segmen |, de ned as

It;X=: Ir](t;x); t2]0;t]; x x=(t t) t;xo:

Moreover, (t; X) 2 li.x implies x = ¢x and hencel¢x lix.

(A2) There exists disjoint intervals [a;b] and [c;d] sud that f (t;x) 2 [a;b]
and 4 2 [c;d] for all (t;x) 2 [0;T] IR.

We cannow state our main existenceand uniquenesgesult. In the following,
we considerthe family of functions

. Nn [0}
U= u:[0;T]7"IR; uisLipschitz cortinuous u(t) 2 [a;b] a.e. : (9)

Theorem 1 Letf :[0;T] IR 7! IR be a measurablefunction satisfying the
assumptions(Al) and (A2). Then the following holds

(i) Themapt 7! f (t; u(t)) is measurablefor eachu 2 U.
R
(i) The Picard operator (Pu)(t) = & f (s;u(s)) ds is continuous on U.

(i) For eachinitial data x, the Cauchy problem(1)-(2) has a unique so-
lution x(). The map x 7! x() is Helder continuous from IR into

C([0;T]).

The proof will be obtained by rst deriving uniform estimateson the solu-
tions, in the casewheref is piecewiseconstart with jumps along a nite
number of segmets in the t-x plane. The result is then extendedto general
functions f , using an approximation argumert in connectionwith a suitable
topology.

From Theorem 1 one obtains the well posednes®f the Caudy problem for
a classof strictly hyperbolic 2 2 systemsof the form

W+ F(W)x = 0; w(0;x) = w(x) (10)
t+gw) x=0 (0;x) = (X); (11)



Theorem 2 Let the initial dataw, be boundel, say with w(x) 2 [w ;w"]
for all x, andlet be continuous. Assumethat there existsdisjoint intervals
[a;b] and [c;d] suchthat

g(w) 2 [a;b]; FYw) 2 [c;d]; forallw2 [w ;w"]:

Then the Cauchy problem (10)-(11) has a unique entropy solution, contin-
uously degending on the initial data. More precisely, if w, ! win L and
n ! in C, then for eacht > 0, ,(t;x) convelgesto (t;x) uniformly on
boundd sets.

For hyperbolic systemsof the Templeclass,the existenceand the cortinuous
dependenceof solutionswere establishedin [11] and [1], within the setof BV
functions. A uniquenessresult with L' data, valid for somespecial 2 2
systems,wasrecenly obtainedin [2]. For 3 3 strictly hyperbolic systems,
on the other hand, the Caudy problem appearsto be not well posed,in the
classof L! initial data. This is illustrated by a courterexamplegiven at the
end of this paper.

2 The piecewise constant case

In this sectionwe study the casewhere,in addition to (A1)-(A2), the function
f is piecewiseconstart, with jumps alonga nite number of segmets in the
t-x plane. In this case,the conclusions(i){(iii) of Theorem 1 are obvious,
sinceall trajectoriest 7! u(t), u 2 U crosstransversally the discontinuity
linesof f.

Our main goal is to derive a priori estimateson the dependenceof solutions
on the initial data. Theseboundswill depend only on the intervals [a; b,
[c;d], and not on the number of jumps or on the total variation of f. To
X the ideas,in the following we shall assumed < a, the caseb < c¢ being
ertirely similar.

The basic step is the analysis of tangert vectors. More precisely consider
any solution t 7! x(t) of (1). For a xed time t , denoteby t 7! x.(t) the
solution of (1), with initial data

Xo(t)=x(t)+ "
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Becauseof the simple geometrical structure of f, it is clear that the rst

order tangert vector

v = fim 20 _XO (12)

10

iswell de ned for all t 2 [0; T]. Moreover,the mapt 7! v(t) is piecewisecon-
stant, with jumps only at times wherethe referencesolution x( ) crosses
discortinuity of f . Call v ;v* the valuesof v beforeand after such a crossing
time. Let 2 [c;d] bethe slope of the segmeh wheref is discortinuous,and
call f ;f* the valuesof f acrossthe jump (seeFigure 1). An elemenary
computation now yields the basicrelation [§]

v+=I Voo (13)
@
f @
o |V
\Y; @
X @

Figure 1. Changein tangert vector acrossa jump.

Foreaht dene (t) = ixr andlety(t) = x(t) t (t) bethe intersection
of the x-axiswith the segmen |y wheref is constartly equalto f (t; x(t)).
By assumption,the function t 7! y(t) is nondecreasing.It is not restrictive
to assumethat it is alsopiecewiseconstart. To keeptrack of v(t) during the
wholeinterval [0; T], introducethe function

vy b))
O fexm o -
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Obsene that, for f 2 [a;b] and 2 [c;d], we have
" !

