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ABSTRACT. This short note is on the derivation and convergence of a popular algorithm for
minimization of quadratic functionals (or solving linear systems), known as the method of
Conjugate Gradients (CG). To the best of the knowledge of the author of this short note,
the CG algorithm has been first introduced in 1952 by M. R. Hestenes and E. Stiefel in [2].
The derivation of the CG algorithm, given here, follows lecture notes by D. N. Arnold [1].

1. INTRODUCTION

1.1. Preliminaries and notation. The conjugate gradient method is a method for mini-
mizing the following quadratic functional:

1
(1.1) z, = arg min o(z),  p(r) = g Az — b,
where A € IR™" is symmetric positive definite (SPD) matrix and b € IR" is a given vector.
Clearly, we have

(1.2) Vo(r) = Az —b, V?p=A, (the Hessian is independent on z).

Since the Hessian A is SPD, from well known conditions for a minimum of a function, we
may conclude that there is a unique minimizer z, of ¢(:). Moreover, (1.2) implies that x, is
also the solution to the system of linear equations:

Ax = b.

This is why CG method is oftentimes thought as a method for the solution of linear systems.
In what follows we will need the following preliminary settings

1. Since A is SPD, it defines an inner product 7 Ay between two vectors z and y in IR",
which we will refer to as A-inner product. The corresponding vector norm is defined
by [|lz[% = 2" Aw.

2. From the Taylor theorem for g(t) = ¢(y +tz) we obtain the following identity for all
t € R, and all y € R" and z € R™

(1.3) ply+tz) = o(y) + Vo) z + ngAZ-

1.2. Line search methods. The CG method is nothing but a line search method with
special choice of directions. Given a current approximation z; to the minimum z,, and a
direction vector p;, a line search method determines the next approximation x;;; via the
following two steps:

1. Find a; = argmin p(z; + ap,),

2. Set xj41 = x; + a;p;.
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In the following, we assume that z; is a given vector (initial guess). Then, applying k steps
of the line search method results in k-iterates {z; };?;é.
From the relation (1.3) and (1.2) we immediately find that

(1.4) aj = where 1; = Vp(z;) = Az; —b.

Here r; is usually referred to as the residual vector.
We introduce the following definition.

Definition 1.1. We say that the set of directions {p; ?;é s a conjugate set of directions,

iffpl Ap; =0 foralli=1,...(k—=1),j=1,...,(k—1),i#j.
By symmetry this definition can also be stated as: The set of directions {p, 5;01
conjugate set of directions, iff p;‘-FApi =0 for all 7 and j satisfying 0 <i < j < (k —1).
We introduce now the following vector spaces and afine spaces (for k= 1,...):

1S a

(1.5) Wy := span{po, . .., Pr_1}
' UkZZZEg—I-Wk:{ZGIRn | Z = xo + wg, wkEWk}
For convenience we set Wy := {0} and Uy := {x¢}.
We now prove a technical lemma which will be used later in the proof or Theorem 2.1.

Lemma 1.2. Assume that piTApj =0 for all 0 < j <4, where i is a fixed integer, and that
{xj};zo are obtained via the line search algorithm. Then the following identity holds:

(1.6) piri=np; [Vo(y)l, foral yeU,.

Proof. We first note that since {xj};-zo are obtained via the line search algorithm we have
that x; € U;. If we take y € U;, from the definition of U; it follows that z; — y € W; and
hence p! A(z; —y) = 0 (because p! Aw = 0 for all w € W; = span{py,...,pi_1}). The proof
of the identity (1.6) then is as follows:

pi (ri = [Vo()]) = pf (Az; — b — Ay + b) = p] A(z; —y) = 0.

2. PROPERTIES OF LINE SEARCH METHOD WITH CONJUGATE DIRECTIONS

Clearly on every step, the line search algorithm minimizes ¢(z) in a fixed direction only.
However, if the directions are conjugate (see Definition 1.1), then much stronger result can
be proved, as the Theorem 2.1 below states: a choice of conjugate directions in the line search
method, results in obtaining a minimizer x; for the whole space U,. In some sense, one may
say that the next theorem is the base for constructing the conjugate gradient method.

