
SOLUTION OF QUALIFYING EXAM IN NUMERICAL
ANALYSIS 2005

Section A. 1. Let us recall that ifq is the Lagrange interpolant off based
on pointsxi, then for anyx ∈ [a, b] there existξx such that

(1) f(x) − q(x) =
f (n+1)(ξx)

(n + 1)!
ω(x).

Without loss of generality, we assumea ≤ x0 < x1 < ... < xn ≤ b. For
any0 < ǫ < 0.25 min |xi − xi−1|, we consider the Lagrange interpolantpǫ

at2n + 2 pointsx0, x0 + ǫ, x1 + ǫ, ..., xn − ǫ. Based on (1), we know

f(x) − pǫ(x) =
f (2n+2)(ξǫ

x)

(2n + 2)!
ωǫ(x),

whereωǫ(x) = (x− x0)(x− x0 − ǫ)...(x − xn)(x− xn + ǫ). It is trivial to
show that for anyx ∈ [a, b]

lim
ǫ→0

pǫ(x) = p(x), lim
ǫ→0

ωǫ(x) = ω2(x),

and there exist a subsequence ofξǫ
x such that it converges to some point

ξx ∈ [a, b].

4. a. By triangle inequality

|φ(x)−φ(y)| ≤ ‖
∑

(xi−yi)fi‖ ≤
∑

|xi−yi|‖fi‖ ≤ max
i

‖fi‖
∑

|xi−yi|.

Thereforeφ : R
n → R is continuous.

Let us restrict this function on the domain

S := {x ∈ R
n : ‖

∑

xifi‖ ≤ 2‖f‖}.

It is easy to showS is compact and thus the continuous functionφ attains a
minimum onS, say atx0. Forx ∈ R

n§, we have

φ(x) ≥ ‖
∑

xifi‖ − ‖f‖ > ‖f‖ = φ(0) ≥ φ(x0).

This shows thatx0 is a global minimizer. b. If the best approximation
P (f) is unique, the set{P (f)} is convex. Otherwise letp, q be two best
approximations and let0 < θ < 1, we have

inf
r∈M

‖f−r‖ ≤ ‖f−
[

θp+(1−θ)q
]

‖ ≤ θ‖f−p‖+(1−θ)‖f−q‖ = inf
r∈M

‖f−r‖,

which shows thatθp + (1 − θ)q is also a best approximation off .
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c. P (f) is not well defined. Even it is unique, it is not linear.

5. a. Let(·, ·) denote the inner product ofH. For anyu ∈ H, (u, ·)
defines a linear functional onM . Therefore by Risez theorem, there exists
a unique elementuM ∈ M such that

(uM , v) = (u, v), for v ∈ M.

We are going to proveuM is the unique best approximation. Indeed

‖u − uM‖2 = (u − uM , u − uM) = (u − v, u − uM) ≤ ‖u − v‖‖u − uM‖

and thus
‖u − uM‖ ≤ ‖u − v‖.

The equality holds if and only ifu − v = u − uM which is equivalent to
v = uM . This shows the uniqueness.

b.

‖u − ûM‖2 =
1

γ
b(u − ûM , u − ûM)

=
1

γ
b(u − uM , u − ûM)

≤
β

γ
‖u − uM‖‖u − ûM‖.

Section B. 2. a. Letli(x) be the Lagrange basis of points{xi} at pointxi.
We define

ωi =

∫ 1

−1

li(x)w(x)dx.

We are going to prove the numerical quadrature using weightsdefined above
is 2n − 1 exact. Let us denote

I(f) =

∫ 1

−1

f(x)w(x)dx and J(f) =
∑

i

ωif(xi).

For a functionf ∈ P2n−1, it can be decomposed asf(x) = q(x)pn(x) +
r(x), whereq(x), r(x) ∈ Pn−1. Note that

I(q · pn) =

∫ 1

−1

f(x)w(x)dx = 0

by the definition ofpn andJ(q · pn) = 0 sincepn(xi) = 0. We thus have

I(f) = I(r) = I(

n
∑

i=1

r(xi)li) =

n
∑

i=1

r(xi)I(li) =

n
∑

i=1

r(xi)ωi = J(r) = J(f).
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b. For any weightsωi, let us takef(x) = (x − x1)...(x − xn)2 ∈ P2n.
ThenJ(f) = 0 while I(f) 6= 0 sincef is not identical zero.

c. Since the functionl2i (x) ∈ P2n−2, we have

ωi = J(l2i ) = I(l2i ) =

∫ 1

−1

l2i (x)w(x)dx > 0.

4. a. Yes. Ifg(x) is constant, then the solution is constant and attains the
maximum insideΩh. If g is not a constant function as the discrete function
defined on∂Ωh, then the answer is no. IfU attains its maximum at some
interior point, say(xi, yj) ∈ Ωh, then

max U = Ui,j =
1

4
(Ui+1,j + Ui−1,j + Ui,j+1 + Ui,j−1) ≤ max U.

It implies that

Ui+1,j = Ui−1,j = Ui,j+1 = Ui,j−1 = maxU

and thusU is constant on∂Ωh which is a contradiction.
b. Applying the lemma toV = u − U , we get

‖u − U‖∞,Ωh
≤

1

8
‖∆h(u − U)‖ =

1

8
‖∆hu‖∞,Ωh

.

It suffices to prove
|(∆hu)ij| ≤ Ch2,

which can derived from the fact
1

h2
[f(x − h) − 2f(x) + f(x + h)] − f ′′(x) = f (4)(ξ)h2.


