MASS (FALL 07): TOPICS IN PROBABILITY
ASSIGNMENT 6

Submit on Wednesday, 10/24. Prove all your statements.
Throughout this assignment, (€2, .#,P) is a fixed probability space, and X,Y are
measurable random variables. Please try to do problems 1,2 on your own.

(1) The variance of an integrable measurable random variable X is the (possibly
infinite) quantity Var(X) := E[(X — E(X))?]. Prove:
(a) Var(X) =E(X?) - E(X)2
(b) Var(X) < oo = E(|X|) < o0, but E(]X]) < 0o # Var(X) < oc.
(c¢) If Var(X) = 0, then X = const with full probability, i.e. 3¢ s.t.
P[X # ] =0.
(d) If X,Y are independent, then Var(X +Y) = Var(X) + Var(Y).

(2) Infinite Bernoulli trials: Construct a probability space which models the
results of infinite tosses of a fair coin, assuming that the tosses are inde-
pendent. Write down the set corresponding to the event: “the total number
of heads at the first n tosses, divided by n, converges to 1/2 as n — oo”.
Is this set measurable?

(3) Consider the unit interval [0,1] equipped with the uniform distribution
(Lebesgue measure). Call w € [0, 1] dyadic, if it is of the form w = m/2"
with m,n € NU {0}, and let D := {z € [0,1] : z is dyadic}. Every
x € [0,1] \ D has a unique binary expansion

> .
w = 0.wjwows -+ , equivalently w = %
i=1

w; we 0,1\ D

(wi = 0, 1).

Define X; : [0,1] — {0,1} by X;(w) =

Prove: X1, X5, X3, ... are mutually independent random variables.
(4) Two probability spaces (Q1,.%1,P1),(Q2,.%2,Pa) are called isomorphic if
A0, € F, QL € F5 and an invertible map 7 : ) — ) such that
o Pi(21\ Q) =0="P2(2\ Q)
e 7 is measurable, i.e. £ € Q) E € %y = 1 1(E) € %
o P or~l = Py, ie. E € Q/27E € Fy = ]P)1(7T_1(E)) = PQ(E)
Prove that the unit interval equipped with the uniform distribution is iso-
morphic to the probability space of infinite, independent, fair coin tosses.

who cares? w € D = set of probability zero.