Theorem 2.1. If the directions in the line search algorithm are conjugate, and {x; };?:0 are
the iterates obtained after k steps of the line search algorithm then

(2.1) rj = arg mgl o(x), forall 1<j<k

zelUj
Proof. The proof is by induction. For £ = 1, the result follows from the definition of x| as a
minimizer on U;. Assume that for k = 1,

x; =argmin(y), forall 1<j<i.
yEUj
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To prove the statement of the theorem then, we need to show that

If ;01 =x;+q;p; then x4, =arg min p(z).
LDEUHJ

By the definition of U;,q, any x € U;;; can be written as © = y + ap;, where a € IR and
y € U;. Applying (1.3) and then Lemma 1.2 leads to

() = oy +ap) =ey) +ap] [Ve(y)] + %p?Api
— () + | 1Vl + Sl An

Note that we have arrived at a decoupled functional, since the first term does not depend
on « and the second term does not depend on y. Thus,

min ¢(z) = min ¢(y) + min [apiTn Oz—pTApl} .

z€eU;11 yeU; acR™ 2
The right side is minimized when y = x; and a = «; = T;l ' and hence the left side is
P; APi
minimized exactly for x;11 = x; + a;p;, which concludes theZ proof. O

3. THE CONJUGATE GRADIENT ALGORITHM

The conjugate gradient method is an algorithm that explores the result in Theorem 2.1
and constructs conjugate directions. Here is the rationale of what we plan to do in this
section:

e We first give a general recurrence relation that generates a set of conjugate directions
(Lemma 3.1).

e We then show that this recurrence relation can be reduced to a much simpler expres-
sion (see Lemma 3.2(iv)).

e As a result, we will get a line search method, which uses conjugate set of directions

and is known as the CG method (see Algorithm 3.3).
We begin with a technical lemma, which could be obtained by Gramm-Schmidt orthogo-
nalization with respect to the A-inner product of the residual vectors {r;}% i1

Lemma 3.1. Let pg = —rg and let for k =1,2,...

k— T
(3.1) p = —T5 + ZJT P
—0 Dj

Dj

Thenp]Apm—OforaZZO<m<j<k

Proof. We will show that the relation (3.1) gives conjugate directions is by induction. For
k = 1 one directly checks that p! Ap, = 0. Assume that for k = i the vectors {p; };:0 are

pairwise conjugate. We then need to show that pﬂlApm =0 for all m <. Let m <. Then
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we have

T T i pjAria o
Pis1APm = —Ti 1 Apm + Z T4 p; Apm
=0 p; Apj

' Ar;
= T Apn + p";A 1T Apy, = 0

O
Next Lemma among other things, shows that the sum in (3.1) contains only one term.

Lemma 3.2. Let {pj}fzo are directions obtained via (3.1). Then
(i) Wk = span{rg,...,Tk_1}
(ii) r 7’]—0 forall0<j<m<k
(iil) pir; = —rirg, forall0 <j <k
(iv) The direction vector py, satisfies
riry

Pk = —Tk + Br_1Pr—1, where [ = F—.
Tp_1Tk—1

Proof. The first item follows directly from (3.1) and a simple induction argument, since
Pbo = —

To prove (ii), we first use (i) to conclude that for 0 < j < m < k, and any ¢ € IR we have
that

r; € Wipn C W, and hence (z,, + tr;) € U,

Further, from Theorem 2.1, since x,, is the unique minimizer of ¢(-) over U,,, it follows that
t = 0 is the unique minimizer of g(t) = ¢(x,, + tr;). Hence we have

do(x, +tr;)

O:
dt

= [Veo(zm)] rj = 1),
t=0
and this proves (ii).

To show that (iii) holds, we first show the identity in (iii) for j = k. Indeed, from (i) it
follows that r; is orthogonal to each p; for | < k. Hence, if we take the inner product with
), the second term in the right side of (3.1) would vanish, and this is exactly the identity
in (iii) for j = k. If j < k, then we have that (z — x;) € Wy, and hence p} A(xy — x;) = 0.
Therefore,

Py (ri = 75) = pp Ay, — 25) = 0.