# !
b b d d b b f
f 2L dq T (f )2 0

We now investigate how the product z(t) = (t) v(t) variesin time. First,
we notice that z(t) is una ected by the changein f acrossa discortinuity.
Indeed, from (13)-(14) it follows

S VAR b v o= b v =' v
f+ f
Moreover, at times wherey jumps upward, hencey* >y and * < ,we
have
1+ b * b '
V= V= V:

Vo

Finally, considerthe ewlution z(t) during a time interval wherey(t) remains
constart. Since (t) = [x(t) y(t)]=t, we have

1 1 f
=X & Vg=
hence b f
O= G

As long asthe trajectory t 7! x(t) doesnot crosslines wheref is disconin-
uous, the tangert vector v(t) is a constart. Hence

b f() 2t 2(t)

z2(t) ="(1) v(t) = ot —~ (15)
where = (b a=b d) < 1. From the di erential inequality (15) it follows
z(t) t _

0] s O<s<t T: (16)
Since (t) 2 [1;M] with M = (b d)=(a d), by (16) we have
v(t) t :



Now considerany two solutions x1;X, : [0; T] 7! IR of (1) with initial data
X1; X, respectively. From the estimate (17) on tangert vectors, for ewery
0< t T wededuce

jXa(t)  xa(t)j M xa( ) x2()j

t n (0]
M - X1 X+ (b a) : (18)

If )x; Xpj t,in (18) we canchoose = jX1  Xpj and obtain
xat) xo()i (@L+b @Mt jxi Xt (19)

If insteadjx; Xpj > t, we have the trivial estimate

o) x()j< (1+b a)jxy X (20)

Toward the proof of Theorem 1, we shall needan additional estimate con-
cerning solutionsto the perturbed equation

W(t) = [ag(f (6 w(t)) + et) ; (21)
where 8 .
. <b if X > b,
ap(X) = . X if  x2[ab,
" a if x<a

and e is a measurablefunction, with

je)j b a 2 [0:T]: (22)

Lemma 1 Letf : [0;T] IR 7! IR be a piecewise constant function sat-
isfying the assumptions(Al1)-(A2) and let the perturbation e : [0;T] 7! IR
satisfy (22). Let x( ), w() be solutions of (1), (21) respectively, with the
sameinitial data x(0) = w(0) = x. Then, for everyt 2 [0; T], their distane
can be estimated by

Zy

Z, 1
W x®F M L jegjds T3

1 JJes)ids  (23)



Indeed, for every 2 [0; T], call x the solution to the Caudy problem
x(s) = f(s;x(s));  x ()=w():

Since x!(t) = w(t), x°(t) = x(t), from the bounds (17) on the growth of
tangert vectorswe derive the estimate

. 2t Zooot

wty x@®p  ogx@®d o M - je()jd:

The secondinequality is obtained integrating by parts and observingthat
Z . ( Zq )
je(s)jds E (t)=zmax (b a)t; je(s)jds :
0 0

3 Proof of Theorem 1

The main purposeof this sectionis to shawv that the a priori estimatesvalid
for O.D.E's with piecewiseconstart right hand side can be extendedto gen-
eral functions f satisfying the assumptions(A1)-(A2).

Recallingthe de nition of U at (9), wede ne afamily of measurablgunctions
F by setting

. n
F = f:[0T] IR7![ab; f isjointly measurableand the map

0]
t 7! f(t; u(t)) is measurableforeachru2 U

The distancebetweentwo functionsf;g 2 F is de ned as
z

T
dist(f;g) := sup  f(t;u(t)) g(t; u(t)) dt: (24)
u2u 0
The proof of Theorem 1 is basedon the following approximation lemma.
Lemma 2 Letf :[0;T] IR 7! [a;b] be any measurable function which sat-
is es the assumptions(A1)-(A2). Then, for every" > 0, there existsa piece-

wise constant function f~2 F, still satisfying (A1)-(A2), with dist(f ;) < ".
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Proof. Let " be given. The measurability assumptionon f implies that, for
somety 2 ['=2;"], the map x 7! f (tp;X) is measurable. Therefore, we can
nd a piecewiseconstart function :IR 7! IR, with nitely many jumps on
any compactset, sud that

z

j () f(tex)jdx< "2 (25)

To x the ideas,let
X)= j; X2 Xl ]2Z:

For ead integerj, de ne the region

= Ir](t; X); t2[te; ] x  (t to) tx 2 JX 1in101

The assumption x 2 [c;d] for all (t;x) implies that the boundaries of
the sets ; are Lipschitz cortinuous. More precisely there exists functions
Yy i to; T] 7! IR sudh that

e (21T Y ) < X< (1)

and

c w d; foreweryty, s<t

By suitably approximating the curvesy;, we can nd polygonal lines z; :
[0;T] 7! IR with |

sup jz(t) vy()j < (26)
ji2z t2[to;T]

and sud that the piecewiseconstart function
FEx) =  ifx2 1z 1(t):z )]
satis es the assumptions(Al)-(A2).

