SOLUTION OF QUALIFYING EXAM IN NUMERICAL
ANALY SIS 2005

Section A. 1. Let us recall that if; is the Lagrange interpolant gfbased
on pointsz;, then for anyz € [a, b] there exist, such that
AR (Y
(1) f(x) —q(z) = mw(ﬁ)-
Without loss of generality, we assume< zy < z; < ... < x, < b. For

any0 < e < 0.25min |z; — z;_1|, we consider the Lagrange interpolant
at2n + 2 pointszg, xg + €, 1 + ¢, ..., x,, — €. Based on (1), we know

femR(Es)
f(z) = pe(x) = Gt (@),
wherew*(z) = (x — x9)(z — 29 — €)...(x — x,)(z — z,, + €). Itis trivial to
show that for any: € [a, b]

lin(l]pe(x) = p(x), liII(l) we(z) = Wi (z),

and there exist a subsequencepfsuch that it converges to some point
& € la, b].

4. a. By triangle inequality

()=o) < I (@i—y) fill <D el fill < max | fi] > lzi—vil.

Thereforep : R — R is continuous.
Let us restrict this function on the domain

S:={reR":| szsz <2[[f|I}-

It is easy to showb' is compact and thus the continuous functipattains a
minimum onsS, say atry. Forz € R"§, we have

o(x) > || D wifill = 1FIl > 1 £l = 6(0) > b(xo).
This shows that:, is a global minimizer. b. If the best approximation
P(f) is unique, the sefP(f)} is convex. Otherwise let, ¢ be two best
approximations and lét < ¢ < 1, we have
inf || f=rl| < |l /= [op+(1—-0)a] | < 01 F=pl+(1-0)|f—all = ing I|f =l

which shows thafp + (1 — 0)q is also a best approximation ¢f
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c. P(f) is not well defined. Even it is unique, it is not linear.

5. a. Let(-,-) denote the inner product df. For anyu € H, (u,-)
defines a linear functional ol/. Therefore by Risez theorem, there exists
a unique element,; € M such that

(upr,v) = (u,v), forve M.
We are going to prove,, is the unique best approximation. Indeed
lu = unrl® = (u = wnr,w = uar) = (u—v,u—upr) < Jlu—olfflu— upl]
and thus
lw = wp]] < flu—o.
The equality holds if and only i, — v = u — wu,; which is equivalent to
v = uyy. This shows the uniqueness.

b.

. 1 . .
HU - UM||2 = ;b(u —Up,U — UM)

= —b(u— up,u—tp)
5

IA

~ Ml = wnlllfu = aa-
~

Section B. 2. a. Let/;(x) be the Lagrange basis of poirts;} at pointz;.
We define

w; = /_ 1 li(2)w(z)dz.

1
We are going to prove the numerical quadrature using wedgftised above
is2n — 1 exact. Let us denote

10) = [ S and J(5) = Ywf )

For a functionf € P,,_4, it can be decomposed g$zx) = q(z)p,(z) +
r(x), whereq(z),r(z) € P,—1. Note that

I(q-pn) = / fau@ydr =0

by the definition ofp,, and.J(¢q - p,) = 0 sincep,,(x;) = 0. We thus have

n n n

I(f) = T(r) = 1Y r(xa)ls) = > r(w) (L) = D r(ww = J(r) = J(f).

1=1 i=1 1=1
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b. For any weights;, let us takef(z) = (z — x1)...(x — 2,)* € Pa,.
ThenJ(f) = 0 while I(f) # 0 sincef is not identical zero.
c. Since the functio(z) € P,,_», we have

wi = J(I3) = I(I?) = / Z(z)w(z)dx > 0.

-1

4. a. Yes. Ifg(z) is constant, then the solution is constant and attains the
maximum inside&,,. If ¢ is not a constant function as the discrete function
defined oro(2,, then the answer is no. {f attains its maximum at some
interior point, say(z;, y;) € 4, then

1
maxU = Ui,j = Z(Ui+1’j + Ui—l,j + Ui,j+1 —+ Ui,j—l) S max U
It implies that
Ui-l—l,j = Ui—l,j = Ui,j+1 = Uz’,j—l = max U
and thudJ is constant o2, which is a contradiction.
b. Applying the lemmatd” = u — U, we get
1 1
lu = Ullso.n < gllAn(u = U)Il = llAnullc,g,-
It suffices to prove
[(Apu)i;| < CR?,
which can derived from the fact

(= h) = 2f(@) + fa+ )] - f(@) = F (R