To show (iv) we write py € Wy as linear combination of {r; }?:0 (which form an orthog-

onal basis), and then apply (iii). This leads to

T k=1 T
Pk r] rEr), rLr), rI e
P = __er TR Z 7Ty
=0 j J k=1"k=15=o T; "7

gy

k17

= Tt + Ok g 7—Tj = —Tp + Br_1Dr-1-

- T-Tj
=0



CONJUGATE GRADIENT METHOD 5

We now can write the conjugate gradient algorithm, using the much shorter recurrence
relation for the direction vectors py, which is provided by Lemma 3.2(iv). We denote below
ly|I*> = vy and ||y||% = y” Ay for a vector y € R™.

Algorithm 3.3 (Conjugate Gradient). Let xo be given initial guess.
Set rg = Axg — b and pg = —r¢, k = 0.

While r, # 0 do

P
[F2l5
Th41 = Tk + QxPk
Tri1 = Tk + qpApg  [because Axpyy —b = Az, — b+ oy Apy/

[from Lemma 3.2(iii)]

e[
B, =
R |
Pht1 = — Tk + Bkpr  [from Lemma 3.2(iv)]
Setk=k+1
end While

4. CONVERGENCE RATE OF THE CONJUGATE GRADIENT METHOD

In this section we will present an estimate for the convergence rate of the CG algorithm.
The convergence rate estimate, given here is rather general and does not take into account
knowledge of the distribution of the eigenvalues of A. There are estimates that are more
refined in this regard. We refer to Luenberger [3] for further reading.

4.1. Krylov subspaces and error reduction. To analyze the error we first prove the
following result:

Lemma 4.1. The following relation holds:
(4.1) W, = span{ro, ..., A7 g}

Proof. The case [ = 1, being clear, we assume that the relation holds for [ = 7, and we would
like to show that the same relation holds for [ = (i 4+ 1). From Lemma 3.2(i), this would be
equivalent to showing that r; € span{rg,..., A'r}. By the induction assumption, we can
write

Wisriq1=Ri1(A)re, and W;3piy = P 1(A)ro,
where R;_1(-) and P;_;(-) are polynomials of degree less that or equal to (i — 1). We then
have

r, = Ti—1 + ai—lApi—l
= Ri1(A)rg+ a; 1AP,_1(A)rg € span{ry, ..., A'rg},
which concludes the proof. B

We now present a general error estimate relating ||z, — x;]|a and ||z, — zo]| .
Lemma 4.2. The following estimate holds:

. — = inf P(A)(z, — .
e —ailla =, inf P — o)
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Proof. Since r; is orthogonal to W, we have
(. —x) Ay =r]y=0, forall yecW,.

Denoting for a moment w; = (z; — zg) € W, and ey = x, — xg, the relation above implies
that

0= (2, —x))" Ay = (eg —w))" Ay for all y & W,.

Therefore, w; = (z; — o) is an A-orthogonal projection of ey = (x, — o) on W,. Thus,
lleo —wrfla = min fleo —wil4

But from Lemma 4.1 we know that w = @Q;_1(A)ry, for a polynomial @;_; € P,_;. Also,
Aeg = —rg and g —w = (I — Q;-1(A)A)ey and hence

4.2 . — = — = i P (A .
(42) o = aila=lleo—wlla =, _min [ A(A)eo].

This completes the proof. 0

To obtain a qualitative estimate on the right hand side of (4.2), we observe that for any
polynomial P;(\) we have

Ty — = min P(Ae < min P(A))|leol 4,
o~ ailla= ,_win  [P(Aella < _min  p(P(A)]eol.

where p(P,(A)) is the spectral radius of P(A). Since both A and F,(A) have the same

eigenvectors, we may conclude that

lze = milla < omin - max [Pi(Ag)llleolla = alAn, - An)leoll

where \; < Ay < ... < )\, are the eigenvalues of A.
In the next section, we will derive a somewhat pessimistic upper bound on ¢; by first
estimating

My An) < i P
alh, A< omin Pl

and then with the help of a construction based on the Chebyshev polynomials, we will find
the value of the right side of the above inequality in terms of A; and A,,.