Using (25)-(26), we now estimate the distancebetweenf and f~. De ne the
set of times
[0}

=12 [to: TL u(t) 2 Iz 1();z(OI\ y; 2(t);y;(1)] for somej |

9



and call ¢ = [0;T]nl its complemen Sincey;;z 2 [c;d] while u 2 [a; 1],
from (26) we deduce

meagl ) to+ - "1+ ald : (27)
Fort 2 1, considerthe points
X() 2 ut) (t to)
Xo(t) = u(t) t gu:
Sincethe mapt 7! Xo(t) is nondecreasingfor any s < t we have
X(9) = Xo(9) + CIU(8)  Xo(S)
and
X = 2+ o)
Du(e)+ alt 9+ Xl
= X+ T T [ xo(]+ Lalt s
X(S) tgo tTO cs+ tt—oa(t S):
Therefore
x(t) x(s) to th (a d) (a_rﬁ(t S):
From the measurability of the map x 7! f (tp; X) and the relations
fum) = Tox®): 0 (@ 9 ae; 28)

it follows that the restriction of t 7! f (t; u(t)) to [to; T] is measurable.

10



Using (28) to changethe variable of integration and then (25), we now obtain
the estimate

z
| f(u() ftu() dt
z

= f(to;x(t))  (to x(t)) dt
| T -

(a dty Rr

T2

(a d)'=2

f (to; x) (x) dx
(29)

Moreover, (27) implies
Z

. f(t;u(t)) f(tu(t) d (b ameagl®) (b a)" 1+ alc . (30)

Together, (29) and (30) imply
z
OT f(t;u(t)) f{tu(t)) dt C+ (b a 1+ al c ;

which can be madearbitrarily small by a suitable choice of ".

2T

Thanks to the previous approximation lemma we can now give a proof of
Theorem 1. Let f satisfy the assumptions(Al1)-(A2) and considera se-
guenceof piecewiseconstart functions f,, 2 F also satisfying (Al1)-(A2),
with dist(f;f,)! 0. By Lemma2, the correspnding Picard operator
vA t
(Pu)(t)= f(s;u(s)) ds; u2U;
0

is the uniform limit of the operators
z

)= fu(siu(s)ds; u2 U:

Therefore, P itself is well de ned and cortinuous. For any given initial data
X, the continuous operator
z

(Pu)(t) = x+ Otf (s;u(s)) ds;

11



mapsthe closedconvex set U compactly into itself. By Sctauder'stheorem,
P hasa xed point, which is a solution to the Caudy problem (1)-(2).

To prove the uniguenes®f this solution and its cortinuousdependenceon the
initial data x, let x;;x, 2 IR and" > 0 begiven. Let x1( ), x2( ) be solutions
of (1) with initial data x1(0) = X1, X2(0) = X, repectively. Using Lemma 2,
construct a piecewiseconstart f~ satisfying (A1)-(A2), with dist(f;f) < "
Fori = 1,2, introducethe quartities

e(t) = f(tx(t) fx(t) t2[0T]

and obsene that x;( ) is a solution to

X(t) = @y (M) +e() x(0)=x:

Moreover, the assumptiondist(f ;) < " imples
Zy
. je(®)jdt<™ (31)

Fori = 1;2, call y;j() the solution to the Caudy problem
y(t) = f{ty(t);  z(0) = xi
Using the estimates(23), (31) and (19)-(20), we now obtain

xa(t)  xa(t)]

Xu(t)  ya(®©i + jya(t)  y2(0)j + jya(t)  Xa(b)] (32)

n 0
w 2'' +(1+b &) max Mtjx; X' jXi Xgf :

Since" > 0in (32) is arbitrary, this provesthe uniquenessf solution of (1)-
(2) and their Helder cortinuity on the initial data, with exponert 1 =
(@ d=b d)y>o0.

