
MASS (FALL 07): TOPICS IN PROBABILITY

ASSIGNMENT 9

Submit on Wednesday, 11/14. Prove all your statements. You should be able to

do problems 1,3 on your own.

Throughout this assignment, Xi is a stationary sequence of (measurable) random
variables on a probability space (Ω, F , P). B(R) is the Borel sigma–algebra of R,
and R

N := {(x1, x2, . . .) : xi ∈ R (i ≥ 1)}. A cylinder is a subset of R
N of the form

[B1, . . . , Bn] := {x ∈ R
N : x1 ∈ B1, . . . , xn ∈ Bn} where Bi ∈ B(R). The Borel

sigma algebra of R
N is the sigma algebra generated by the cylinders.

(1) Show:
(a) If X1 is a simple function, then Xi are simple functions for all i, and

E(Xi) = E(X1) for all i.
(b) If X1 is absolutely integrable, then Xi are absolutely integrable and

E(Xi) = E(X1) for all i.
(2) Let A denote the collection of all finite disjoint unions of cylinders in R

N.
Prove that A is an algebra (i.e. A is closed under finite intersections,
complements, and finite unions).

(3) Prove that for every E ∈ B(RN)
(a) [(X1, X2, X3, . . .) ∈ E] := {ω ∈ Ω : (X1(ω), X2(ω), X3(ω), . . .) ∈ E} is

F–measurable;
(b) P[(X1, X2, X3, . . .) ∈ E] = P[(X1+k, X2+k, X3+k, . . .) ∈ E] (k ≥ 1)
Guidance: Let M denote the collection of all sets E ∈ B(RN ) with prop-
erties (a),(b) above. Use the monotone class theorem (assign.3) to show
that M = B(RN).

(4) Suppose F : R
N → R is B(RN)–measurable, and define

Yk(ω) := F
(

Xk(ω), Xk+1(ω), Xk+2(ω), . . .
)

(k ≥ 1).

Prove that Yk is a stationary sequence of random variables. Deduce that
τk from the proof of the ergodic theorem form a stationary sequence.
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