4.2. Chebyshev polynomials and a convergence rate estimate. The Chebyshev poly-
nomials of first kind on [—1, 1] are defined as

T,(§) = cos(larccos(§)), [=0,1,...
Using a simple trigonometric identity (with 6 = arccos(¢)) shows that
T41(8) + T1-1(&) = cos(l + 1) + cos(l — 1)8 = 2(cos 0) cos 6.
Hence,
(4.3) Tior(6) = 26TH(E) — T (6.

This proves that T} are indeed polynomials, because Ty(£) = 1 and T1(§) = £. The form (4.3)
defnes T;(§) for all £ € IR. Another form of the Chebyshev polynomals, which will be useful
in the convergence rate estimate given below in Theorem 4.4 is derived as follows: From the
relation (4.3) for fixed & we observe that

(&) = alm(O]' + 2[m(9)], 1=0,1,...,
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where 71(£) and 72(&) are the roots of the characteristic equation
n” —2n+1=0.

The constants ¢; and ¢y are easily computed from the initial conditions 7p(§) = 1 and
T1(¢) = £ and hence

(4.4 T(E) = e+ VE 1) + (6~ VE 1)

We further have that |7;(£)| < 1 for all € € [1,1] and that

(4.5) If ¢,= COS(ZTW), then Ti(&,) = (=1, m=0,1,...,1.
B A+ MNT 7 (e A =22
Sl(/\)_ |:,I2 ()‘n_)\1>:| Tl ( >‘n_/\1 )

A+ A\ !
T
l(M—A)

Next Lemma shows that S; is a polynomial with minimum “max”-norm, that is,

Define now

Note that

15100, 2n] =

S = 1 P .
115100, (A1, An] e | P[00, (A1 An]

Lemma 4.3. For any P, € P, with P,(0) =1,

1Stllso,iraxn] < N Pilloo, (s An

An_’_Al -
t, = |1, .
()

, where &, are defined in (4.5). Note that

Proof. Denote

AL — Ay A+ A
1 et - 1

Let p, =

Si(pm) = (=1)"ts, m=0,...,1,
and also that p,, € [A1, \,]. Assume that there exists P, € P, with P;(0) = 1, such that
|P(N)| < [t.], forall Xe& A, \]
This in particular implies that
—|te] < P(pom) < |ts|, m=0,1,...,1L
If sign(t,) > 0 then
P(pm) — Si(pm) <0, for m even, and  P(pm) — Si(fm) > 0, for m odd.

On the other hand, the case sign(t.) < 0, just switches “odd” with “even” and “even” with
“odd” in the above inequalities. Hence, regardless of the sign of t,, the difference P, — S
has a zero in every interval (g, tm+1). There are [ such intervals. But we also have that
P,(0) — S;(0) = 0. Since P, — 5; is a polynomial of degree at most [, it follows that P, = 5,
which is a contradiction. O
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Clearly, from this lemma it follows that

(4.6) [ = 1l a < {Silloo, i am 124 = o]l

In the next Theorem 4.4 we obtain this estimate in terms of the condition number of A, by
calculating [|S7]|oo,pai M-

Theorem 4.4. The error after | iterations of the C'G algorithm can be bounded as follows:

2 Ve -1\
4.7 « = < x <2 x = )
A7) ool £ e~ aala <2 (Y ) s - ol

where k = K(A) = A\, /A1 is the condition number of A.
A A\ An+ A
1 . F 4.4), f = =
z(/\n_/\l) rom (4.4), for £ WY

Proof. We aim to calculate [|.Si]|oo,pn 2] =

1
it T we obtain

I{,_
fi\/62—_:ferleQ\/E:/<a+1i2\/E: (VE£1)? :ﬁiy
k—1" rk—1 k—1 (WVE=1DWr+1) VEF1
Thus,
p (At A 1 VRt l+ VE—1Y
"N 2 [\Wr-1 VE+1
Finally
1Silloo i) = |10 ( 1) = z ;<2 (\/_ ) :
An = A1 <\/E+1> (\/E—l) VE+1
vi1) T\
The proof is completed by substituting the above expression in (4.6). U
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