Remark: An erirely similar estimate on the Helder cortinuous depen-
denceholds for solutionsto the backward Caudy problem:

X(t) = % x="f(x) t2[0f:

12



To seethis, we rst considerthe casewheref is a piecewiseconstart function
satisfying (A1)-(A2). Lett 7! x(t) be a solution of (1) andlet t 7! v(t) bea
correspnding tangert vector, de ned asin (12). Call z(t) = (t) v(t), with
" #
a d 1

a © 2 1= —1:

O fexy © 2 b d M

By the equation(13) and the fact that (t) 2 [c;d], it followsthat z canhave
only upward jumps. Moreover,

z(t) Z(t—t) a.e;
with = (b a=@a d). Therefore
z(s) z(t) g ; v(is) M g v(t) forall0<s<t< t (33

If X1;X, are two solutions of (1), with x;(t) = %, Xo(t) = %, from (33) we
obtain

ix1(0)  x2(0)j (b a)s+ jxus) x2(9)]

(b a)s+ M g X1 %,

valid for ewvery s 2 ]0; tj. By choosing

: ; S1=(1+ )0
S=max t, ¥ X ;

one obtains

h i
x10) x2(0)] (b @+ Mt e ) (34)

and
X100 %200 (b a@)jxs X"+ Mk x; (35)

respectively in the caseswheretis smaller or greaterthan jx; xzjlz(“ ).
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Now let x( ) andw( ) be solutionsto (1) and (21) respectively, with the same
terminal data x(t) = w(t) = x. From the secondinequality in (33), for every
s 2 ]0; t] we deduce

Z. t
ix(0)  w(0)j (b as+ M < je(t)j dt:
S

£ Zc
(b @s+M - jen)jde

- R 14 _
Choosings = ( je(t)j dt)*™* ) we obtain

h i Z. Fr=ar )
x©0) w(@)j (b a+Mr 0J'e( )id

By the approximation technique descriked in Lemma 2, the sameestimates
hold for generalfunctions f (not necessarilypiecewiseconstart), satisfying
(A1)-(A2). In particular, if x1;x, are solutionsto

Xi(t) = fi(t; xi(t)); Xi(t) = x i=12
for functions f; satisfying (A1)-(A2), then .
iX1(0)  x2(0)j h(b a) + Mt‘I dist(f 1; f ) ) (36)

4 Application to conservation laws

In this sectionwe prove Theorem?2 on the cortin uousdependenceof solutions
to the conseration laws (10)-(11). Let the initial data w; be given, accord-
ing to the assumptionsin Theorem 2. Then the componert w = w(t; x) is

uniquely determined, being the unique ertropy solution of (10) in the sense
of Kruzkov [10]. Moreover, the componert = (t; X) provides a solution to

the linear system(11). It is thus determinedby the explicit formula

(t;x) = (y(0;t; x))

wheres 7! y(s;t; X) is the solution to the backward Caudy problem
y(s) = g(w(s;y(s)))  y(t) = x: (37)

14



The uniquenessand Helder cortinuous dependenceof the solution of (37),
stated at (34)-(35), imply the uniquenessof and its cortinuity w.r.t. both
variablest; x.

We now study the dependenceof the solution w; on the initial data w; .
Assumethat
wp,! w inL% ! in C°:

By the cortractivit y of the ow generatedby scalarconseration law [7, 10],
for everyt 0 the correspnding solutions of (10) satisfy

kwo(t; ) w(t; )k.: kwy,  wk
To establishthe convergenceof the correspnding solutions , of (11), call
fa(tX) 2 gWn(6X);  f(5X) = g(w(t; X)):

We claim that the distancebetweenf , andf , de ned at (24), canbe precisely
estimated, namely,

. ZT
dist(fn;f) = sup  g(wa(t;u(t))) g(w(t;u(t))) dt
u2u 0
1 kw, wk max  jgdqw)j: (38)
a d n Lt W2[W W] 19 J-

To prove (38), considerthe vector

Wn o wj; [F(w,)  FWwW)]sgn(w, w) :

Fix any u2 U. Let v(t) = u(T) + c(t T) denotethe straight line passing
through the point (T; u(T)) with slope ¢, and considerthe triangular domain

. Nn (0]
= (tx); t2[0;T] u(t) x  v(t) :

By entropy inequality div 0 onehas
z

Ad O (39)
@

15



where @ is the boundary of and A denotesthe outer normal. Writing
out (39) for ead of the three lines composingthe boundary of , we get

1+ 1+ 15 O

where
z u(T) cT )
I, = jWh(0;x)  w(0; x)j dx;
u(0)
Zin _ 0
2 = u®iwe wi (Fw) Fw)sgn(w, w) _odt
Zin _ 0
ls = gwn,  wj+ (F(wn) F(w))sgn(w, w) _
0 x=v(t)
Observingthat

(F(wn) F(W)sgn(wn w)=Fqw)jw, wj

for somew 2 [w,;w], we concludethat 13 0because=°2 [c;d]. Moreover,
Zt
2 (@ & wa(tu(®)) w(tu®) d

Therefore,

ZT 1 VA u(T) cT
wa(tu(t))  w(t; u(t)) dt = d

jwa(x)  w(x)j dx:

Sinceu 2 U wasarbitrary, the estimate (38) follows.

We can now apply (36) with f; = f and fs = f,. From the corvergence
dist(f;f,) ! Oit thusfollows

nl!i{n iyn(O;t; x)  y(0;t; x)j = O;

uniformly for (t;x) 2 [0;T] IR. Therefore,the assumption , ! in C
implies the corvergence ,(t;x) !  (t;x), uniformly for (t; x) in bounded
sets.
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5 Counterexamples

For general3 3 quasilinear systems,the Caudiy problem with L? initial
data is not well posed,as shown by the following courterexample.

Example 1. Considerthe hyperbolic system

8
% U+ Ux=0
Vi Ww=0 (40)
3 1 u
T oWyt Wy = 0
6
with initial data
(
o . L _ 1 ifx>0;
u(0;x) = v(0;x) = ' (X); WOX) = 4 ifx<o

where 8
2 L if 2 @D <jxj< 2 2
(X)) = (41)
L if 2@ <jxjc2 L

For this problem, the componerts u and v of the solution can be written out
explicitly:
u(t; x) = u(0;x  t);  v(t;x) = v(O;x + t):

On the other hand, the function w is given by

(
v_ 0 ifx<y(t);
w(t x) = 1 if x> y(b); (42)
wheret 7! y(t) is a solution of
1 uv
y=—¢ y(0) = 0 (43)

Note that u and v only takethe valuesland 1,therefore,y = Oif sgn(u) =
sgn(v), andy = 1=3if sgn(u) 6 sgn(v). The integral curvesof this ODE
are illustrated in Figure 2. It is clear that the problem (43) has the two
distinct solutions y(t) = 0 and y(t) = t=3 (together with in nitely many
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other solutions). Inserting these functions in (42), we obtain two distinct
solutions of the system (40) with the sameinitial data. Obsene that, since
all three characteristic elds are linearly degenerate poth of thesesolutions
can be obtained aslimits of smooth solutions,in L.

We remark that in this examplethe non-uniquenes®f solutionsis essetially
dueto the unboundedvariation of the componerts u; v. Indeed,if both initial

data u;v : IR 7! [0; 1] have boundedvariation, then the function

1 u(x tv(x+1t)
6

f(t;x) =

has bounded directional variation and the uniquenesstheorem [3] can be
applied.

Figure 2:

The system(40) is not in consenative form. For strictly hyperbolic systems
of consenration laws, whenthe initial data hasunboundedvariation eventhe
existenceof solutionswith valuesin L (IR) may fail.
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Example 2. Considertge system
5 u+u, =0

Vi VW=0
) (44)

=N uv 0
> W 5 wX

with initial data
u©O;x) ="' (x+ 1), v(O;x) =" (x 1) w(0;x) = 1:
where' is the function in (41). Clearly we have
ut;x) =" (x+1 t),; vt x) =" (x 1+1):
Call t 7! y(t; x) the characteristic line through (0; x), i.e. the solution to the
Caudy problem

y(t) = f (t: x) N 1 u(t; x)v(t; x) .

y(0) = x:

6 )
For t 2 [0; 1] this Caudy problem hasa unique solution. In particular,
t 1
yt 1=8)= —— y(t; 0) =

For any " > 0, applying the divergencetheoremon the domain
n [0}

. 2 (t;x); t2[0;1 "]; (t 1)=8 x O
we obtain Z, Z,

w(l ";x)dx= L
=3

= 3
Therefore,ast ! 1, the solution w(t; ) hasno limit in L. Its weak limit
is a measurewith a massof 1=3 concelttrated at the origin. This measure-
valued solution can be prolongedfor timest > 1 by letting the atomic mass
travel along any characteristic line through the point (1;0). Howeer, the
analysisin Example 1 shaws that the Caudy problem

y(t) = f(t; x); y(1)=0
hasthe two solutionsy(t) = O and y(t) = (t 1)=3. Summarizing,this is an
examplewhere

, w(0; x) dx =

For t 2 [0; 1] there exists a unique solution. This solution cannot be
prolongedas a cortinuous function [0; T] 7! L (IR) for T > 1.

Fort > 1in nitely many measure-alued solutions exist.
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